Solutions to ABS Lattice Equations via Generalized
Cauchy Matrix Approach

By D.-J. Zhang and S.-L. Zhao

The usual Cauchy matrix approach starts from a known plain wave factor
vector r and known dressed Cauchy matrix M. In this paper, we start from
a determining matrix equation set with undetermined r and M. From the
determining equation set we can build shift relations for some defined scalar
functions and then derive lattice equations. The determining equation set admits
more choices for ¥ and M and in the paper we give explicit formulae for all
possible r and M. As applications, we get more solutions than usual multisoliton
solutions for many lattice equations including the lattice potential KdV
equation, the lattice potential modified KdV equation, the lattice Schwarzian
KdV equation, NQC equation, and some lattice equations in ABS list.

1. Introduction

In recent decades the research of integrability of difference equations has
got remarkable progress. The property of multidimensional consistency [1-3]
reveals integrability in some sense for discrete equations. Based on this
property lattice equation defined on an elementary square can be classified [3]
and the result is referred to as ABS list, which is surprisingly short and only
consists of nine equations named as Q4, Q3, Q2, Q1, A2, A1, H3, H2, and H1.
We list out these equations in the Appendix.

ABS list has received a lot of attention. With regard to solutions, a
lattice equation that is multidimensionally consistent provides automatically
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a Bécklund transformation [3]. Then, by the Béicklund transformations one
can derive both seed solutions and 1-soliton solutions [4,5]. For N-soliton
solutions, the relation between Q3 equation and NQC equation [6,7] can be
used. NQC equation is derived in Cauchy matrix approach [7,8] and its
solution can be expressed through Cauchy matrices. On the other hand, Q3
equation can be degenerated to the lower equations Q2, Q1, H3, H2, and
H1. It then follows that N-soliton solutions of these equations can be given
in terms of Cauchy matrices [7]. Besides Cauchy matrix approach, several
other approaches are developed for finding multisoliton solutions of the lattice
equations in ABS list, such as bilinear approach [5], transformation and
iteration method [9], Cauchy matrix approach with elliptic functions [10],
Inverse Scattering Transform [11, 12], and algebro-geometry approach [13, 14].

The Cauchy matrix approach [7] (also see [8,15,16]), starts from a known
plain wave factor vector » and known dressed Cauchy matrix M, defines some
scalar-dependent variables, constructs their recurrence relations, and then from
closed relations provides discrete lattice equations, such as the lattice potential
KdV (IpKdV) equation, the lattice potential modified KdV (IpmKdV) equation,
the lattice Schwarzian KdV (ISKdV) equation, and NQC equation. Solutions of
these obtained lattice equations can be given through the dressed Cauchy matrix.

In this paper, instead of known plain wave factor vector r and known
dressed Cauchy matrix M, we start from a matrix equation set consisting of
three equations, among which two equations are used to determine plain wave
factor vector r and the third equation is used to define M. We can build shift
relations for some defined scalar functions and then derive lattice equations.
This procedure we call generalized Cauchy matrix approach. In fact, the
determining matrix equation set is demonstrated to admit more choices for r
and M which leads to more solutions than usual solitons. In the paper, we will
give explicit forms of all possible solutions to the determining matrix equation
set. As applications, these solutions are used to construct solutions for many
lattice equations, such as the IpKdV, IpmKdV, ISKdV, NQC, Q3, Q2, Q1, H3,
H2, and H1 equation.

The paper is organized as follows: In Section 2 we briefly review the
Cauchy matrix approach. In Section 3 we describe the generalized Cauchy
matrix approach. In Section 4 we solve the determining matrix equation set
and in Section 5 as applications solutions for some lattice equations are
given.

2. Cauchy matrix approach

As a preliminary part let us briefly review the Cauchy matrix approach. For
more details one can refer to Ref. [7] or [16].
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A Cauchy matrix is known as a square matrix G = (G; j)vxn, Gi; = !

where z; # w; € C. We will use its symmetric form, which is o
1
G=(G;; ,G i =——, ki#—k; eC. 1
( J)NXN J ki+kj # J ( )
The Cauchy matrix approach starts from a “dressed” Cauchy matrix
piC;
M=(M; )yxyn=FGH, M, =——, 2
( l,_/)N N ] ki + k_j ( )
where ¢; € C, p; is called the plain wave factor defined as
prk\"(qa+k\" ,
- . 3
P (p—k,-> (q—k,-) P 4
with constants p, ¢, p?, and the dressing matrices are
F = Diag(py, ..., py), H = Diag(cy, ..., cy).
M satisfies the relation
MK + KM =r'c, 4)

where

K = Diag(ki, ky, ..., k), ¥ = (o1, p2, ..., p3)T, e =(c1,¢2, ..., ).
(%)
By T and " we, respectively, denote the shifts in » and m direction, ie.,
f(n,m)= f(n+1,m), f(n,m)= f(n,m+ 1). Then, from the basic shift
relation
5Ptk S _ 4tk
1 p _ kl 1 1 q . kl 1

one may build the following shift relations of M,

M(pI + K) — (pI + K)M =7, (62)
(pI — K)M — M(pI — K) =r'c, (6b)
Mgl + K) — (¢l + K)M =T, (6¢)
(gl — K)M — M(ql — K) =r'c, (6d)

where I is the N x N unit matrix.
Next, for any (i, j) € Z x Z, introduce a scalar function

S¢) = e K/(I+ M)"'K'r, (7)
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which can be proved to have the symmetric property
S — gU1). (8)

It then follows from the dynamical relation (6) that one can reach to a set of
recurrence relations:

p'j(i-,j) _ S+ — pS(i’j) 4 SUHL) E(i’O)S(O'-i), (9a)
pSED 4 SEITD = pFES) _FHL) 4 gG0F0.), (9b)
q/S\(i’j) _ QU+ — g S 4 §UFLD) _ S0 g0 (9¢)
qS(i’j) + §GJ+D — q’j(i-,j) — SU+L) 4 gG.0rg0.)), (9d)
Besides S/), there is another scalar function defined by
S(a,b) = ‘e(bI + K) '(I+ M)""(al + K)"'r, a,beC, (10)
which also has symmetric property

S(a, b) = S(b, a). (11)

It can be proved that S(a, b) obeys the shift relations
1= (p+b)S(@.b)+(p — a)S(a. b) = V(@)V (b). (12a)
1= (g +b)S@. b) + (g — a)S(a. b) = V@V (b), (12b)

where
Va)=1—"‘clal + K) 'U+M)'r=1—="e+ M) '(al + K)'r. (13)

With the help of the crucial symmetric properties (8) and (11), some lattice
equations appear as closed forms of the recurrence relations (9) and (12). We
list those equations in Section 3.3.

