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Chapter 1

Hirota’s Bilinear Integrability

1.1 Bilinear operator

Definition 1.1.1. For C* differential functions f(x,y) and g(x,y) defined on R?,
their bilinear derivatives are defined as:

Dy Dy f(2,y) - g(x,y) = (0r — 0u)™(0y — Oy)" f (2, 9) (2", Y )ormayr=y- (1.1.1)

where D is called Hirota’s bilinear operator. Here 0, = %.

(1.1.1) can also be defined as follows:

e f(z,y) - g(x,y) = fla+ ey + R)glr — ey — k). (1.1.2)

In fact, expanding both sides at (e, k) = (0,0) and comparing coefficients of power
€™k we get definition (1.1.1). As examples, let us see

Dyf 9= feg— f9u,

D2f 9= fusg — 2fs9s + fsar

D3f 9= frreg — 3fuaGx + 3fuGux — fGrves
DyDyf - 9= fayg — f2Gy — [y9z + [ Gy

m

Dyf-g=Y (~1YCLf " (2)gV (@),
=0
where C/, = #})wv fU) = &9 f(x). From these examples one can see the difference

between the bilinear derivatives of f and g and Leibniz’s rule of the m-th order
derivative of the product fg.
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Bilinear derivatives admit symmetric and bilinear properties:
Dyf-g=(=1)"Dg-f,
(aDy" +bDy)f-g=aD;'f-g+bDyf g,
DDy (af +bg)-h=aD;'Dyf-h+0bD;"Dyg-h,
where a,b € C, and particularly,
Dy f-1=07f(z).

For linear exponential functions like e*+! (k,w € C), there is a simple formula for
their bilinear derivatives:

D Dye™ - e = (ky — kg)™ (w1 — wy) e ™, (1.1.3)

where
n; = ki + wiy + 772(0), k:i,wi,ngo) e C. (1.1.4)
The above definition and properties can be extended to arbitrary dimensions.
Suppose that t = (t1,t2, -+ ,ts), P = (P1,P2, - ,Ps), 4= (q1,q2, - ,qs) are vectors
in R®, define inner product p -t =Y ;_, p;t;, and denote Dy = (Dy,, Dy,, -+, Dy.).
Then we can define
PP f(t) - g(t) = f(t +P)g(t —p). (1.1.5)
Suppose P(t) is a polynomial of t, and introduce P(D;). For example, if P(t) =
3tTta+2tsts, then P(Dy) = 3D} Dy, +2D,,D,,. For a general P(Dy), it is not difficult
to find
P(Dy)ePt - et = P(p — q)ePTat, (1.1.6)
P(Dy)ePt -1 = P(p)eP* = P(9,)eP". (1.1.7)

Besides, one can prove that

Dy Dy (e™ f(z,y)) - (e™g(x,y))
= eMT(D, 4 ky — ko)"(Dy + wi — wo)*f(,9) - g(z,y), (1.1.8)

and particularly, when 7; = 19, one has
r 1S 2 r 1S
DD, (e" f)-(e"g) =e " DD, f - g, (1.1.9)
which is called the gauge property of bilinear derivatives. A more general case is
P(Dy)(ePtf(t)) - (eXtg(t)) = e®PTVtP(Dy +p — q) f(t) - g(t), (1.1.10)

and

P(Dy) (e f) - (eP*g) = **P(Dy)f - g (1.1.11)
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1.2 N soliton solutions

In this section we show that how Hirota’s method works in finding NSS. KdV equa-
tion and KP equation will serve as examples.

1.2.1 NSS of the KdV equation
The KdV equation reads

Uy + 6UUy + Upgr = 0. (1.2.1)
Note that its coefficients can be arbitrary. Usually we consider potential form of the
equation:
Wy + 3(W,)* + Weee = 0, (u = w,). (1.2.2)
Under transformation
u=2(Inf)z,, ie w=2(Inf),, (1.2.3)

Eq.(1.2.2) can be written as

which is
(D.Di+DYf-f=0 (1.2.5)

if we employ the notation of bilinear operator D given in (1.1.1). The above equation
is called the bilinear form of the KdV equation (1.2.1), also called the bilinear KdV
equation; the solution f is usually called 7 function of the KdV equation; once we
have f, we can get back a solution of the KdV equation through the transformation
(1.2.3).

Note: In 1971 Ryogo Hirota first introduced bilinear methods to derive NSS for
the KdV equation [20]. At that time the bilinear form of the KdV equation was
(1.2.4); the bilinear operator D as defined in Definition1.1.1 was formally introduced
by Hirota in 1974 [22, 53].

It is easy to check
f=1+¢e", n=kx—kEt+n79, kn®eR (1.2.6)

satisfies the bilinear KdV equation (1.2.4). For achieving more solutions, we can
(perturbatively) expand

f=1+) o, (1.2.7)
=1
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where subscript (¢) is for numbering coefficients. Substituting the above into (1.2.5)
and comparing coefficients of each power of €, we reach an equation system

ey (O +0H W (1.2.8a)
e2: (O +0Nf® = —%(D D, + D). @, (1.2.8b)
e (Op+0Hf® = —(D,D; + D} fY . f2) (1.2.8¢)
et O+ 0N = —(D.D; + DH(fY - fO 4 % f@ @y, (1.2.8d)
For (1.2.8a) we can take f(!) = e where
mi = ki — K2t +0°, k0¥ eR. (1.2.9)
Since (1.2.8a) is a homogeneous linear equation, for any positive integer N
N
f=>"em (1.2.10)
i=1

gives a solution to (1.2.8a), where 7; is defined by(1.2.9).

Now, let us look at equation system (1.2.8) with (1.2.10) in more details. When
N =1, f0) = em satisfies (1.2.8a); meanwhile, when f?) = f® = ... =0, the rest
equations in (1.2.8) hold. Thus,

f=14eem (1.2.11)

provides a solution to the bilinear KdV equation (1.2.5). This means the “per-
turbation” formula (1.2.7) can be truncated to (1.2.11), and therefore (1.2.11) is
independent of €. Taking ¢ =1 in (1.2.11) and through (1.2.3) we have

=2(In f)ze = 2[In(1 + ™)), (1.2.12)

which is an 1SS of the KdV equation.
When N = 2, from (1.2.10) we have f() = e™ + ™ and then (1.2.8b) we find

f(2) _ 14126771+nz7 Ay = (kl — k2>2‘

1.2.13
ki + ko ( )

Meanwhile, fU) =0 (j = 3,4, ---) solve the rest of equations in (1.2.8). Thus,

f=1+¢e(em +eP)+e*Apentn (1.2.14)
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provides a second solution to the bilinear KdV equation (1.2.5), which will lead to
a 2SS for the KdV equation via (1.2.3).
When N = 3, from (1.2.10) we can find a solution for (1.2.8):

[ =1+e(e™ 4 e™ 4 e™)

2 - .
+e (A126”1+772 + Ajzentms +A236"2+’7d)

ki — k2
+ €3A12A13A236771+7I2+773’ Aij = </{j i k‘]> . (1215)
i J

Again, through (1.2.3) it gives a 3SS to the KdV equation.

For a general number N, Hirota gave the following compact form:
N N
f=> exp (Z g+ Y Mz‘ﬂj%‘j) , (1.2.16)
p=0,1 j=1 1<i<j

where 7); is defined as in (1.2.9), e* = A;;, and the summation of ;1 means to take all
possible p; = {0,1} (j =1,2,--- , N). NSS of the KdV equation is given by (1.2.3).
(1.2.16) is a truncated form of (1.2.7) (we have taken ¢ = 1 since it is independent
of €). A proof of (1.2.16) satisfying (1.2.5) can be found in [20] and [2].

1.2.2 NSS of the KP(II) equation

The KP equation reads
(duy + 6utly + Uygy)w + 30Uy, =0, (0 = =%£1), (1.2.17)

where when o = 1 it is the KP(II) equation and when ¢ = —1 it is the KP(I)
equation. We solve the KP(II) equation. By the transformation

w=2(In f)4, (1.2.18)
the KP(II) equation is bilinearized as
(4D, Dy + D3 +3D2)f - f =0. (1.2.19)

With the expension
f=1+4) ¢ (1.2.20)
=1



6 CHAPTER 1. HIROTA’S BILINEAR INTEGRABILITY

the bilinear KP(II) equation (1.2.19) yields

et (404 + 08 +308) ) =0, (1.2.21a)
1
% @&%+8§+3@Dﬂ”::—EMDWDV+Di+3D@fm-f“% (1.2.21b)

For (1.2.21a) we can take f(1) = ekz+hw+et and k, h, w satisfy
4kw + k* + 3h* = 0. (1.2.22)

Compared with the KdV equation, here we have two free parameters. For a better
parametrisation, we introduce h = ak, by which we have w = —k(k? + 3a?)/4. here
a is an arbitrary parameter, as free as k. In practice we take k =p—¢q, a =p+q,
and it follows that

k=p—q, h=p"-¢ w=-p"-7). (1.2.23)
Thus, we have
fO =em, (1.2.24)
where
m= (i —a)e+ 0 — Ay — 0F — @)t +n”, piagn’ €R. (1.2.25)

Then 1SS of the KP(II) equation can be given as (taking ¢ = 1)

2
u=2(Inf),, = WSGC}R%. (1.2.26)

Similar to the KdV equation, we take

N
f=>"em (1.2.27)
=1

where 7; is defined by (1.2.25). When N = 2, corresponding to 2SS, we find (taking
e=1)
f=1+e"+e”+ Apent™, (1.2.28a)

solves (1.2.19), where

Ay = (pi = )4 = 45). (1.2.28b)

(pi — Qj)(Qi - pj)
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Continuing this procedure, for 3SS, f has the same structure as (1.2.15). For NSS,

there is
N N
f=> exp (Z g+ Y ﬂiﬂj‘%‘j) , (1.2.29)
j=1

p=0,1 1<i<j

where 7; is defined as (1.2.25), e* = A;; which is defined as (1.2.28b), and the
summation of ;1 means to take all possible p; = {0,1} (j =1,2,---, N). Then, NSS
of the KP(II) equation is given via (1.2.18).

