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1. INTRODUCTION

For the development of many branches of mathematics inequalities have always been
of inevitable importance. In fact, during the last century this significance has enhanced a
lot. In both theory and applications this branch is multifaceted and experiencing a huge
growth. While checking out the requirement of a system of differential equations regard-
ing a parameter, out of many one of the inequality is due to Gronwall [6]. This inequality
has attracted many researchers along with huge amount of papers which studies count-
less extensions, standard forms and numerous variants [1, 2, 3, 4, 5, 7, 8, 9, 10, 11, 12].
The nonlinear generalization of Gronwall’s inequality is by reason of Bihari [3] which has
basic role in the study of nonlinear problems, while discrete inequalities which provide
non-implicit bounds are thought of hand tools in the study of quantitative and qualitative
analysis of solutions of difference equations. The main idea behind this paper is to high-
light some new discrete Gronwall-Bihari type discrete inequalities with application as well
as the boundedness and uniqueness of the solution of a certain partial difference equation
is concerned. In this paper, we investigate more general Gronwall-Bihari inequalities as
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follows:

u(ky, ) < a(k, ) + bk, 1) Y els,h)u(s,h)

k1+1<s<p

+ Z Z [f (1,11, s, t)wi (u(s, b))

k1+1<s<oo l1+1<t<o0

+ 3N gk b myws(us, 1)), (1. 1)

s<€<oo t<n< oo

u(ky,l) < a(ky,lh) + bk, ) > els,h)uls, )

k1+1<s<oco

+ Z Z [f (k1,11 8,t)wy (u(s, t))

0<s<k1—111+1<t<c0

+ ) D glk b & mws(u(s,t))] 1. 2)

0<E<s t<n<oo

u(ky,lh) < a(k, ) + bk, 1) Y (s, l)u(s,h)

ki+1<s<p

+ Y ks ) (wiown)(u(s, 1)

ki1+1<s<oo l1+1<t<0
£ S gk € (wsoun)(logluls,8)] (L3)
s<E<oo t<n< oo

The format of paper is as below. After the Introduction, in Section 2 we have discussed our
main results and in Section 3 we give applications to partial difference equation.

2. RESULTS

We assume some assumptions on functions and use symbolic representations to make
the presentation easier and precise.
Al: a(ky,ly),b(k1,11) ande(k, ;) are bounded and non-negative far i, € Ny
anda (oo, o) > 0.
A2: f(ki,l1,s,t)andg(k,l1,&,n) are non-negative fok, 14, s,t,£, 1 € Np.
A3: ¢ andwyg, 1 < k < 2, are nondecreasing functions ffhco) and continuous
and positive or{0, co) such thatu; oc ws, that is, ¢ (u) = “’QE ; is nondecreas-
ing on (0, o).
Ad: a(ky,ly) :=supw <- a(T, p); l;(kl,ll) = sups, <~ b(7, p).
11<p 11<p
A5: f(kzl,ll,s,t) = Sup i <- f(ryp,s,t); glki,ly,s,t) := SUP ;< g(7,p, 8, t).
A6: Foru > u; >0 - -
Wi (u) ;:/ = o<
w Wk(2)

By A3, W, ! is increasing, well defined and continuous in its corresponding do-
main becauku is strictly increasing.
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Obviouslya(ks, 1), b(ky, 1), f(k1, 11, s, t) andg(ky, 11, €, m) are non-increasing and non-
negative |nk1 andll such thaﬁ(kl,ll) > a(kl,ll); b(kl, ll) > b(kl, ll), f(kl, ll, S, t) >
f(kl, ll, S, t), g(kl, ll, f, T]) > g(kl, ll, f, T]) anda(oo, OO) >0 imp“eSd(kl, ll) > 0 for

all k&, > L andl; > L for some natural numbet&, L. As usual, A, f(k1,11,s,t) and
Asf(k1,11,s,t) denote the first order forward difference in first and third components of
f respectively.