Since S*/) and S(a, b) are defined by the known elements M, K, r, ‘c,
solutions of those lattice equations are therefore given apparently.

3. Generalized cauchy matrix approach

In the previous section we briefly introduced the Cauchy matrix approach.
Following this approach several lattice equations can be derived and their
solutions are expressed through the known elements including the dressed
Cauchy matrix M, plain wave factor vector r, constant diagonal matrix K and
constant vector ‘c.

In the following, we start with unknown M, r and K, and investigate a
generalized Cauchy matrix approach.
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3.1. Determining equation set
Let us first give the following Lemma.

LEMMA 1. Suppose that matrices K, A € Cy .y are anticommutative, i.e.,

KA+ AK =0, (14)
where all the eigenvalues {k\, ky, ..., ky} (some of them can be the same) of
K satisfy

Then A is a zero matrix.
Proof. There is a nonsingular matrix 7 € Cyyx such that
I=TKT', (16)

where T = (y;;)nxy 1S an upper triangular matrix with y; =k for
i=1,2,..., N. We also denote

B=TAT ' =B, Bo. ..., Bv),

where {B;} are column vectors of B. Then (14) can be rewritten as
I'B+ BT =0. (17)
The first column of (17) reads
(ki I+T)B =0.

Noting that |k; I + T'| # 0 due to the condition (15), we have §; = 0. Then,
with this in hand the second column of (17) is simplified to

(koI +T)B, =0,

which yields 8, = 0. Repeating this procedure step by step we can successively
get B3 = P4 =--- = By = 0. This means B = 0 and then 4 = 0. Thus the
proof is completed. n

The condition (15) will be quite important for the analysis in the rest part of
this section. Let us redescribe it as following: Suppose that constant matrix
K € Cy.y, by E[ K] we denote the finite set composed by all the eigenvalues
of K. Condition (15) holds is equivalent to require that

EIK1NE[-K] = @. (18)

In the rest part of this section, we always assume that K satisfies the condition
(18). Note also that (18) implies 0 ¢ £[K], i.e., |K| # 0.

Next let us start to derive some shift relations. Our starting point is the
following matrix equation set.
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DEFINITION 1. Consider the N x N matrices M = (M, j(n, m))yxy and K =
(Ki,j)vxn, and the Nth-order vectors r = (p1(n, m), px(n,m), ..., py(n, m))’
and 'c = (ci, ¢y, ...,cy), where M; j(n,m) and p;(n, m) are undetermined
Sunctions while K; ; and c; are constants. The following matrix equation set is
called the Determining equation set to determine M and r:

(pl — K)¥ = (pI + K)r, (192)
(g — K)¥ = (gl + K)r, (19b)
MK + KM = r'c, (19¢)

where K satisfies (18), constants p,q ¢ E[X K], and I is the N x N unit
matrix.

THEOREM 1. For M, K, r, and ‘c described in Definition 1 and obeying the
determining equation set (19), one has relations

(pI — K)M = (pI + K)M, (20a)
(gl — K)M = (¢l + K)M, (20b)
and
M(pI + K)— (pI + K)M =F'c, (21a)
(pI — K)M — M(pl — K) = r'c, (21b)
Mgl + K) — (¢ + K)M =F'c, 21c)
(gl — K)M — M(¢I — K) = r'c. (21d)

Proof.  From (1/§?) and (19a) and noting that (pI = K)K = K(pI + K), we
have

(pI — KYMK + K(pI — K)M = (pI + K)r'c. (22)
Mean while, just left-multiplying pI + K on (19c) yields
(pI + KYMK + K(pI + K)M = (pI + K)r'c. (23)
Subtracting (23) from (22) yields
[(pI — K)M — (pI + K)YM1K + K[(pI — K)M — (pI + K)M] = 0,
which further, in the light of Lemma 1, gives
(pI — K)M = (pI + K)M, (24a)
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i.e., (20a). For ¢ and hat-shift we have
(gI — K)M = (¢I + K)M, (24b)

i.e., (20b).
In the following, the proof is actually similar to the usual Cauchy matrix
approach [7]. Taking ~ shift of (19¢) we have

Fle=MK+ KM,
and replacing the last term K M by (24a) yields

M(pI + K)— (pl + K)M =F ‘c. (252)
Besides, if deleting the term K M from (19c) and (24a) we have
(pI — KYM — M(pl — K)=r‘c. (25b)
Similarly, using (19¢) and (24b) we have
M@l +K)— (¢l + KM =Fc, (25¢)
(gl — K)YM — Mgl — K)=r"c. (25d)
(25) is just (21). |

3.2. Recurrence relations

Based on Theorem 1 we have had the shift relation (21), which is exactly the
same as (6), noting that the matrices K, (af + K), and (b1 + K)~' commute
each other as being diagonals, thus one can define scalar functions S/) and
S(a, b) and derive the recurrence relation (27) as in [7]. For completeness, Let
us show the procedure in the following.

