Punjab University
Journal of Mathematics (ISSN 1016-2526)
Vol. 49(1)(2017) pp. 103-124

Spinor Representation of Finite Rotations of SO(4)

Muneer Ahmad Rashid (Rtd.)
Department of Mathematics
National University of Science and Technology (NUST), Islamabad
Email: muneerrshd@yahoo.com

Ansaruddin Syed
Department of Mathematics
Jinnah University for Women, Karachi
Email: ansaruddinsyed@gmail.com (corresponding author)

Received: 09 August, 2016 / Accepted: 24 October, 2016 / Published online: 23
January, 2017

Abstract. Following the work of C. B. van Wyk on the Lorentz
group SO(3,1), we first express a general finite rotation of SO(4)
in terms of 2 ordinary (3-dimensional) vectors @ and b satisfying
certain conditions and then using the homomorphism of SU(2) x
SU(2) onto SO(4), we express the same rotation in terms of a pair
of 2 x 2 matrices, again determined by the same pair of vectors a
and b. This is extremely useful as it allows one to convert the 4 x 4
matrix multiplication of elements of SO(4) into the 2 x 2 matrix
multiplication of elements of SU(2).
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1. INTRODUCTION

In a rather old paper, van Wyk [4] considers finite orthochronus Lorentz trans-
formations, and describes them in terms of an antisymmetric 4 x 4 (complex) matrix
U whose elements are determined by 2 ordinary 3-dimensional vectors a and b. He
then shows that any pair of vectors a and b satisfying certain conditions, and a pair
of angles 6 and ¢, uniquely determine a Lorentz transformation which he denotes by
A1(a,b,0,¢). Then using the well known 2 - 1 onto homomorphism of SL(2,C) to
SO(3,1), he obtains the spinor representation of the above Lorentz transformation
in terms of the same vectors and angles, i.e., a, b, 0, ¢.

This allows him to calculate the products of Lorentz transformations which are

needed in various branches of Physics, and which are obviously products of 4 x 4
matrices, in terms of their spinor representatives which are, of course, products of
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2 x 2 matrices, and therefore much simpler to evaluate. He then illustrates the
utility of this procedure, by a large number of examples. The aim of the present
paper is to show that the same procedure can be carried out for SO(4) by using
the homomorphism:

SU(2) x SU(2) — SO(4).

We therefore start with the discussion of representation of finite elements of
SO(4) in terms of a pair of ordinary vectors a and b.

2. FINITE ROTATIONS OF SO(4)

We consider R € SO(4) to be an orthogonal transformation in the 4-dimensional

space R*, whose elements will be denoted by
T = (xla x2,I3, x4)T = (wv x4)T
where
T = (z1,79,73)"

is an ordinary vector in the usual 3-dimensional physical space R2. We use the
standard convention that Greek indices A, u, v, ..., range over 1, 2, 3, 4, while the
Latin indices i, j, k, ..., range over 1, 2, 3. In analogy with van Wyk [4], given any
two real vectors a and b satisfying

a’+b>=1, ab=0,
we define a 4 x 4 real anti-symmetric matrix U and its dual UP, by

0 —as ag b1

o as 0 —ai b2
(1&) U= —as ai 0 b3 ’
—by —by —bs O
(1b) UL, = Y2 €upoUpo,
0 bg —by —aq
—b 0 by —a
D __ 3 1 2
(1c) =U" = by —by 0 —as
ay az as 0
Then
—CL% — a% — b% ai1ag — ble ajas — blbg —a3b2 + a2b3
2 ai1a — blbg —a% — CL% — b% az20a3 — b2b3 a3b1 — a1b3
(2) U”= 2 2 2 )
ajaz — b1bs asass — babs —a5 —ay — b3 —agb1 + a1by
—asby + asbs asby — a1bs —agby + a1bs —b% — b% — b%
and it is easily checked that
(3) U= —u, UP’=_yP, vuP=0=U"U.
It follows that
03 65 6%  o*
Uue _ _ 2 2 202 _ 2
e’V =T1+U(0 3!+5! ...)+U(2! 4!+...)
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ie.,
(4a) eV’ =T+ Usin® + U?(1 — cosb).
(4b) Similarly eV"? = I+ UPsing + UP>(1 — cos ¢).

We now define
(5a) A = Ai(a,b;0,¢) = V0TU"0 = (U0 U790
= Ai(a, b;0,0)A1(a, b; 0, ¢);
Clearly
Ay ={T+Usinf+U?*(1 —cos ) H{I + UPsin¢ + (UP)?(1 — cos $)}
(5b) =T+ Usind +U?(1 —cosf) + UP sin g + (UP)?(1 — cos §).
As it is easily checked that

(BUG)(EUO)T =] = (6UD¢)(6UD¢)T

we conclude that
MAT =MTA =T
i.e., Ay is orthogonal; this leads to
1 =det(A1A;7) = (det Ay)? = det A} = +1.

Now det I =1 and A; is obtained from I by a continuous process = det Ay = 1;
hence A; € SO(4) i.e., A; is a 4-dimensional finite rotation. Then, just as Wyk [4]
argues, the fact that A; depends on 6 independent parameters, means that it can
be regarded as the most general finite rotation in 4 dimensions.

We now consider two important special cases:

I. A(a,0;0,0).

If Uy stands for Ulp=g, then

A1(@,0;0,0) = e¥? = T 4+ U, sin@ + Up?(1 — cosb).

