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6 lectures

* A brief review of history of integrable systems
and soliton theory (2hrs)

* Lax pairs of Integrable systems (2hrs)

* Integrability: Bilinear Approach (6hrs=2hr X 3)
2hrs for 3-soliton condition bilinear integralility
2hrs for Backlund transformations

and vertex operators
2hrs for Wronskian technique

* Discrete Integrable Systems: Cauchy matrix
approach (2hrs)



Integrable Systems

* How does one determine if a system is integrable
and how do you integrate it? .... categorically, that
| believe there is no systematic answer to this

question. Showing a system is
integrable is always a matter of luck

and intuition.

* Viewpoint of Percy Deift on Integrable Systems
Linearisable-resolve-clear dependence

of parameters
trigonometric, special, Pinleve functions

* “Fifty Years of KdV: An Integrable System”



Interaction of Integrable Methods

dynamical systems

probability theory and
statistics

geometry
combinatorics
statistical mechanics
classical analysis
numerical analysis
representation theory
algebraic geometry

Dynamical systems

Probability and statistics




Solitons
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John Scott Russel
(9 May 1808-8 June 1882)

Education: Edinburgh, St. Andrews, Glasgow

* August, 1834



Russell’s observation

* Alarge solitary elevation, a rounded, smooth and
well defined heap of water, which continued its
course along the channel apparently without
change of form or diminution of speed ... Its
height gradually diminished, and after a chase of
one or two miles | lost it in the windings of the
channel. Such, in the month of August 1834, was
my first chance interview with that singular and
beautiful phenomenon. (Russell, 1844)
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The Great Wave Translation

: - 0N WAVES, 311
Wm Waves. - By J. Scorr Busszrr, Esg., M. 4., E.E.&E:Eﬂ
: * mﬂefﬂiﬁsﬁfﬁimgsmlﬂﬂmdlﬂﬁ

Sir Jow Rosisox®, See, B8 Bdin.
Members of Commaliee {J Scort RusseLy, F.R.8, Edis.

e Solitary waves --- J.S. Russell

* Airy: “even in an uniform-canal of rectangular section, are no

longer propagated without change of type.” Solitary waves of
permanent form do not exist!

* Russell: “completely the opposite of that to which we
should be led on the same grounds.”



Russell’s experiments




Russell-Boussinesq-Korteweg-de Vries

* Rayleigh
* Boussinesq [1872,1877]
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Russell-Boussinesq-KdV

 KdV: solitary wave, periodic wave

h(§) = hosech? Eg E=x—(VgH — Eﬂ’)t
do H

A(€) =fcn2( gikﬁ)
a

* As to the credit of the “a priori demonstration a
posteriori” of the stable solitary wave, this
credit belongs, of course, to M. Boussinesq.

E. M. de Jager, On the Origin of the Korteweg-de Vries
Equation, arXiv: 0602661



animation




Exact solutions to the KdV

2-soliton solution

w = 2[In(1 + el + e + E‘€‘+‘E’3+A‘E}]H
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Fermi-Pasta-Ulam (FPU) problem

 FPU problem

e Enrico Fermi
(1901-1954)

e Toda Lattice
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* Martin David Kruskal
* 1925-2006

* Courant

* Father of “Soliton”

Solitons(partical property, 1965)

NORMALIZED TIME
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Inverse Scattering Transform

VOLUME 19, NUMBER 19 PHYSICAL REVIEW LETTERS 6 NOVEMBER 1967

METHOD FOR SOLVING THE KORTEWEG-deVRIES EQUATION*

Clifford S. Gardner, John M. Greene, Martin D. Kruskal, and Robert M. Miura
Plasma Physics Laboratory, Princeton University, Princeton, New Jersey
 (Received 15 September 1967)

A method for solving the initial-value problem of the Korteweg-deVries equation is
presented which is applicable to initial data that approach a constant sufficiently rapidly
as |x|—=. The method can be used to predict exactly the “solitons,” or solitary waves,
which emerge from arbitrary initial conditions. Solutions that describe any finite num-
ber of solitons in interaction can be expressed in closed form.



