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§1 Hirota’s Bilinear Integrability

§1.1 Bilinear operator

Bilinear derivatives:

DY DIf(x,y)-8(x,y) = (0x=0x)"(9y=0y)"f (x, y)8 (X', ¥ ) x=x,y'=y-
(1)

D: Hirota’s bilinear operator. Here 0, = a%'
Another defination:
eEDXJrHDyf(Xay) g(X,_)/) = f(X_I_ €y + /{)g(X — 6y - K‘)' (2)

In fact, expanding both sides at (¢, x) = (0,0) and comparing

coefficients of power €™k we get definition (1).
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Examples:

DY DIf(x,y)-8(x,y) = (0x=0x)™(9y=0y)"f (x, y)8 (X', ¥ )l =x,y'=y-

Dif - g = fxg — fgx,

D2f - g = fixg — 2fegx + B,

D3f - g = fioog — 3Fx8x + 38 — Grooes
D«Dyf - g = fyyg — fx8y — fy8x + fgxy:

DPf-g=> (—1YCL " )(x)g!)(x),
=0

where Cl, = (m%;),ﬂ FU) = aLF(x).

Compare: Leibniz's rule for (fg)(™).
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Properties:

Dy'f-g=(-1)"D7g - f,
(aDg" + bDy)f - g = aD,'f - g + bDJf - g,
DDy(af + bg)-h=aDyDJf - h+ bD'Djg - h,

where a, b € C, and particularly,
DJf -1 =07f(x).
For linear exponential functions
D'Dye™ - e = (ki — ka)" (w1 — wp)"em e, (3)

where
n,—kX+w,y+?7( ) kiwiin (O)GC (4)
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Extend to arbitrary dimensions:

t:(tlat27"' 7tS)7 p:(p17p27”' 7p5)7 q:(q17q27'”

S
p-t= Zp,’t;, Dy = (Dt17 th’ e 7Dts)'
i=1
Then we can define

P Pf(t) - g(t) = f(t+p)g(t — p).

Extend to polynomial P(Dy):

P(Dy)ePt - 9t = P(p — q)e(P+Q)'t7
P(Dy)ePt -1 = P(p)eP*t = P(9,)eP.
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Gauge property of bilinear derivatives:

DDy (e f(x,y)) - (e™f(x,y))
= €M (Dy + ki — ko) (Dy + w1 — w2)*F(x,y) - g(x,y),  (8)

when 71 = 72, one has gauge property
DiD;(e™f) - (e"g) = e DLD;f - g, (9)
More general case:

P(De)(e”*f(t)) - (e7'g(t)) = ePTVP(Dy + p — Q) (1) - g(t),
(10)

P(Dy)(ePtf) - (ePtg) = e*PtP(D,)f - g . (11)
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§1.2 N soliton solutions
§1.2.1 NSS of the KdV equation

KdV:
Uy + 6uuy 4 Uy = 0. (12)
potential form:
we + 3(Wx)® + Wooo = 0, (1 = wy). (13)
Transformation
u=2(nf)y, ie w=2(Inf)y, (14)

Bilinear form: f:f — fify + fioof — dhoxtx + 3(F)? = 0, ie.

(DxD; + DHf - f = 0. (15)
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Expand

f=1+ i e, (16)
i=1

elr (Be+0H)fW = (17a)
2 (B + 0P = —E(Dth + DY . ), (17b)
e (Ou +84)f = —(DxD; + D) . £(2), (17¢)

o (et B = (DD DY) - £ 4 2@ FO))

Take (1) = el where

i = kix — k3t + 00, k0@ eRr. (18)

(17a) is a homogeneous linear equation:

N
0 =3 e (19)
i=1
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1SS: N =1,
f=1+¢ee™ (20)

u=2(Inf)x =2[In(1+ ™))k (21)

2SS: N =2, u=2(Inf)x,

ki — ko\2
f=1+c(e™+e®)+?Ape™™ Ap= ( ! 2) . (22)
ki + ko
3SS: N =3, u=2(Inf)x,
f=1+c(e™+e™ 4 e™)
T 62(A12e’71+772 + Ap3emHB 4 Az e i)
ki — kj\2
3 +m+ _ (KK
AlpAq3Agze Tt A-~—< ) 23
+ & A12A13A23€ ij ki+ k; (23)
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NSS: For a general number N, Hirota gave the following compact
form:
f= Z exXp Z,U«ﬂ]j"‘ Z Hitjai | (24)
pn=0,1 1<i<y

where 7); is defined as in (18), e? = Aj;, and the summation of p

means to take all possible p1; = {0,1} (j =1,2,--- , N).
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§1.2.2 NSS of the KP(ll) equation
KP(Il) (¢ = 1):
(4ut + 6uuy + U )x + 30uy,, =0, (0 ==1), (25)

Transformation
u=2(Inf)x, (26)

