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Subject: Mathematics (Old & New Course) Paper: I (Real Analysis) Time: 3 Hrs.  Marks: 100

NOTE: Atiempt any FIVE questions in all selecting at least TWO questions from each section.

SECTION I

1. (a) Suppose S is a non-empty set of real numbers which is bounded below and let & > 0,
then prove that ' (10 marks)

Inf(ozS).= alnf(S).

(b) Prove that if z > —1, then (1+ )" 21 + na. (10 marks)
2. (a) Show that the series Zn—l -5 converges when p > 1. (10 marks) -
(b) A sequence of real numbers is convergent if and only if 1t is a Cauchy se-
quence. : (10 marks)
3. (a) Prove the following by applying the definition of limit of a function; (10 marks)
| . (-1)*z
Limg o0 ( OS] =

Also find the value of the corresponding 4.

(b) Show that if a function f : (a,b) — R is uniformly continuous, then we can extend it to
a function f that is also uniformly continuous on [a, b]. (10 marks)

4. (a) Show that every continuous function on a closed and bounded interval I C R is uniformly

continuous. - (10 marks)
(b) Let ACR and f: A — Rhasalimit at c € R, then f is bounded on some nelghborhood

of c. ‘ (10 marks)

5. (a) Let I € R be an interval and let f : I — R be strictly monotone and continuousA
on I, then the function g inverse to f is strictly monotone ‘and continuous on J :
f(I). (10 marks)
(b) Let f:[0,00) — R is differentiable everywhere. Assume that
limg oo f(z) + f'(z) = 0.
Show that limy o f(z) =0.. . (10 marks)

P.T.O.



SECTION II

. (a) If Suppose f is a-bounded function on [a, b], then show that to everye >0 there corre-

sponds ¢ > 0 such that ' (10 marks)
UP f)< / fdz +e.
(b) Give an example to illustrate that all of the hypotheses in Dini’s Theorem are essen-
tial. o | (10 marks)
- (a) Consider the sequence {f,} defined by f.(z) = o for z € [0,1]. Find f(z) =
[imn o0 fn(z). Show that for 0 < a < 1, {f,} converges uniformly to f on [0, a). Show
that {f,} does not converge uniformly to f on [0, 1]. (10 marks)
(b) Show that the function

n’z, 0<z< i

f@)={ —n*z+2n, L<z<?

Lo, 2<z<l

. (a) Suppose ¢ is a strictly increasihg continuous function that maps an interval [A, B]
onto [a,b]. Let a is a monotonically increasing function on [a,b] and f € R(a) on
[a,b]. Define 8 and g on [A, B] by B(y) = a(¢(v)), 9(y) = f(¢(y)). Then g € R(S)

and (10 marks)
5 -
[ ot~ [ saa
A a A
(b) Test the convergence of fooo Hﬁ%m (10 marks)

. (a) Prove that a function f is of bounded variations can be expressed as a difference of two
monotone increasing functions. (10 marks)

(b) The function f is defined on ]0, 1] by

1 1
= (=1)"Hp(n — <r<-=- .
f(z) =(-1) n(n+1),n+1_r<n,neN

Show that fol f(z)dz does not converge. : ' (10 marks)
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NOTE: Attempt any FIVE questions in all selecting at least TWO questions from each section.

(a) Prove that center of a group G is normal in G

‘(b) Find normal subgroups of the Quatermon group Qg

(a) Show that Aut(Cs) = Cy.
(b) Let H be a normal sungoup of a group G' Then % is abehan if and only 1f G’ C H

where Z(G) denotes center of G a.ndInn(G)denotes the group of inner aut'omo‘rphi'smsof‘ G

(b) Let D3 be the Dihedral grou‘p of Qfd“e'zj‘v_ﬁ,::_ Then

(1) List all elements of Dj. : S

(ii) Find the order of each element of D3 . i

. - (iii) List all subgroups of Ds. S ‘-
Qe A o T L i S
(8) Let H be a normal subgroup of a group G and K a subgroup of G. Then show that i
CHK K. IR R

H CHNK g
{10

(b) Deﬁne a charactenstlc subgroup of a group G Prove that center of a group G’ lS a. characterlstxc_,
subgloup of G. P : SR SR

(a ) Show that the numbex np of sy ow p- a,-g-_roup G’ is of the form 1 +kp, (k= 0,1,2‘
“and is a divisor of the order of G.° e : P RPN SR

(b) Show that a group of order 15 1s cychc g ‘:;’ : 1101

P,T.0.