Lemma 2.1. [1] Letu,, a,, bn, g, > 0 be sequences define fore Ny such thatiu,, <

An + Gn Znﬂgsgm bsus. Then

n+1<s<m n+1<i<s—1

Lemma 2.2. [10] Letu,,, a,, b,, ¢, > 0 be sequences define fere Ny such that:u,, <
an + by, En+1§s<oo csus. Then

Up < p + bn Z CsQs H (1 + Cibi)~
n+1<s<oo n+1<i<oo

Theorem 2.3. Let the condition®\1-A3 be satisfied; ifA; p(k1, {1 )a(kq,11) IS non-positive
for k1,11 and non-decreasing iy andu(ky, ;) is non-negative function fdt;, 1, € Ny,
satisfying(3.1), then

U(kl,ll) S W2 [Wg( (OO ll))—|-p(k1,ll)

> S>> glkhim)

k1+1<s<o0 l1+1<t<o0 s<E<oo t<n<oo

Asga(ky, 1, 8,11)
> - (2.9
k1 <s<oo ¢2(W1 (Z(S+l’ll)+92(k171175+1511)))

for k; > K andl; > L provided that

Wa(a(oo, L)) +p(K,L) Y S0Y. D K L)

K+1<s<oo L+1<t<oc0 s<£<o0 t<n<oco
. ASQQ(KvLava) < /OO dZ
Go(Wi (Z(s + 1, L) + go(K, L, s +1,L)))) = Ju, wa(z)’

K<s<oo
Proof. Under the condition®\4 and A5, inequality(1.1) is rewritten as:

u(ky, ) < a(k, ) + (k) Y els,l)u(s, )
k1+1<s<p

+ Z Z [F(kr, by, s, t)ws (u(s, t)

k1+1<s<oo l1+1<t<o0
+ Y0 Y gl b & nwa(u(s, b)) (2.5)
s<€<o0 t<n<oo
Equivalently,
u(ky, ) Y (k1) +b(ka, 1) Y (s, h)u(s, ), (2. 6)

ki1+1<s<p
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for

Y(k,h) = alknh)+ Y, > [flkrl s tywi (u(s, 1))

k1+1<s<oo l1+1<t<o0

+ Z Z k’l,ll,§ n w2( (S’t))]

s<€<oo t<n<oo

Obviously,Y (k1,1;) is non-increasing irk; .
Application of Lemma 2.1 for some fixddl, yields:

u(ky,ly) < Y(kil) +b(ki ) Y e(s,h)Y (s h)
k1+1<s<p

X H (1 +C(Zvll)l~)(7’all))

ki+1<i<s—1

< Yk W) +b(k ) Y e(sh)
k1+1<s<p

x H (1+ (i, 11)b(i, )]

k14+1<i<s—1

= p(kl,ll)a(lﬁ,h) + Z Z [F(k1,l1,s,t)w1(u(s,t))

k1+1<s<oo l1+1<t<0

+ Y Y Gl € muws(uls,t))], 2.7)

s<E<oo t<n<oo

for

plhilh) ==1+b(ki, i) > els,h) [ (4l b)b(i,h).  (2.8)

k1+1<s<p k1+1<i<s—1

Obviously,p(k1, 1) is non-increasing in both variables.
provided that

{ F(k‘l,ll,s,t) = p(k‘l,ll)f(k‘hll,s,t); (2 9)
G(k17l1a§7’r]) ::p(k17ll)§(k17l1a€7n)' .

Obviouslyp(ki,l1)a(k1, 1), F(k1,11,s,t) andG(kq,11,£,n) are non increasing ih; and
l;. Take any random positive integek§ L with Then,K; > K andL; > L. From(2.7)
yields auxiliary inequality as shown below:

U(kl,ll) < gl(Kaka17l1)+ Z Z [F(K,L,S,t)wl(u(s,t))
k1+1<s<ool;+1<t<oo
+ 50 Y G L& nws(u(s, ), 2. 10)

s<€<oo t<n<oo

for k1 > K andl; > L, where

g1(k1,l1,8,t) :=p(s,t)a(s,t) (2. 11)
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Consider,