Bilinear KP(I1):

(4DyD; + D +3D2)f - £ = 0. (27)
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With the expension
f=1+)Y e (28)
i=1

the bilinear KP(Il) equation (27) yields

el (40 + 08 +303) M =0, (29a)
1

21 (80 +0F +303)F?) = —5(4D<De + D} +3D2)fW . £,
(29b)

For (29a) we can take f(1) = ekxthy+wt ‘and k h w satisfy
4kw + k* +3n* = 0. (30)

Parametrisation:

k=p—q, h=p*—q¢, w=—(p’-7q°). (31)
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N
F =3 "em, (32)
i=1

i = (pi—qi)x+(pE—a?)y—(pP—a?)t+n”, pi,qi,n® € R. (33)
1SS:

F=1+f0=14en, (34)
RV
u=2(nf) = (plqu)sechzm. (35)
2SS:
f=1+e"+e”+ Apentn (36a)
(pi — qj)(qi — p;)
NSS:
N N
f= exp wimi+ Y, mitag | - (37)
1=0,1 j=1 1<i<j
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§1.3 Asymptotic analysis of 2SS
§1.3.1 The KdV equation

2

k
1SS : u= 7lsech2771, m = kix — kft + Tl(o), (38)

A
(@) (b)

Figure: (a) 1SS of the KdV equation. (b) trajectory of the vertex of 1SS.

Amplitude: = speed x'(t) = k2, vertex: 1y = 0:

(0)

x(t) = k2t + B (39)
k1
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2SS:

U= 2(In e, (40a)
f=1+e"+eP+ Apentm, (40b)
ki — ka\2
i =kix — k3t +09, Ap = (-1—2)" 4
n X—kit+mn;", A (k1+k2) (40c)

Figure: 2SS (40) of the KdV equation (ki = 0.8, k» = 1.2, nﬁo) = 17&0) =0).
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Figure: (a) t=-12, (b) t=-5, (¢)t=1, (d)t=10.
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Assume ki > ko > 0. Suppose 11 = c, rewrite (40b) in (71, t):

f=1+eM"+e”+ Apentm (41a)
where
m ka 2 2 © ke (0
e = exp |:k71771 + k2(k1 — kz)t -+ 7]2 — Enl :| (41b)

Because of k3 > ky > 0, we find

Therefore in (11, t) we have

1 m, t — —oo,
fw{ te > (42)

e (14 Appe™), t— +oo.
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In (11, t):

(43)

. 14 e™m, t— —oo,
e”(1+4 Appe™), t— +oo.

Gauge property: f ~ e?(1+ Ajpe™) ~ 14 Ajpe™, t — +oo.
D.Ds(e™f) - (e™g) = MDD - g

Thus, if we observe 2SS along the straight line 171 = ¢, when
t — —oo we only see the 1SS

u=2[In(14 e™)|x: (44a)
and when t — +00, we see
u=2[In(1+ Aze™)]x, (44b)

which is still the original 1SS (44a) (same amplitude and velocity

as before interaction) but obtains a phase shift —2 In(ﬁjr’g)
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Phase shift:
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§1.3.2 The KP(Il) equation

a2
155 : u=2(Inf)y = (plqu)secth,

0
i = (pi — qi)x + (p? — @)y + (P} — @)t + 0.

A straight line on (x, y) plane, amplitude (p; — g1)?/2, velocity:

’ / _ 1
(<'(8),y/(0)) = —(0% + pq + ¢?) (1, m).

(a) (b)

Figure: (a) 1SS of the KP(I). (b) Trajectory of the line soliton in (a): red

line is for t = —4 and blue for t = 4.
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2SS:
u= 2('” f)xx; f=1+ e + e'? + A12 e’71+’72,

(pi — pi)(qi — qj)
(pi —aj)(ai — pj)

Aj =

Ve
. e
Sl | e e
B . NS
T T A T A I T
NSO, RS
AT AT P S A
et N
D, o
77

-2

(a) (b)

Figure: 2SS of the KP(Il) equation.
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Resonant Case:

2SS u=2(Inf), F=1+e"+e”+ Apent™

_ (pi = pj)(ai — q))
Aj = )
(pi — aj)(qi — pj)
p1 # p2 but g1 = g2, we have Ajo = 0 and f degenerates to

f=1+¢em+ ™, (45)

Figure: 2SS resonance of the KP(Il) equation.
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Asymptotic analysis:

refer to the lecture note

History for “resonance”:
Lamb (1971), Miles, Wadati

Further reading:
Jarmo Hietarinta review

Yuji Kodama, et al
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§1.4 2SS of bilinear equations

§1.4.1 Bilinear equations of the KdV-type
Many bilinear equations automatically admit 1SS and 2SS.
KdV-type bilinear equation:

P(Dy)f - f =0, (46)

where P is an even polynomial: P(t) = P(—t), P(0) = 0.
1SS:
f=1+¢€m, 771:p1-t—|—77§0). (47)

f'f=1~1+1-e771+e’71~1+e’71-e771,
DID)e™ - €™ = (ki — ko)™ (w1 — wp)"eM TR,
P(DY)f - f = 2P(Dy)e™ - 1 = 2P(8;)e™ = 2P(p1)e™.