But
0 —ag ay 0
nel o 8
0 0 0 0
1 0 0 O a1? aias ajas 0
SO0 o o |t | e,
0 00O 0 0 0 0
so that
(Up)rs = —€rstay by explicit checking,
(U)rs = —0rs + aras by inspection,

= (A1)rs = Ors — €rsrar sinf + {(=d,s + aras)(1 — cos0)}

= bps o8l + aras(l — cosf) — €q5¢a; sin 6.
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As
(A)ra = (A1)ar =0, (Ap)aa=1,
it follows that
(68“) Al(av 0; 03 O) = R(d, 0)
by Carmeli [2], where the RHS is the usual rotation by an angle 6 about the
axis along a in the 3-dimensional physical space spanned by vectors of the
form (1,22, 23,0)7.
II: Ay(a,0;0,9).
Again, if UP = UP|p—9, we will have
A1(@,0;0,6) = €U ® = T+ UP sing + (UP)*(1 — cos ¢),
where
0 0 0 —aq a12 ajaz aias 0
D _ 0 0 0 —as9 D\2 _ a1as a22 aoa3 0
Ub o 0 0 0 —as = (Ub ) - ajas asgas a33 0
ay az ag 0 0 0 0 1
Hence
(A1)rs = 0rs — aras(1 — cos @)
(Al)r4 = —a, sin ¢, (A)47" = a,sin ¢,
(A1)aa =1—-1.(1 —cos¢) = coso.
As is shown in Appendix A, this means that
A1(a,0;0,¢) = a rotation by an angle ¢ in the((a,0),i4) — plane
(6b) = R(((d70)7l4)7¢)7 (saY)'

Note from the explicit expressions for U and UP, that
UP(a,b) = U(~b,—a) = U(a,b) = U”(~b, —a),
and this leads to
Ai(a,b;0,6) = Ai1(=b, —a; ¢, 0).

3. a,b,0,¢ IN TERMS OF MATRIX ELEMENTS OF A

From Equations (1), (2), and (5b), we have

(7a)

Set

and

(7b)

TrU=Tr UP =0, TrU2=Tr UP? =2

Tr A; = 2(cosf + cos @)

1
M = 5(A1 — M) =Usinh 4+ UPsin¢

=Tr M=0, M?=0U2%sin?0+UP”sin?¢,

Tr M? = —2(sin? @ + sin® ¢).
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To find 6 and ¢, we note that (7a) and (7b) lead to
2cosf cos p = i(Tr Ap)? - %Tr M? -2

which, when combined with (7a), gives

1/2
1
(7¢) cos@—cos¢:{4+Tr MQ—Z(Tr A1)2} .
(7a) and (7¢) obviously give us
1 1 1 2
(8a) cos0:1Tr A1+2{4+Tr MQ—Z(Tr A1)2} ,
1 1 1 v
(8b) cos¢4T7'A12{4+Tr szZ(Tr Al)z} .
Next, for a, b, we start with
Uij = —€ijkak,  Usj = —=bj,  Ujs=1by, Ui =0,
U;?:Eijkbk, UEZ(ZJ', Ufi:—aj, Uﬁ:(),

which, after a bit of calculations, give

1
—€jkmMpm sin@ = (—a; sinf + b, sin @) sin 6,

2
M;ysin¢ = (bjsinf — a; sin ¢) sin ¢,
and so, we get
1
9a a; = (sin®? 0 —sin? @) 1 | —=€;kmMpm sin@ + Miysing | ,
J o€ J
1
9b b: = (sin®6 — sin2¢> =€ mMim sing + M;4sinf | .
j o€ J

4. SIGNIFICANCE OF THE COMMUTATIVE FACTORS Aq(a, b;6,0) AND
Al (CL, b7 07 ¢)

To obtain the significance of these factors appearing in the definition of
A1(a,b; 0, ¢), we first consider the case b = 0, when we have

A1(a,0:0,4) = A1(a,0;0,0) Ai(a,0;0,0).
But equations 6(a, b) say that
Al(d7 07 97 0) = R(&v 9)

= a rotation by an angle 6 about the axis along a in the 3-dimensional physical
space spanned by vectors of the form (1, z2,z3,0)%

=a rotation by an angle 6 in the 2-plane of R* which is orthogonal to the 2-plane
((a,0),44) and which keeps this plane invariant, while

Al (d7 07 07 ¢)

= a rotation by an angle ¢ in the ((a,0),i4) plane which obviously keeps the 2-plane
orthogonal to it i.e. the 2-plane in which the rotation R(a, 6) takes place, invariant,
so that Aj(a,0;6,¢) is a commutative product of these two rotations. The case
a = 0 is also covered by this discussion as Ai(a, b;0,¢) = A1(—b, —a; ¢,0) by the
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equation immediately before Section (3). Finally, in the case when neither a nor b
is zero, we define the following four 4-vectors

=[5] o e=[e]
D:{dxby E:{axf)}
—b
which can be easily verified to satisfy
A A=B.B=D.D=E.F=1,
AB=AD=AF=BD=BFE=D.FE=0,

= A, B, D, E form an orthonormal set of vectors of R,

UA=0=UD, UB=F, UF = -8B,
UPA=D, UPD=-4, UPB=0=UPE
Let us find the action of Ay on the vectors A, B, D, and E. As UA = 0, we will
have
Av(a,b;0,0)A = (I+UPsing+ uP? (1 —cosg))A
=A+ Dsing — (1 —cos¢p)A
ie, Ai(a,b;0,0)A = A1(a,b;0,¢)A = Acos ¢+ D sin ¢;

similarly, we will have:

