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| Section-1
1. (a) Show that the interval [0,1] is an uncountable set. (10)

(b) Let s()) be the set of ordinals less than the ordinal A. Then show that A = ord(s(N)- (10)‘

™

(a) Let Abea denumerable subset of an uncountable set B, then show that removing
A from B does not change the cardinality of B. (10)

(b) Let A and B be well-ordered sets. Then define anti-lexicographical ordering for
A x B. Also, Show that w2 = w +w but 2w = w # w2, where w denotes ordinal -
number of N. . (10)

w

. (a) State Zorn’s lemma. Let X be a partially ordered set. Then show that X contains :
a maximal chain. : (10)

(b) Prove that every element of a well-ordered sct has a unique immediate successor
except the last element. . (10)

=

. (a) Let Abea well-ordered set and B C A. Let f:A— Bbea similarity mapping of
A onto B. Then for every a € A a < f(a). ‘ (10)

(b) Let A and T be the sets of algebraic and transcendental numbers, respectively.
Then show that A is denumerable and T is uncountable. (10)

Section-II

5 (a) Define measurable set and show that the interval {z € R : —o <z <a}lis
measurable. (10)

(b) Let E bc a measurable set, 1 < p < 0o and ¢ the conjugate of p. If the function
fe LP(E)and g € L° (E), then show that Jeifal £ /1Nl Moreover if
[ #0, then [5 f.f* = | fllp and If*llg = 1, where /= 115~ sign(f)|£*~) and
sign(f) = 4. ‘ (10)

6. (a) Let the function f be defined on a measurable set E. Then fis measurable if and’
only if for each open ses O, the inverse image of O under f, f~H(0) ={z € E:
#(z) € O} is measurable. (10)

(b) Let {fn} be a sequence of measurable functions defined on a measurable set E of
finite measure. Let f be a measurable real valued function such that fa.(z) — f(z)
for each z € E. Then, given € > 0and o > 0, there is a measurable set A C E
with measure m(A) < ¢ and 2 natural number p such that for all ¢ ¢ A and all

n>p, |falz) - f@)l <€ (10)

PTO



7. (a) If E; and E; are measurable sets, then show that

m(E1 U Ez) +m(E’1 ﬂE2) = m(El) +7T&(E2) .

(10)

(b) Let f be a bounded function defined on a closed, bounded interval [a,b]. If fis

Riemann integrable over [a, 0],then show that it is also Lebesgue integrable over
a, b] and the two integrals are equal. (10)

8. (a) Let A be any subset of R and {E:}32, be a countable collection of pairwise disjoint

- measurable subsets of R. Then show that "
m* (Aﬂ (UE,)) = Zm* (AﬂEi) .
: i=1 21 ’

(10)

(b). Show that the function f= —3\% belongs to L! ([0,64]) but does not belong to
L3 ([0, 64)) . (10)
9. (a) State and prove Bounded Convergence Theorem. - (10

(b) Define Cantor set and show that it is a measurable set with measure zero. . (10)
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| Find the series solution of &2 3 =2 X oy 2y = 0 with center of expansmnj :

atxo—l

QNo | [ Marks |
. : _ Sectlon-I S N
‘ 1(3).“». \DISCUSS the Lagrange s method of soluuon for ﬁrst ~-'ordef.quasiiinear '_ 10 o
1(b) ] Flnd the mtegral surface ofthe PDE 110 }

' yz, + Xz, =z | '
with the initial data = z(x 0) = x3, z(O y) y .
2(a) Define Hypergeometnc functions. Prove that . 10
le(a ﬁ v; z) = r'» td‘l(ll'-— t)"““"lv(l' - tz)“”dt
r - O (a ))
[ 2(0) ‘Fmd the general solutlon of the mhomogeneous lmear second order PDE Two ]
; (D,—DD" 21)'2)z—(y+1)e RN ) R g
3(a) Determme the elgenvalues and elgenfunctlons of the system | 0 |
= ras+ /Dy =0,  y@=0, ym= '
R Also check the orthogonahty of the elgenfunctlons e R .
3(b) Derive the one dimensional wave ‘equation through transverSe v1bratlons' 10 s
- of a stretched string of finite length. o ) S
‘ 4(;1)' | Find the steady State solutlon of the equatlon | 10 :
| 0u_1ou 0<-x<a £>0, i
9x2  k at o T D
subject to S :
u, (0,8) =0,  w(g,t)=0,  t>0,
'u(xO)—f(x) . 0<x<a.
. Discuss the uniqueness of the solution. - : ,
4(b) Use method of Frobenius fo obtain two hnearly mdependent series | 10
'solutlons about regular smgular pomt Xo =0 for ny” — y + 2y 0 IR
10 ..