Dispersion relation (DR): P(p;) = 0.
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Automatical 2SS:
f=1+4e"+e”+ Apet, (48a)
where A1s is a constant to be determined,
ni=pi-t+n) (48b)

satisfying DR
P(pi) = 0. (48c)

Substitute (48a) into the equation (46) and making use of the DR

(48c), we find
P(p1 — p2)
App = ———— L. 48d
2 P(pr + p2) 60
It is Hirota who first found this fact [Hirota-1980].

“automatically”: no extra condition on p; beyond the DR (48c).
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§1.4.2 Other cases
Example [Hietarinta-1987c]

B(Dy)G - F =0, (49a)
A(Dy)(F-F+€G-G)=0, (49b)
where A is an even polynomial and e = +1. 1SS;
F=1, G=e" m=pi-t+n,
where 7 satisfies DR: B(p1) = 0. One type of 2SS of (49) is:
F=1-Ape"™ G=¢en+ e, (50a)
where n; = p; -t + 77,(0) satisfies DR B(p;) = 0, and

A(pl - p2) (50b)

Aip = —¢ .
2 A(p1 + p2)
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Not any bilinear equation (system) automatically admits a 2SS.
Example [Hietarinta-1988]:

B(D:)G - F =0, (51a)
A(Dy)F - F = 2¢|G?, (51b)

where A is an even polynomial, F € R(t) and G € C(t). It has
1SS:
F=1+aentm, G=e¢n

where 3 = p1 -t + 17&0), p e Cs, ngo) € C, B(p1) =0,
a= A(Pl_i‘:l)l*)y * stands for complex conjugate, |G|?> = GG*.
However, its 2SS does not exist automatically.
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§1.5 Hirota’s integrability and 3SS condition
Hirota integrable:

Take the KdV-type bilinear equation (46) as an example:
P(Dy)f - f =0, (52)

it is said to be Hirota-integrable if for all positive integers N it has
NSS of the form

N
f=1+ 52 el + {finite number of higher-order terms in €},
i=1
(53)

without any further conditions on the parameters p; beyond DR
P(pi) = 0. (54)

Note: 1SS-condition (e.g. DR).
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Hirota's NSS for KdV-type bilinear equation (52) [Hirota-1980]:

f= Z exp Zﬂﬂlj+ Z Hikjdij | (55a)

pn=0,1 1<i<y

where n; = pj-t+17 ()

P(pi — pj)

P|:O7 a’J:AI:— R
P =0 e = = h i)

(55b)

and further than that, the following condition is needed:

N
Z P(Z Ujpj) X ( H U,'JJ'P(J,'pi — Ujpj)) =0. (56)

o==+1 j=1 1<i<j<N

This condition holds automatically for the N = 2 case.
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Example: Having 3SS but not Hirota integrable: [Hirota-1973]

(2+1)-dimensional sine-Gordon equation

Pxx T Pyy — Pt = sin , (57)
transformation
© = 4arctan %, (58)
bilinear form
(DI +D;—D})g - f = gf, (59a)
(DZ+D;—D})(f f—g-g)=0. (59b)
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2SS automatically (see (49) and (50)), and its 3SS reads

f=1+ A12e771+772 + A13e771+773 + A23e’72+773, (608)
g =eM+ e 4 eB + ApAzAyze™ B, (60b)
where
4. v (0)
ni = aix + by —cit+n; 7, (60c)
DR: a? +b? —c? =1, (60d)
A (=3 + (b= b)* — (¢ — g)° (60¢)
P (@t )2+ (bt b)? = (6 +g)*
and an extra condition is needed:
day d2 as
bi by b3 |=0. (60f)
1 G 3
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Hirota's question in [Hirota-1980]:
For the KdV-type bilinear equations: “Under what conditions
does P satisfy the identity (56)?"

3SS-condition:
a bilinear equation (system) has a 3SS, and the condition on
each 7; is nothing beyond the 1SS-condition.

Conjecture: 3SS-condition equivalent to Hirota integrable.

Elastic scattering property of multi-solitons:
“Removing a soliton from NSS, the left (N-1) solitons keep
the elastic scattering structure of (N-1)SS".
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Example: KdV-type: elastic scattering behavior of multi-solitons
determines structure of NSS.

KdV-type admits 2SS automatically.

Removing a soliton: either e’ — 0 or e — o0 .