Ai(a,b;0,¢9)D = A1(a,b;0.9)D = —Asing + D cos ¢

Ai(a,b;0,0)B = Ai(a,b;0,0)B = Bcosf+ Esind,

Ai(a,b;0,90)E = A1(a,b;0,0)E = —Bsin6 + E cos 6.
As we easily see that

Al(a,b;G,O)A = A7 Al(a,b;97O)D =D
Ai(a,b;0,90)B=DB, Ai(a,b;0,0)E=F
we conclude that Aq(a, b;6,0) is a rotation by an angle  in the 2-plane spanned

by {B, E} and it keeps the { A, D}-plane invariant, while A;(a, b;0, @) is a rotation
by an angle ¢ in the {A, D}-plane and it keeps {B, E}-plane invariant, and that
Ai(a,b;0,¢) is a (commutative) product of these two rotations. Thus, we have re-
derived the general result that an element of SO(4) consists of a pair of rotations in
two mutually orthogonal 2-planes of R*; however, we now have far more information
than before as the angles of rotation and the configurations of the 2-planes are
now immediately given by the parameters a, b, 0, ¢, while earlier, these had to be

obtained by a process involving the solution of the eigenvalue problem of the matrix
A

5. REPRESENTATION OF ROTATIONS BY UNITARY MATRICES

It is a well known fact that there exists a 2-1 onto homomorphism SU(2) x
SU(2) — SO(4) which allows one to represent rotations of SO(4) and various alge-
braic operations on them by pairs of unitary matrices and corresponding operations
on these matrices. As multiplying 2 x 2 matrices is much simpler than doing the
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same with 4 x 4 matrices, it appears worthwhile to study the above relationship
in detail. A particular concrete homomorphism of SU(2) x SU(2) onto SO(4) is
constructed in Appendix B, according to which corresponding to every pair (V, W)
of unitary matrices, there exists a rotation R = R(V,W) € SO(4), given by

(10) R, = %Tr (Va,Wtp,)
where

o; =17, 7; are the Pauli matrices,

o4 =e, the 2 x 2 unit matrix
and

pu = (_Ui7 04) = (_Ua04) = O-;,L+;
the inverse of (10) are given by
Ruoupy
(R,uuRHAO—,upuU)\pn)l/z
Tr R+ (Rar — Rka — Rij€iji)pr
4+ (Tr R)? —Tr (RR) — 2(Rar, — Rra)Rijeiji)/?’

+V =

(11a) =

Ryvpvoy
(RuuRnApuJVp/\Un)
Tr R+ (Rar — Ria — Rij€jir)pr
[4 + (Tr R)2 —Tr (RR) + 2(R4k — Rk4)Rij€ijk]l/2.

+Wt =

1/2

(11b) =

Thus, corresponding to every rotation Aj(a,b;8,¢) of SO(4),there will be two ele-
ments

:l:AZ (a’7 b7 97 ¢) = :l:(V((I, b7 9, (b)) W(a? b7 9) ¢))

of SU(2) x SU(2) which represent the above rotation spinorially in the sense that
any operation performed on rotations, which takes A;(a, b; 0, ¢) to A1(a’,b’;0',¢'),
will also take As(a, b; 0, ¢) to Ax(a’,b';0',¢").

Just as we have explicit expression (5b) for Aq(a, b; 6, ¢) in terms of a, b, 8, ¢, we
need explicit expressions for As i.e., for V(a, b; 0, ¢) and W (a, b; 0, ¢) also. To obtain
these, we first consider the special cases of the rotations A1(a, 0;6,0), Ai(a,0;0, ),
whose matrix elements have already been obtained, and then find A, for another
couple of simple rotations which, when taken together, indicate to us the general
expressions for V(a, b; 0, ¢), W(a, b; 0, ¢).

I. A1(4,0;0,0) = R(a,0) :
Here the matrix elements are given by
R4y =1, Ryi = Ris =0,

R;; = 6;5cos0 + (1 — cosb)a;a; — €;j,arsinb;
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these lead to
Tr R=4co0s?0, Ruay— Rja=0,
Rij€ijupr = —4sinb/2cosf/2 a.p,
Tr (RR) = 4cos? 0,
so that we get
4cos?0/2 + 4sinf/2cos /2 a.p
(4 + 16 cos? 0/2 — 4 cos? 0)"/2
ie, £V =cosf2+sinf2 a.p.

+V =

This agrees with Macfarlane’s [3] Equation (85) if we note that
p = —o = —iT, 7; = Pauli matrices.
As
Rijﬁjik = _Rijeijlm
these also give

_ 4cos?9/2 —4sinb/2cos9/2 a.p

+W+

4 cosb/2
ie. Wt =cost/2 —sinf/2 a.p=VTas p™ = —p.
Thus in this case
(12a) V(a,0;6,0) = W(a,0;0,0) = cos9/2 — isin9/2 a.r.
This leads to
(12b) V(a,0;6,0) = W(a,0;6,0) = e~ a7/2

as using the fact that

we get

ifan 0. 1 0N\? 1 ./6\" . 1 /6\*
(13) e '? —1—22(11.7')4—2!.—(2) —|—§.z <2) (a.T)—|-4!(2>

ei()) @

(14) = eI T = cos /2 —isinb/2 a.7.