.‘...
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[5(b) | Find the value of J_s;p(x). T10
| _ Sectlon-II o B
| 6(a) - Fmd the equatlon of the path in space down which a partrcle W111 fall from ’10: L
one point to another point in the shortest possible time. . © .. C
6(b) Find the Green’s function assocrated with the boundary value problem ‘ 10
: Lo, :
E;{(l - x2) a} - h su+ itr(x)u 0,
with u(—1) and u(l) both are finite. o
7 (a) | Find the Fourier transform of T10
(x) m _
7(b) - Use calculus of variation to prove that a strarght line is the shortest 10
1 distance between two points in a plane.
8(a) Show that the bounded solution of the heat equation 10
o%2u 1lou |
Fraairrd
given u(0,t) = up(a constant) and u(x,0) =0,
by taking Fourier transform can be written as |
u(xt)-uo( | erfzr)._ P
8(b) | Find Fourier transform of xe=**,  a>0. 10 |
9(a) Verify that L~*{tan"*(a/s)} = —sm at. |10
9(b) Use Laplace transform method to solve the problem B 1 10
y" —y" +4y' — 4y = 2cos 2t — sin Zt
y(0) =1, y(0)=4 y"0)=1
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F questiosting at leat TWO questions from each

section. Section I
QL. 2EE1002

Find y(0.1),(0.2),y(0.3), from % =x%+y% y(0.0) = 0,h = 0.1 using
Runge Kutta method of order two and y(0.4) using Adams-Bashforth

method.
[20]
Q2.
~ Derive the modified Euler’s method. Apply modified Euler’s method on % =
X+¥,% =0,y =1,h=0.110 find y(0.3). Also find the relative error.
[20]
Q3.

a) Write an algorithm for Regula-Falsi Method to find an approximate root of
the non-linear equation f(x) = 0.
b) Define dominant eigenvalue and eigenvector. Compute the dominant
eigenvalue and dominant eigenvector of matrix A :
1 2 -2
A= [—2 5 —-2] [10+10]
-6 6 -3
Q4.
a) Find a root correct to three decimal places using Bisection method of the
equation xe* — 3 = 0.
'b) Find an approximate solution correct to three decimal places using an iterative
method of the system of linear equations:
3x+2y+z=10
XxX+4y—-z=6
: x+2y+5z=20
s - (10+10)

a) Use the secant method to find correct to four decimal places the root
between 0.4 and C.6 of the equation sinx = 5x — 2.

b) Write an algorithm for Runge Kutta method of order four for the solution of
an initial value problem.

[10+10]
Section II
Q6. ,
Derive Boole’s Rulle. Apply nine poir;ts Boole’s Rule to evaluate fon % dx
[20]
Q7.

~ a) Evaluate fo(?f tan™* (x)dx using seven point 3/8" Simpson’s rule
b) Write an algorithm for Trapezoidal Rule to approximate the integral of
f(x)over the interval [a, b] using n subintervals.

- Q8.
o Derive five points Lagrange’s interpolation formula. Find a polynomial of
degree 3 or less, such that

FO =3 f)=-1 f@)=-1 f4)=-3

[10+10]

[20]

Qo.
: Solve

Yn+a — A"y, = 0, A is an integer.

Yesz — W41 + 20y, = 35(t% + 1)

: ~[10+10]



UNIVERSITY OF THE PUNJAB

Part_n A/2018 @0000consrescscccccvonre
Examination:- M.A./M.Sc.