Z(klall) = Z Z [F(KaLasat)wl(u(’S,t))

k1+1<s<ool;+1<t<oo
+ > > G(K, L& nwa(uls, 1)),
s<E<oo t<n<oo

then obviouslyz(k1,1;) is nonnegative and non-increasing in both variables such that
z(00,11) = 0. In this casg2.10) has the form

u(k‘l,l]) Sz(kl,ll)—‘rgl(K,L,k‘l,ll). (2. 12)
Moreover, by usind2.12)
—Ayz(ky,h) = > [F(K, Lk + 1, tyw (u(ky +1,1) (2. 13)
1 +1<t<oo

+ > > G, L& mwa(ulky + 1,1))]

k1+1<£<oo t<n<oo

< Z [F(KaLakl+]—at)wl(z(kl+lat)+91(K7Lakl+17t))

11 +1<t<oc0
+ Y > GK L& nwa(a(k + L) + 1 (K, L ki + 1,1))]
k14+1<g£<o0 t<n<oo

As, Asg1 (K, L, k1,l1) = A1p(k1,l1)a(ks, l1) is non-positiveky, [; and nondecreasing in
[; therefore(2. 13) is equivalent to

[Ayz(k1,l1) + Azgi (K, L, ki, 1)

wl(z(kl + 1311) +gl(K7L7k1 + 1711))

< > FKLk+10+ Y > G LEnga(z(k +1,t)

I1+1<t<o0 k1 +1<¢<o0 t<n<oo
Azgi (K, L, ki1,11)
wy(z(k1 4 1,00) + g1 (K, Ly ky 4+ 1,10))
By mean value Theorem for integralr, such that:
2(k1, ) + 1 (K Lk, ) <7< z2(ki+ 1L,0) + g1 (K, L ky + 1,1)
Equivalently, by monotonicity ofi,
-1 < -1 < -1
wy(z(k1,l) + g1 (K, Ly k1, l)) = wi(r) — wi(z(kr+ 1,0) + 1 (K, Ly k1 + 1,11))

Z(k1+ ,l])—‘rg]([(,lz,kl-i- ,l]) l
/
z

(k1,l1)+g1(K,L,k1,l1) ’LU1(T)
_ 2k, 1) + g1 (K Lok L)) — [2(ke + 1, 0) + g1 (K Lk 4+ 1,1)]
w1 (7)
<_ [Z(kl + 1711) +91(K7L, kl + 1711)} B [Z(k17ll) +91(K5L7k17ll)] ] (2 15)

- wl(z(k1+1,l1)+gl(K,L,k1—|—1,ll))
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A combination of(2.14) and(2.15) yields:

/Z(k1+1711)+91(K,L7k1+1~,11) dr
z

(k1,01) 491 (K,L,k1,l1) wy(7)
< Y [FKLk+1L6)+ >, > GKLE&nda(z(k +1,1)
1 +1<t<0 k1+1<£<o0 t<n<oo
Asgi (K, L ki, 1)
wi(z(k1 + 1,0) + g1 (K, Lk + 1,1))

+91(K, L, ky 4+ 1,1))] — (2. 16)

Settingk; by s in (2.16) and summing oves from k; 4 1 to co to get

z(00,l1)+g91(K,L,00,l1)
_/ LS S [F(K,L,s,)

w (T
(k1,01) 491 (K, L,k1,l1) 1(7) k1+1<s<ooli+1<t<oo

+ Z Z G(K7L,f,77)(b2(z(s,t)—i—gl(K,L,S,t))]

s<€<oo t<n<oo

- Z A3gl(KaLasal1)
wy (=(

ky <s<oo S+1,l1)+gl(K,L,8+1,ll))

Equivalently,

Wl(Z(kl,ll) +91(K,L,k1,ll)) S Wl(gl(KvLaooall))

_ > K. Lst)+ Y Y G(K, L&)

k1+1<s<ool;+1<t<o0 s<€<oo t<n<oo

X ¢2(2(s,t) + g1(K, L, s,1))]