II. Ay(a,0;0,¢) = R(((a,0),44), ¢)
Here, the matrix elements are

Rys = 6rs — aras(1 — cos ¢),
R,4 = —a,sin¢, Ry = a,sin ¢,
Ry4 = cos 9,
which lead to
Tr R=4cos?9/2, € Rijpr =0, Rayr — Rika = 2aising,
Tr (RR) =4cos® ¢, (Rup — Rya)Rijeijn =0,
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so that

4cos® 9/2 4+ 2sin¢ a.p
(4 + 16 cos* ¢/2 — 4 cos? ¢)"/2
= cos¥/2+sin¢/2 a.p

+V =

= cos¥/2 —isin%/2 a.7
+WT = cos /2 +siné/2 a.p

= cos ¢/2 — isin®/2 a.1,

(15) = V(@,0;0,¢) = W*(a,0;0,¢) = e *7/2,
A little bit of additional calculation shows that

3 J .. ) _J i o
—,~=,0,0) =cosf/2—isinf/2 ST =€ 2V,
(\f V2 ) V2
v g it —ig ik
W( T = cosf/2—1i sinf/2 T =€ 2Var,
V2 V2 ) V2
4 .7 .. 1 — _7 _i%izd .
VII—, &%= =cos¢/2 — i sin¥/2 T=e vz
(75 75700) = o A
(] o i+J jbitd o
—, —= = cos ¢/2 + i sin®/2 T =€ 2 V2
W (7 d0) =i s
Hence, just as van Wyk does, we generalize these to
(16a) V(a,b;0,0) = cos¥/2 — i sinb/2(a — b). T = ei3(a=b).m
(16b) W(a,b;0,0) = cosf/2 —i sinf/2(a + b).7 = ei3(atb).
(16¢) V(a,b;0,¢) = cos¢/2 —i sin¢/2(a — b).T = e*’%(a*b)"",
(16d) W(a,b;0,¢) = cos®/2+i sin¢/2(a + b).T = ei%(‘”b)”;

these determine Ay(a, b;0,0), Asx(a, b;0,¢), and hence As(a, b; 0, ¢).

6. APPLICATIONS

Following van Wyk, we now illustrate the usefulness of the spinorial representa-
tion by considering a number of examples.

I. Product of two ordinary (physical) rotations.
Let us start with two ordinary rotations.

R(a,0) = A1(a,0;60,0),  R(b,¢) = A1 (b,0;0,0);
their product will be

A1(a,0;0,0)A1(b,0;¢,0) = Ay (c, d; €,7), say
= Al (C, d7 57 O)Al ((37 d7 07 77)

= AQ(du O; 67 O)AQ({)’ 0; ¢7 0) = AQ(Cu d; 57 O)A2<c7 d; 07 77)7
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so that in terms of spinor matrices, we will have

(17a) (V(a,0;0,0),W(a,0;6,0)).(V(b,0; $,0), W(b,0; $,0))
=(V(e,d;£,0), W (e, d;€,0)).(V(e,d; 0,m), W(e,d;0,n))

(17b) =V (a,0;0,0)V(b,0;¢,0) = V(e,d;€,0)V(c,d;0,7),

(17¢) W(a,0;0,0)W (b,0;¢,0) = W(c,d; &, 0)W (e, d;0,n)

Using the expressions for V' and W given by Equations (16), and separating
the real and imaginary parts, Equation (17b) will give

cos (6+1)/2 = cos /2 cos /2 — sin 9/2sin ¢/2 (a.b),
sin (64m)/2 (¢ — d) = sinb/2sin ¢/2 (@ x b) 4 cos #/2sin /2 b + sin /2 cos $/2 a
while Equation (17c¢) will give
cos (§=1)/2 = cos 9/2 cos /2 — sin 9/2sin ¢/2 (@.b),
sin (6-m)/2 (¢ + d) = sin9/2sin ¢/2 (@ x b) + cos¥/2sin ¢/2 b+ sin /2 cos ¢/2 a
These equations imply that
cos (€=n)/2 = cos(€+n)/2 = n=0or { =0.
When n = 0, we will have

siné/2(c — d) =siné/2(c+d) = d=0orc=c¢.

Thus
R(a,0;60,0)R(b,0;$,0) = R(¢,0;&,0)
i.e., R(a,0)R(b,¢) = R(¢,€)
where
(17d) cos§/2 = cos 0/2 cos $/2 — sin 0/2sin ¢/2 (a.b)
(17e) siné/2 ¢ = sinb/2sin /2 (@ x b) + cos b/2sin /2 b + sin b/2 cos ¢/2 a

When £ = 0, one can show that one gets essentially the same result.
II. Product of two rotations in two 2-planes passing through i4-axis.
Here, we obviously have to find the product

R(a,0;0,0)R(b,0;0,¢) = R(c,d; &,1) (say);

then
(18a) (V(d,0;0,0),W(d,0;0,9)).(V(b 0;0,¢), (b,O;O,qb))
:(V(c, d;£,0), W(e, d;&O))‘(V(c d;0,7n),W(e,d;0, 77))
(18b) =V (a,0;0,0)V(b,0;0,¢) = V(e,d;&,0)V (e, d;0,n),
(18¢) V*(a,0;0,0)V*(b,0;0,¢) = W(e,d;€,0)W (e, d;0,1)
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As before, these lead to
cos (§+1)/2 = cos /2 cos /2 — sin b/2sin ¢/2 (@.b),
sin (6+n)/2 (¢ — d) = sin9/2sin ¢/2 (@ x b) + cos9/2sin ¢/2 b+ sin /2 cos ¢/2 a
cos (€=n)/2 = cos /2 cos ¢/2 — sin 9/2sin ¢/2 (a.b),
sin (6-m)/2 (¢ + d) = sin9/2sin ¢/2 (@ x b) — cos¥/2sin ¢/2 b — sin /2 cos ¢/2 a
which in turn give
18) £=0
18e) cos /2 = cos /2 cos ¢/2 — sin b/2sin ¢/2 (a.b),
) sinn/2 ¢ = sin /2 a + cos9/2sin ¢/2 b

18g) sinn/2 d = —sinf/2sin /2 (a x b).