2SS of the KdV-type bilinear equation (52):

f=1+eM+e”+ Apet™®, (61a)
P(pi) =0, (61b)
P(pi — pj)
A," = — . 6lc
' Pei ) (19

With the requirement of elastic scattering, if no further condition
on p; beyond (61b), 3SS (if it exists) must be
f =1 + e + e’ + e’
+ Alzeernz + Al3e771+773 + A23e773+n3

+ A1pA13Ax3eMm T (62)
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3SS to NSS:

If we start from the 3SS (62) and using the requirement of
elastic scattering once again, we can reach a form for 4SS (if

existing). Continuing such a procedure one can obtain 5SS, 6SS,

Thus, for the KdV-type bilinear equation (52), if we only
require the DR (61b) and elastic scattering property, its NSS (if it
has) can only be the form (55), i.e.

f= Z exp Z:U’jnj+ Z Hitjdij | - (63)

pn=0,1 1<i<y
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3SS-condition:

Jarmo Hietarinta found that the KdV-type bilinear equations
that satisfy 3SS-condition are: [Hietarinta-1987]

(D§ — 4DyD; +3D])f - f =0,

(D3D; + aD? + D;D,)f - f =0,

[DxD¢(DZ + V3D Dy + D?) + aD2 + bDyD; + cDZ)f - f =0,
(DS +5D2D, — 5D? + D,D,)f - f =0,

etc., where, a, b, ¢ are arbitrary constants.
Further reading: [Hietarinta-1987,1988]
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§2 Bilinearity and Transformations
62.1 Bilinear identities

The following equality holds:

Dl(eD2a - b)- (e Ds . d)
1
3

_ 3D D3)( (D2+Ds)+Dx | d)- (e %(D2+D3)*ch-b), (64)

where D; = ¢;Dy + 0; Dy, €;,0; € R, and a, b, c, d are sufficiently

smooth functions of (x, t).
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Example 2.1.1: Taking Dy = D3 in (64) yields
ePr(eP2a. b) - (eP2c - d) = (eP*™P1a- d) - (eP27Pic - b).  (65)

Next, taking Dy = Dy, D, = Dy in (65) and expanding the

exponential functions of both sides, we have
(14+6Dx+--)[(14+eDx+---)a-b)]-[(L+eDg+---)c-d)]
1
= [(1+(5+5)DX+§(s+5)2DX2+---)a~b)]
« [(1—|—(a—5)DX—|—%(5—6)2D§+---)c-d)].

The coefficient of the term ¢ leads to a bilinear identity

Dy[(Dxa-b)-(cd)—(Dxc-d)-(ab)] = (D?a-b)cd —(DZc-d)ab. (66)
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Example 2.1.2: Taking Dy = D3, b= c,d = a in (64) yields
ePr(eP2a. ¢) . (eP2c-a) = (eP2™Pra. a) - (P2 Pic. ).  (67)

Then we take D; = eD,, Dy = 6Dy, and from the coefficient of £

term in the expansion we find
2D, (D;a - c) - (ac) = (DxD:a - a)c2 — (DxDyc - c)az; (68)
from &* term we find

2D, [(D2a-c)-(ac)—3(D?a-c)-(Dxa-c)] = (Dta-a)c® — (Dic-c)a*.
(69)
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§2.2 Bilinear Backlund transformations
Bilinear KdV equation (15):

(DyD: + DHf - f =0
Suppose that g is also a solution of (70), i.e.
(D« D: + Dﬁ)g -g=0.
Then
g*(DxD: + DY)f - f — f*(DuDe + Dy)g - g =0,

i.e.

(70)

(71)

(72)

[(DxD:f - f)g® — (DxDeg - g)f?] + [(Dif - f)g” — (Dig - g)f’] = 0.
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Employing the identities (68) and (69), (taking a=f,c = g):

2D, (D:a- ¢) - (ac) = (DyDya - a)c? — (DyDyc - ¢)a®; (68)
2D, [(D3a-c)-(ac)—3(D2a-c)-(Dxa-c)] = (D}a-a)c® —(Dic-c)a°.
rewrite (73) as (69)

2D[(DF + Di)f - g] - (fg) + 6Dx[(Dxf - g) - (DZf - g)] = 0. (74)

Next, introduce D2f . g = Mg, (75a)
where X is a constant, by which (74) yields
2D,[(D3 + Dy + AD,)f - g - (fg) = 0.

Then we can take 3
(D + Dt + 3ADy)f - g = 0. (75b)

(75a,b) compose a bilinear Backlund transformation of KdV.
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Get a solution using BT:

First, taking A = %12 and f =1 (noticing that f =1 is a
solution to (70)), BT (75) =

K

4g,

Exx =
3 2
8t + 8ox + Zklgx =0.