- SECTION-IT

R . B 20 ma'rks;{&. e

(a) Let R be a commutative rmg wn;h unlty a,nd I be an 1deal of R Prove that R/I is & ﬁeld 1f and
only if I is a maximal ideal in R - : : R . s

(b) Let Zs = {0,1,2,3,4, 5} be a commutatlve nng w1th unlty and I = {0 3} be an 1deal of Ze Flnd_  :"._ {10]
I ; and show that R :

(2) It I and J are ideals. of a rmg R, then prove that I J is an ideal of R L A o : [10]

(b) Fmd all the maximal and prime. 1deals of le

20 marks

(a) State and prove Cal ey—Hanﬁilt'on' thebr'erﬁ""' S

(b) Let V be a finite dlmensxonal vector space over a ﬁeld F and T V — V be a

horriomorphis’m."‘- o
Then prove the Rank-Nullity therorem o Co

Dlm(V) Rank(T) + Nulhty(T)

} e "Z;Q,_QH;”.”;,“u;f”.“;,f;.;.ugonmﬁ&f
(a) Fmd a real orthogonal matrxx P 1f poss1ble or Wthh p= 1AP is di‘agoﬂal, Whére '

H

| (b) It Dim(U) ='m and Dnn(W) = n:'thén:s‘hro'v_v‘’tha’t’,t Dim(Hom(U, W) = mn.
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SECTION I
1. (A) Find all z such that siniz = —i.
(B) For any compiex numbers z;, 2y and z = z+iy, prove that (a) Hzg| = l22l) <1 — 2] lezl|+iz'-_)l
~ and (b) (2] +y1)/v2 < jz] < j=l + 1yl ‘ '
' ‘ [104-10=20]

2. (A) Prove that an entire and bounded function is a constant function. Use this statement to
prove that sinz is bounded. What about the function tanz.
1

(B) Find power series expansion of the functxon oy in all regions of the plane.
[10--10=20}
3. (&) Prove that | 1m (2/z ) does not exist. Does the hm (z/% ). exists: )
({B) State an prove fundamental theorem of algebra and show that the functlon [ (z) = 2327+
_ has exactly four zeros. .
[10—|—10=2()]'

4. (A) What is an analytic function? How is it related to Cauchy-Riemann equatlonb" Prove
that the Cauchy-Riemann equatxons can be wntten in the polar coordmates as 'g—:‘ =
100 ou _ _Lou :
F A0 B T T B0

(B) Let C be the circle |z} = 1. Then prove

[ (2 + -iy'z)dz' < 2.
C {

(10--10=20]

o
—
>
e

- n
Evaluate the integral [ —5'-—d0.
. 0 ke o He A ;

(B) Discuss nature of the singular points of the function i:’;j and compute residues only at
poles. ‘ ' '

[104+10=20)
SECTION II |

6. (A) Find the arc-length s as a function of ¥ along the epicycloid given by = (9) = (ro + 1) cos ¥ —

T'cos (r""'"' ") y (¥) = (ro + 1) sin?d — 71 sin (ﬁ’—"ﬂ19> and determine its intrinsic equations.

(B) Prove that a plane curve is uniquely determined except as the position in plane, when
its signed curvature is given as function of its arc length. What happens if we replace
signed curvature with curvature.

7 (A.) Derwe Serret-Franet formulae and give the matrlx form. Verxfy these formulae for the
helix x (v) = (acosu, asinw, ).

(B) A number s isa p,rmcxpa.l curvature if and only if xis a solution of the eQuation(EG - F?) g2
(BN —2FM +GL)r + (LN - z\_r?) = 0, where E,F,G and I,M,N are first and second
fundamental coefficients. ‘ '
[10+10=20]
8. (A) Find the first and second fundamental form for the Monge’s patch x(u,v) = (v, v, h(u v)).
Show that the surface area on the Monge s patch'is given by A (x (u,v)) = jf 1+ h2 + h?

(B) Verify Codazzi- Mamardx equatlons for the Monge’s patch x(u, v) = (u, v, h(u o).

[10+10=20)

Q. (A) Prove that circular cylinder given by a level surface {(z,y, z)z? + 3°

N _ = 1} is a smooth
surface consisting of an atlas of two charts, Find this atlas.

(B) Derive Gauss-Weingarten equations and verify these equations for the surface x(u,8) =
(ucosf) usind g(u)) [lo-\-\o]
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SECTION I

1. (@ fA=@Bzr+y)i—xj+@—2)kand B =2 - 3j + k, evaluate §(A x B) x dr around the circle in the
P

zyQplane having center at the origin and radius 2 traversed in the positive direction. (10 marks)

(b) Evaluate [ A . 7 dS over the entire surface S of the region bounded by the cylinder 22 +22 =9, z =
S

0, y=0, z=0and y =8, if A = 621 + (2z +y)j — zk. (10 marks)
(a) Verify the divergence theorem for A = 4ai — 2y2] + 22k taken over the region bounded by 2% + y: =

4, z=0and z = 3. (10 marks)
(b) Evaluate [[ .74 dS, where S is the surface of the cube bounded byz=-1,y=-1, z2=~1, z =

. s

Ly=1 z=1 A . (10 marks)
() Derive an expression for V@ in orthogonal curvilinear coordinates. (10 marks)
(b) Prove that a spherical coordinate system is orthogonal. A _ (10 marks)