1.3 Asymptotic analysis of 2SS

1.3.1 The KdV equation

First, let us look at 1SS (1.2.12) of the KdV equation, i.e.

k’2
u= ésecth, m =k — Et+n, (1.3.1)

which describes a solitary wave as depicted in Figurel.1(a). The maximum of the

d
(a) (b)

Figure 1.1: (a) 1SS of the KdV equation. (b) trajectory of the vortex of 1SS: n; = 0,

where k1 = 1, 77%0) = 0.

. . . . k2 .
wave, i.e. amplitude, which is 5, occurs when 7, = 0; 91 = 0, i.e.

77(0)
o(t) = kit — -, (1.3.2)
ki
is a straight line depicted in Figurel.1(b) for trajectory of the vortex of the wave;
7'(t) = k} stands for velocity of the wave. One can see that the velocity is always
positive, which means the solitary wave described by the KdV equation is of single
direction.
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2SS of the KdV equation exhibits scattering behavior, as depicted in Figturel.2
and 1.3. The 2SS is

u=2(In ), (1.3.3a)
f=1+e"4e”+ Apentm, (1.3.3b)
where " fos2
= ka— kBt +n®. A :( L 2) . 1.3.3
n T i =+ n; 12 kl + ]fg ( C)

u
08

06

Figure 1.2: 2SS (1.3.3) of the KdV equation (k; = 0.6, ky = 1.1, n\” =¥ =0). (a)

t=—-12, (b)t=—5, (c)t=1, (d)t=10.

Figure 1.3: 2SS (1.3.3) of the KdV equation (k1 = 0.6, ko = 1.1, ngo) = 7750) =0).

Such a scattering behavior can be understood mathematically using asymptotic

analysis, of which the generic procedure is the following.
We consider f in (1.3.3b) and assume k; > ko > 0 without loss of generality.
Suppose 71 = ¢ (c is certain constant) so that we can observe the 2SS along the
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straight line ; = ¢. To do that, we rewrite (1.3.3b) in the new coordinate system

(771=t>3
f=1+e"+eP+ Apent™ (1.3.4a)

where

k k
W:wﬁfm+@@—@ﬂm9—£wq (1.3.4b)
1 1

Because of k; > ko > 0, we find

Therefore in (1;,t) we have

14 em by
fw{ +et e (1.3.5)

e (14 Ajpe™), t — 4o0.

Due to the gauge property of bilinear derivatives, the factor €™ in the above does
not change solutions of the bilinear KdV equation (1.2.5), and does not change
u = 2(In f),, either. Thus, if we observe 2SS along the straight line 17, = ¢, when
t — —oo we only see the 155

u=2[In(1+ e™)]a; (1.3.6a)
and when ¢t — +00, we see
u = 2[111(1 + Auem)]m. (136b)

This is still the original 1SS (1.3.6a) (after interaction it has same amplitude and
by —k

b))

Similarly, in the coordinate system (7,t) we can see

velocity as before) but there is a phase shift —k% ln(

o 400, t— —o0,
0, t — +oo0.

Then we have

m 2 _
f - { e (1+A126 ), t— o0, (137)

1+ e t — +o0.

Thus we can see that the soliton determined by ko keeps its amplitude and velocity

before and after interaction but gains a phase shift 1?22 1n(%). Such phase shifts

due to interaction can be seen in Figure 1.3.
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1.3.2 The KP(II) equation

The 1SS (1.2.26) of the KP(II) equation is depicted in Figure 1.4(a). At any given
time ¢ it exhibits like a straight line on (z,y) plane, with amplitude (p; — ¢1)?/2.
The straight line is given by 7; = 0 and it also provides the velocity by which the
line is traveling on (z,y) plane:

/ / 2 2 1
@0,y 1) =~ +pa+ ) (1),

Figure 1.4: (a) 1SS of the KP(IT). It is given by (1.2.26) with (p1,q1,n\”) = (0.5,1,0),¢ =
0. (b) Trajectory of the line soliton in (a): red line is for ¢t = —4 and blue for ¢ = 4.

For the 2SS given by (1.2.18) with (1.2.28), at a given time ¢ it behaves like two
lines crossed in Figure 1.5. When ¢ is fixed we can consider it as a constant and
analysis asymptotic behaviors when y — 4+0o. When A5 # 0, the procedure is
similar to the KdV case in §1.3.1, and here we skip it.

Let us consider the case of Aj5 = 0. Recalling in §1.3.1 for the KdV equation
its 1SS (1.3.1) is completely determined by the ky; in 2SS (1.3.3) if ky = ko then
Aj2 = 0 and the 2SS degenerates to 1SS. However, for the KP(II) equation, its 1SS
is determined by two parameters, p; and ¢;. Particularly, on the basis of the special
form of Ajo, i.e. (1.2.28b),

o (p1 - p2)(Q1 - 92)
e (P — @) (@1 — p2)’ (1.3:8)

for example, when p; # py but ¢; = ¢o, we have A;5 = 0 and (1.2.28a) degenerates
to

f=1+e"+4em, (1.3.9)
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Figure 1.5: 2SS of the KP(II) equation. It is given by (1.2.18) with (1.2.28): (a)

(p17q1,77§0)) = (08)0270)7 (p27q2777£0)) = (_05,0970)7 t = O, (b) (plv(hﬂé())) =
(—0.4,0.7,0), (p2,g2,75”) = (0.8,0.4,0), t = 0.

where n; is given as (1.2.25). In this case, the 2SS does not degenerate to 1SS but
exhibits resonance of two line solitons, as described in Figure 1.6.

Figure 1.6: 2SS resonance of the KP(II) equation. It is given by (1.2.18) with (1.2.28),
where p1 = 1.0,ps = —0.2, g1 = g2 = 0.5, n\") = i) =0, t = 0.

Resonance of solitons can be understood as a behavior occurring when some
parameters tend to be same (¢ = ¢o can be considered as a result of ¢go — ¢1).
Such a phenomena of solitary waves was studied by J.W. Miles [39], K. Ohkuma,
M. Wadadi [47], etc.

Now let us give an asymptotic analysis for the resonance described in Figurel.6.
Consider simplified case in which we take t = 0 and m(o) = 0. Thus in (1.3.9),
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We rewrite 7, in the coordinate frame (7, = ¢, y):

k 1
Ny = —2771 + —(k1ha — kahy)y.
k1 k1

Using the data in Figurel.6 (noticing that k; > 0, kihg — kohy > 0), we find

o 0, Yy — —0Q,
+o00, Yy — +o00.

Thus, in the coordinate system (n;,y) we have

f 14+e™, y— —oo,
e, Yy — +00,

and for u in (1, y) we can see the following,

k? 2
oy~ 5 sech™n, y — —oo,
0, Yy — +o00.

In a similar way, if in the coordinate system (72,t) we can see that

k_% h2 - —
w =sech®na, y 00,
0, Yy — +o0.

These can explain the two “legs” in Figurel.6 and there are no solitons along the
same directions when y — +o0.

Next, let us find the soliton when y — +oo. In the coordinate system (7, —
ne = ¢,y) we rewrite 7; and find (noticing that with the date in Figurel.6 we have
ki — kg >0, kihy — kohq > 0)

k; kihg—kohy _
el — eﬁ(m—mey ~ 0, Yy — —00,
+00, Yy — +00.

Then, in the coordinate system (7; — 72, y) there is

O? Yy — —00,

-1 n2 (1 m-nzy) .,
/ Ferle ) {6"2(1+e"1_”2), y — +00.

Thus, for w in (7, — 72,y) we can see that

07 ) — —0Q,
U ~
Msech%m — 1), Y — +00.
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Asymptotic analysis is helpful to understand interaction of solitons and explain
special scattering behaviors. For more examples of multi-soliton interactions and
their asymptotic analysis, one can refer to the review paper [17] written by Jarmo
Hietarinta. For the variety of resonance of line solitons of the KP(II) equation and
their related interesting mathematical structures and applications, one can refer
to [26-28] by Yuji Kodama, et al.

1.4 2SS of bilinear equations

It is amazing that many bilinear equations automatically admit 1SS and 2SS.

1.4.1 Bilinear equations of the KdV-type

Consider the following bilinear equation
P(D)f - f =0, (1.4.1)

where P is an even polynomial, i.e. P(t) = P(—t) and satisfying P(0) = 0. Such a
bilinear equation (1.4.1) is call a bilinear equation of the KdV-type [13,23]. Assume
that

f=1+em, (1.4.2a)

where
m=p1 t+n’. (1.4.2b)

It follows that
f-f=1-1+1-em+em - 14em.eh,

Since the terms 1 -1 and €™ - ™ varnish under the action of P(Dy), we have
P(Dt)f : f = 2P(Dt)€"71 -1 = 2P(3t)em = 2P(p1>€771.

Thus, once P(p1) = 0, (1.4.2) is a solution of (1.4.1). We call P(p1) = 0 to be
dispersion relation (DR) of the bilinear equation (1.4.1).
Consider
f=1+e"+e”+ Ape™™™, (1.4.3a)

where A, is a constant to be determined,

m=pi-t+n" (1.4.3b)
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satisfying DR
P(p;) = 0. (1.4.3c)

Substitute (1.4.3a) into the equation (1.4.1) and making use of the DR (1.4.3¢c), it
is easy to see that (1.4.3a) satisfies the equation (1.4.1) provided

P _
App = —L(PL=P2) (1.4.3d)

P(p1+ p2)

It is Hirota who first found this fact [23]. Here we note that “automatically” existing
2SS means there is no extra condition on p; beyond the DR (1.4.3c).