THEOREM 2. Suppose M, K, r and ‘c are described in Definition 1 and
obey the determining equation set (19). By them we define the scalar function

SED = e K/(I+ M) 'K'r, i, jel, (26)
then we have the following recurrence relations:
PRED _FEIH) = D) 4 L) _ F60 g0 (27a)
pS(i’j) + §GJ+D — pg(iq/’) _ L) 4 gG0F0.) (27b)
q’g(i,j) _ S+ — qS(i,j) 4+ SUtL) 5.0 5(0.)) (27¢)

qs(i»j) + SEJ+D — q’g(i,j) — SU+L) 4 gG.0rg0.)), (27d)
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Proof.  We introduce auxiliary vectors
u =T +M)'K'r,

and S"/) defined in (26) is then rewritten as

SUD = e K/(I+ M) "' K'r = 'cK’u".
Using the shift relation (19a), from (28) we have

I+ Mu?” = K'¥ = (pl — K)"'K'(pI + K)r,
1e.,

K'(pI + K)r = (pI — K)(I + M)u®.
Then, employing the exchange relation
(pI — K)I + M) = (I+ M)(pl —K)+rc

that is indicated by (25b), one has

K'(pI + K)r = (I + M)(pI — K)a® +r 'cu?,

which further, left multiplied by (I + M)~!, yields the relation
(pI — KYii® = pu® + ul+h _ 560,
Now replacing r in (28) by using (19a), we have
I+ Mu" = K'r =(pl + K) 'K'(pI — K)F,
1e.,
K'(pl — K)¥ = (pI + K)(I + M)u'”.
In this turn we make use of the exchange relation
(pI + K)I + M) = (I + M)(pI + K) —F'c
that is derived from (21a), we will finally reach to
(pI + K)u® = pi® — 7i+V 4 070
Symmetrically, we can derive shift relations for (¢,”),

(¢l — K)’iim — qu(i) + gD _’S\(i-,O)u(O)’

(g + Kyu® = ga® — @0+ 4 50050

(28)

(29)

(30)

(31a)

(31b)

(3lc)

(31d)

Now, with the shift relation (31) in hand, a left-multiplication of ’cK’/

immediately yields the recurrence relation (27) for S/,

THEOREM 3. Suppose that M, K, r, and 'c are described in Definition 1
and obey the determining equation set (19). Also suppose that scalar function
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SU1) is defined as (26) and satisfies the symmetric property
S — U (32)
We define another scalar function
S(a,b) = ‘e(bI + K) '(I + M) " (aI + K)'r, (33)

where a, b are constants and a, b ¢ E[LX K. Then, S(a, b) is also of symmetric
form

S(a, b) = S(b, a) (34)

and satisfies the shift relations:
1—(p+b)S@a, b)+(p —a)Sa, b) = V(a)V(b), (35a)
1 —(q +b)S(a, b) + (¢ — a)S(a, b) = V(a)V (b), (35b)
1 —(p+a)S(a, b) + (p — b)S(a, b) = V(b)V(a), (35¢)
1—(q +a)S(a,b)+ (g — b)S(a, b) = V(b)V(a), (35d)

where

Vig)=1—"e(I + M) '(al + K) 'r. (36)

Proof. First we note that the symmetric property S*/) = SU) plays an
important role and we will discuss this property later. If this property holds,
noting that the formal expansion

1 )
Sty =303 S0 s o7

j=0 i=0

it is easy to see that S(a, b) = S(b, a), and similarly, for V' (a) defined in (36),
ie.,

Va)=1—"e(I+M) '@l +K)'r=1-"cal + K)"'(I + M)"'r, (38)

the second equality of holds as well.
In order to get the relation (35), we introduce an auxiliary vector

u@)=UI+ M) al+K)'r, (39)
under which we have

S(a, b) = 'e(bI + K) 'u(a), (40a)

V(a)=1- 'cu(a). (40Db)
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Then, using (19a) we have
Ha)=T+M)"'aI+K)"'F=U+ M) al + K)'(pI — K)"
x (pI + K)r,

1e.,

(oI — KY(I + Myi(a) =r + (p — a)al + K) 'r.
Making use of (30) and (40b) yields

(I + M)(pI — K)ii(a) = (p — a)al + K)'r + V(a)r.

Then by left-multiplying (I + M)~! we get

(pI — K)i(a) = (p — a)u(a) + V(a)u®. (41)

Next, left-multiplying ‘c(b1 + K)~' on (68) we can reach to
1 — (p + b)S(a, b) + (p — a)S(a, b) = V(a)V (b), (42)

i.e., the shift relation (35a), where we have used the expression (40) and the
symmetric form V(b) = 1 — ‘e(bI + K)~'(1 + M)~'r which has been given
in (38). In a similar way we get relation (35b). (35¢) and (35d) are derived
from (35a) and (35b) thanks to the arbitrariness of a, b and the symmetric
property S(a, b) = S(b, a). Now the proof is completed. |

3.3. List of equations

With the assumption of the symmetric property (32), some lattice equations
can be derived as closed forms of the recurrence relations given in Theorem 2
and 3 (see [7] for detailed derivation). In the following, we list them out
together with their solution formulae.

e Lattice potential KdV (IpKdV) equation:

(p+q+w—w)p—q+D—b)=p’—q° (43a)
w =85 =e(I + M)"'r; (43b)

e Lattice potential modified KdV (IpmKdV) equation:
PO —T0) = g (T — V), (44a)
v=1-5"D=1—eK'(I+ M) "r; (44b)

e Lattice Schwarzian KdV (ISKdV) equation:

c-HE-2 ¢ 459)

C-DE-3
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=K T+ M) 'K r—z -2 -2 zpec;  (4sb)
p 9q
e NQC equation [8]:

1= (p+b)3(a. b) + (p —@)S(@,b) _ 1— (g +a)S(a,b) + (g — h)S(a, b)
1—(q+ b)§(a, b)+(q —a)Sa, by 1 —(p+a)S(a,b)+ (p—b)S(a,b)’
(46a)

S(a,b) = "e(bI + K)"'"(I+ M) (aI + K) 'r,a,b e C. (46b)

In the following our task is to solve the determining equation set (19) so
that we can give explicit solutions of the above lattice equations.