Solutoion
m _m
g=gi=e? +e 2,
i = kix — kK3t + 00 kin eR. (76)

1SS of the KdV: u = 2(In g1)xx-
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Get a solution using BT:

Next, taking f = g1, A = %22, BT (75) —
k2
(D2 — Z2)g (e +e ) =0, (77a)
(D;2’+Dt+§k22DX)g-(e"71 e ¥)=0.  (77b)

Assume

nit+m2 _m+tm

g:g2:a(e 2 +e 2 )—|—ﬁ(e 2

n1—m _m-m

+e 7)),

where 7; is defined as (76) and «, § are undetermined constants.
(77) — a=k —kyand g = —(kl + kg).

For N:
N

aN = Z H 8/(€jkj—6/k1)eézfl'v:15mj , (78)

e=+1 | 1<j<!

where 7); is defined as (76).
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§2.3 Deformations of bilinear BT

Why deformation? Simplify calculation, f =1, g = 1 not solution.
Dif - g = Mg, (75a)
(D3 + D; +3\D,)f - g = 0. (75b)

How? (Keep solutions for KdV.)

f—efif, g—efg, &= PiX+qit+€,(0), pi» i, &% € R. (79)

Tools: Identity (8),
Dy(e'f) - (e2g) = e4¥&[(py — po)fg + Dif - g],
D} (e“1f) - (e%g) = 1 %[(py — p2)°fg + 2(p1 — p2) Duf - g + Df - g],
D3(e%f) - (e%g) = e [(p1 — p2)*fg + 3(p1 — p2)°Duf - &
+3(p1 — p2) Dif - g + D3f - g,
De(e*f) - (e2g) = e %[(q1 — q2)fg + Dxf - g].
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Rewrite BT (75) into
[DF +2(p1 — p2) Dl f - g = [\ = (pr — p2)°]fe, (80a)
{De+ D7 +3(p1 = p2) D5 + [3X = (p1 = p2)°Dx]}f - &

= —[(q1 — q2) + (p1 — P2)*> + 3\(p1 — p2)*]fg.
(80b)

Introducing
2(p1 —q1) =N, A=(p1—p2)? (@1 — ) +4(p— p2)’ =0,
to simplify (80a) to
(D2 + XN Dy)f - g =0, (81a)
and eliminating D2 term in (80b), we reach
(D: + D3)f - g =0. (81b)

(81a,b) compose a deformed bilinear BT of KdV.
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Advantage: more freedom

F=1+Y e g=14> glle (82)

i=1 i=1
(8% + No)(FY —g) =0, (83a)
(0% + XO)(F?) — g®) = —(DF + N D)D) - g, (83b)

(02 + NO)(FO) — g¥) = ~(D2 + ND)(FV - g — FD. ),

(0: + 32)(FM) — gy =0, (83¢c)
(0: + 02)(f® — g®) = —(D; + D3)FW . gV), (83d)
(0r + O2)(FD — g¥) = —(De + D) (FV - gD — £2). g0),
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§2.4 BT and Lax pairs

A bilinear Backlund transformation appears as an equation
system and actually requires compatibility among these equations.

Lax pair is a pair of linear equations of which the compatibility
yields integrable equations.

For the KdV equation (12), i.e.

Uy + 6uuy + Uy = 0, (84)

its Lax pair reads
Oxx + up = A9, (85a)
(z)t = (z)xxx + (3)\ + U)d)x‘ (85b)
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Derive KdV hierarchy

Pxx + UP = A9, (86)
¢t = Ap + Box, (87)
A and B undetermined functions of u and A, (A = 0). From the

compatibility condition (¢ ): = (¢¢)xx we have

(2Ax + Byx)dx + [ut + Axx + 2(A — u)Bx — uxB]¢ = 0,

and then
2Ay + Bex = 0, (88a)
ur = —Axx — 2(A — u) By + uxB. (88b)
Eliminating A (A = —By/2) yields
up=TB—2)\B,, T = %aﬁ + 2u0y + uy. (89)
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1
ur = TB — 2\B,, T:§@+QML+W.

Assume B: B — i bj(22)".
j=0
(89) =
ug = Tb,-”
bj+1,X: Tbj (J:0)1> 7n_1)7
box = 0.

Take integration constants: B|,—o = (4\)". (91) —
bp =2", by =2"u, by, = 2"_1(UXX + 3u2),

bjt1 = 2n_jax_1Lqu7 Jj=01---,n-1,

L=2To ' = 02 + 4u + 2u0; "

L is called the recursion operator of the KdV hierarchy.
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(91a)
(91b)
(91¢)
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The KdV hierarchy:
u, = L"Ko, Ko=ux, (n=0,1,2,---). (93)
When n =1, 2, there are

ur = K1 = Uyxx + 6uty, (KdV) (94a)
Ur = Ko = Ussoox + 100l + 20Uy tiss + 3002 iy, (94b)

When n=1: by =2, by =2u, i.e. B=4\+2u; A= —u,. (87)
—

b = —uxd + (4X + 2u) . (95)
or
Ot = Uxd — (AN + 2u)px, (t — —t), (96)
Pt = brooc + (3A + U)o, (97)
bt = ddxxx + 6UPx + 3uxd. (98)
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Miura's Transformation
U= —vy — v (99)
modified KdV (mKdV) equation:
Vi — 612V + Vi = 0. (100)
Relation:
Up 4 6Ly + U = —(2v + D) (Ve — 6V vy + Vi)

More:

m Miura's transformation <= Schrodinger spectral problem:
A: Galilean transformation (u(x,t) — A+ u(x — 6At, t)),
Cole-Hopf transformation v = ¢y /¢.