1.4.2 Other cases

As an example let us look at the following bilinear equation system [15]

B(Dy)G - F =0, (1.4.4a)
ADY)(F - F+¢G-G) =0, (1.4.4b)

where A is an even polynomial and € = +1. The above equation system admits 1SS;
F=1 G=€e" m=p1 't+7]£0)7

where 7, satisfies DR: B(p1) = 0. One type of 2SS of (1.4.4) is:
F=1-Apemt™ G=e"+eP, (1.4.5a)

where n; = p; - t + 771(0) satisfies DR B(p;) = 0, and

A(Pl - Pz)

Ay = —¢ .
" A(p1 + p2)

(1.4.5b)

Not any arbitrary bilinear equation (system) will automatically admit a 2SS. For
example, the following bilinear equation system

B(Dy)G - F =0, (1.4.6a)
A(Dy)F - F = 2¢|GJ?, (1.4.6b)

where A is an even polynomial, F' € R(t) and G € C(t). It has 1SS:
F=1+ae™m, G=en

where m =p1-t +77§0)7 p € CS’ n%o) c C7 B(pl) =0,a= 14(1)1_—+€p1*)’ x stands for

complex conjugate, |G|> = GG*. However, its 2SS does not exist automatically [16].
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1.5 Hirota’s integrability and 3SS condition
Take the KdV-type bilinear equation (1.4.1) as an example. For such an equation
P(Dg)f - f =0, (1.5.1)

it is said to be Hirota-integrable if for all positive integers /V, it has NSS of the form

N

f=1+e¢ Z e" + {finite number of higher-order terms in €}, (1.5.2)
i=1

without any further conditions on the parameters p; beyond DR
P(p;) = 0. (1.5.3)

In general, for a bilinear equation (system), when it has 1SS which is described
by e (n; = pi -t + 77@(0)), there is a condition on e”, for example, DR, which
we call 1SS-condition. If the bilinear equation (system) allows a solution which is
described by a polynomial of arbitrarily many {e"} (where each e” describes one
single soliton), and there is no extra condition on each €™ besides 15S-condition, we
say the bilinear equation (system) is Hirota integrable.

Hirota presented the following form for NSS of the KdV-type bilinear equation

(15.1) [23]:
N N
f= Z exp (Z iny + Z #iﬂj%’j) ; (1.5.4a)
1i=0,1 =1 1<i<j

where n; = pj -t + n§0) are defined as (1.4.3b),

P(p; — p;)

Plp) =0, e =y = =5 20
i j

(1.5.4b)

the summation of y means to take all possible p; = {0,1} (j = 1,2,--- ,N); and
further than that, the following condition is needed:

>

o=%1

P(Z o;P;) X < H o;0;P(o;pi — O'ij))] =0, (1.5.5)

j=1 1<i<j<N

the summation of o means to take all possible 0; = {1, -1} (j =1,2,--- ,N). This
condition holds automatically for the N = 2 case.

Those bilinear equations (systems) that automatically have 2SS may not have
3SS; even when they have 3SS, they might not Hirota integrable (there may be
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extra condition on p;). One famous example is the (2+41)-dimensional sine-Gordon
equation (see [21])

Prz + Pyy — Pt = sin @, (156)
which, by the transformation
Y= 4arctan%, (1.5.7)
is transformed into bilinear form
(D:+ Dy —D}g- f = gf, (1.5.8a)
(D2+D2—~D}(f - f—g-g)=0. (1.5.8b)

The above equations have 2SS automatically (see (1.4.4) and (1.4.5)), and its 35S
reads

f =1 +A12€771+772 +A136m+773 +A2367’2+n3, (1.5.9&)
g = el + e'? + e + A12A13A236771+7l2+7737 (159b)
where

n = a;x + by — cit + 0, (1.5.9¢)
DR: a +b} —c =1, (1.5.9d)

4 )\2 b‘—b'Q— o ~)2
Aij = (@ aj)g (b ])2 (e C])Q, (1.5.9¢)

(a; +a;)* + (b + b;)* — (ci + ¢5)

and an extra condition is needed:

ay ag asg
Ci Cy C3

In the above results, for the 2SS which exists automatically, the only condition on
{a;, bi,¢;} is the DR (1.5.9d); however, if 3SS exists, in addition to the DR, the
extra condition (1.5.9f) is rquired. Thus, the equation system (1.5.8) is an bilinear
system that possesses 3SS but is not integrable in Hirota’s sense. This is an famous
example. Hirota once proposed such a question in [23] for the KdV-type bilinear
equations: “Under what conditions does P satisfy the identity (1.5.5)7”

3SS-condition is specially referred to the case: a bilinear equation (system) has a
3SS, and the condition on each 7; is nothing beyond the 1SS-condition. In general,
it is conjectured that for a bilinear equation (system) the 3SS-condition is equivalent
to the Hirota’s integrability.
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In the following, let us take the KdV-type bilinear equation as an example to
see how the form of 3SS is determined by the elastic scattering behavior of multi-
solitons.

13

The property of elastic scattering of multi-solitons requires the following: “re-
moving a soliton from NSS, the left (N-1) solitons keep the elastic scattering struc-

ture of (N-1)SS”. Removing a soliton means the soliton is far from others
which, mathematically, can be done through two ways: either e’ — 0 or e — oo
(refer to the asymptotic analysis of 2SS in §1.3.1). For the KdV-type bilinear equa-
tion (1.5.1), it automatically has 2SS (see (1.4.3)):

f=1+e"+eP+ Ape™ ™, (1.5.10a)
where
P(p;) =0, (1.5.10Db)
P(Pi - p')
A= ——r—32, 1.5.10¢

With the requirement of elastic scattering, if there is no further condition on p;
beyond (1.5.10b), after analysis we can find 3SS of equation (1.5.10) (if it has) can
only be in the following form

f =1 +em _|_6772 +6U3
+A126771+772 +A13€771+773 +A23€773+773

+ A12A13A236771+772+773, (1511)

and A;; must be defined as (1.5.10c). If we start from the 3SS (1.5.11) and using the
requirement of elastic scattering once again, we can reach a form for 45S. Continuing
such a procedure one can obtain 5SS, 6SS, ------ .

Thus, for the KdV-type bilinear equation (1.5.1), if we only require the DR
(1.5.10b) and elastic scattering property, its NSS (if it has) can only be the form
(1.5.4), which is the same as the NSS given in (1.2.16).

Now, if (1.5.4) provides a solution to (1.5.1), then (1.5.1) is Hirota’s integrable.
However, not all the bilinear equations have their 3SS which is only built on DR:
P(p;) = 0. In general, it is conjectured that for a bilinear equation (system) the
3SS-condition is equivalent to the Hirota’s integrability. In 1987 Jarmo Hietarinta
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found that the KdV-type bilinear equations that satisfy 3SS-condition are:

(Dy —4D, Dy +3D2)f - f =0,

(D2D; +aD?+ D;D,)f - f =0,

[D,Dy(D2 + V3D,D, + D}) + aD? + bD, D, + cD{|f - f =0,
(DS +5D2D, — 5D} + D,D,)f - f =0,

etc., where, a, b, c are arbitrary constants. For more results one can refer to [13-16]

and [18].



Chapter 2

Bilinearity and Transformations

2.1 Bilinear identities

To study bilinear Backlund transformation, we introduce some bilinear identities.
First, we introduce a way to generate a large class of bilinear identities.

Property 2.1.1. The following equality holds:

ePr(eP2a - b) - (eP3c - d)

_ e%(D27D3)(e%(D2+D3)+D1a -d) - (e%(D2+D3)fD1C - b), (2.1.1)
where D; = ¢;D, + 6; Dy, €;,0; € R, and a, b, c,d are sufficiently smooth functions of
(x,t).

It can be verified directly.
In the following we give examples to show how we use the formula (2.1.1) works
in generating bilinear identities.

Example 2.1.1: Taking Dy = D3 in (2.1.1) yields
ePr(eP2a - b) - (eP2c-d) = (eP2TPra - d) - (eP27Pre - b). (2.1.2)

Next, taking Dy = §D,, Dy = eD, in (2.1.2) and expanding the exponential func-
tions of both sides, we have

(146D, +--)[(1+eDy+---)a-b)] - [(1+eDy+--)c-d)
= [(1+(€+5)Dx+%(5+5)2D§+---)a-d)]

X [(1+ (e =8)Dy+ =(e = 86)*D2 +---)c-b)].

1
2

19
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The coefficient of the term € leads to a bilinear identity

D,[(Dga-b) - (cd) — (Dyc-d) - (ab)] = (D%a - d)bc — (D3¢ - b)ad. (2.1.3)

Example 2.1.2: Taking Dy = D3,b=c¢,d = a in (2.1.1) yields
ePr(eP2a - c) - (eP2c-a) = (eP*™Pa - a) - (P Pic-c). (2.1.4)

Then we take Dy = ¢D,, Dy = 0Dy, and from the coefficient of £ term in the
expansion we find

2D, (Dya - c) - (ac) = (DyDsa - a)c® — (DyDyc - ¢)a’; (2.1.5)
from &* term we find
2D,[(Da - c) - (ac) — 3(D%a - c) - (Dya-c)] = (Dta-a)c® — (Dic-c)a®.  (2.1.6)

In general, by specially taking D; in the formula (2.1.1) and comparing coeffi-
cients of {&,0}, one can obtain variety of bilinear identities. They play important
roles in constructing bilinear Backlund transformations and nonlinear superposition
formulas from bilinear Backlund transformations.