Roll No. ....ccccoeuceninnnnn

9000000000000 0000000000 0

(XX X N N )

Sl.li)jeét:: Mathematics TIME ALLOWED: 3 hrs.
PAPER: IV-VI (opt.vi) [Fluid Mechanics] MAX. MARKS: 100

NOTE: Attempt any FIVE questions in all, selecting at least TWO questions from each

section. SectionI

Q.1(a) | Define the followings: .
Dynamic viscosity, Kinematic viscosity, Compressible fluid, Ideal fluid and
Newton’s law of viscosity. (10)
~ (b) | A flat plate having dimens ions of 2m X 2m slides down an inclined plane atan |
angle of one radian to the horizontal at a speed of 6 m,s. The inclined plane is
lubricated by a thin fiim of oil having a viscosity of 30 x 10™ Pa.s. The plate
has a uniform thickness of 20 mm and a dens ity of 40,000 kg/m’. Determine the
thickness of lubricating oil film. (10)
Q.2(a) | What is material derivative? Explain its both parts in detail. . | (10)
(b) | The velocity field for a certain fluid flow in cylindrical is given by '
(r*zcos @, rzsin 0,2°1). Ts this flow steady or unsteady? Determine the acceleration

. components. (10). .
Q.3(a) | Discuss the flow when a fluid is movin g subject to external impulsive forces. . | (10)
._(b) ! Derive the Euler’s equation of motion and write the same in cylindrical form. | (10)
Q.4(a) | The velocity potential for certain two-dimensional incomptessible fluid flow is
P
Y . . . . i
¢=Atan” (-’; }, fird the velocity components, speed, stagnation points, stream 10)
x) : 10,
function. - .
(b) | Define equipotential lines and streamlines. Show that the equipotential lines are
orthogonal to the streamlines. _ (10)
Q.5(a) | Define two dimensional vortex, discuss the velocity potential, stream function | N
‘and complex velocity potential for a two dimensional vortex. - (10)
(b) | Find the Cartesian equation of the streamlines when the fluid is streaming from
‘three equal sources situated at the corners of an equilateral triangle. (10)
Section 11
Q.6(a) | State ad prove Milne-Thomson circle theorem. ' (10)

(b) | Discuss the flow past a circular cylinder with circulation I and show that the (10)
_ direction of the lift is upward if the cylinder rotates in the clockwise direction.
Q.7(a) | Describe Karman’ s vortex street and evaluate the expression for the velocities  |(10)
with which the both rows of vortices advance
(b) | The velocity distribution for the steady, laminar and fully developed flow (10)
between two fixed parallel plates is given by :

dp

5 dp . . . .
u=- ;l—d— (hy —y?), where Tl is the pressure gradient, h is the gap width
2udx dx

between the plates and y is the distance measured upward from the lower plate. .
Determine the volumetric flow rate, maximum velocity and the shearing stress {
at both the plates, i
Q.8(a) | Show that the velocity distribution for the Hagen:Poiseuille flow depends upon | (10)

the external pressure for its existence.
(b) | What is the Stokes’ first problem? Write its mathematical formulation and solve | (10)
it for the velocity field.
Q.9(a). | State and prove Blausius Theorem ' ) : (10)

(b) | Discuss the pulsating flow of viscous fluid between two parallel plates when both the | (10)

op o L .
plates are rest and —él— =P, coswt . Find the expression for the velocity field
X
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 Section 1

1. [5+5 marks] What are the outputs of the following programs?

a) Program Alpha . b) Program Mat
Real:: u=2.5, v=5.9 Integer, dimension (2,2)::M, a, b
u=u+v Do a = 1,2
| v=u-v . Dob=1,2
=u-v M(a,b) = axa + bxb -2*axb
Print*, u Print*, M(a,b)
Print*, v End Do
End Do

2. (a) [5 marks] What is the difference between function subprogram and subroutine
' subprogram? Give examples.

(b) [5 marks] Whar are different forms of Do loop structure? Give examples.

3. (a) [5 marks] Write a Fortran 90 program to find octal equivalent of a decimal
number.

(b) [5 marks] Write a Fortran 90 program to find whether three point (z1,y1),
(z2,Y2), (x3,y3) are collinear or not.

4. (a) [5 marks] Write a Fortran 90 program to find transpose of a given 2 x 2 matrix.
(b) [5 marks] Write a function subprogram for f(z) which is defined as

22 -3z, z<1,
flx)y =< 0, r=1,
z—2, z> 1.
U'Section 2

5. [10 marks] Write a Fortran 90 program to find Lagrange interpolating polynomial

— for the the following data (1,e), (2, €?), (3, €%), (4, e*).