B mKdV <= the time evolution part in Lax pair of KdV:
Under the Miura transformation (99) and v = ¢, /¢.
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Miura's transformation to BT [Wahlquist,Estabrook-1973]

Two Miura's transformations: (v — —v):

T=A+ve— V2 u=X\—v— V2 (101)

T+u=2\—v?), U—u=2v,. (102)
Introducing u=wy, t1=wy — w—w=2v —

(W + W)y = 2\ — %(VV —w). (103a)

Next,  wy 4+ 3(W?)s + Woooe = 0, We + 3(W?)x + Waoex =0,
subtracting them each other yields
(W—=w)==3wW—w)(W+ w)x — (W — W),
(# — w)e = 315 — W)l — 6A (W — w) — (W~ W)eer. (103b)
(103a) and (103b) compose a BT for KdV.
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Connection: Bilinear BT, nonlinear BT, Lax pair

Dif - g = Mg, (75a)
(D3 4 D +3\D,)f - g = 0. (75b)
¢XX + u¢ = )‘¢7 (858)
(bt = ¢XXX + (3/\ + U)¢X- (85b)
(W+ w)y =2\ — %(Vv—w)% (103a)

(Vv—w)t:;[(w—w)] A — W) — (i — W)ew. (103b)

u=2(Inf)u, 0=2(Ing)x,
Darboux transformation: U =u+2(Ind)xx, ¢ =

=2(Inf)x, w=2(Ing)x, (105)
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§2.5 BTs and superposition formulas
§2.5.1 Nonlinear BTs and superposition formulas

Find a solution using BT:

. 1
(W+W)X:2)\—§(W—W)2, (103a)
~ 1. ~ ~
(w—w); = 5[(W — W)3]X —6A(W — w)yx — (W — W)y (103b)
Taking w =0 and A = k12, we have
1.

Wy = 2k? — 59 (106a)
_ 1 L
W = E(W?’)X — 6k12WX — Wi (106b)

From (106a) we assume
w = 2k tanh(kx + c(t)),

where c(t) is undetermined. (106b) == c(t) = 4kt + 17:([0).
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Nonlinear superposition formula:

~ 1,
(W+ w)x =2\ — Q(W —w)?,

(7~ w)e = ]

1
(w1 + w)x =2M\ — E(Wl —w)?,

1
(wa + w)x =2X — §(W2 —w)?.

1
(wig + wi)x = 22X — 5(”&2‘— wi)?;

1
(W21 + W2)X =2\ — E(Wm — W2)2.
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(W — w)?] — 6A(W — W)y — (W — W)

(103a)

(103b)

(107a)

(107b)

(108a)

(108b)




wi

w w12 = wor?

w2

Figure: Permutability property of BT

Eliminate w; x from (107a) and (108a) and we reach

1 2(A1 — A
W1:*(W12—|—W)—|—M

I — .
5 pr— + [In(wi2 — w]x

Substituting it into (108a) we find

M+ do =(waz + why + lIn(waz — w4 SlIn(wiz — )2

2, 2(A1— A2)?

1
+ g(W12 —w)" + (w2 — w)2’ (109)
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From (107a) and (107b) we have
(w1 — w2)x = 2(A1 — X2) + %(Wl — wo) (w1 + wo — 2w);
and from (108a) and (108b) we have (noticing that w1 = wa1)
(w1 — wo)x = —2(A1 — \2) + %(Wl —wo) (w1 + wa — 2wy3).

Eliminating derivative terms from them yields

4(A1 — A2) = (w1 — wo)(wi2 — w), (110)
4(N1 — A\
wis — w4 T A)
Wi — wo

Viewed as a discrete equation: (with 3D consistence)

(Wn+1,m - Wn,m—|—1)(Wn,m - Wn+1,m+1) = q2 - p27 (111)

p and g are spacing parameters of n- and m- direction.
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§2.5.2 Bilinear BT and superposition formula

D2f - f = AfF, (112)
(Df = M)f - A =0, (113a)
(DF = X2)f - =0, (113b)
(D2 = Xo)fi - iz =0, (113c)
(DZ = M)f - for = (113d)

fi
f fio =
x /
2 h 1

Figure: Permutability property of bilinear BT. (w = 2(Inf), )
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Now, ffip x (113a) — ff x (113d) yields
(D2f - f)fhfip — (D2fy - fi2)ff, = 0; (114)
meanwhile, using bilinear identity (66) we have
(DZf-)fafio—(D3ffi2)fh = Dil(Dxf-fi2)-(if2) ~ Du(fo- o) (ffi2)].