Inverse Scattering Transform

(starting point of modern integrable theory)
CLs: Miura, Gardner

Miura Trans: U = y + v,

modified KdV: v; — 6v%v, + U, = 0 ?

wy — U, + Uyppr = 0

(.

U= —
u=v*+ Uy - y Uype — Uty =0
Galilean: u—u—AN t—t, r— x+ 06\ ﬂ

modified KdV: =4 U+ Vg — (U + A2, =




Lax Pair

Lax pair: Vypw — (U — A0 =10

Wy + Vpgw — S+ A, = 0
O\

compatibility: Vzrt = UVt ox

N
KdV: g — Outl, + Uyppy = 0



Inverse Scattering Transform

thne evolution

S(H(0)) - S(H({))
4
direct verse
scattering =cattering
(a(0), (D)) (a(t). b(t))

T l

u (x,0) u (x,)



RHP

e m(z) 1is analytic in C/X
em (z)=m_(z)v(z) . z€X

where m4(z) = lim m(z")
T4

em(z) > I, as z— o0



e RH Problem

* IST

IST and RHP

‘-I'_I_

* New RHP ??

o



Peter D Lax

Peter David Lax
1 May 1926-
Courant Institute

Hungarian

1968-CPAM: symmetry, conserved covarient,
gradient of eigenvalue, asymototic analysis



Solitons in 1970’s

Hirota method

Action-angle variables
Zakharov+Shabat:NLS/IST

AKNS (ZS-AKNS)

Recursion op: Lenard, AKNS, Olver
Symmetry, biHamiltonian

Biacklund trans (1973-76)

Darboux (Moutard) trans (1979)



Solitons in 1970’s

Continuous spectruum: long time behavior analysis
Finite-Gap solutions

Quantum IST

Integrable systems from geometry

Optical solitons






Autumn meeting of JPS in 1971

Multiple collision of K-dV solitons --- Exact solution

1p—F—9 K=dV v 9} 2% Birs% —kFh
R cAXstix s g4
Ko T4 k’artcwe&r -~ de Vrice 5—:’;?,:(&.;?7; 3, Ryogo Hirota
2Y
'ﬁ -6 Uu < ‘:133 =0,

2o Unt) 2, ’Mrrf)"—z"— bgtfe)) xat, fatyn X ehET 3,
fx{rf - ﬂ-fz + ')Cxxxx)( F¢fﬁxfx+3£cx =0,

fat)tiz o nxm b Vo T72AM 2455 R e L3, 2 m:rLfiﬂﬁff‘a-), Ube, t) 1t m,
"%Mﬁq VAV vﬂ%%’iﬁﬁiib (T} %w“,f. A

Foty=det| M|

2J_r

Mij{r,f)—g + = %fiifi 1501, i,j= 1,2, ----,m

2

,f.t:?-x—f);thg., 2;=F

2

> P g B EFEC (KB v b ol s ARt 3B sy, Rug ke
ﬁo r:’uﬁz‘hs EfRE 113, YvC iR hE Yt ot enss- g é7‘§z’ 1 é,KaJ £
Moaes (T Appl. Phys. 220'5¢) 1503) & — K7 Schrbdimger FAERN S BRAIN 5 > Hvn e —3T 3,




* Autumn meeting of JPS (submitted in Jul, 1971)
"Multiple collision of K-dV solitons --- Exact solution”

e Submission of paper to PRL (received Sep 17, 1971)
Ryogo Hirota: "Exact Solution of the Korteweg-de Vries
Equation for Multiple Collisions of Solitons",

Phys. Rev. Letters 27 pp.1192-1194 (1971)

* Annual (spring) meeting of JPS (submitted in Dec, 1971)
"N-soliton solution to modified K-dV equation”




Action-angle variables

* Finite-D Hamiltonian system: Liouville

* Infinite-D

e V. Zakharov and L. Faddeev, Korteweg-de
Vries equation: A completely integrable

Hamiltonian system, Funktsional. Anal. i
Prilozhen, 5:4, 1971, 18-27.