R(a,0;0,0)R(b,0;0, ) = R(c,d;0,7)

where ¢, d, and 7 are given by the three equations above. (Compare these
with Equations (19) of van Wyk). Note that in contrast to the case of product
of two ordinary rotations, the product of two rotations in 2-planes through
the i4-axis, is not a rotation in a 2-plane through the i4-axis, although it is
still a single rotation as £ = 0. We know that R(a,0;0,6) and R(I;,O;O,QS)
are rotations in the two planes

{o]ple]

respectively; the above equation shows that their product is R(c, d; 0, 1) which
is a single rotation in the 2-plane {A, D} where

c
| 0

[ exd ]
C

A= ],&D

and which keeps invariant the 2-plane {B, E'} where

[d _[exd]
p-d] kp] e

It turns out that expressing B and F in terms of a, b, 6, ¢ is relatively simple

and we get
(18h) kB = (a x b,0),
(18i) KE=— {cos 8/2sin ¢/2 + sin 8/2 cos ¢/2 (dl;)} a
(185) + {sin 9/2 cos ¢/2 + cos 0/2 sin ¢/2 (dl;)} b
where

A A 1/2
k:—mxmz—{ywdwﬂ :
k' = ksinn/2.
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III. Product of an ordinary space rotation and a rotation in a 2-plane passing

through i4-axis. R

Here, we have to find ¢, d, &, n in terms of a, b, 8, ¢ if

R(a,0;0,0)R(b,0;0,¢) = R(c,d; £, 1)
= R(c,d;§,0)R(e,d;0,7)

(19a) = V(@,0;6,0)V(b,0;0,¢) = V(c,d; £, 0)R(c, d; 0,7)
(19b) V(@,0;6,0)V*(b,0;0,0) = W(c,d; €,0)W(c, d; 0,7)

siné/2 + sinn/2 = (sin® 0/2 + sin® ¢/2 — sin® ¢/2sin® ¢/2sin” o = 2sin ¥/2sin ¢/2 cos

(19¢)
(19d)
(19e)

(19f)

These lead to
cos é/2 cos /2 = cos 9/2 cos ¢/2,
sin /2 cos 1/2 = sin /2 cos ¢/2 (a.b),
¢ siné/2cosm/2 — d cosé/2sinn/2 = sinf/2cos ¢/2 a,
¢ cosé/2sinn/2 — d siné/2cos /2 = sin ¢/2(cos ¥/2 b+ sin /2 @ x b).

These correspond to Equations (22) of van Wyk. Note that as neither &
nor 7 is fixed, the above equations can be inverted to give a, l;, 0, ¢ in terms
of ¢,d, &, n; this means that an arbitrary rotation R(e,d;&,n) of SO(4) can
always be expressed (at least, in principle) as a product of an ordinary (3-
dimensional) rotation and a rotation in a plane through i4-axis:

R(c,d;&,n) = R(a,0;0,0)R(b,0;0, ¢)

When we try to find out actual values of ¢, d, &, n in terms of a, B, 0, ¢, we are
led to the equations

1/2
)

In principle, these determine sin é/2 and sin /2 explicitly, but the expressions
which involve sum and difference of square roots, will be quite messy and will
lead to even more messy expressions for ¢,d. As these expressions do not
give us any additional insight into the situation, we leave the above four (04)
equations as they are and do not try to solve them for ¢, d, ¢, n. However, it
turns out that the inverse problem of solving them for a, I;, 0, ¢ in terms of
c,d, &, is more promising and leads to reasonably simpler expressions; this
means that we are able to explicitly express an arbitrary rotation R(c,d;&,n)
of SO(4) as a product of an ordinary (space) rotation R(a,8) = R(a,0;6,0)
and a rotation R(B, 0;0, ¢) in a 2-plane through the i4-axis. When we actually
carry out this inversion, we find that

cos9/2 = (c? cos® 1/2 + d® cos® §/2) /a )
cos /2 cos /2
cos ¢/2

ctané/2 — dtann/2
(c? tan? ¢/2 + d? tan? 77/2)1/2 7

cos 9/2

b

d:

b sin ¢/2cos ¢/2 = sin /2 cos /2 ¢ — sin§/2 cos §/2 d — (cos?¢/2 — cos® /2) (e x d).
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IV. Equivalence of R(a,b;0,0) to an ordinary space rotation and of R(a,b;0,6)
to a rotation in a 2-plane containing i4-axis.

We now show that there exist similarity transformations by rotations in
2-planes containing i4-axis, which transform R(a,b;6,0) to R(n,0;6,0), and
R(a,b;0,0) to R(n,0;0,0). We do this by finding one set of @, and ¢ in
terms of a, b, 6 such that

R~ (@,0;0,4)R(n, 0;0,0)R(a,0;0,¢) = R(a,b;6,0),
and another set such that
R~ (@,0;0,4)R(n,0;0,0)R(a,0;0,v) = R(a, b;0,6).

In terms of spinors these take the form

(20a) V(a,b;0,0) = V(w,0;0,—¢)V(n,0;0,0)V(w,0;0,)

(20b) W(a,b;0,0) = W(a,0;0, —)W(n, 9 0)W (@, 0;0,1),
and

(20c) V(a,b;0,0) = V(1,0;0,—¢)V(n,0;0,0)V(w,0;0,¢)

(20d) W(a,b;0,0) = W(a,0;0,—)W(n, O W (w,0;0,),

Equation (20a) gives
cosf/2 —isinf/2 (a — b).7 = (cos¥/2 + isin¥/2 w.T) -
- (cos /2 —isinfb/2 n.7) - (cos¥/2 —isin¥/2 4.7),
which after some straight forward calculations, leads to
a—b=—2sinv/2cos¥/2 & x 7 — (sin® ¥/2 — cos® ¥/2)

+ 2sin? ¥/2 (N4 .