—
Di[(Dxf - fi2) - (fif2) — (Dxfa - f1) - (ff2)] = 0;

Switching indices: 1 <> 2, yields
Di[(Dxf - fi2) - (fif2) — (Dxh - f2) - (ff12)] = 0.
Adding and subtracting each other yield, respectively

Du(Dxf - fi2) - (Af2) =
Dx(Dxfl . f2) . (ff12) =
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Dy (Dyf - f12) - (Af2) =0,
Dx(Dxfy - f) - (ff2) = 0.
Then, noticing the property Dyg - g = 0 we can take
Dyf - fip = afifz, (115a)
D.fy - i = Bfhy, (115b)
where «, 5 € R. These two equations together compose a
nonlinear superposition formula for the bilinear KdV equation (15).

To nonlinear superposition formula (110):
(D«f - fi2) X (Dxf2 - ) = afffifafio.
Then introducing w = 2(In f),, we reach

(w — wi) (w1 — wp) = —af. (116)
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Notes:

m Backlund Transformations:[C. Rogers, W.K. Schief-2002]
[Robert Prus and Antoni Sym-1998]

m Bianchi (habilitation thesis-1879): A purely geometric
construction for pseudospherical surfaces was reformulated in
mathematical terms as a transformation B
(parameter-independent).

m Bicklund (1883): Published details of his celebrated
transformation B, which extends Bianchi's construction and
allows the iterative construction of pseudospherical surfaces.

m Lie (1883): Connect Bianchi's transformation and Backlund
Transformation. B, = L 1BoL,.

m Bianchi (1885): Showed BT to be associated with an elegant

invariance of the sine-Gordon equation.
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Notes:

m Backlund Transformations:[C. Rogers, W.K. Schief-2002]
[Robert Prus and Antoni Sym-1998]

m Bianchi (1892): Demonstrated that the Backlund
Transformation B, admits a commutativity property
B,,B,, = B,,B,,, a consequence of which is a nonlinear
superposition principle embodied in what is termed a
Permutability Theorem.

m It was neither Bianchi nor Backlund who was the first to write
down the special Backlund transformation for the sine-Gordon
equation. It was the great French geometer Gaston Darboux
(in 1883).
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Darboux found (1883) that if # is a solution of sG equation
0y — 0, =sinfcosb,
and ¢ satisfies
¢y + 0, =singcosl, ¢, +60,=—cospsind, (117)

then ¢ is a solution of sG equation ¢, — ¢, = sin ¢ cos ¢.

Backlund constructed the transformation:

¢u+ 6, = (sinpcosf + sino cos ¢sinf)/ cos o,
¢y + 0, = (—cospsinb + sinosin ¢ cosf)/ coso,

where o is an arbitrary parameter. When o = 0 it is (117).
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Notes:

m Mathematicians:

m Jean-Gaston Darboux: French, (14.08.1842-23.02.1917)

m Marius Sophus Lie: Norwegian, (17.12.1842-18.02.1899)
m Albert Victor Backlund: Swedish, (11.01.1845-23.02.1922)
m Luigi Bianchi: Italian, (18.01.1856-01.06.1928)

m Story from R.M. Miura

m Superposition formulas and quadrilateral equations
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§2.6 Vertex operators

§2.6.1 Vertex operator of the KdV equation
7n = f: NSS of the bilinear KdV.
Bilinear BT: 7y — Ty
Vertex operator: Ty11 = eCN+1X(kN+1)TN.

Rewrite the KdV equation (by t — —4t) as
4up — OUUy — Uy = 0.
Transformation
u=2(InT7)xx,
bilinear KdV equation is

(4DxD; — D)7 -7 = 0.

tp = x, t3 =t:
(4D1Ds — D)7 -7 = 0.
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(118)

(119)

(120)

(121)




NSS:

N N
TN= ) exp QZMJ(CJ+CJ-(O))+ > wimiag |, (122a)

n=0,1 j=1 1<i<y
o
L 2i4+1, . i — A.. — ! J

CJ-(O) € R. Infinite coordinates (ti, t3, ts, - - - ).