2.2 Bilinear Backlund transformations
In this section we take the bilinear KdV equation (1.2.5), i.e.
(D.D;+DYf-f=0 (2.2.1)

as an example, to explain how a bilinear Backlund transformation is constructed
and how it works in finding solutions.
Suppose that g is also a solution of (2.2.1), i.e.

(D.D;+ D2%)g-g=0. (2.2.2)
Then the following holds
G*(DaDy+ D) f - f = f(DeDi+ Dy)g - g =0, (2.2.3)
ie.

[(DaDyf - [)g> — (DeDig - 9)f* + (Dof - f)g* — (Drg - 9)f%] = 0. (2.2.4)
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Now, employing the identities (2.1.5) and (2.1.6), (taking a = f,c¢ = g), one can
rewrite (2.2.4) as

2D, (D2 + Dy)f - gl (fg) + 6D, [(Dof - g) - (Dif - 9)] = 0. (2.2.5)

Next, introduce
Dif-g=A\fg, (2.2.6a)

where A is a constant independent of x, by which (2.2.5) yields
2D,[(D? + D, +3\D,)f - g] - (fg) = 0.

Then we can take

(D2 + Dy +3\D,)f - g=0. (2.2.6b)

(2.2.6a,b) compose a bilinear equation system which provides a bilinear Bécklund
transformation of the KdV equation (1.2.1). In fact, from the above procedure we
can see that when (2.2.6a) and (2.2.6b) hold, equation (2.2.3) holds; if f is a solution
0 (2.2.1), s0 is ¢ to (2.2.2), due to (2.2.3).

In many cases, using a bilinear Backlund transformation to calculate soliton
solutions is not as convenient as directly using the orginal bilinear equation. Now
we show some details. First, taking A = —% and f = 1 (noticing that f = 1 is
a solution to (2.2.1)), and substituting them into (2.2.6), one can find g needs to
satisfy the following

k?
Gzx :Zga
3
gt+gm¢:c+ k gat—o

4

As a solution we find

where
=kix — kKt +n, kiR (2.2.7)
Thus, 1SS of the KdV equatlon (1.2.1) can be expressed by u = 2(In g) -
Next, taking f = g1, A = 7 and substituting them into (2.2.6), we have
k2 n n
3
(D3 + D+ k5 D.)g (e% +e 7)) =0. (2.2.8b)
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To get a solution we assume g to be the following form:

n1+n2 _m+n2 1—-1M2 _ni—n2

g:g2:a(e 7 4e 2 )+ﬁ(en2 +e 2 )7

where 7; is defined as (2.2.7) and «, 5 are undetermined constants. Substituting the

above g into (2.2.8) we find: when o = k; — ko and = — (k1 +k2), g satisfies (2.2.8).

Next, we can take f = go, A = %, and from (2.2.6) we solve out solution g = gs.
However, it is obviously the above procedure is not as “mechanized” as the one we
used in §1.2 to calculate NSS from the bilinear KdV equation (1.2.5). In general we

2
can successively take A = %, j=1,2,---, N to calculate higher order solutions; for
generic N, g has the following expression:

N
gN = Z H erlesk; — etky)es T | (22.9)

e=+1 | 1<j<l

where 7); is defined as (2.2.7), the summation over ¢ means to take all possible
g, ={1,-1} (j=1,2,--- ,N).

A proof that (2.2.9) satisfies the bilinear KdV equation (1.2.5) will be given in
Chapter ?? by making use of Wronskians.

2.3 Deformations of bilinear BT's

We have already seen that using bilinear Bécklund transformation (2.2.6) to cal-
culate soliton solutions is not as convenient as using the original bilinear equation
(1.2.5). The reason is f = 1, g = 1 are not a solution pair to (2.2.6). To change
such a situation, we try deforming bilinear Béacklund transformations.

In (2.2.6) we replace f and g with €% f and e%2g, respectively, i.e.
f—=etf, g—eg, (2.3.1)

where §; = pi:c—l—ql-t—l—ﬁi(o), Dis Qi fz-(o) € R. Noticing that solutions of the KdV equation
can be expressed through v = 2(In f),, or u = 2(In g),., such a replacement does
not change solutions; of course, due to gauge property (1.1.11) of bilinear equations,
such a replacement does not change (2.2.1) and (2.2.2), either. Using identity (1.1.8),
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we have

Dy(e% f) - (€%2g) = €7 [(py — p2) fg + Daf - g,

Di(e&f) ’ (6529> = €£1+£2[(p1 - p2)2f9 + 2(291 - pz)sz g+ Dif . g],
D3(e5 f) - (€2g) = e [(p1y — p2)*fg + 3(p1 — p2)?Duf - g

23

+3(p1 —p2)Dif g+ D2f - g,

Dy(e* f) - (e%2g) = e [(q1 — q2) fg + Do f - g].

By means of them we rewrite (2.2.6) into

(D2 +2(p1 — p2) Do) f - g = [A— (01 — p2)°] 9,
{Dy+ D3+ 3(p1 — p2) D2 4+ 3[]A+ (p1 — p2)’ 1D} f - g

= —[(q1 — @2) + (p1 — p2)” + 3A(p1 — p2)°1 f -

Introducing

2(p1 —p2) =N, A= (p1 —p2)?, (¢1—@)+4(p1 —p2)® =0,

so that we can simplify (2.3.2a) to
(D2 +XNDy)f -9 =0,
and further, eliminating D? term in (2.3.2b), we reach

(D, + D3 f-g=0.

(2.3.2a)

(2.3.2b)

(2.3.3a)

(2.3.3b)

(2.3.3a,b) compose a deformed bilinear Bicklund transformation of the KdV equa-

tion (1.2.1).

Compared with (2.2.6), (2.3.3) admits solutions f = ¢g = 1, which bring conve-

nience in calculation: it allows to calculate f and g by a perturbation expansion.

Assuming

f=1+ if(i)ei, g=1+ ig(i)ei
i=1 i=1

(2.3.4)
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and substituting them into (2.3.3) yield

(02 + X,)(fV = gM) =0, (2.3.5a)
(07 4+ X0,)(f® = g®) = —(D2+ N D,) fO - g1V, (2.3.5b)
02+ N0,)(f® — ¢®)) = —(D2 + NDy)(fV - (2) + f@ . gy, (2.3.5¢)
0+ ) (D —gV) =0, (2.3.5d)
@+ IN(fP = ¢®) = =(De + DY Y - g, (2.3.5¢)
0+ ) (fO = g®) = —(Dy + D) (O - g? 4 f@ . ), (2.3.58)

To get solutions, first we can take g@¥) =0, (j > 1), which means we take zero as a
seed solution in the transformation. Taking A" = —ky, from (2.3.5a,d) we find

f(l) =™, n =k — k“t + 772 . ki, 77(0 € R, (2.3.6)

where 7; is defined as (1.2.9). For those ), (j > 2) we can trivially take them to
be 0. Thus, 1SS is obtained as u = 2[In(1 + fM)],,.

Next, still considering g as a new seed solution and taking ¢ = e, ¢U) =
0, (j > 2), in the following we will see that the deformed bilinear Backlund trans-
formation does bring some new aspects.

Case 1: Taking \' = —ks and assuming
f(l) = ae™ + be™,

where 7; is defined as (2.3.6), from (2.3.5a,d) we find a = —5%%2 and b can be an
1 2

arbitrary constant. Next, from (2.3.5b,e) we find

f(Q) — _éeerm.
a

For fU), (j > 3), we can take them to be 0. Thus, 2SS is obtained as u = 2(In f),,
where

f:1+61€m—|—be772_§e771+772’ G:—k1+k2_
a kl_kz

(2.3.7)

Case 2: Still take N = —k; (as in getting 1SS). In this case we have

f(l) = (™, f(2) — e2m
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where 7, is defined as (2.3.6), (1 = 2k (z — 3k%t) + (@, (O € R, and fU) =0, (j >
3). The obtained solution is u = 2(In f),,, where

f=1=Ce™ +em, (2.3.8)

The solution is called double-pole solution (corresponding to the case ks — ky).

The above are two examples. If in (2.3.7) we scale a, b to be 1 by redefining the
constants 171(0), f can be written as

ki — k:z)?’

=1 m n2 4 A m+nz A :<
/ +e” +e” 4+ Apge ) 12 b + ko

which is the standard Hirota’s form for 2SS of the KdV equation. If in (2.3.7) we
take b = —a and the limit ks — k;, we can obtain (2.3.8). Double-pole solutions
correspond to the case that the transmission coefficient 7'(k) in the Inverse Scattering
Transform has a double pole (note that simple poles leads to solitons). Double-pole
solutions can be obtained from several ways (e.g. [9,31,55]).

The deformed bilinear Backlund transformations have advantages in allowing
more freedom in calculations and obtaining more kinds of solutions. If we keep
taking \’ = 0 in each step of the transformations, we may obtain high order rational
solutions. Besides, rational solutions can also be derived directly from bilinear
equations [23], or from determinantal approach.For more examples on deformed
bilinear Backlund transformations, one can refer to [5,8], etc.

2.4 Backlund transformations and Lax pairs

A bilinear Béacklund transformation appears as an equation system and actually
requires compatibility among these equations. This fact brings Backlund transfor-
mations and Lax pairs together.

For the KdV equation (1.2.1), i.e.