Asgi(K, L, s, )
— 2.17
Z wi(z(s+ 1,01) + g1 (K, L,s+1,11)) ( )

k1<s<oo
Consider

E(ky,ly) == Wi(z(k1, 1) + g1 (K, Ly Ky, 1))

gQ(Ka Lk, ll) = Wl(gl(K; L, oo, ll)) + Zk1+1§s<oo le+1§t<oo F(K, L, s, t)
-3 Asg1(K,L,s,l1) .
k1 <s<oo wy(z(s+1,01)+g1 (K,L,s+1,01))’

Z(k1,ly) = Zk1+1§s<oo El1+1§t<oo[23§5<oo Zt§n<oo G(K,L,&m)
X g2 (W1 (B(s,1)))]

A combination of(2.17) and(2.18) yields:

(2. 18)

E(klall) Sg(klall)+92(K7Lakl7ll)' (2 19)
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On the other hand

/2(k1+1,zl)+gz(K,L,k1+1,ll) dr
Z(k1,l1)+g92(K,L,k1,l1) ¢2(W171( ))
Wo(Wi  (Z(k1, l1) + g2(K, L, k1, 11))) = Wa(Wy M (2(k + 1,10) + g2(K, L k1 + 1,11)))
Z(k1+1,01)+g2(K,L,k1+1,11) dr
- /2(k1,l1)+gz(K,L,k1,ll) Go(WH(Z(ky 4+ 1,10) 4 ga(K, L, kg +1,11)))

IA

oY, Y G Lew)

11 +1<t<o0 k1+1<E<o0 t<n<oo

A?)gQ(Ka L7 klvll)

G (W (E(ky 4+ 1,10) + g2 (K, L, ky + 1,11)))

/f(ooyll)ﬁ-gz(K,L?OOall) dr
(k)42 (Ko Lkr ) P2(Wi (7))

Z / S+1 ll)+gg(K L,s+1, ll) dT
B —1

by Sazoo I E(511) 492 (K L5 1) G2(W1 (7))
< Y YooY, D GE L)
k1+1<s<oo l1+1<t<o0 s<E<o0 t<n< oo
. Z A392<KaL757l1)
k1 <s<oo ¢2(W1_1(2(8+1?l1)+g2(KaL’8+1>Z1)))

Equivalently, by usingy, as given in(2.18)
Wo (Wi (Z(k1, ) + g2(K, L, ky, 1)) — Wa(g1 (K, L, 00, 1))

<Y Y Y Y GarmrLen)
k1+1<s<o0 l1+1<t<o0 s<E<o0 t<n<oo

B Z Azg2(K, L, s, 11)
ot e Go(WiH(E(s +1,00) + g2(K, L, s + 1,11)))

A combination 0f(2.12), (2.19) andE in (2.18) yields:

u(ky, 1) 2(k1, 1) + g1(K, L, k1, 1) = Wi H(B(k1, 1))

<
< Wi t(GE(kyh) + g2(K, Lk, 1))
A combination of(2.21) and(2.22) yields:

u(klvll) < WJI[WQ(QI(KvaOO l ))

T D 1) ) GKLg)

k1+1<s<oo l1+1<t<o0 s<E<o0 t<n<oo

_ Z Asgo(K, L, s,1y)
oW H(E(s + 1,11) + go(K, L, s+ 1,11)))

k1<s<oo

(2. 20)

(2. 21)

2. 22)

I, (2.23)



8 Madeeha

for k; > K andl; > L. By settingk; — K andl; — L in (2.23), we have

u(, L) < Wy [Wa(g1(K, L0, L))
> 2 L2 ) GELE)
K+1<s<00o L+1<t<o0 s<£<o0 t<n<oo
_ Z ABQQ(K7L737L) }
K<s<oo ¢2(W171(2(S+1,L) +92(K7L75+ 17L))) .