(a) Evaluate [[f+/z2 +y? dzdydz, where V is the region bounded by z=2?+y? and z = 8 - (z? +
v

y?). , (10 marks)
(b) A quantity A(p,q,7) is such that in the coordinate system z*, A(p,q,7)B3* = Cp, where B is an
arbitrary tensor and C,, is a tensor. Prove that A(p,q,r) is a tensor. (10 marks)
(a) Derive the transformation law for the Christoffel symbols of the first kind. (10 marks)
(b) Find the contravariant components of a tensor in spherical coordinates if its covariant components in
rectangular coordinates are 2z — 2, z?%y, yz. (10 marks)

SECTION II

(a) An zyz coordinate system rotates with angular velocity & = costi + sintj + k with respect to a
fixed XY Z coordinate system having the same origin. If the position vector of a particle is given by
7 = sinti — costj + tk, find the apparent velocity and the true velocity at any time ¢. (10 marks)

(b) Prove that the total angular momentum of a system of particles about any point O equals the angular
momentum of the total mass assumed to be located at the center of mass plus the angular momentum
about the center of mass. (10 marks)

(a) Find the center of mass of a uniform solid hemisphere of radius a. (10 marks)

(b) The instantaneous velocities of particle at points (a,0,0), (0,a/V/3,0), (0,0,2a) of a rigid body are
(4,0,0), (u,0,v), (u+ v,~v3v,v/2) respectively with respect to a'rectangular coordinate system.
Find the magnitude and direction of spin of the body and the point at which the central axis cuts the

X Z—plane. : (10 marks)
(a) Work out the principal moments of inertia at the center of the ellipsoid i;— + -‘g—:— + ;—; =1. (10 marks)

(b) A rigid body which is symmetric about an axis has one point fixed on this axis. Discuss the ro-

tational motion of the body, assuming that there are no forces acting other than the reaction force
at the fixed point. Also calculate the precession frequency in case of the earth rotating about its
axis. (10 marks)

(a) Find the moment of inertia of a rectangular plate of sides a and b about a diagonal. . (10 marks)

(b) Work out the relationship between the time rate of change of angular momentum of a rigid body relative
to axes fixed in space and in the body respectively. Also, using the principle of angular momentum,
formulate the Euler’s equations of motion. ' + (10 marks)
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j
NOTE: Attempt any FIVE questions in all selecting at least TWO questions from each section.

SECTION-I
Q.1 |(a) | LetA be asubset of a topological space ( X, T ) then Prove that : ' (10)
(i) (A% =A°  (i)A=AUE(A) (iii)4° = A\F.(4). _
(b) | Prove that the set of rational numbers @, as a subspace of R, does not have discrete (10)

topology.

Q.2 |(a) | Prove that a function f : X — Y, is continuous on X if and only if for any subset A of | (10}
X, f(AD < f(4) ‘

(b) | Show that the mapping (—1,1) = R. (10) |

Q.3 | (a) | Prove that every metric space isa Tychonoff space. (10)
(b) | Prove that A4 = {(x,y)eR?:x% + y? = 1} is compactbut B = {(x,y)eR?:y? = x} is not (10)
: compact in R?, with respect to the usual topology.
Q.4 |(a) | Aspace Xis aT,—space if and only if, for any a,b in X, a#b implies {a} # {b} . (10)
(b) | Let X be aninfinite set with co-finite topology 7 on X . Then show that (10)
(i) (X,7) is compact (i) (X,7) is connected. '
SECTION-II
Q.5 |(a) T Show that the space [ with respect to the norm defined by (10)
(e 0]
llxlt = Sup |x;|, is a Banach space.
i=1
(b) | Define the distance from a point x to asubset M of (X,d) and show that _ (10)

|d(x,M)-d (y,M)l <d(x,y). Also show that the function f: X — R, defined by

£

J (/\) d(«\ JV) is uniformly continuous.

Q.6 | (a) | Give an example of Cauchy sequence of real valued continuous functions defined ona [-1 1] (10)
that converges to a discontinuous function.

(b) (i) Prove that the closure Eof a convex subset C of a normed space X, is a convex set. (10)
0 1 :
(i) Find the norm of the linear functional f(x) = jx(t)dt —Ix(t)dz on C[—l,l] under the
’ -1 0 o
integral norm. :
Q.7 |(a) ; ' 3 (10)
Prove that the dual space of norm space!” is isomorphicto /% .
(b) | If the closed unit ball B(0,1) = {x € X:||x|] < 1} in a normed space X, is compact then (10)
prove that X has a finite dimension.
Q.8 | (a) | Prove that the normed space I° is not separable. (10)
(b) | Foranya = (a,az, ..., a,) € R™ define f;: R™ = Rby f,(x) = XL, a;x;, x €R then (10) .
prove that (i) f, is linear functional (i) f, is bounded (i) | £l =a]- N
Q.9 | (a) | State and prove parallelogram law in a normed space X. Give example of two continuous’ (10)
functions defined an a closed interval that do not satisfy parallelogram law. '
(b) | Let M be a convex subset of a Hilbert space H, and {x,,} be a sequence of M such that ~ 1 (10)

x| — 125 |*]- sShow that {x,,} converges in H. Give an illustrative example in R™.