Uy + 6Uly + Upyy = 0, (2.4.1)
its Lax pair reads (see Appendix A.1)

Or = Quaa + 3(A + )@y (2.4.2b)
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Noticing that in the bilinear Béacklund transformation (2.2.6), f and g correspond
to two solutions of the KdV equation: v = 2(In f),, and @ = 2(In g),., we put them
together and we have

a:u+mm@m,¢=%, (2.4.3)

which is as same as the relation of two solutions of the KdV equation obtained from
the Darboux transformation [38].
In the bilinear Bécklund transformation (2.2.6), taking

w=2(In f)pe, ¢:%, (2.4.4)
and rewriting (2.2.6) in terms of uw and ¢ directly yield the Lax pair (2.4.2) for
the KAV equation. In the reverse direction, substituting (2.4.4) into the Lax pair
(2.4.2), one can find the bilinear Bécklund transformation (2.2.6).

In general, once we have a bilinear equation we can construct its bilinear Backlund
transformation, and with suitable substitutions from the bilinear Backlund trans-
formation one can obtained a Lax pair for the original nonlinear equation.

There is a nonlinear Backlund transformation which was given by Wahlquist and
Estabrook in 1973 [57]:

1

(w+m12%—§@éwﬂ (2.4.5a)
(@5 — )y = S~ w)*)e ~ G — )y — (@~ ), (2.4.5b)

where w satisfies the potential KdV equation (1.2.2), i.e. u = w, satisfying the KdV
equation (1.2.1). Once w is solved out from (2.4.5), u = w, provides a new solution
to the KdV equation. For the derivation of the Bécklund transformation (2.4.5),
one can refer to Appendix A.2.

The Bécklund transformation (2.4.5) can be bilinearized [23]. Taking

w=2Inf),, w=2(Ing),, (2.4.6)

and substituting them into (2.4.5), one can obtain the Bécklund transformation
(2.2.6).

With (2.4.6) and ¢ = g/f, which yields w — w = 2(In ¢),, from (2.4.5) one can
directly obtain the Lax pair (2.4.2) of the KdV equation.

Note: Lax pair, bilinear Backlund transformation and nonlinear Bdacklund trans-
formation provide different forms for a same thing. Around the year 1974, many
researchers considered relations between Bdacklund transformations and Lax pairs,
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see [6,22,32,42,56], etc. Besides, Lambert and Springael also discussed the relations
between bilinear Backlund transformations and Lax pairs in “Bilinear Integrable Sys-
tems: From Classical to Quatum, Continuous to Discrete” [34].

2.5 BTs and superposition formulas

2.5.1 Nonlinear BTs and superposition formulas

How can we use a Béacklund transformation to generate solutions? In the nonlinear
Biécklund transformation (2.4.5), taking w = 0 and A = k?, we have

_ 1

W, = 2k} — §w2, (2.5.1a)
1

Wy = 5@3):0 — 6k Wy — Wagg- (2.5.1b)

From (2.5.1a) we can assume
w = 2k tanh(kx + ¢(t)),

where c(t) is undetermined. Substituting it into (2.5.1b) we find c(t) = 4kt + .
Thus,
W = 2k tanhny, 0 = kix + 42+, (k0 € R) (2.5.2)

provides a solution to the potential KdV equation (1.2.2) and u = w, is an 1SS of
the KdV equation (1.2.1).

Next, taking w to be (2.5.2) and substituting it into the Bécklund transformation
(2.4.5) to solve w, (taking A = k3), one will get a 2SS for the KdV equation. However,
we have to make use of quadrature and obviously this is not as convenient as using
bilinear Backlund transformation.

Once we get the first few solutions from the Béacklund transformation (2.4.5), a
recursive relation of these solutions can be built, from which new solutions can easily
be generated. Such a recursive relation is referred to as a nonlinear superposition
formula of solutions. Next, let us derive the nonlinear superposition formula for the
KdV equation. We only use equation (2.4.5a) in the Backlund transformation.

Next, we start from (2.4.5a) with a seed solution w, denote w = w; when taking
A = )\; and w = wy when taking A = Ay, i.e.

1 2

(w1 +w), =2X\ — §(w1 —w)*, (2.5.3a)

1
(wg + W), = 2y — §(w2 —w)? (2.5.3b)
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Then, using (2.4.5a) with a new seed w = w; and A = Ay, the obtained solution
being denoted by w = w;s, we have

1
(w1g + wy)y = 2Xg — §(w12 —wp)?; (2.5.4a)

and taking w = wy, A = A; in (2.4.5a) and denoting w = wyy, yields
1
(w21 + w2)x = 2)\1 — 5(’&)21 — U}Q)Q. (254]3)
The above procedure can be described as in Figure 2.1. The question is whether

w1

N

w Wiy = Wy !

Ws
Figure 2.1: Permutability property of solutions based on Béacklund transformation.

w1 and we are same. To answer this question, we eliminate w; , from (2.5.3a) and
(2.5.4a) and we reach

2(A1 — A9) n

— [In(wiz — w)],.

1
w, = 5(11112 + UJ) +

Substituting it into (2.5.4a) we find

1
AL+ A =(wig + W)y + [In(wiz — W)z + é[ln(wm — w)]i
1 5 2N — Ag)?
— — _— 2.5.5
+ 8(w12 w) + (w12 _ w)2 ( )

This can be viewed as an ODE for both w;s and because it is invariant if switching
A1 and Ay in the equation. Thus, once we impose same initial condition on wqs and
wap, we will get wis = wo;.

To obtain a neat form of the recursive relation for the solutions, from (2.5.3a)
and (2.5.3b) we have

1
(’LUl — w2)$ = 2()\1 — )\2) — 5(11)1 - wg)(wl + wo — 2w),
and from (2.5.4a) and (2.5.4b) we have (noticing that wis = wo)
1

(w1 — U)Q)z = —2()\1 — )\2) — 5(’&)1 — wg)(wl —+ wy — 211)12).
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Eliminating derivative terms from them yields
4()\1 — )\2) = (U)l — wz)(wlg — U)), (256)

which is referred to as the nonlinear superposition formula of solutions of the (po-
tential) KAV equation, also known as the Bianchi identity!, also called the discrete
potential KAV equation [19,45]. As a discrete equation, (2.5.6) is usually written as

(wn—i-l,m - wn,m—&-l)(wn,m - wn—i-l,m—i-l) = q2 - p2, (2'5-7)

in which p and ¢ are spacing parameters of n- and m- direction, respectively.

It is remarkable that the derivation of the nonlinear superposition formula is only
based on x-part in the Backlund transformation, which implies the superposition
formula is valid for the solutions of the whole KdV hierarchy. The formula is so
simple and neat. In addition to the KdV equation, some equations such as the
modified KdV(mKdV) equation, sine-Gordon equation, an so on, have superposition
formulas in simple forms (cf. [6,29,31,32,54]). In fact, the mKdV equation and sine-
Gordon equation share a same superposition formula. Besides, when these nonlinear
superposition formulas are treated as 2D discrete equations, they exhibit beautiful
3D consistency [3,19].

2.5.2 Bilinear BTs and superposition formulas

Using bilinear Backlund transformations one can derive nonlinear superposition
formulas for bilinear equations, which was first found by Hirota and Satsuma in
1978 [24]. Still we take the KdV equation as an example to show the construction
procedure.

We start from the z-part of the bilinear Bécklund transformation (2.2.6) of the
KdV equation, i.e.

DXf - f = \ff, (2.5.8)
where for convenience we replaced g with ]? We will construct a relation as shown
in Figure2.2. Of course, first we need to investigate the possibility fio = fo;. Similar
to §2.5.1, from (2.5.8) we have

(DY =) f-f1 =0, (2.5.9a)
(D; = X)f - fa=0, (2.5.9b)
(D3 = Xo) f1- 2z =0, (2.5.9¢)
(D = Xi)fa - for = 0. (2.5.9d)

Tt is Bianchi who first derived a nonlinear superposition formula of solutions of the sine-Gordon
equation and first proved permutation property of solutions [4].
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h
S fi2 = fa
x /
2 f2 1
Figure 2.2: Permutability property of bilinear Backlund transformations.

Introducing w = 2(In f),, we write (2.5.9a) as

1
(w + wl)x = 2)\1 — §(w — w1)2,

which is the same as (2.5.3a). (2.5.9b,c,d) can also written as (2.5.3b) and (2.5.4a,b)
in terms of w.? Thus, both wis = 2(In fi2), and wa; = 2(In fa;), will satisfy the
same ODE (2.5.5), and fi» and f5; can be same provided that enjoy same initial
conditions.

NOW, f2f12 X (2593) — ffl X (259d) y1€1dS
(D2f - fu)fafro — (Difa- fr2)ff1 = 0; (2.5.10)

meanwhile, using bilinear identity (2.1.3) we have

(D2f- f1) fafro— (D2 far fro) f fr = Dal(Dof - fr2)- (fifo) = Da(fo- f1)- (f fr2)]. (2.5.11)

By a comparison we immediately find

D,[(Dof - fr2) - (fif2) = (Dofo - f1) - (f fr2)] = 0;

Switching indices: 1 <> 2, yields

D.[(Dyf - fi2) - (fif2) = (Dofi - f2) - (f fi2)] = 0.

For the above two equations, adding and subtracting each other yield, respectively

Dy(Dyf - fr2) - (fif2) =0,
Dy(Dyf1- f2) - (f fi2) = 0.
Then, noticing the property D.g-g = 0 we can take
D.f - fi2 = afifz, (2.5.12a)
Dy fo- f1 = Bf e, (2.5.12b)

2This shows the coincidence between bilinear and nonlinear Bécklund transformations and Lax
pairs.
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where «, 8 € R. These two equations together compose a nonlinear superposition
formula for the bilinear KdV equation (1.2.5).

One can derive the nonlinear superposition formula (2.5.6) from (2.5.12). In fact,
multiplying each other in (2.5.12) yields

(Daf - fi2) X (Dofa- f1) = aBf fifafie.