6. [10 marks] Write a Fortran 90 program to implement improved Euler formula to
solve the initial value problem y’' = ;—%—y— - y(1) =5.

7. [10 marks] Write a Fortran 90 program to find the roots of z—In(z) =0 usmg
Regula Falsi method. .

8. [10 marks] Write a Fortran 90 program to implement Simpson’s 3 formula to
evaluate the integral

5
/ zin(z)dz

4
9. Write the MATHEMATICA statements for the foliowing.

(a) [2 marks] Find the conjugate of \/z — iy?. .
_(b) [2 marks] Draw graph of z?T'an(z), 0 <z < m. Draw frame as well.

(c) [2 marks] Evaluate [ [* e**Vdydz. i

(d) [2 marks] Expand Sin(x+iy) assuming that x and y are complex.

(e) [2 marks] Solve the differential equation y' = Z:cy, y(0)=1.
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T SECTION] T R —
QL. a) Define decomposablé groups and prove that every cyclic | 10
group whose order has at least two prime divisors is
decomposable. 10

b) Define Sylow p-subgroups of a finite group. Find Sylow
3-subgroups of Ay,

Q2 a) State Fundamental Theorem of ﬁmte abelian group. Also 10
classify all abelian groups of order P
b) Let P be Sylpw p-subgroup and K be any normal subgroup

of a group G. Then show that PN K and P are Sylow P 10

subgroup of K and =
Q3 a) Prove that mtersectlon of any class of characteristic | 10
subgroups is characteristic.
b) Define normal product of two groups. Determine the 10
‘normal product of cyclic group of order 4(C.,) by cyclic '
group of order 2(C3).
Q4 a) Prove that two permutations in S, are conjugate if and 8
only if they are of same type. Also determine all the
conjugacy classes of Ss ' 8
b) State and prove Orbit - Stabalizer Theorem.
c) Prove that 4, is not simple. 4
SECTION I
Q5 a) Define composition series and prove that every finite group | 12

has a composition series. Also show that any two composition
series of a group are isomorphic. Write at least two
composition series of Dy.

b) Let G be a group with normal series, H be a subnormal 8
subgroup of G with a normal series. Then show that there
exists a normal series of H whose factors are isomorphic to
subgroup of the factors of normal series of G.

Q6 : a) Let N be normal subgroup of G. Then show that G is | 8
solvable if and only if N and G/N are solvable.
b) Show that S, (n > 4) is not solvable. 4
¢) Prove that a group of order 24 is solvable.
8
Q7 a) Construct lower and upper central series of 4, . ' 6
' b) Show that every term &;(G) in upper central series of a
group G is characteristic subgroup of G. 6
c) Let G be a nilpotent group and H be its proper subgroup.
Then show that H is properly contained in its normalizer. - 8
Q8 a) Prove that the Frattini subgroup of a finite group G is | 10
nilpotent. ’

b) Define partial complement of a subgroup and prove that a 10
normal subgroup H of G is contained in Frattini subgroup of
G if and only if H has no partial complement in G.

Q9 a) Prove general linear group GL(n,q) is not simple. Also 10
show that »
ISL(n. )| =(@" - 1(g" = ). (q"=q" )/ (g =)

b) Write a note on
i) - General Linear Groups
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Q. 1. a)A polynomial | p € K[x] where K is a field and deg(p) =n 2 0. Show that p has at most n distinct
roots in K. 10+10

b)Let Z3o = {0,1,2,.....,29} be aring, I = 0,15}, J = {0,10,20} and K = {0,6,12,18,24} are ideals of
Z5,. Prove that Zygis an internal direct sum of 1,].K.

Q. 2. a)if Ris an integral domain, then show that every prime is irreducible. 10+10
b)Suppose that a ring R is the internal direct sum of its ideals I, I ... ... ..., In. Then every element
. has unique expression r = 7. + Tyt €L 1= 1,2, e .
Q. 3. a) Prove or disprove that Z[i], the ring of Gaussian integers, is Euclidean domain. 10+10 '

b)Show that {(—ab 2) |a,b ER}Q M, (R) together with the usual matrices addition and

multiplication forms a field isomorphic to C.
Q. 4. a) Let K be an extension of a field F, and a € K be algebraic of degree n over F. Show that
F(aiaz ag, - - ,ap )is a finite extension of F. 10+10

b) If L is finite extension of K and Kis a finite extension of F, then prove that Lis finite extension of
F and [L: F] = [L: K][K: F].