Equation (20b) similarly leads to
a+b=2sin?%/2cos¥/2 4 x f — 9 (sin® ¥/2 — cos® ¥/2) R

+ 2sin? ¥/2 (R4

and so, we get
(21a) a = (cos® /2 — sin® ¥/2) R+ 2sin® ¥/2 (f.d)
(21b) b= —2cos¥/2sin¥/2 (N X @).

When we consider Equations (20c), (20d), they again lead to the same pair
of equations i.e., we have the important result that the similarity transfor-
mation which takes R(a,b;0,0) to R(n,0;0,0) is the same as the one which
takes R(a, b;0,0) to R(n,0;6,0). Now this pair of equations corresponds to
Equations (28), pp-1300, of van Wyk. As our aim is to find n, @, in terms
of a, b, 0, we must invert the above equations. Although van Wyk does not
attempt to carry out this inversion for his Equations (28), saying that it is a
formidable nonlinear problem, recently, Amir and Rashid [1] have been able
to carry out this inversion; we therefore closely follow their method and invert
our Equations (21a) (21b). The first point to be noted is that as a, b satisfy

the two relations, viz, a® + b* = 1, and a.b = 0, they will have only four (04)
independent components, so that (21a), (21b) is a system of only four (04)
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independent equations. As the two unit vectors 7o and @ also have four (04)
independent components, the four (04) equations will determine these two
unit vectors so that ¢ will remain undetermined. This means that psi acts as
a parameter in the sense that corresponding to each value of v, there will be
a similarity transformation which converts R(a, b;8,0) into R(n,0;6,0) and
R(a,b;0,0) into R(n,0;0,0).

The trick used by Amir and Rashid is to convert the nonlinear system (28)
of van Wyk, in 0,7, into a linear system by some simple manipulations. Let
us do the same for our system (21a), (21b). Equation (21b) gives

b* = 4cos? ¥/2sin® ¥/2 | x 4|* = 4cos? ¥/2sin® ¥/2 {1 — (R.a)?}
b2
 4cos? w/2sin? /2

While taking the cross product of the two equations, we get

(22) = (na)’ =1

Wh = (cos® ¥/2 —sin® ¥/2) A x (R x @)
+ 2sin? ¥/2 (R.@) X (R X @)

= (cos® ¥/2 — sin® ¥/2) {(R.@)h — @}
+ 2sin? ¥/2(n.) {n — (.0)a)}

= (n.a)n — {(0052 ¥/2 — sin? 1!)/2) + 25sin? w/z(fL.'&)Q} u

o b? )

using Equation (22). Thus we get a linear system in n and @

(23a) (1 —2sin®¥/2) A+ 2sin® v/2(R.A) 6 = a
b’ axb
23b nau)n — |1 — u | =
(23) (.2)n ( 2 cos? ¢/2u> 2sin¥/2 cos ¥/2’

this means that the system of Equations (21a) (21b), which is nonlinear when
expressed in terms of a and b, becomes linear when expressed in terms of a
and a x b.

The determinant of coefficients is

1—2sin?%/2  2sin® ¥/2(n.a)
A A b2
n.u - (1 ~ 2cos? 11)/2)

which simplifies to —a?, so that the solutions for fi and @ will be

(24a) PR {(1 b ) o+ 322 0 i)(a x b)}

a?  2sin? ¥/2 cos ¥/2

1 1 —2sin?¥/2
24b u=—+(nua— —— b
(24b) TR {(n )a 2sin¢/2cos¢/2(a . )}

where 1.4 is given by Equation (22).
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Consider now an arbitrary R(a, b; 8, ¢); we will have

R (@,0;0,9)R(a,b;0,¢)R(@,0;0,)

= R™'(@,0;0,¢)R(a,b;0,0)R(w,0;0,%)R"(&,0;0,¢)R(a, b; 0, ) R(,0;0,1)

= R(n,0;0,0)R(n,0;0, )

i.e., there exists a rotation in a 2-plane containing ¢4-axis which transforms,
by similarity transformation, an arbitrary element R(a, b;0,¢) € SO(4) into
a product of a pure (ordinary) rotation by an angle 6 and a pure rotation by

an angle ¢ in a 2-plane containing i4-axis.

7. CONCLUSION

We have proved in this paper that the theory developed by van Wyk for the
representation of Lorentz transformation in terms of a 4 x 4 antisymmetric
matrix determined by 2 ordinary (3-dimensional) vectors satisfying pair of
relations, and its use to obtain an elegant spinorial representation of these
transformations by 2 x 2 matrices, which are obviously much easier to deal
with than the 4 x 4 Lorentz transformation matrices, can be extended in
toto, to the 4-dimensional rotations of SO(4). In the process, we are able to
obtain explicitly, the matrix elements of a rotation in a 2-plane which passes
through the i4-axis. In addition, we are also able to extend the abstractly
known fact that an element of SO(4) consists of a pair of rotations in a pair
of mutually orthogonal 2-planes, by trivially obtaining the angles of rotation
and the configuration of the 2-planes in which these rotations take place.
Finally, we have obtained a concrete 2-1 homomorphism of SU(2) x SU(2)
onto SO(4). As a future plan, we hope to extend the whole theory to the

non-compact group SO(2,2).