4. Solutions to the determining equation set (19)

4.1. Simplification and canonical forms

In the determining equation set (19) ‘c = (¢y, ¢3, ..., cy) is a known constant
vector and we need to look for the solution triad { K, r, M}. We suppose K is
any matrix that is similar to K, i.e.,

K =TKT!, 47)
where T is the transform matrix. We define
M, =TMT ' ri,=Tr,'c,="cT". (48)

It then follows from (19) that

(pI — K1)71 = (pI+ K)rq, (49a)
(gf — K1y = (gl + K1)ry, (49b)
M1K1+K1M1:I‘1 [CI. (49C)

Besides, for the scalar functions S%/), S(a, b), and V(a) we find

SCH = 1eK/(I+ M)"'K'r = ‘e, K(I + M))"'K'r),
S(a,b) = ‘e(bI + K)'(I + M) "(al + K) 'r
=‘e)(bl + K\)"'(I+ M) '(al + K1) 'ry,
Vi) =1-=‘ec(I+M)y'al+K)'r=1-"ec;(I+ M) (al +K)) 'ry,
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i.e., K and its similar form K, lead to same S/, same S(a, b) and same
V(a). One more invariant is

Z(a,b) = "e(bl + K)>(I + M) '(al + K)'r

(50
= ‘e;(bI + K\) (I + M) "(al + K\)'ry,

which will be used in later discussion. Thus, these main quantities remain
unaltered if one replaces the K by its similar form K, and simultaneously
M, r, 'c are covariant as in (48). This means we can start from (19) with K
being its Jordan canonical form, i.e.,

(pI — T)F = (pI + D)r, (51a)
(g —T)r = (gl +TD)r, (51b)
MT +TM=r"c (51c¢)

Here, we have replaced K by its Jordan canonical form I', and by this we
stress that we are dealing with canonical forms of (19). Here we also would
like to specify the invertible assumption for I'.

PrOPOSITION 1. Corresponding to (18), hereafter we always suppose T
satisfies

E[TINE[-T] = o, (52)
and constant parameters p,q,a,b ¢ E[£T].

We can then start from the elements in (51) and replace Theorems 1-3 as
the following.

THEOREM 4. Suppose that T is a N x N matrix in canonical form satisfying
necessary invertible condition described in Proposition 1, M, r, 'c are defined
as in Definition 1 and they satisfy the equation set (51). By them we define

SN = leT/(I+ M)~'T'r, (53a)
S(a,b) = "e(bI +T) "I+ M) '(al +T)"'r, (53b)
Va)=1—‘e(I+ M) Y(al +T) 'r, (53¢)

Z(a,b) = 'e(bI +T)2(I + M)"'(al +T)"'r. (53d)
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Then, SU7) obeys the recurrence relation (27). If S©/) has the symmetric
property
S — S(j‘[), (54)
then S(a, b) and V (a) also have symmetric property
S(a, b) = S(b, a), (55a)

Va)=1—"e(I+M)'(al+K)'r=1~-c(al + K)~!
x (I + M) 'r,
and they satisfy the shift relation (35).

(55b)

4.2. Solutions to (51)

Noting that in the equation set (51) ‘c is known and I is a matrix in canonical
form, it is possible to give a complete discussion for the solution pair {r, M}
of (51) according to the eigenvalue structure of I'.

4.2.1. List of notations. First we need to introduce some notations where
usually the subscripts p and ; correspond to the cases of I' being diagonal and
being of Jordan block, respectively.

ki\" ki\"
Plain wave factor: p; = (p + ) (q + ) 0,

p—ki) \g—k/) "'
with constantsp, ¢, ,oio , (56a)
Nth-order vector : r%v]({k,»}{v) = (p1, P2, -5 pn)T, (56b)
T
%, 1 o1
Nth-ord tor: K k) = [ o1, ==, ..., 2——) ., (56
order vector : r; (ki) 01 T N =D (56¢)
. IV _ T
Nth-order vector : I, =(1,1,1,...,1)", (56d)
Nth-order vector : IBN] =(1,0,0,...,0), (56e)
T
1 -1 1 —HN-!
Nth-order vector : gM(@a) = -, —, —,..., =D . (560)
a a*’ a’ a™
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N x N matrix : T ({k;}Y) = Diag(ky, ko, - . ., ky), (56g)
a 0 0 0 0\
1 a 0 ... 0 0
N x N matrix : T"M@ =0 1 a ... 0 0] (56h)
0 0 0 1 a )
N x N matrix : Fi)({k;}Y) = Diag(o1, p2, - - -, pw),s (561)
N x N matrix : H%v]({cj}iv) = Diag(cy, ¢z, ..., CN), (569)
1 0 0 .0
ak]lol
5 P 0 .0
. V] 3% p1 9, P1 0
N x N matrix : F} (k)= ol T P ,(56k)

3;?1[7]/01 3;?1]7201 3;?1[73,01

(N—1)! (N—2)! (N—3) =/
C1 v« CN—2 CN—-1 CN
(6] e CN-1 CN 0
N x N matrix : H[JN]({cj}le) =] .- CN 0 0 | .61
cCN ... 0 0 0

N x N matrix : G%V]({kj}{v) = (gij)NxN> &ij = ﬁ (56m)

N, x N, matrix : GE;VJ”NZ]({kj}iV];a) = (&i./)N x Vs s

8&ij = —<ki_+la)j, (56n)
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[N;.N21, . i—1 (=1t
Nix N> matrix: G ;"7 (a; b)=(gi ;)N xN»» gi,jZCiﬂ,zm, (560)
N x N matrix : G)'(a) = G\ (aza) = (g ))wxn
g = Cifl (_1)i+j (56]3)
L i+j-2 (za)iﬂ'—l ’
where
Jj!
1
PTG = U =)
The Nth-order matrix in the following form
ag 0 0 ... 0 0
aj ap 0 e 0 0
A= a a agp ... 0 0 (57)
aN-1  dy-2 dan-3 ... dr 4o/ y.n

with scalar elements {a;} is a Nth-order lower triangular Toeplitz matrix.
All such matrices compose a commutative set G with respect to matrix
multiplication and the subset

GM = {A|A e G, 4] # 0}

is an Abelian group. Such kind of matrices play useful roles in the expression
of exact solution for soliton equations. For more properties of such matrices
one can refer to Ref. [18].