Q. 5. a) Show that Q(v2,V3) = Q(~Z + V3), where Q is the field of rational numbers, also find the degree
of extension of Q(vZ,v3) over Q. . 10+10

b) Define an algebraic extension of a field and prove that every finite extension of a field is
algebraic.

Section Il
m

Q. 6. a) Let M and Nbe two R-modules, f:M - N and g:N - M be two module homomorphisms such

thatgof = I (identity map on M). Show that N = Kerg @ Imf. , 10+10
b) Let Q be the set of rational numbers. Then show that Q is not FG — Z- module. '

Q.7.2a) Let M be an R- module and / be a right ideal of R. if A = {y € M:ay = 0 V a € I}. Then show that

Ais submodule of M _ 10+10

b) Let M be a module over an integral domain R and let Tdenote the set of torsion elements of M.
Show that Tis a submodule of M the quotient module M /7 is torsion free.

8a)LetR bea ring. Show that R[x] is a FG — R-module if and only if R = {0}. , 10+10
b) The extended hombmorphism in freely generated module is unique.

Q. 9.Let M be an R-module and let {m,, m,, .......ms} be a finite subset of M. Prove that the following
statements are equivalent:

i.. {mymy,......ms}generates M freely. :
i {m,, m,, ... ...m} is linearly independent and generates M.
iii. every element m € M is uniquely expressed in the form m = ¥i., rim,.
iv. everym; is torsion free and M = Rm;@® Rm,® ... .... ®BRm;. 20
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1. (a) Consider a virus of gize 10A. Suppose that its density is equal to that of water (g/cm?)
- and that the virus is Jocated in a region that is approximately equal to its size. What,
is the minimum speed of the virus. » (10 marks)
(b) Define black body radiations and Describe its construction and functions in de- ,
tail. . . ' (10 marks) -

2. (a) ShQW that eigen vectors belonging to two different: eigen values are orthogo~
nal. , : (10 marks)

(b) Consider the wave function

‘I’(.Z t) - 4[Aez,pw/h + Be-bpm/h]e'—:,pztﬂmh.

Find the probability current corresponding to this wave function. (10 marks),
3. (8) It H = g; +V, then find [%, [#, H]] and prove that ' (10 marks)

(A, BY = 3B2A, B

(b) Define Hermitian operator and show thai eigen values of hermitian operators are always -
* real. (10 marks)

4. (a) Consider the Hemiltow an for a one dimensional system of two particles of masses 1y
~and m; subjected to a potential that depends only on the distance between the particles -
Ty =T, . ' (10 marks)

4 2 . , L
4 P
H=2L 4 2 |y .
2 ) - 21 { (.),J .’Lg),

then write the Schrédinger equation using the new variables z.and X , where
miTy + maxy

T =2y ~ 7, (relative distance) and X =
' . My -+ Mgy

- (b) Write down any two de Broglie postulates. | ('10 marks)

PTO



" SECTION II

© 5. (a) A one-dimensional harmonic oscillator is characterized by the potential V(z) = %ka, :

(b)
6. (a)
(h)
7. (a)
(b)
8-. (a)
®)
9. (a)

where k is a real positive constant. It can be shown that the frequency is w = \ﬂcﬁ,
where m is the mass of the oscillator. (a) Solve the stationary Schrodinger equation for
this potential and find the stationary eigen states for this system. (10 marks)
Consider a particle with mass m in a one dimensional harmonic potential. At ¢t =0, the
normalized wave function is () = (‘——1—;)1/ 4 —*/20" where o2 # -l is a constant. Find

g

the probability that the momentum of the particlé at t > 0 is positive. (10 marks)

Prove the following relations for the angular momentum operator: (a) [L?, L,} = 0; (b)
L x L = kL . (10 marks)

What is the probab.iﬁt-y that a measurement of L, will equal zero for a system with -

angular momentum of one and is in the state —}ﬁ(l 2 3)17? (10 marks) -

Using Born approximation, evaluate the differential scattering cross section for scattering
of particles of mass m and incident energy E by the repulsive spherical well with potential