Solitons in 1970’s

Hirota method

Action-angle variables
Zakharov+Shabat: NLS/IST (1972)
AKNS (ZS-AKNS) (1973)

D, = ( e )<1> @ = (61,062)7



Solitons in 1970’s

Hirota method

Action-angle variables
Zakharov+Shabat:NLS/IST

AKNS (ZS-AKNS)

Recursion op: Lenard, AKNS, Olver
Symmetry, biHamiltonian

Biacklund trans (1973-76)

Darboux (Moutard) trans (1979)



Andrew Lenard’s 15 mins

Gu = %f%udm

’V ut - 6““3 + uzzz

= % i (u3 — %ui) dr P,
‘_’f,q_.-—-\-/ ur = 30uuy + 20U Ury + 10U ULer + u®)

u? — Buu? + %uiz) dr p

1

PB=L P=%F+4l+2,

Figure 1. The Lenard recursion formula.



Symmetries

ur = K(u)

symmetry : o; = K'[o]

o(€) : u— (), = 0(@), Ao =u
€

u = K(u)

tig, = I3 — Iy

Strong symmetry : L; = [K', L]

Hereditary : L'(L[flg — L[g|f) = L(L'[f]g — L'[q] f)
I[Ki’Kj]] =0

* Fokas, Fuchssteiner



Bi-Hamiltonian Structure

Magri (1978), Gel’fand-Dorfman (1979)

. OH OH.:
Uy = K ('l,l._) — 91 = : — 92 = <
ou ou
compatibility : § = a101 + a260-

recursion operator : L = 6,07 " : U, = L’K(u), {H;,H;} =0

* Fokas, Fuchssteiner (1981)
g, = [\’J' = LJI\'O
implectic — symplectic factorization : L =6J, L™ = J#
Hereditary <= compatibility
OH, 0H 5 0H3

du =i du = k) ou

Ut _[\J—9



Solitons in 1970’s

Hirota method

Action-angle variables
Zakharov+Shabat:NLS/IST

AKNS (ZS-AKNS)

Recursion op: Lenard, AKNS, Olver
Symmetry, biHamiltonian

Backlund trans (1973-76)

Darboux (Moutard) trans (1979)



Notes:

m Backlund Transformations:[C. Rogers, W.K. Schief-2002]
[Robert Prus and Antoni Sym-1998|

m Bianchi (1892): Demonstrated that the Backlund

Transformation B, admits a commutativity property
B,,B,, = B,,B,,, a consequence of which is a nonlinear
superposition principle embodied in what is termed a
Permutability Theorem.

m It was neither Bianchi nor Backlund who was the first to write
down the special Backlund transformation for the sine-Gordon
equation. It was the great French geometer Gaston Darboux
(in 1883).



Darboux found (1883) that if # is a solution of sG equation
Ouu — 6y = sinf cos,
and ¢ satisfies
oy, + 60, =singcosl, ¢,+0,=—cospsinf, (117)

then ¢ is a solution of sG equation ¢,, — ¢,v = sin @ cos ¢.

Backlund constructed the transformation:

du + 60y = (sin g cosf + sin o cos psinf)/ cosa,
¢y + 0, = (—cos@sinf + sinosin ¢ cosf)/ cos o,

where o is an arbitrary parameter. When o = 0 it is (117).



Solitons in 1970’s

Continuous spectruum: long time behavior analysis
Finite-Gap solutions

Quantum IST

Integrable systems from geometry

Optical solitons



Solitons in 1970’s

Continuous spectruum: long time behavior analysis

Zakharov, Manakov (IST,1976), Deift, Zhou (RHP,1993),
Its, Bobenko (DIS, 2017)

Finite-Gap solutions (Novikov, 1974-76)
30 years of finite-gap integration theory (Matveev, 2008)

Quantum IST (Faddeev, Sklyanin)

Integrable systems from geometry
Hasimoto (1972): Vortex filament and NLS
Lamb (1976): space curve and NLS, mKdV



Solitons in 1970’s

* Soliton (optical) (1973)
Akira Hasegawa, Fred Tappert (AT&T Bell Labs)

Robin Bullough made the first mathematical



Solitons in early 1980’s

Sato’s KP Theory (Sato’s talk,1981)