APPENDIX A

In this appendix, we obtain an explicit expression for the matrix elements of
R((a,0),i4) where a is a unit 3-vector. If the vectors I,m € R* are orthogonal and

normalized, a rotation R in the (1, m)-plane by an angle 6 will take I, m to

Rl =1lcosf + msinf,

Rm = —lsinf 4+ mcos 6.
Writing an arbitrary vector x as
= {z— ()l — (xm)m + (z.1)l + (z.m)m},
we note that

x — (x.)l — (z.m)m
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is orthogonal to both [ and m and hence to the (I, m)-plane, and so, R will leave it
unchanged. Hence, we will get

Rx =z — (z.)l — (x.m)m + (x.l)Rl + (x.m)Rm
=z — (x.l)l — (z.m)m + (z.1)(lcos§ + msin ) 4+ (x.m)(—Isiné
+ mcos )
=z — {(2.0)(1 — cosf) + (z.m)sin O}l — {(z.m) — (x.1) sin
— (z.m) cosf}m
= Rz, =0, — {myly(l —cosf) +x, m, sinH}l# — {xl, my, — 2, l,sinf
— X, My, COS G}n
= Ruy =6 — {l,(1 —cos) +my, sin}, — {m, — 1, sinf — m, cos G}mu
= Ry, =06, — (1 —cost)(l.l, +mymy) + (=l,m, +1,m,)siné
Choose now
m =(0,0,0,1) = 1= (a1,a2,as3,0), a a unit 3-vector
so that R becomes rotation R((a,0),i4), and we get
R;; = 0;; — (1 — cosb)a;ay,
R;y = —a;sinf, Ry; = a;sinb,
Ry4 = cos?,

as the required matrix elements.

APPENDIX B

In this appendix, we construct a concrete 2-1 homomorphism of SU(2) x SU(2)
onto SO(4). Several steps are needed for this construction, which we discuss one
by one.

I. The matrices o, and p,:

We start with the Pauli matrices which we denote by 7;, so that

o a8 ]an [t 3]ae(d 1]
these satisfy
(A-1b) 7; are Hermitian , 72 = 1, Tr 7; = 0.
We set
o =T, & T, = —ioy,
so that
R (P I PR

and these satisfy

(A-2b) 7; are unitary , o7 = —1, 0,7 = —0;, Tr 0; = 0,

i
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(A-3a) 0,0 = —0ij — €ijk0k,
(A-3b) 005 £ 00 = =205, —2€;5,0%,
(A-3c) 0i0j0r = =00k + 0ir0j — 0jr0; + €iji,
(A-3d) Tr (0,05) = —26;5,
(A-3e) Tr (0;050k) = 2€;.

Set now

1 0
op=e= { 0 1 ] )
and

oy = (01,02,03,04) = (04,04) = (0,04),
and then define
(A-4) pu =G00I = (~a,04) = o},
where
¢ =ioy = [ 0 i ] (=g,
—i 0
so that
== ) == (T ==¢ (T ==
It is easy to check that
(A-ba)

Tr (oup0) = 26,0,

1
(A—5b) OuPv = 5#” + S EuvrATRPN

2
1
(A-5¢) Puoy = O — 2 EnrRAPROX
(A-5d)
OpPv + OvPu = 25,“,, EpvrAT kPN,
(A-5e)

Pulv + PO, = 26;w7 EpveAPrI N,
(A-5f)  0upuokx = 00k — 00y + 00k + €uurr0n,

(A'Sg) PuOvpPr = 5/ulpn - 5/uipu + 5uf$pp, + EuvrAPN;

(A-5h)

OuPrOrPr = Ou0ir — Ol + 0ux0uk — %(6ul/€m/\a,@ — Opur€uras T Our€uras
(A-5i) + Our€praB — Our€unap + Okr€uvaB)TaPp + €Euvirs
(A-5))

1
PuOvPrOx = 6uu6mk - 6HH6V)\ + 6u>\6w€ + 5(6ul/€m/\a,ﬁ - 6NK€V/\Otﬂ + 6;u\ﬂ/mo¢,8

+ 6un€u)\aﬂ - 61/)\6/,1,/{(1[3 + 65)\€uuaﬂ)paaﬁ — €uvr;
(A-5K)
(Uu)ab (Pu)ed =(pu)ab (Uu)cd =2 dad Ope-
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II. A concrete homomorphism of SU(2) x SU(2) onto SO(4).

For any nonzero x = x,, € R*, we set

e = 2,0, [ 1T3 + T4 11 + T2 ] .

il?l — T9 7751‘3 + x4

we see that X is of the form

so that
X
€ SU(2)
(det X)
If we set
X1
= X12
X = ,
Xo1
X
then
0 0 71
> 1 1 0 0
X = Ax where A = i 1 0 0
0 0 — 1

But then A~! exists and is given by

0 —i —i
1 0o 1 -1

0
a1 0
4 T2 =i 0 0 i
1 0 0 1
so that
r=A1X

Note that if Y is an arbitrary nonzero 2 x 2 matrix such that detY is real
and detY > 0, and

Y
e SU(2
VdetY @)
then there exist a real {y,} such that Y = y,0,. For
Y Y p q } ; 2 2
eSU(2) = = with + =1,
aoesU@ - o= 1L P + la

= Y= { _ng abx } . a=pVdetY, b=qVdetY,

e T e
iy — Y2 —iy3 +ys pene
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Given any pair of elements V, W € SU(2), we define a mapping R = R(V, W)
which takes

(A-6) X RX=X =VXWT.
Clearly
det X’ = det V.det X.det Wt = det X >0

so that
X' X
=V
det X' det X
= there exist real x;L such that

Wt e SU(2).

X = x;ﬂu =7 =A"1X".

Now (A-6) gives

X' = BX.
where
VWi VWS Ve Wi Ve Wi
B— V11W1§ VuW;é V12W1J5 V12W2§
VWi Var Wy Vaoa Wi Vaa Wiy
VWi VW VaaWih  Vas W
so that

¥ = A"'BAx
ie., ' =Rz, R=A'BA.