Then introducing w = 2(In f),, we reach
(w — wia)(wy — we) = —4af, (2.5.13)

which is the nonlinear superposition formula (2.5.6). Thus, two forms of the super-
position formulas are unified.

2.6 Vertex operators

2.6.1 Vertex operator of the KdV equation

The function f defined by (1.2.16) corresponds to the NSS of the KdV equation
(1.2.1). It is called 7 function of the KdV equation, denoted by 7yn. The bilinear
Bécklund transformation (2.2.6) provides a transformation between 7y and Ty1.
Besides, there is an operator X (k) (called vertex operator) which provides a more
direct transformation between 7 and 7y1:

Thyr = N1 X BN o (2.6.1)

We will explain such an operator in this subsection.
We rewrite the KAV equation (by t — —4t) as

4y — 6uUy — Ugpy = 0. (2.6.2)
Then, under transformation
u=2(InT),, (2.6.3)
bilinear KdV equation is
(4D,D; — D31 -7 = 0. (2.6.4)

For convenience we introduce t; = x, t3 = t, with which the above bilinear equation
reads
(4D,D3 — DYt -7 =0. (2.6.5)
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Its NSS is given by

N N
TN =Y exp <2Zm<cj +¢M+ Y mujaz‘j) : (2.6.6a)
j=1

u=0,1 1<i<y
where
> ki — K\ 2
_ 241y aij; __ o ? J
Cj = ZEO kj tQH_l, (& = Azy = (k‘z T k]) s (266b)

CJ(O) € R and the summation over y is as same as in (1.2.16). Here we note that, to
employ those notations in Sato’s theory, we use infinite coordinates (t1,ts,ts, - - ).
In fact, for the KdV equation we can treat (ts,t7,---) (which do not appear in the
equation) as parameters.

The above 7y can be written as [43]

gl o

Jcr L \ies ijeJ icJ
1<j
where ¢; € R, I stands for the set I = {1,2,--- N}, J is a subset of I, and sum-
mation over J C I means taking all possible subsets of I. In the above expression,
J = @ corresponds to “17, J = {i} corresponds to ¢;e*, and J = {1,2} corresponds
t0 Creg A2t oL . Obviously, ¢; takes the place of e in (2.6.6). When
N = 2, we have
Ty = 1+ 162 + €% + 109419 €20 FC2)

which is the same as (1.2.14) (e = 1).
For the transformations between 7 functions based on vertex operators, there is
the following [10,43].

Theorem 2.6.1. For the T function defined by (2.6.7), there is

TN—i—l = €CN+1X(kN+1)TN, (268)
where
X (k) = etk o=2@. k) (2.6.9a)
Qb k) =D K My, b= (i ts,ts, ), (2.6.9D)
7=0
~ 93 0
b= (al, =2 ) 9; =0y, (2.6.9¢)

(2.6.9a) is called a vertex operator.
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The vertex operator (2.6.9a) was constructed by James Lepowsky and Robert
Lee Wilson, who also found the operator is isomorphic to the affine Lie algebra
Agl) [35]. Date et al [10] found the connection (2.6.8) between the operator and
the 7 function of the KdV equation, which led to a series of beautiful work on
transformation groups and integrable systems.

We prove this theorem through some lemmas.

Lemma 2.6.1. Va, k € R, there is
X @R £(8) = f(t + as(k)), (2.6.10)
where . (1 1 1 )
T\ e )
The proof is obvious.

Lemma 2.6.2.

— g\ 2
R (2.6.11)
P+q
Proof.
P—9q
ln(—) =In(l—¢q/p) —In(1+q/p
L) — (1 = afp) — (1 + a/p)
=oIr I
%0 2j+1
q
) Z S
; 2j+1
- —ZC(ﬁ(p), Q)7
which is equivalent to (2.6.11). O
Lemma 2.6.3. - -
e~ 260,k 1) 2 (k) Az-je%(t’kj) e~20 k). (2.6.12)

Proof. For any sufficiently smooth function f(t), successively using Lemma 2.6.1
and Lemma 2.6.2, we find

e KOk 2 (khy) £ (4)
= KR f(5 — 22(ky))
—e20(tk) o= (e ki) k) =200 K1) £ ()
:Aijex(t,kj) o200, k;l)f(t).

The lemma is proved due to arbitrariness of f(t). O
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There is another expression for (2.6.12). If denoting A = —2((9, kY, B =
2¢(t, k;), first we have

where [A, B] = AB — BA. In fact, because B is a linear function, [A, B] must be a
scalar. Noticing that
[O2r415 tast1] = s,

we have
1 k2r+1

[A, B] = —42 Z 1 kQSH (02541, toryi]

r=0 s=0
k2r+l

1
B _42223+1k25+1 "

=0 s=0
1 k,2'r+1

= - ZQHMW— —AC(e(k). ky).

Then, using (2.6.13), (2.6.12) can be written as
elel = M BleBeA (2.6.14)

Lemma 2.6.4. For the vertex operator X (k) defined by (2.6.9a), there is
X (k)X (k) = AyjeX ek HC(6k)) =200,k 1) =2 k7). (2.6.15)
Proof. Using formula (2.6.12), we find
X (k) X (kj) = €2tk =200 k) 20 (6hy) =20, k57

= X (k) 4, o2 (6k7)) o =20(9, k1) ,~20(D. k; )

)

which is (2.6.15). O

Lemma 2.6.5. (Can be considered as a corollary of Lemma 2.6.4) For the vertex
operator X (k) defined by (2.6.9a), there are

(X(k)* =0, (2.6.16)
eX) — 1 4 X (k), (2.6.17)

X(ks) - X(ka) X (k1)

:( H Aw>exp< ZC(t,k&-))exp(ZiC(& k:j_l)>; (2.6.18)

1<i<y 1
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and

X (k)ol = etk

X (ky) -+ X (ko)X (k1)ol = (H Aw)exp<22g (t, k;) )

1<i<y

where “ol” means an operator acting on “17.

Making use of Lemma 2.6.5, it is not difficult to calculate:

7= e XMool = (1 + ¢, X (ky))ol = 1 + ¢;X("F),
Ty = e2X(k2) g1 X (k1) g1 — (14 X (ko)) (1 + c1.X (ky))ol

— 1 + Cl€2<(t7k1) + C2€2C(tzk2) + ClCQA1262(C(t7k1)+C(tzk2))’

™ = eeNX(kN) || peaX(k2) ger X (k1) 51
= (1 + CNX(]{?N)) e (]_ + CQX(kJQ))(l -+ ClX(kl))O]_
= N XN 2y

Thus we also finish the proof for Theorem 2.6.1.

2.6.2 Vertex operator of the KP(II) equation
Rewriting the bilinear KP(II) equation (1.2.19) as (2.6.5), we have

(4D1D3 - l)zl1 - 3D§)T -7 =0.

Its NSS(1.2.29) is

Pl (1) ()

i<j
where ¢; € R,
> A 3 (pi — pj)(ai — q;)
&= (P — qi)t;, e = Ay = )
J ; J J ! (pi — q5)(4 — pj)

35

(2.6.19)

(2.6.20)

(2.6.21)

(2.6.22a)

(2.6.22b)

I stands for the set I = {1,2,---, N}, J is a subset of I, and summation over J C [

means taking all possible subsets of I.

For the vertex operator related to the KP(II) equation, we have the following

[10,43].
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Theorem 2.6.2. For the T function defined by (2.6.22a), there is

Ty = eNrX@rrnava) (2.6.23)
where
X(p.q) = e (6p)—E(t,9) 6—(6(5&‘1)—6(57 (1‘1)7 (2.6.24a)
E(6,k) =) Kty t=(t,tots, ), (2.6.24D)
=0
~ Oy O
b= (al, =3 ) 9 =0, (2.6.24¢)

In fact, (similar to §2.6.1) one can prove that (will be given in Chapter??)
X(pi, i) X (pj 45) = Aij X (i, 1) X (pj, q5):, (2.6.25)
where
X (i, ¢1) X (pj, q;): = €SP €t (E(tp)—E(tay) o—(€@.pi )6 07) o~ (6(0,p; )P, 4571)
is the normally arranged product of X (p;, ¢;) X (p;, ¢;), (just moving all differential

operators to the most right place).
Then we can results which are similar to Lemma 2.6.5:

X(p.q))* =0, (2.6.26)
XD — 1 4 cX(p,q), (2.6.27)
X(psyqs) - X (p2,32) X (p1, q1)
:< 11 Aij) X (ps, qs) -+ X(p2, 2) X (pr, @) (2.6.28)
1<i<j
and
X(p,q)ol = e&(t,p)*é(t,q), (2.6.29)

X (ps, qs) - - X(p2,q2) X (p1, 1 )01

—( H Aij>exp (i(é(t,pj) - é“(t,qy'))) (2.6.30)

1<i<y j=1

Then it is not difficult to reach Theorem 2.6.2.



Appendix A

Lax pair and BT of the KdV
equation

A.1 KdV hierarchy

The KdV equation (1.2.1) can be expressed as a compatibility of the Schrédinger
special problem

and

where the spectral parameter A is independent of ¢, i.e. A\, = 0. On the basis of
this fact, GGKM [12] developed the IST to derive NSS for the (nonlinear) KdV
equation. It is P.D. Lax who first realized that not only the KdV equation, but
also more nonlinear evolution equations can be expressed as compatibilities of some
linear problems; in his celebrated paper [30] in 1968, he also introduced symme-
tries, conserved covariants and conserved quantities to investigate properties of these
equations, which, in some sense, together with [12], triggered the modern theory of
integrable systems.