For the notations we just listed out, it is easy to find the following facts.

ProOPOSITION 2. (1) Both HBN]({C j}f[ ) and GBN](a) are symmetric matrices,
(2) Both I‘BN](a) and FBN](kl) belong to G and therefore they commute;
(3) For HBN]({CJ}{V) and VA € G, they satisfy

Hy ((e))) A = ATH (1e)1)), (58)

or, in other words, HBN]({C j}iv VA is a symmetric matrix;
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(4) When a # 0, l"BN](a)_1 is given by

1
— 0 0 ... 0 0
a
—1 1
— — 0 ... 0 0
a a

_ 1 —1 1

o= = - =0 o] 69
a’ a? a
(=D (=D (=N -1 1

alV alV-1 alV-2 T2 g4

4.2.2. Basic cases. Let us discuss solutions for the equation set (51) when
I' takes two basic forms. Notations can be referred to Section 4.2.1
Case 1. T = T({k;})).

This case has been solved in Ref. [7] as well as in Section 2. Solutions to
(51) are

r= (k). (60a)

M = F) (k1)) 65" (160 Hp ((e))) = (kp;ik/) - (60b)
' NxN

In this case one gets soliton solutions [7].
Case 2. T = T (k)).

This is also called Jordan block case. Motivated by the Jordan block case of
many other soliton equations [18, 19], it is not difficult to find a solution for
the Equations (51a) and (51b),

r = r[JN](kl). (61)
To find a solution M to (51c), we first rewrite
T
My =rF- 1Y, e=1"" -H, M=FGH, (62)

where F = FBN](kl), H = HBN]({cj}{V) and G is an unknown matrix. It then
follows from (51c) that

FGHT +TFGH =F -1V . ™M" . g,

where I' = I‘[JN](kl). Noting that the items (2) and (3) in Proposition 2, we
then have

FGI'H+ FTGH=F -1V . 1M . 1,
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which further reduces to
6r’ +16=1M.M" (63)
Thus we need to solve the above equation. To do that, we write
G=(g1.8,...,8n) (64)
where {g;} are column vectors of G. Then from (63) we find
(b +Dyg =17,
(ki +T)gi1+g =0,(j=1,2,...,N—1).
This indicates solutions

g = TNk 1 = gM2ky), (652)

8] &™)
_ %8 @l oy N, (65b)

8j+1 I

where we have made use of the item (4) in Proposition 2. Substituting (65)
into (64) we can find

G = G} (k)

with explicit expression (56p).
Thus, in this case, the solution pair to (51) is given by

r =Mk, (66a)

M = F k) - G2k - HY (0. (66b)

Besides, using the commutative property of lower triangular Toeplitz matrices
in the set GV we have the following result.

PROPOSITION 3. For an arbitrary constant matrix A € GV 1 Ar and AM
solve the equation set (51), where r and M are defined in (66).

Here we write out explicit forms of the simplest case, i.e., for N = 2 and

(kO )
r = ( ) k1>' In this case,

r=r (k) = (o1, mp)), (67a)
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1 —1
Lo k4K
F.[Jz](kl) = p1 ( ) , G[JZ](kl) = { 11 ,
m 1 -
4kt 4k
C1 ()
HY ((e;)) = ( ) : (67b)
(6] 0
and
M = FP(k) - GP (k) - H({e )}
2C1k1 —C) (&)
4k? 2k, P
= s C
P kimQ2ciky —c)) —ciki +c2 22kini — 1)
4k 4kt
where
2pn 2gm
m = —2 1 (67d)

+ .

PPk ¢* =k

To make a comparison we also write out r and M for N = 2 in diagonal
case:

r=rp (k1) = (o1 p2)7 (68a)
P1C1 P1C2
2k k+k
M= ! 1t (68b)
P2€1] P262
ki +k 2k,

Now we can see the difference between two cases. In (68) r and M are in
neat form, while in (67) r and M are in different structure. There is no the
plane wave factor p, but a linear function 7, in them.

4.2.3. Generic case. To investigate solutions to the equation set (51) with a
generic I', we need to consider some elementary equations.

LEmMA 2. Consider the following three elementary matrix equations:

T
G, (") + T (k1) 6 = 1,7 - 17 (69)

Gy + T (k1) 6 = 157 1 (70)
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Ty + 1@ 6 = 1. 1 (71)

where the unknown matrix G in the above three equations is of, respectively,
N1 x N1, N1 x Ny and N; x N,. For solutions we have G = G%Vl]({k,-}iv‘)
solves (69), G = G%VJ”NZ]({kj}]IV‘;b) solves (70), and G = G_[,]f”NZ](a; b) solves
(71).

Proof. G = G%VI ]({k j}{v‘) satisfying (69) can be verified directly.
Let us consider Equation (70). We suppose

G=(g1,2,....8"%) (72)
with column vectors {g;}. Then from (70) we have
(b1 + T3 (1)) g1 = 1",
(I +TH (")) g1+ =0, =1,2,..., N, — 1),
which further yields

VI 1 1 )T
&= ((k1+b>f’<k2+b)-f’“"(kM+b>f |

The matrix (72) with above {g;} is just G[D]\g’NZJ({kj}{Vl;b) and it solves (70).
The solving procedure for (71) is quite similar to the Case 2 in Section
4.2.2. We rewrite G' as (72) and insert it into (71) and then we find

G=1,2,...,N>).