Although we started with nonzero 2 € R* so that this equation has been
proved only for such x, but as it is trivially true for x = 0 also, we conclude
that it is valid for all R € R* = R € L(4,C). Let us obtain the properties
of R:

i) R is real. For

x;» = (Rm)u = Ru/\x)d

take now x = i, so that z) = J), and we get

xL = R,\0x, = Ry = Ry, is real, as asserted.

ii) detR=1 as
det R=det A~ det Bdet A=det B =1

as can be verified by evaluating det B with the help of Laplace Theorem.
iii) det X’ = det X.
= :U/lz—&—x/f—l—x;f—l—xf :x%—l—x%—l—x%—i—mi

i.e., R preserves the length of vectors of R*. (i)—(iii) obviously = R €
SO(4). Thus corresponding to each pair (V,W) of elements of SU(2),
we have defined an element R = R(V,W) € SO(4). We now show that
this correspondence is actually a (group) homomorphism. For if

(Vi, W1)7 (VQ,WQ) € SU(2) X SU(2)
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and
X' =WV XW;, X' =VX'W;,
then
X" = VVIXWIWy" = (V1) X (W) *
= 2" = R(VaVy, WoWq)a.
But we also have
" = R(Va, Wa)z' = R(Va, W) R(Vy, W1)x
so that
R{(V2, Wa)(Vi, Wh)} = R(Va, Vi, WoWi) = R(Va, Wa) R(V1, Wh)
= the correspondence
(VW) < R(V,W)

is indeed a homomorphism.

III. Relations between R and V, W.
It turns out that the expression for R in terms of V' and W is obtained rather
easily, but the inversion of this relation i.e., obtaining V' and W in terms of
R, is found to be quite complicated. So we start with the simpler problem.

We have
t'=Rr = z,=R,x,
= Ryx,0, = x’uau =X'=VXWt=Va,o,WT
(A-7) = Ryo0,=Vo,WT

= Ruoupx= VUUW+p)\
Tr (Vo,Whpy) = Ry Tr (o0upx = 2R\ x
1
(A-8) = R, = 3 Tr (Va,W'p,),

which is the required expression for R in terms of V' and W. In order to invert
this equation, we write (A-7) as
o, =R,V ioa(WH)™!
and this leads to
(A-9) Ry =V o, (WH)™!
Now (with a,b=1,2)
(VoW p)ab = Vae(00)ca(W ) ae(pw)en
= 2WVacOebOae (W) de
= 2Vop(WH)aa = 2Tr (W+)Vap
= Vo, Wtpu =2Tr (WHV,
so that (A-7) gives
(A-10a) Ruoupy =2Tr (WHV.
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Similarly, (A-9) leads to
(A-10b) Ruoup, =2Te (WH™vH
and so, we get
R, R0 pvorp, =4Tr WHTr (W)™ = 4(Tr W+)2
as Tr WH =Tr (WH)™! for W € SU(2).
Thus
1
T Wt = :i:i(RWR,{Aaup,,cup,{)l/Z,
and so (A-10) gives
R,,0.p
A-lla +V = s
Aetie) (B Reroupnrron)
Similarly, multiplying (A-7) and (A-9) by p, and p, respectively, on the left,

we will be led to

R,.p.0
A-11b +W = Lo
( ) (RuuRmApuaupAgm)lh

These are the required inverses of (A-8).

Certain alternative expressions for V' and W, which are more useful prac-
tically, are obtained as follows. We have

R;Luaupl/ = Ru;t + R4kPk + Rpa — Pk + Rijo'ipja { 7é Js

so that as
Rijoip; = —Rijoi0j = Rijeijnon = —Rijeinpr,
we get
(A-12a) R,oupy =Tr R+ (Rur — Ria — Rij€iji)pr-

On the other hand, equation (B.5h) gives
R/AVRK)\O-/LPVO'APH
1
= R#VRHA (6;41/6)\n - 5HA6VK + 6;1,/@(511)\) - §RHVRH)\(6MV€/\NQB - 6MA6VNQB + 6;4561/)\015
+ 6U>\€,unaﬁ - 5un6p)\aﬁ + 5An€uuaﬁ)oapﬁ + R}LVRK)\E;LUAK
1
= RupRmc - RMURVH + R;M/Ruu + Ruuan\euuAn - §(Ru,uRn/\€)\mxﬂ - RuuRr@uﬂ/naﬁ
+ RuyRukey/\a,B + RMVRK:VGMK/O(B - RMVRV/\€HNX,3 + RNVRKNEMVOCIB)O-OCPB
1
= (Tr R)> = Tr R* + Ry Ry + RuvRexeuns — [(Tr R)Rixexsapoaps

— (B®)wvevnapoapp — (R?)xéurapoaps + (I1 R)Ruveuvasoaps)
= (T’I“ R)2 —Tr R2 +44 R;,LIIRH)\eﬂV)\K}

as

R;LVR;,LV = RHVRMN(SVH = 6un(sum = 61/1/ =4.
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Also
R Roxenn
= RypRij€arjs + RpaRijerags + RijRiacijar + Rij Rage€ijra
= (RijRar — RijRia — RijRpa + RijRuk)€iji
= 2(Rax, — Ria)Rij€ijh-
It follows that
Tr R+ (Rag — Ria — Rij€ijk)pr
[4+ (Tr R)2 — TR R? + Ry Ruxépmrn]®
Tr R+ (Rar — Ria — Rijeiji)p
[4+ (Tr R)2 — Tr R%+ 2(Rax — Rya)Rijeijn]?

It can similarly be proved that

(A-13a) +tV=

(A-13Db) —

Tr R+ (Rar — Ria + Rijeijr)pr
{(Tr R2+4—Tr R? — ;xR Rer}
Tr R+ (Rar — Ria + Rij€iji)
{(Tr R)24+4 —Tr R? —2(Rua — Rk4)Rijk€ijk}1/2

(A-14a) +WT =

(A-14D) -

as required.
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