In the following we start from the Schrodinger spectral problem (A.1.1) to derive
the KAV hierarchy. Introduce a time evolution relation

¢, = A + Bo,, (A.1.3)

where A and B are undetermined functions of the potential u and spectral parameter
A, and Ay = 0. From the compatibility condition (¢4,); = (¢¢).. wWe have

(2A; + Buz) o + [ug + Az +2(A —u) B, — u, Bl =0,

37
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and then
9A, + B,y = 0, (A.1.4a)
up = —Age — 2(N — u) By + u, B. (A.1.4b)
Eliminating A yields
u=TB—2)\B,, T = %a§+2uaz+u$. (A.1.5)

To construct the KdV hierarchy, we assume B is a polynomial of A:
B=> bj2\)"7. (A.1.6)
5=0

Substituting it into (A.1.5) and comparing coefficients of each power of A yield

w = Thy, (A.1.7a)
bj+1,x :Tb] (] :O,l,"' , N — 1), (Al?b)
bo’x =0. (A]_?C)

{b;} can be obtained by integrating successively. To achieve that we assume the
integration constants to be!
Bly=o = (4N)".

Then, from (A.1.7) we can successively get by = 27, by = 2"u, by = 2" (uy, + 3u?),
bj+1 = 2n7ja;1Ljuxa j = 07 17 e, 1?

where
L=2T9;" = 0? + 4u + 2u,0, " (A.1.8)

is called the recursion operator of the KdV hierarchy. By (A.1.7a), the KdV hierar-
chy can be expressed as:

u, = L"Ko, Ko=1uz, (n=0,1,2,---). (A.1.9)

When n = 1,2, there are

Uy = K1 = Uype + 6uuy,, (A.1.10a)
U = Ko = Upgpes + 10Ulzze + 20Upty0 + 30wy, (A.1.10b)
ntegration operator 9, ! satisfies 9,10, = 9,0;' = 1, and usually is defined as 9,1 =

%(ffoo —f;m). Since for soliton solutions w satisfies u — 0 (xr — 4o00), usually integration
constants are given through (- )|y=o-



A.2. BT OF THE KDV EQUATION 39

where (A.1.10a) is the KdV equation (1.2.1) (with ¢ — —t) and (A.1.10b) is called
the 5th-order KdV equation.

For the KdV equation (A.1.10a), corresponding to n = 1, we have by = 2, b; =
2u, i.e. B =4\ + 2u; then from (A.1.4a) we have A = —u,. Substituting them to
(A.1.3) gives

Gt = —uz + (4 + 2u) P, (A.1.11)
Corresponding to the KdV equation (1.2.1), we need to switch t — —¢, and we have
Gr = uzd — (4A + 2u) ¢, (A.1.12)

(A.1.1) and (A.1.12) compose the Lax pair of the KdV equation (1.2.1). If using
(A.1.1) to eliminate A in (A.1.12), we get (A.1.2). If we only eliminate only one A
in (A.1.12) and leave 3\, we get

Gt = Przx + (A + u) s (A.1.13)
(A.1.1) and (A.1.13) also present a Lax pair for the KdV equation.

A.2 BT of the KdV equation

In 1968 R.M. Miura [40] proposed famous Miura transformation

U= —v, —v% (A.2.1)
by which the KdV equation (1.2.1) and modified KdV (mKdV) equation
vy — 6020, + Vpye = 0 (A.2.2)

are related together through
Uy + 6Uy + Uppe = — (20 + 0,) (v — 602V + Vgae)-

Miura’s transformation provides more profound links for the KdV and mKdV equa-
tion, which can be summarized as the following:

e Miura’s transformation corresponds to the Schrodinger spectral problem of the
KdV equation: Making use of the fact that the KdV equation is invariant under
the Galilean transformation (u(z,t) = A+ u(z — 6At,t)), one can introduce A
and rewrite the Miura transformation (A.2.1) by u — u — A, i.e.

u=\—v, — v’ (A.2.3)
Then, using the Cole-Hopf transformation v = ¢, /¢ it becomes the Schrédinger

spectral problem (A.1.1) of the KdV equation. In fact, Miura found the trans-
formation before the IST.
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e The mKdV equation provides the time evolution part in the Lax pair of the
KdV equation: Under the Miura transformation (A.2.1) and v = ¢, /¢, the
mKdV (A.2.2) becomes (A.1.2).

Making use of Miura’s transformation (A.2.3) one can construct nonlinear Backlund
transformation for the KdV equation. First, noticing that the mKdV equation
(A.2.2) is invariant under v — —v, from (A.2.3) we have two relations:

U= \+v, — 07 (A.2.4a)
u=\—v, — v (A.2.4b)

Obviously, when v solves the mKdV equation (A.2.2), u satisfies the KdV equation
(1.2.1). For the relation between u and w, it is easy to see that

u+u=2\—1v%), (A.2.5a)
U —u = 20,. (A.2.5b)

Consider the potential form of the KdV equation, i.e. (1.2.2). After introducing
U = Wy, U= W,;, from (A.2.5b) we have

W —w = 2v; (A.2.6)

substituting it into (A.2.5a) yields
(W4 w), =2\ — %(@ —w)? (A.2.7a)
Next, since both w and w satisfies (1.2.2), i.e.
wy + 3(w?) g + Wepe = 0,
Wy + 3(0%) 4 + Wagw = 0,
subtracting them each other yields?
(W —w) = =30 —w)(W+ w)y — (W — W)gps,

in which replacing (w + w), with (A.2.7a) we have

(@~ w)e = S — w)*}e — G — )y — (@~ ) (A.2.7h)

2If adding them each other we will have
(W+w)e =—(0—w)(W—w)gs + 2[(@90)2 + Wawg + (@I)2],

which, coupled with (A.2.7a), can also compose a Bicklund transformation for the KdV equation.
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(A.2.7a) and (A.2.7b) compose a nonlinear Bécklund transformation for the KdV
equation [57].

Note: For the early history of Backlund’s transformation and Bianchi’s per-
mutability theorem, please refer to [49] and [50].



42

APPENDIX A. LAX PAIR AND BT OF THE KDV EQUATION



Bibliography

1]

2]

3]

8]

[9]

[AblS-1978] M.J. Ablowitz, J. Satsuma, Solitons and rational solutions of non-
linear evolution equations, J. Math. Phys., 19 (1978) 2180-7.

[AblS-1981] M.J. Ablowitz, H. Segur, Solitons and the Inverse Scattering Trans-
form, STAM, Philadelphia, 1981.

[AdIBS-2003] V.E. Adler, A.I. Bobenko, Yu.B. Suris, Classification of integrable
equationson quad-graphs. The consistency approach, Commun. Math. Phys.,
233 (2003) 513-43.

L. Bianchi, Vorlesungen iiber Differentialgeometrie, Leipzig: B.G. Teubner,
1899 pp.432-8.

[BiCC-2004] Bi J.B., Chen Z.Y., Chen D.Y., Novel solutions to sine-Gordon
equation from modified Backlund transformation, Commu. Theor. Phys., 41
(2004) 805-6.

[Che-1974] H.H. Chen, General derivation of Bécklund transformation from
inverse scattering problems, Phys. Rev. Lett., 33 (1974) 925-8.

[Che-1976] H.H. Chen, Relation between Bécklund transformations and inverse
transform problems, in: Robert M. Miura, (ed.), Backlund Transformations,
the Inverse Scattering Method, Solitons, and Their Applications, NSF Re-
search Workshop on Contact Transformations, Springer-Verlag Berlin, Heidel-
berg, 1976, pp.241-52.

[ChenBC-2004] Chen Z.Y., Bi J.B., Chen D.Y., Novel solutions of KdV equa-
tion, Commu. Theor. Phys., 41, (2004) 397-9.

[DenC-2001] S.F. Deng, D.Y. Chen, The novel multi-soliton solutions of KP
equation, J. Phys. Soc. Jpn., 70 (2001) 3174-5.

43



44 BIBLIOGRAPHY

[10] [DatKM-1981] Etsuro Date, Masaki Kashiwara, Tetsuji Miwa, Vertex Opera-
tors and tau Functions. Transformation Groups for Soliton Equations. II, Proc.
Japan Acad., 57A (1981) 387-93.

[11] [FreN-1983] N.C. Freeman, J.J.C. Nimmo, Soliton solutions of the KdV and
KP equations: the Wronskian technique, Phys. Lett. A 95 (1983) 1-3.

[12] [GGKM-1967] C.S. Gardner, J.M. Greene, M.D. Kruskal, R.M. Miura, Method
for solving the Korteweg-de Vries equation, Phys. Rev. Lett., 19 (1967) 1095-7.

[13] [Hie-1987a] J. Hietarinta, A search for bilinear equations passing Hirota’s three-
soliton condition. I. KdV-type bilinear equations, J. Math. Phys., 28 (1987)
1732-42.

[14] [Hie-1987b] J. Hietarinta, A search of bilinear equations passing Hirota’s three-
soliton condition: II. mKdV-type bilinear equations, J. Math. Phys., 28 (1987)
2094-101.

[15] [Hie-1987c| J. Hietarinta, A search of bilinear equations passing Hirota’s three-
soliton condition: III. sine-Gordon-type bilinear equations, J. Math. Phys., 28
(1987) 2586-92.

[16] [Hie-1988] J. Hietarinta, A search of bilinear equations passing Hirota’s three-
soliton condition: IV. Complex bilinear equations, J. Math. Phys., 29 (1988)
628-35.

[17] [Hie-2002] J. Hietarinta, Scattering of solitons and dromions, in: R. Pike, P.
Sabatier (Eds.), Scattering: Scattering and Inverse Scattering in Pure and Ap-
plied Science, Academic Press, London, 2002, pp. 1773-1791.