V,0<r<@
Vi = { 0? > a,

where there exist explicit dependence of £ and 6. ’ (10 marks)
Calculate the hard sphere potential of the form
{ 0, r>ro

V(r
00, T <710,

~—
1
i

where koro < 1. (a) Assume only s-wave scattering and calculate do(k), [(k), da/dQ ‘
and or. ' : A (10 marks) -

Derive the formulas for the first and second order energy corrections for a time-
independent perturbations. Also, derive the first-order corrections to the eigen states.
Assume that there is no degeneracy. (10 marks)

Consider a particle of mass m subjected to the Hamiltonian

=

2 . )
= Zimwr?, 0<r<a,
o r>a,

3

1

where 7 = 1 /32 + 2. Use the sccond order perturbation to find the corrections to the
ground state encrgy. ' : * (10 marks)

Consider two angular momenta of magnitudes j; and ja. The total angular momentum
of this system is then J = J1 + J,, where J; and J, are commuting operators. Let
|mymg) be the common eigen states of the observables {J2,J2, Ji,, Jo.}. Let|JM) be
the common eigen states of {J%,J%,J%,J;}. Find all the possible values for m; and

. 7')12. v (10 marks)

®)

“and S = 0.

Let S = S, + S, be the total angular momentum of two spin 1/2 particles (Sp =52 =
1/2). Calculate the Clebsch-Gordan coefficients (myma|Smyg) by successive applications
of Sy = S, = 1S, on the vectors |Smy). Work separately in the two subspaces 5 = 1

: ‘ (10 marks)
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SLCTIONI G e T T T

1. (a) Show that the composition of two Lorentz transformations is - also a Lorentz transforma-
tion, : - (10 marks)

: (b) A proton (of rest mass 938.2 MeV/ ¢} strikes another proton and produces two new particles of rest- -
masses 1346 MeV/c and 3154 McV/c in addmon to the original protons What is the least energy
that the mcommg proton must have had? o o . f (10 marks)

‘2, (a) Formulate the energy-momentum transformatlon and show that p E2 /c2 is Lorentz mvarr- S
" ant. : . : (10 marks) i
. (b) Using the relation taih ¢ = v/c, show that
(i) - sinh ¢ = (v/c)(1 = v?/c®)~Y/? and cosh¢ = (1~ ,02/62) /2 A ~ ~ :
(ii) the Lorentz transformation can be written as z’ = (cosh ¢)z — (c sinh ¢)t ¥y =1 2 =z, t' =00

(cosh @)t = —(smh d)z. R o . . oo G 10 marks) '
3. (a) Denve general Lorentz transformatron (3 dunensron) Wha.t are the correspondmg expressrons for tn‘ne
dilation and length coritraction. . : : o (10 marks)
“(b) Prove that the speed of light, i.e., ¢ is electromagnetlc in nature. . (10 marks) .

4. “(a) Determine the - formula for minimum kinetic - energy reqmred to produce a pa.rtrcle of Iass °
- M. . i (10 ma.rks)

(b) Two. observers A and B see a rocket; taking off at distances d and 'd’ at times ¢ and ¢’ rospectrvely, ,
~ having set their clocks at zero when they were comctdent If their dlrectlon of relatwe motron isin line .+ -
wrth the rocket, find the speed of B relative to A. A .- (10 ma.rks)

(a) Define the Maxwell fielc tensor in terms of the electromagnetic four-vector potent1a1 and work out
the components of Maxwell field tensor. Also, derive equation of continuity from Maxwell field ten- -
sor. . . : S e (10 rnarks)

) (b) Detine timelile, spacehl\c ahd liglitlike vcctors Fox the ’\/Imkowslu mctu( 1dcntr[y the followmg \ectors

(0010),Y°‘—’-(2101) Z“-(llOl)

",

as timelike; spécclike or xgnthker “ A o R ' S '(10..111121:1‘1(;@)'
SECTION II

: 6 '(a) What are generahzecl coordmatcs and generahzed momenta‘7 For generahzcd momentum p estabh;f\'

S the relation p; = 08:} o . B . (10 ma.rks)

(b) Two equal masses m connected by a massless ngxd rod of length l forrmng a dumb—bell is, rotated in..

the zy-plane. Find the Lagrangran and obtain Lagrange s equa,txons of motion. , (10 marks)

o -
7 (a) If F and G are any pair of functlons of (q,p) or’ (Q P), then show that the Poisson’ brar.ket of the

functions F° and G is invariant under canonical transformation. - - ’ (10 marks)
(b) Usma Lagr ang,e 's mcthO'l of undetermmed multxphcr, ﬁnd the equation. of motron and force of constraint
" in'the case of a simple ‘pendulum. _ o _ i (10 marks)

.