Bilinear identity
Vertex operator, tau function, affine Lie algebra
Discretisation (Miwa, Jimbo, Date, Takasaki)

Painleve (Kyoto School)

Integrable systems and Lie algebra
Drinfel‘d, Sokolov (1981,84)

Direct linearisation approach
Fokas, Ablowitz (1981)

Dutch group (DIS)



Direct linearisation approach(DLA)

* DLA[PRL-1981-46-1096-110]

VOLUME 47, NUMBER 16 PHYSICAL REVIEW LETTERS 19 OcrorEr 1981

Linearization of the Korteweg—de Vries and Painlevé II Equations
A. S. Fokas and M..J. Ablowitz

l;x,1)
I+kR

@(k; x,t)+iexp[i(kx+k3t)]f A dh(l)=exp[i(kx+k3i)]
. .

0
u,+6un, +u,,, =0 U= afL Ak; x, t)dNER)



Solitons in early 1980’s

BT and DIS (1980)
Decio Levi and R Benguria
 Wronskian (1983)

S
[
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=
~
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T. — MT +TM = 0.



Thank You

Da-jun Zhang

Dept Math, Shanghai Univ
Email: djizhang@staff.shu.edu.cn
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Introduction to
Discrete Integrable Systems

Da-jun Zhang
Shanghai University
(2019-11-13)



SIDE series
(Symmetries and Integrability of difference Equations)

* 13th International Conference on Symmetries
and Integrability of Difference Equations
(SIDE 13)

* Venue: Jr Hakata City Conference Rooms,
Fukuoka, Japan

* SIDE-14: 2020, Poland



First Look

fbxz(” ! )fb b = (¢1,0)"

r =1

A n | |
{Dﬂ--l-l - ( Rn 31 ) bn, o = (‘:-31;11-:@1?1}T

O(n+j) = ®(z + je), (Qun.Rn) =¢€(q,r), A=¢e

* Ablowitz-Ladik (JMP, SAM 1975/76)
* Hirota (JPSJ-L11,111 1977)



M.J. Ablowitz, J.F. Ladik, Nonlinear dierential-dierence
equations, J. Math. Phys., 16 (1975) 598-603.

M.J. Ablowitz, J.F. Ladik, Nonlinear dierential-dierence
equations and Fourier analysis, J. Math. Phys., 17 (1976) 1011-8.

M.J. Ablowitz, J.F. Ladik, A nonlinear difference scheme and
inverse scattering, Stud. Appl. Math., 55 (1976) 213-29.

R. Hirota, Nonlinear partial difference equations. I. A difference
analogue of the Korteweg-de Vries equation. J. Phys. Soc. Japan,
43 (1977) 1424-33.

R. Hirota, Nonlinear partial difference equations. Il. Discrete-
time Toda equation, J. Phys. Soc. Japan, 43 (1977) 2074-8.

R. Hirota, Nonlinear partial difference equations. lll. Discrete
sine-Gordon equation, J. Phys. Soc. Japan, 43 (1977) 2079-86.



Two Books

m A.l. Bobenko, Yu.B. Suris, Discrete Differential Geometry,
2008 AMS

m J. Hietarinta, N. Joshi, F.W. Nijhoff, Discrete Systems and
Integrability, 2016 Cam Univ Press.



CAMBRIDCGE TEXTS
IN APFPLIED
MATHEMATICS

Discrete Systems
and Integrability

J. HIETARINTA, N. JOSHI
AND F, W, NUHOFF



m Discrete Integrable Systems (DIS):

(Unm — Unt1,m+1)(Unti,m — Unmy1) = P2 — Cf'z (IpKdV)

Korteweg-de Vries equation (KdV):

Ug + OUUy + Uy = 0 (KdV)
I"Ir||-1,.rr-|+1 ? I"'In‘.rr-|+1 .in+1,m+1
q
I“In 1,m un,m I"Ir|+1,.rr'|
- - o




Discretisation

e XER> n€z V() +V(z)p(z) = Mp(x)