[18] [Hie-2009] J. Hietarinta, Hirota’s bilinear method and its connection with in-
tegrability, in A.V. Mikhailov (Ed.), Integrablity, Lecture Notes in Physics-
Vol.767, Springer-Verlag Berlin Heidelberg, 2009, 279-314.

[19] [HieJN-2016] J. Hietarinta, N. Joshi, F.W. Nijhoff, Discrete Systems and Inte-
grablity, Camb. Univ. Press, 2016.

[20] [Hir-1971] R. Hirota, Exact solution of the Korteweg-de Vries equation for mul-
tiple collisions of solitons, Phys. Rev. Lett., 27 (1971) 1192-1194.

[21] [Hir-1973] Ryogo Hirota, Exact three-soliton solution of the two-dimensional
sine-Gordon equation, J. Phys. Soc. Jpn., 35 (1973) 1566-6.



BIBLIOGRAPHY 45

[22] [Hir-1974] R. Hirota, A new form of Bécklund transformations and its relation
to the inverse scattering problem, Prog. Theo. Phys., 52 (1974), 1498-512.

[23] [Hir-1980] Ryogo Hirota, Direct methods in soliton theory, in Solitons, ed. R.K.
Bullough and P.J. Caudrey, (Topics in Current Prystcs 17, Springer-Verlag,
1980, 157-76.

[24] [HirS-1978] Ryogo Hirota, Junkichi Satsuma, A simple structure of superpo-
sition formula of the Bécklund transformation, J. Phys. Soc. Jpn., 45 (1978)
1741-50.

[25] [Kon-1982] B. Konopelchenko, Elementary Bécklund transformations, nonlin-
ear superposition principle and solutions of the integrable equations, Phys. Lett.
A, 87 (1982) 445-8,

[26] [Kod-2010] Y. Kodama, KP solitons in shallow water, J. Phys. A: Math. Theor.,
43 (2010) 434004 (54pp)

[27] [KodW-2011a] Y. Kodama, L. Williams, KP solitons and total positivity for
the Grassmannian, Inventiones Mathematicae, 198 (2011) 637-9.

[28] [KodW-2011b] Y. Kodama, L. Williams, KP solitons, total positivity, and clus-
ter algebras, Proc. Nat. Acad. Soc., 108 (2011) 8984-9.

[29] [Kon-1982] B.G. Konopelchenko, Elementary Bécklund transformations, non-
linear superposition principle and solutions of the integrable equations, Phys.
Lett. A, 87 (1982) 445-8.

[30] [Lax-1968] P.D. Lax, Integrals of nonlinear equations of evolution and solitary
waves, Commu. Pure Appl. Math., 21 (1968) 467-90.

[31] [Lamb-1971] G.L. Lamb, JR., Analytical descriptions of ultrashort optical pulse
propagation in a resonant medium, Rev. Mod. Phys., 43 (1971) 99-124.

[32] [Lamb-1974] G.L. Lamb, JR., Bécklund transformations for certain nonlinear
evolution equations, J. Math. Phys., 15 (1974) 2157-65.

[33] [Lamb-1976] G.L. Lamb, JR., Biacklund transformation at the turn of the cen-
tury, in: Robert M. Miura, (ed.), Béacklund Transformations, the Inverse Scat-
tering Method, Solitons, and Their Applications, NSF Research Workshop on
Contact Transformations, Springer-Verlag Berlin, Heidelberg, 1976, pp.69-79.



46 BIBLIOGRAPHY

[34] [Lam$S-2006] F. Lambert, J. Springael, From soliton equations to their zero cur-
vature formulation, in Bilinear Integrable Systems: From Classical to Quatum,
Continuous to Discrete, Edited by: Faddeev, L; Van Moerbeke, P; Lambert,
F, (Book Series: NATO Science Series II-Mathematics Physics and Chemistry,
Volume: 201, Conference: NATO Advanced Research Workshop on Bilinear In-
tegrable Systems, Location: St Petersburg, RUSSIA, Date: SEP 15-19, 2002),
2006, pp147-60.

[35] [LepW-1978] J. Lepowsky, R.L. Wilson, Construction of the affine Lie algebra
AP Commun. Math. Phys., 62, 43-53 (1978).

[36] [Liu-1990] Q.M. Liu, Double Wronskian solutions of the AKNS and classical
Boussinesq hierarchies, J. Phys. Soc. Jpn., 59 (1990) 3520-7.

[37] [MaY-2004] W. X. Ma, Y. C. You, Solving the Korteweg-de Vries equation by
its bilinear form: Wronskian solutions, Trans. Amer. Math. Soc. 357 (2005)
1753-1778.

[38] [MatS-1991] V.B. Matveev, M.A. Salle, Darboux Transformations and Solitons,
Berlin: Springer-Verlag, 1991.

[39] [Mil-1978] J.W. Miles, Resonantly interacting solitary waves, J. Flu. Mech., 79
(1977) 171-9.

[40] [Miu-1968] R.M. Miura, Korteweg-de Vries equation and generalizations. I. A
remarkable explicit nonlinear transformation, J. Math. Phys., 9, (1968) 1202-4.

[41] [MiuGK-1968] R.M. Miura, C.S. Gardner, M.D. Kruskal, Korteweg-de Vries
equation and generalizations. II. Existence of Conservation Laws and Constants
of Motion, J. Math. Phys., 9 (1968), 1204-9.

[42] [Miu-1976] Robert M. Miura, (ed.), Backlund Transformations, the Inverse
Scattering Method, Solitons, and Their Applications, NSF Research Workshop
on Contact Transformations, Springer-Verlag Berlin, Heidelberg, 1976.

[43] [MiwJD-2000] T. Miwa, M. Jimbo, E. Date, Solitons: Differential equations,
symmetries and infinite dimensional algebras, Camb. Univ. Press, 2000.

[44] [New-1976] A.C. Newwell, The interrelation between Bécklund transformation
and the inverse scattering transform, in: Robert M. Miura, (ed.), Bécklund



BIBLIOGRAPHY 47

[46]

[47]

[50]

[51]

[52]

[53]

[54]

[55]

Transformations, the Inverse Scattering Method, Solitons, and Their Applica-
tions, NSF Research Workshop on Contact Transformations, Springer-Verlag
Berlin, Heidelberg, 1976, pp.227-40.

[NijCW-1985] F.W. Nijhoff, H.-W. Capel, G.L. Wiersma, Integrable lattice sys-
tems in two and three dimensions, Lecture Notes in Physics, 239, 1985, pp.263-
302.

[NimF-1983a] J.J.C. Nimmo, N.C. Freeman, Rational solutions of the
Korteweg-de Vries equation in Wronskian form, Phys. Lett. A, 96 (1983) 443-6.

[OhkW-1983] K. Ohkuma, M. Wadadi, The Kadomtsev-Petviashvili equation:
the trace method and the soliton resonance, J. Phys. Soc. Jpn., 52 (1983) 749-
60.

[OhtSTT-1988] Y. Ohta, J. Satsuma, D. Takahashi, T. Tokihiro, An elementary
introduction to Sato theory, Prog. Theor. Phys. Suppl., 94 (1988) 210-241.

[PruS-1998] R. Prus, A. Sym, Rectilinear congruences and Bécklund transfor-
mations: roots of the soliton theory, in Nonlinearity & Geometry, Luigi Bianchi
Days Proc. 1st Non-Orthodox School (Warsaw, 21-28 Sep. 1995), ed. D. Wojcik
and J. Ciesliniski (Warsaw: Polish Scientific), 1998, pp 25-36.

C. Rogers, W.K. Schief, Backlund and Darboux Transformations, Cambridge,
UK: Cambridge University Press, 2002.

[Sat-1979] J. Satsuma, A Wronskian representation of N-soliton solutions of
nonlinear evolution equations, J. Phys. Soc. Jpn. 46 (1979) 359-360.

[SirHR-1988] S. Sirianunpiboon, S. D. Howard and S. K. Roy, A note on the
Wronskian form of solutions of the KdV equation, Phys. Lett. A 134 (1988)
31-33.

[Tak-2016] Daisuke Takahashi, On the birth of Hirota’s direct method, report
on the 3rd China-Japan joint workshop on Integrable Systems, Xi’an, China,
2016.

[Wad-1974] M. Wadati, Béacklund transformation for solutions of the modified
Korteweg-de Vries equation, J. Phys. Soc. Jpn., 36 (1974) 1498-8.

[WadO-1982] M. Wadati, K. Ohkuma, Multiple-pole solutions of the modified
Korteweg de Vries equation, J. Phys. Soc. Jpn., 51 (1982) 2029-35.



48 BIBLIOGRAPHY

[56] [WadSK-1975] M. Wadati, H. Sanuki, K. Konno, Relationships among inverse
method, Backlund transformation and an infinite number of conservation laws,
Prog. Theo. Phys., 53 (1975) 419-36.

[57] [WahE-1973] H.D. Wahlquist, F.B. Estabrook, Bécklund transformation for
solutions of the Korteweg-de Vries equation, Phys. Rev. Lett., 31 (1973) 1386-
90.

[58] [WahE-1975] H.D. Wahlquist, F.B. Estabrook, Prolongation structures of non-
linear evolution equations, J. Math. Phys., 16 (1975) 1-7.

[59] [WeiTC-1983] J. Weiss, M. Tabor, George Carnevale, The Painlevé property
for partial differential equations, J. Math. Phys., 24 (1983) 522-6.

[60] [Zha-2006] D.J. Zhang, Notes on solutions in Wronskian form to soliton equa-
tions: KdV-type, arXiv: nlin.SI/0603008.

[61] [ZhaZSZ-2014] D.J Zhang, S.L. Zhao, Y.Y. Sun, J. Zhou, Solutions to the
modified Korteweg-de Vries equation (review), Rev. Math. Phys., 26 (2014)
No.14300064 (42pp).