8. (a) A bead of mass m slides on a frictionless wire under the influence of gravity. The shape of w1re is’
o para.bohc and it rotates about the z-axis with constant_angular velomty w. Ta.kmg .z2 = ap as the'
equatron of the parabola, obtam the Hamiltonian of the. system L E= H? . (10 ma.rks)

(b) If Lis the Lagrangian for a system of n degrees of freedom satrsfymg Lagrange s equa.tlons, _shgw, by ) _'
' dxrect substitution that : IR
. ‘ dF(qth: 1Qn7t) .

dt

also satisfies Lagrangc’s equatron Wherc F is any .arbitrary but . drfferentlab]e functron of its argu-' ’
ments. (10 marks)

=L+

9. (a) State and prove Hamrlton—Jacobx theorem. = : ' . - Qo marks) :
: (b) If H is the Ha.nnltoma.n, prove that if f is any function dependmg on posrtlon, momenta and tnne, then o

df Bf
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Section I

Q1. ! (a) Show that composition of reflection and rotation is reflection. (10)

(b) Find the equation after stretching the circle z? 4+ 9% = 1, parallel to (10)
z—axis by factor 2 and parallel to y—axis by factor 3.

. 2 2 .
Q2. | (a) Determine the image of Z- - % =1 under the affine

transformation ¢ defined as ¢(z) = [ 1/?) 1 ,g } z, Vz € IR (10)
) .
|
(b) Determine (t2 0ty ") if & and t3 are defined as (10)
1 -1 1 ) 2
tl(@.) = I: -1 =2 z+ 2 J 3 t2(:_t_) = [ 1 -1 :‘_@.+ { 1 :i

Q3. | (a) Find the power fits y = A/z and y = B/z” for the following data
and use Ey(f) to detcrmine which curve fits best. 10}

zr, 07 09 11 16 30
v, 81 49 33 16 05

(b) Consider the date points (—1,6.62), (0,3.94), (1,2.17), (2,1.35) and (3,0.89). | (10) !
Determine the least-squares curve f(z) = Ce® for the given data. _ |

Q4. | (a) Establish the Pade approximation: A (10) l
S~ _ 124G+

| et Roo = G
(b) For f(z) = sin(z) on [—1, 1}, find the Lagrange-Chebyshev polynomial | (10)
approximation Py(z). )

Section 11

Q5. | () Define a function P(6), € (0, 2]

s.t. P(0)=2, P(1) =3, P(2) =3, , | (10)
where P is linear over [0, 1} and is quadratic over [1, 2].
(b) (i) For the control point form, (5)

P(6) = (1 —6)%(20 — k8 + 1)bg + k(1 — 6)20b; + k(1 - 0)6b,
+0%(—26 + kb + 3 — k)bs.
show that k = 3 is the B. B. cubic form. ;
Show that 2(6) satisfies the convex hull property. A
Does this property also hold for § € IR — [0, 1] as well?
(ii) Determine the barycentric coordinates of v(v,, vy) with respect to | (3)
!_- ) Yo = (]'r 0)1 v = (27 O)) Yo = (2> l) o T ) I -




Q6.

(a)

Determine the quiii:h‘atié Hermite vector form defined on [0, 1], st
P(0) = FEy, P(1) = F,; and P/(0) =

Consider the following B. B. rational quadratic form

P(§) = Lot b £l 0<9 <1, b€ R =02

Determine whether P(6) represents the conic section?

(10)

(10)

Q7.

(a)

Discuss the cubic Hermite spline defined over {a, b]
st a=1y <t <ty <... <ty =>, interpolating

(tsy fi), 1=0,1,...

Determine the system in matrix form corresponding to
clamped end conditions.

De‘cerminc QL, i=0,1,2,3 for B. B. cubic form
P(9) =53 o BrMAb;, <o, B when a = -1 B=1

3?