(bI + F[Nj](a)) [NI]’
(b1 +T7"@)gi1 +2, =0, =1,2,..., N, — 1),
which yields

g1 =g™Ml(a +b), (73a)

3N I(B) p—ars
g =L i (G=1,2,...,N,— 1. (73b)

These column vectors compose a matrix G = G[J]}/”NZ](a; b) that solves (71).1
Now we can investigate the case with a generic I':

r= Dlag( L (o 1"), T ), T k1),

(74)
J A (kN1+(s—1)))-
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For convenience we define column vectors

N, N N
”[D]]({kj}1l) I[Dz]

N N>
"B Zl(kzvlﬂ) 15 7l

N. N
r=| MMy | 1= IV
Nx Nx

P a5 1) ]

Obviously, such r solves (51a) and (51b) with ' defined in (74) and
‘C=(C1,Co oot CN CN L - - s CN 4N N, )-
To solve (51c¢), we still suppose
M= FGH,
where

F = Diag (FEQ’”({kj}{V'), F™ ey ), F¥ ey ),

Nr
Fi ey, 5-1)

(75)

(76)

(77a)

(77b)

H=Diag(HY"({c;}}"). HY (e N %), oo HY (fe yN vty L)), (T7¢)

Ni+No+.. 4Ny 1+1

G is a symmetric matrix with block structure
G =G" = (G, )xs

and each G; ; is a N; x N; matrix. Noting that

FT =TF, HT =T"H, r=FlIg 'c=1IH,
from (51c) we reach to

GT" +TG=I;-I..

In terms of block structure it reads

G T (1) + TH (16 = 157 17

N, r N1T .
G, Ty o) +T0NkY) Gy =101 (1< j<s),

(77d)

(78)

(79a)

(79b)

. T . 3 1T
Gy Ty, 1) + Ty )Gy =1 1 (1 <i<j<s). (79)

Equations for G;; and G, are the transpositions of (79b) and (79c),
respectively, due to G = G”. These equations in (79) are just the type of the
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three elementary matrix Equations (69—71). Thus, based on Lemma 2 we have

solutions
G = Gh (I 1"),

NI, 1 .
G ;= GE)J ]({kj}iv sk, 1), (1 <j<s),

N;,N; . .
G"’j = GBJ l](kNi71+1’kN/71+1)7 (1 <1=J]= S)’

and then from (77) we get M.
Let us conclude this part as following:

THEOREM 5. For the equation set (51) with generic
Ir= Diag(l“%v’]({k,-}fv‘), FBNZ](kNl-H)a lq[JNﬂ(kN] ) r,[]NY](kN| +s-1))

and
t
Cc= (01, C2y oo s N CN 15 -+ CN1+N2+.,,+NS)»
we have solutions
[N1] N,
rp (ki3
N
P ey, 10)

r=| ™y | M= FGH,

N
P ey o)

where

F=Diag(Fy" (k1) FY en11)s FY W kwy42), - oo FY (ko v5-1) )

H:Diag(H%v]]({Cj}iVI), HBNZ]({CJ}x:IfJZ) ..... H‘[/Ns]({cj_}N|+Nz+...+Nx 1+1))’

Ni+No+...+N,_

and G is a symmetric matrix with block structure
T
G=G = (Gi,j)sxs
with

G = Gy (k")

N;.N; 1 )
G ;= Gfl = G[DJ ]({kj}iv sk, 1), (1 <j<s),

Ni.Nj]

Gi».i = GjTl = G.[]J (kNi—1+1’kN/‘—1+1)7 (1 <i= J =< S)~

(80a)

(80b)

(80c)

(81)

(82)

(83a)

(83b)

(83c¢c)

(83d)

(83¢)
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Besides, for T, ‘c, ¥ and M above mentioned, the pair
{Ar, AM) (84)
also solve equation set (51) with same T and ‘c, where
A = Diag(1y,, Az, As, ..., Ay),

in which Iy, is the N\th-order unit matrix and A; is a N ;th-order constant
lower triangular Toeplitz matrix. In fact, AT =T A

Here, {Ar, AM} gives a general solution to (51) with a generic I'. It is
then quite easy to write out solutions for special cases. For example, when

o (rg“({k,-};v') 0

’tc:(cl,CZ,...,CNJ,-N)’ (85)
0 r[JNZ](kNl-i-l)) o

a solution pair to (51) are

_ (rEJN’]({kj}iV‘)> (360

N
1’5 2](kN1+l)

and
M= FGH
- F( G (k") GEJNJ’NZ]({kj}ivlékNﬁl)) H (866)
Gy Nk k) GV k1) ’
where
Fp' (k1) 0
B ( 0 F5N2]<kN,+l>> |
i1 N (86¢)
H=<HD ({C./l ) 0 )
o AR

A second example, when

r- (FB””(ko 0

S [c=(C1,Cz,.--,CN1+N2)’ (87)
0 I'BNZ](IQ))

a solution pair to (51) are

[N:]
r; (k)
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and
Gk G k)
M:FGH:F( N ;] .Y - H, (88b)
GJJI’ ’ (k15 ko) GJ : (k2)
where

(FBN'](kl) 0 )
0 FMk))

(HBN”«(:_,-}W') 0 )
0 H[JNZ]({CJ'}N]+N2) ’

Ni+1

(88c¢)

4.3. Symmetric property SU/) = §U-)

The symmetric property SU/) = SU-) directly leads to the symmetric property
S(a, b) = S(b, a) and symmetric definition of V' (a). Therefore this property is
crucial for getting lattice equations from the recurrence relations (27) and
(35). In this subsection, we will see such a property S@/) = SU:) holds for a
generic I' in canonical form. For the notations we use below please refer to
Section 4.2.1

4.3.1. Two basic cases. We start from two basic cases.
Case 1. T = T({k;})).
Solutions to (51) of this case are given in (60), i.e.,

r=rp({k;}V), M = FGH, (89)
where
F=Fp(k1), H = Hy (ie)}), 6 = 6 (k1)) (90)

Also noting that
r=F- 1Y =1V g
from the definition (53a) we have
SUD = feT/(I+ M)™'T'r
=1 HY/ (I + FGH)Y'T'F - 1)),
Since I', F and H are diagonal we can freely commute them and then have

st = [ LI (HF) " + 6) ' 1, 91)
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Noting that S@-/) is a scalar function and G = G, taking transposition for
(91) we immediately reach to
s00 = 560" = I ri P 4 6) T I = sU0 (92)

i.e., the symmetric property S¢/) = §U-D,
Case 2. T = TV (k)).
In this case, the equation set (51) admits the following expression:

r=rMuy=F 1M, c=1™" . H M= FGH, (93a)
where
F=F ). H=H((c;}}). 6 = ¢k, (93b)