0 1 2 3 4 5 X €R
— & & & @& 9 & @
nel

Discrete Schrodinger spectral problem on (half) line:
—(n+1)+20(n) — o (n—1) + V(n)ih(n) = Mi(n), neZ*
Boundary cond. e.g. 1»(0) = 0.4(1) =1

Spectral theory and OP

Hermite polynomials  H, . (x) = 2xHy(x) — 2n Hy—_1(x)



Discretisation

e Numerical

u(x,t): x=xp+ nh, t=rty+ mk, u(x.t)= tUpm

X0 X = Xg + nh

& &
u L L u o — l”n_.fn. E} — ”n.'.]__.fn.
u P u -

1 r (u-0)a-T)=p—q



3D example




Example

 Honeycomb lattice




Example

 Recursion relation

Recurrence relation: Eg. Bessel function

() = (5 ) o
< k! r (o +k+1)
Satisfies: X°w" + xw’ + (x? —a?)w =0
Recurrence relation: X(Wat1 + Wa_1) — 2aw, =0

[J. Hietarinta, N. Joshi, F.W. Nijhoff, Discrete Systems and
Integrability, page32-34]



Example

 Recursion relation

: . d* f ;
Painleve Il (P,) 7 = 2f"+tf —«

(@ +1/2)
fa(t) — fa(t) —t/2

fcu+1(t) — _fr:t(r)

falt) satisfy P,

[H.Flaschka, A.C. Newell, Monodromy- and spectrum-
preserving deformations. . Commun. Math. Phys., 76
(1980) 65-116.]



Example / \
* NSF /

=N
Il
=il

Ur = OULy + Uyyx
(wi +w)yx = ZA—%(Wl—W)E
(w14 w) = (w1 —w)(W—wyp)e +2(wy + wyows x + wi,)

A I
w —m W7, — Wi2

" A l Wy = Wpy (permutability)
W — Wy — Wy

(w —wi2)(wy — wp) =4(p — A)

S

(w—w)(w—-w)=p—gq



Exampla

* NSF

-

e G, mKdV: p(vv —vv) = q(vv — vv)

e AKNS: (it — ) (uv +1) + (7, — 7, )u =0,
(v —F)(H’l:f +1)—(y, -7, )5 =0



Example

* NSF

: . 1 3 r(u) — U
 Krichever-Novikov ;: ur = -t + = (U) — Ui
4 8 Uy

rl[u}:ilu3 — @ou — g3
p(uli + ) — q(uli + ut) — r(uti + Ud) + pqr(l + ulit) = 0

(p. P) = (Vksn(a; k),sn'(a; k), (q.R) = (Vksn(3; k),sn'(3; k)
(r.R) = (Vksn(v; k),sn'(v; k), v=a—/

points on the elliptic curve:

M ={06X): X2 =x*+1—(k+1/k)x?}



Example

 Maps (eg. QRT)

Integrable mappings of the plane (Quispel,
Roberts, Thompson — 1988,89:

-~ fily) —z fa(y) | _N_Ql(
T R e k) YT

fi, g;are fourth-order polynomials

Integrability: conserved quantities, symmetries,
Lax pair, the behavior around singularities ......



Example

e Painleveé

Painlevé | ~ VI

fH:GfE_I_t
fﬁzgl}c:}_l_tf_'_ﬂ
tFf" =t(f")* — ff + 0t + Bt +af* +ytf!



* Japan
e Australia
* France

Example

 Discrete Painlevé

d-Painlevé
dP : ww+w+w)=an+b+cw
(an+b)w +c
dPp : w4+ w = )
_ 1 — w?
Sakai’s classification (2001):
Ell: Ay’ AM
i. ;N
Mul: AV — AP — ALY — ALY — AV— ALY — AL — A — A
LooL A TR
Add: A — AV — ALY » D{V— DULs DO — DO | — D
NN




Takahashi-Satsuma’ Rule
--- Box-Ball System (BBS)

&
t=0
w1 | [ [ ] ] ee @ eef | |
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Da-jun Zhang

Dept Math, Shanghai Univ
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For Nov 14

| ax pair for the KdV
_ax pair for the AKNS
Discretisation

Conservation laws
KP hierarchy