The above 7y can be written as

o))z

i<j
where ¢; € R, I ={1,2,--- N}, J is a subset of /.
J=o = "1", J={i} — c; e,
J={1,2} - 1At e) L . When N = 2,

=1+ C1€'2Cl + C262€2 + 1A e2(G+@),
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For the T function defined by (123), there is

N4l = en1X(kni1) (124)
X(k) = *¢(th) e‘2€(5’k_1), (vertex operator) (125a)
C(t7 k) = Z k2j+1t2j+1? t= (t17 t3, t5, - - )7 (125b)
j=0
= 03 0Os
b= (al, ) ) 9; = 0. (125¢)

Notes: (125a) was constructed by [Lepowsky, Wilson-1978], who
also found the operator is isomorphic to affine Lie algebra Agl).
[Date, Kashiwara, Miwa-1981] found the connection (124), which

led to the work on transformation groups and integrable systems.
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We prove this theorem through some lemmas.

Lemma

Va, k € R, there is
eX @k NF(t) = F(t + ac(k)),
where

The proof is obvious.
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Lemma

—ac(=(p)a) — (P—9N?
e4(=(P)a) — (p+q) . (127)
Proof:
P=a\ _ 1 B
'n(p+q> =In(1—-gq/p) —In(1+q/p)
;JPI J.Z:;( Y JP
o0 2j+1
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Lemma

2000, ki) g2¢(t k) — Ajjes(tk) o200 k71 (128)

Proof:
o200, k1) g2€(t.k) f(t)
—e2¢(t=2e(k)K) £(t — 2¢(k;))
— e20(tK) g=4¢ (e(ki) k) =26 (D, kffl)f(t)

A2k 20k (),
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Another expression for (128): A = —2((5, ki_l), B = 2((t, kj),
[A, B] = —4((e(ki), ki) = In Ajj, (129)

Noticing that [02r41, tost1] = drs, we have

1 2r+1
[A, B] = —422 7o+ 1 k25+1 [025+1, tort1]

r=0 s=0
k2r+1

1
= 2225—1—1[(25“ r,s

r=0 s=0

2r+1
1k

= - Z or + 1 k2r+1 = _4C(5(ki)7 kJ)

Then, using (129), (128) can be written as

eheB = A BleBeA (130)

Da-jun Zhang, Shanghai Univ Bilinear and Integrablity



Lemma

For the vertex operator X(k) defined by (125a), there is

X(k)X (k;) = AyjeCtk)+C(tk)) g=200. k) e=2@. 47 (131)

Proof:
Using formula (128), we find
X (k)X (Kj) = eX(0k) @=200. k) 20 (1:k)) =240, k™)

= (k) 4 @20(6H) =200 k) o= 2C(D K1)

)

which is (131).
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Lemma

(X(k))?=0, (132)
eX() = 1 4 eX(k), (133)

X(ks) - - X (k2) X (k1)

(H A,J)exp(ZZC >exp< ig("é, kj_l)); (134)

1<i<y j=1

X(k)ol = etk (135)
X(ks) -+ X (ko)X (H A,,)exp( > Lt k)>
1<i<j J=1
(136)
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Examples:

= e X(k)g1 — (1+ aX(k))ol =1+ Cle2C(t,k1)’

Ty = e(:2X(k2)eqX(k1)ol

= (1 + C2X(k2))(]. + C1X(k1))o].
=1 + C1e2<(t)kl) + C2€2C(t’k2) + ClC2A12€2(C(t’k1)+g(t’k2)),

Ty = enX(kn) . gaX(ke) gaX(k) g

= (1 + CNX(/(N)) <o (1 + C2X(k2))(1 + C1X(k1))ol

= eCNX(kN)TN_l.
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§2.6.2 Vertex operator of the KP(ll) equation
Rewrite the bilinear KP(II) (27) as (121):

(4D1D3 — D} —3D3)7 -7 = 0. (137)

Its NSS(37) is

Wy Kq ) (HJ A)p (z; 5)] (1362)

i<j
where ¢; € R,
=, i ) (pi — pj)(gi — q;)
&= (pj—qti, e’ =A;= , (138b)
! Z; s T (pi—q)(ai — py)

| stands for the set | = {1,2,---, N}, J is a subset of /.
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For the T function defined by (138a), there is

N1 = enrX(Prrnania) (139)
where
X(p, q) = eStP)=€(ta) o=(6@.p~H)-6(@,a71), (140a)
£(t, k) = i Kt, t=(t1,tats, ), (140b)
=0
o= (1, %, %, o)y 9= 0y (140¢)
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Further reading:

R. Hirota, The Direct Method in Soliton Theory (in English).
Cambridge University Press, 2004.

T. Miwa, M. Jimbo, E. Date, Solitons: Differential equations,
symmetries and infinite dimensional algebras, Cambridge University
Press, 2000.

M. Jimbo, T. Miwa, Solitons and infinite dimensional Lie
algebras, Publ. RIMS, Kyoto Univ. 19 (1983) 943-1001.
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Thank You!

Da-jun Zhang
Dept of Math, Shanghai University
djzhang@staff.shu.edu.cn
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