Recalling Proposition 2 we know that
G=G' H=H" ,FT =TF,HT =T"H HF = F'H, (94)

in which the last equality indicates (HF) = (HF)". With these in hand,
inserting (93) into the definition (53a) we have
S§EI) = 1eT/(I+ M) 'T'r
= 1M BT+ FGH) T F - 1V
[N]T . . [N] (95)
=1y -(T"YH( + FGH) 'FT' - I
T . A

=1 . @TY(HF)' +6) ' 1.
Then, taking transposition we immediately reach to the symmetric property
SGJ) = §U.D) .

4.3.2. Generic case. Based on the above two basic cases, now for the
generic case the discussion becomes easy.
Go back to Section 4.2.3. For the equation set (51) with generic

T = Diag(Ch" ((k,1)), TV Gen, ), TV (ke 42, -

%] (96)
T, kyya-1)),s

one has

r=F I 'c=1;"-H,M=FGH, 97)

where I is defined in (75), F, H, and G are given in (83). A fact is that here
I', F, H, and G satisfy exactly the same relation (94), which means in this
case S*/) will have a same expression as (95), and that means S¢/) = §U-).

THEOREM 6. For the equation set (51) with T in canonical form,
SC)) = e /(I + M)"'T'r has the symmetric property SU/) = SU-D,
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5. Applications

5.1. Solutions to some lattice equations

Now, for the lattice equations we listed out in Section 3.3., their solutions can
be given as follows, respectively: for the IpKdV Equation (43a),

w = SO0 = e(f + M) 'r; (98)
for the [pmKdV Equation (44a),
v=1-S""V=1—tler '+ M) 'r; (99)

for the ISKdV Equation (45a),

c= T I+ My ' T r—z- 2" s ec; (100)
P 4

for the NQC Equation (46a)
S(a,b)="e(I+T) 'T+M)(al+T)'r, a,beC, (101)
where r, ‘e, T, and M are described as in Theorem 5.

5.2. Solutions to the lattice equations in ABS List

5.2.1. Reparametrization. Ref.[7]builds the relation between NQC equation
and Q3 equation in the ABS list as well as the relation between Q3 equation
and the “lower” equations Q2, Q1, H3, H2, and H1 (also see [17]). In Ref. [7]
these ABS lattice equations (see Appendix) were reparameterized so that their
solutions can be expressed through Cauchy matrices. These reparametrizations
are [7]

03 , P _P2—bzo_ 0 _Clz—b2

: p_pz_az_ P ’q_qz_az_ Q ’
(12 a2

2,01l p= ———, ] = —,

Q ’ Q p p2 . az q qz . az (102)
P 1 0 1

H3: °=—=—, °:—:_’

p a>—p? P q —q 0
H2, Hl: p=—p? g =—q>

And the reparamaterized lattice equations are

2

03 : P(utt + ) — Q(ull +7) = (p* — q2)<(ﬁﬁ+ uil) + MSTQ), (103a)
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02 : (q* — a®)u — )i — ) — (p*> — a*)u — W)@ — )
+(p? —a®)g? - a®)g® — pP)u + U+ T +7)
= (p* —a’)q® — a’)g’ — pP)(p* —a®)’ +(¢* — a’)
—(p* —a*)(q* —a?)],

(103b)

O1: (¢ - a)u — Wl — ) — (p* = ) D)@ D)
8%a*(p* — g% (103¢)
TP —dg—ad)

H3: P(a* — ¢*)uii + 1) — 0(a® — p¥) it + i) = 8(p° — ¢*), (103d)
H2: (=)@ — )+ (p* — ¢)u + T+ T +70) = p* —¢*, (103¢)

Hl:(u—u0)@—1) = p*—q> (1039)
where in (103a) (p, P) = p and (¢, Q) = q are the points on the elliptic curve
{(r, IX? = (2% = a®)x? = b)), (104)
in (103d)
PP=a?—p? 0> =d®—
and in Q3 and Q2 the dependent variable u# has been scaled by

a4u

2 2
u— ub”—a’),u— (P2 — a2 (q? — a2’

respectively.

5.2.2. Solutions. In Ref. [7] solutions to Q3 Equation (103a) are given by
means of the relation between NQC equation and Q3 equation; solutions
for other equations in the list (103) are derived by using the degeneration
relation

(@3] —[@2]—([1]

I

|H3|—|H2]|—|H1]

Figure 1. Degeneration relation.

In fact, the relations of the above diagram were obtained by degeneration
limits on the parameters a, b, (see Section 5 of Ref. [7], Figure 1). In that way
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a list of solutions for all lattice equations in the list (103) was obtained. The
same procedure can be done for the generalized case with T, ‘e, M, and r
described in Theorem 5. In the following, we list out these solution formulae
for the lattice equations in the list (103).