(10)

(10)

(b)

Discuss the cubic Hermite spline S defined over [a, bl
st a=ty<ty <tz<...<tp=0 interpolating the data pomtb
(tiy fi), 1= 0,1,...,n
Determine the system in matrix form corresponding to
periodic end conditions.
Determine whether the following function is a cubic splne
2¢ + 1, z€]—o0, —1f,
2% + 3z + 52 + 2, zel-1, 1]
S(I) = 2 3 2
—2x3 + 1222 -4z +5, z €1, 2],
20z -- 11, z € (2, oof.

(10)

(10)

Q9.

Determine the error bound of cubic Hermite interpolating function S

defined on a = tg. < t; <ty <-...<tp =bst. S(t)= f(t),
SO(t;) = fD (), i=0,1,2,...,n, and f € C%[a, B].

Consider
23+ 2z + 1, z €] —o0, =1,
) —3z% -« z €[-1, 1],
S(=) =3 93 —9s?+52-2, zelL, 2,
23— 322 —Tx+6, z€(2 oof
Represent. the spline S in terms of the following truncated power
function form

S(z) = T3 g airt + T gailz — 2:)%

(10)

(10)
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. . SECTION I '
Ql(a) Work out the relationship between the components of stress and the components of strain. [10]

(b) A cylinder with its axis horizontal has the gravity stress represented by o, =-pgy, Oy =-pgy,
t. =0. Its ends are confined between smooth fixed rigid planes which maintain the condition of

Xy
plane strain. Sketch the forces acting on the surfaces, including the ends. 4 [10]
- Q2(a) Use Hook’s law to show that the stress invariant ® =1t;; and the strain invariant 8 = e;; are connected
by the relation © =3k$, where k is the modulus of compression. [10]

(b) Show that ¢ = g%{xz(f -3cly+2¢° )—%y:‘(yz -2¢? )} is a stress function and find what problem it
c
solves when applied to the region included in y =+c,x=0 on the side x positive. [10]

Q3(a) Determine the value of the constant C in the stress function ¢ = Cr?(cos26 - cos20:) required to satisfy
the conditions '
' 6y =0, =5 OD 0=0
oy =0,719=-s on B.=-a, : :
corresponding to uniform shear loading on each edge of a wedge, directed away from the vertex.

Verify that no concentrated force or couple acts on the vertex. [10]
(b) Work out the differential equations of equilibrium for two dimensional problems. [10]
Q4(a) Find graphically the principal strains and their directions from rosette measurements
€= 2%107, €4,y =135%107, €4p,4=0.95% 107 in.per.in. where o.=p=45". [10]
(b) Work out the strain components in polar coordinates. - ' [10]
. o ‘ SECTION II
Q5(a) Describe reflection phenomena in plates by considering plane waves to be incident on the straight
~ boundary of a semi infinite plane y > 0. o [10}
(b) Discuss the propagation of spherically symmetric waves in the infinite medium. [10]
Q6(a) Explain in detail, the experimental results on waves in plates. ‘ o [10]
(b) Derive the governing equation of motion for an inhomogeneous rod where the modulus varies as
E=E, (1 +ex? ) Assume the density remains constant. [10]

Q7(a) Consider a thin rod of circular cross-section imbedded in an elastic medium such that a lateral resistive
pressure f, =—ku, is developed, where u, is the radial displacement of the surface. Derive the

equation of motion for the system and sketch the general form of the frequency spectrum. [10]
(b) Write a note on the geophysical applications of the elasto-dynamics. [10]
Q8(a) Derive the group velocity versus wave-number curve for the Bernoulli-Euler beam. [10]
~ (b) Obtain the expression for the impedance of a semi-infinite beam subjected to the end force Foe‘i"’t and
free to rotate at the end. ‘ " (10]
Q9(a) Consider beams of incident, reflected and refracted S-H waves and examine the average transmission
' B
of energy, in particular for the case T §in 6, >1. ' [10]
Cr :

(b) | A thin layer of substances whose elastic constants are very small and can be neglected is adhered to the
surface of an elastic half space. The mass density of the substance is p. A plane harmonic

longitudinal wave is incident on the covered surface. Determine the influence of mass layer on the
amplitude of the reflected waves. ‘ [10]
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