For Q3 Equation (103a),

u=4-G(a,b)+ B-G(a,—b)+ C-G(—a,b)+ D - G(—a, —b), (105a)

where

G(a, b) < P )( O )m[l (a + b)S(a, b)], (105b)
a,b)= —(a a, s
(p—a)p—>b)) \(g —a)g —b)
S(a, b) is defined in (53b), and A4, B, C, D are arbitrary constants satisfying
52
A D(a +b)> — BC(a — b)* = — . (105¢)
16ab
For Q2 Equation (103b),
1
u=y(@|[3E + D+ aES(—a, @)+ a*(Z(a, —a) + Z(~a, a))
p b (106a)
+ 4D+ Sp(a)(1 - 2aS(a, @) + Tp(=a)(l +2aS(~a, —a))],
where
pn gm
£ = Za(a2 — + o q2> + &, (& a constant), (106b)
pla) = (p +“) (q +") poo. (poaconstant),  (106¢)
p—a) \q—a
a4

y(a) = (106d)

(pz _ a2)2(q2 _ az)z ’
S(a, b) and Z(a, b) are defined in (53), and 4, D are arbitrary constants.
For Q1 Equation (103c), solution with exponential background is

u=Apa)l —2aS(a,a))+ D p(—a)(l + 2aS(—a, —a))
+B(& +2aS(—a, a)),

where S(a, b) is defined in (53b), £ defined in (106b), p(a) defined in (106c),
and A, B, D are arbitrary constants satisfying

164 D + 4B* = §?; (107b)

(107a)

while solution with linear background is

u=38(" =208 4280 L 24w + ¢ — STETY), (108a)
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where S/ is defined in (53a),

V= s + = + vy, (v a constant), (108b)
P q

and 4, ¢, are arbitrary constants.
For H3 Equation (103d), solution is

u=(A+1)"BWV(a)+ D+ (=1)""C)yd ' V(—a), (109a)
where V' (a) is defined in (53c), ¥ is defined as

P n Q m
D = P00, (Voo a constant), (109b)
a—p a—gq
and 4, B, C, D are arbitrary constants satisfying
)
AD—-BC=—. (109¢)
4a

For H2 Equation (103e), solution is

1
U= 152 — SO0 4 28OD _ g2 4 (=1 AL + ¢ — 2800, (110a)

where S¥7) is defined in (53a), ¢ is defined as
¢ = pn + gm + &, (Lo aconstant), (110b)

and 4, ¢, are arbitrary constants.
For H1 Equation (103f), solution is

u= A — SO+ (=1)""" B¢ + co — 2500), (111a)

where SC/) is defined in (53a), ¢ defined in (120), 4, B, ¢ are arbitrary
constants and A, B satisfy

A* - B*=1. (111b)
Here, we note that by the transformation
w=<¢—u,

the lpKdV Equation (43a) is transformed to H1 Equation (103f). This
corresponds to 4 = 1, B = 0 in (111). Besides, we do not consider Al and A2
equation in the ABS list due to simple relations with Q1 and Q3(é = 0) equation.

6. Conclusions
The usual Cauchy matrix approach starts from known plain wave factor vector

r and known dressed Cauchy matrix M. In the paper, we have described a
generalized Cauchy matrix approach where the starting point is a matrix



100 D.-J. Zhang and S.-L. Zhao

equation set with unknown » and M. Such a determining equation set can
equally lead to those recurrence relations for the defined scalar functions S'+/)
and S(a, b). With regard to solutions, we showed that K in the determining
equation set provides same solutions for the related lattice equations as its
canonical form I' dose. This enables us to simplify the determining equation
set and investigate its solutions according to the eigenvalue structure of the
canonical matrix I'. We obtained explicit forms of r and M for a generic
canonical matrix I'. Besides, we proved the symmetric property of S¢+/) = U1,
which is crucial to generating closed recurrence relations (lattice equations). As
applications, based on Ref. [7] we obtained solution formulae for many lattice
equations, such as the 1pKdV, IpmKdV, 1SKdV, NQC, Q3, Q2, Q1, H3, H2,
and H1 equation. Since the determining equation set admits more choices for
r and M, solutions of the above lattice equations are more general than usual
solitons. In fact, in some sense, solutions corresponding to I' being a Jordan
block can be considered as a limit result of the case of I' being diagonal
(cf. [18-20]), or multiple-pole solutions in direct linearization approach. We
made a comparison at the end of Section 4.2.2 for N = 2 diagonal and Jordan
block cases. Besides, usually, zero eigenvalues lead to rational solutions [21].
However, since we need I' to satisfy invertible conditions (see Proposition 1),
eigenvalues of I' can not be zero and therefore here the obtained solutions do
not include rational solutions.

Finally, let us go back to the determining equation set (49) or (51), which
consists of three equations. Reviewing the generalized Cauchy matrix approach,
we can see that the first two equations are used to determine the plain wave
factor vector r. Actually, these two equations include implicitly second-order
dispersion relation, which determines the obtained lattice equations are of the
KdV-type (cf. [7]). If the dispersion relation is of third order, one can get lattice
Boussinesq type equations [22-25]. The third equation in the determining
equation set is used to define M. To find the explicit form of M we write
it in the dressed form M = FGH. This works as well as in the proof of
the symmetric property S@/) = SU:)_ Besides, some algebraic properties and
technique also make the discussions and proofs neat.
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Appendix: ABS lattice equations

Here we list out lattice equations in ABS list [3] . These equations are
04 : p(uii + 1) — §(udl + 1)
_po-qb
1 — ﬁ2é2
03 : p(1 — §)utt + ) — (1 — p*)(uil + i)
(1-pH1-4¢%
4pq

(@5 + uit) — pa(1 + utian)), (A.1a)

= (p* — (;2)((zza+ ui) + 82 ) (A.1b)

02 : plu — W)@ — 1) — 4(u — DT — ) + pa(h — §)u + 7 +7 + 1)
= b4 — P> — pd + ). (A.1o)

Q1 : plu — W)@ — ) — §(u — )@ —10) = 8pg(g — p).  (A.1d)
H3 : p(uil +70) — §(utt + 7a1) = 8(6% — p2), (A.le)
H2:(u—0)d - =@ —§u+a+a+u)+p>—§% (A1)
Hl:(u—-10)@—-0)=p—4a, (A.lg)

A2 p(1 — )i +71) — (1 — PPt + i)
—(p* — (1 + utiut) = 0,  (A.1h)

Al pu+ DA +0) — G+ D)@ +10) = 8%pa(p —§),  (A.1Q)

where p,g§ are spacing parameters, § is an arbitrary constant, and in Q4
equation (p, P) and (g, Q) are points on the elliptic curve [17]
((c, IX? =x* —yx? +1).
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We also note that Q4 equation of the form (A.la) is due to the paper [17]
while in [3] the equation is given in a quite different form.
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