SinceK andL are arbitrary therefore

u(ky, l1) < Wy ' {Wal(gy(k1,l1, 00, 11))

+ Z Z Z Z (k1,0,€,m)]

k1+1<s<oo l1+1<t<o0 s<E<o0 t<n<oo

_ Z A3g2(k17l158all) ] (2 24)
k1 <s<oo ¢2(W1_1(2(8 + 17[1) + gQ(KaL’ 5+ 1>l1)))

A combination of(2.8), (2.9), (2.11) and(2.24) yields the required relation . O

Theorem 2.4. Let the condition&\1-A3 be satisfied; i\1p; (k1,11 )a(k1, 11) is non-positive
for k1,11 and non-decreasing iy andu(k1, ;) is non-negative function fdt;, 1, € Ny,
satisfying(1.2), then

u(ky, 1) < Wy H[Wa(p1(0,1)a(0,1y))

okl > Y Y > glkhné )

0<s<k; —11;+1<t<o0 0<E{<s t<n< oo

A kil l
4 Z 394( 1,01, S, 1)
0<s<ki—1 G2 (W (2’1(5 I) + ga(k1, 1,8, 1)))

for k1 > K andl; > L, provided that

Wa(p1(0,L)a(0,L)) + pr (K, L) > S>> K L)
0<s<K—-1L+1<t<oo 0<¢<s t<n<oo
Agg4(K7L,S,L) </00 dz

" W, Ga(s, L) + ga(K. L5, 1))

)
0<s<K—1 ¢ 2 Wa(z)
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for

p}(kl, ll) = ]. =+ b(kl, ll) Zk1+1§s<oo C(S, ll) Hk1+1§i§oo(1 + C(i, ll)b(l, ll)),
l‘?(kl, ll, S, t) = pl(kla ll)f(kl, ll, S, t),

G(kﬁl, ll, S, t) =1 (k‘l, ll)g(kl, ll, S, t);

El(k‘h ll) = Wl(zl(kl, ll) + gl(K, L, kq, ll));

z1(k1,l1) == ZO§s§k1—1 Zl1+1§t<oo[F(K7 L, s, t)wy(u(s,t))
+Zogg<s Zt<7]<oo (K, L, &, n)wa(u(s, 1))];

Zl(klvll) ZO<s<k1 IZZ1+1<t<oo[ZO<§<s Zt<n<oo (K»L,&n)
X g2 (Wi (En(s,1)))];

93(K, L, k1,1l1) := p1(s,t)a(s,t);

94(K, L, kv, 1y) := Wi(g3(K, L, 0,11))

+p1 (k1. l1) Zogggkr1 le+1§ oo f(R1,10,6,m)

+ Z Aszgs(K,L,s,l1
0<s<k1—1 (w1(z1(s,l1)+g3(K,L,s,01)))"

Proof. This tracked by Lemma 2.2 and the proof of Theorem 2.3. We omit the detalils.

Theorem 2.5. Let the condition®\1-A3 be satisfied; ifA; p(k1, 11 )a(kq, 11) IS non-positive
for k1,11 and non-decreasing iy andu(ky, ;) is non-negative function fdt;, 1, € Ny,
satisfying(1.3), then

(C1): If 1 (u) > v (log(w)), then
u(ky,ly) < Vi [V2 1(a(o0,11))

kl,ll Z Z Z Z k17l1,§ "7]

k1+1<s<o0 l1+1<t<00 s<€<00 t<n< oo

. ASQS(k17ll7s7ll) ](2 25)

,ﬁ;o@ (p2091) (Vi (Za(s + 1,10) + gs(kr, i, s + 1,10)))

(C2): 1f 1 (1) < v (log(w)), then
u(kr, 1) < Vg [Vaa(a(oo, 1))

+p(k1,11) Z Z Z Z (k1,0 &,m)]

k1+1<s<oo l1+1<t<o0 s<E<o0 t<n<oo

o Z A3g6(k'1,l1,8,11) ](2 26)
by < ez oo (d20t2) (Vi3 (Bs(s + 1,11) + ge(k1, 11, s + 1,11)))

for ky > K andl; > L, provided that

Vop(a(oo, L) +p(K,L) Y > [ D> > G(K L&)

K+4+1<s<o0o L+1<t<o00 s<£<o0 t<n<oo
Asgs(K, L, s, L)

K<SZ<OO (¢20¢1)(V; 1,1 (22(3+ 1,L)+g5(K,L,s+1,L)))

f/mwim
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And
Vaa(a(oo, L)) + p(K,L) Y oY Y K L)
K+1<s<oo L+1<t<oco s<£<o0 t<n<oo
-y Asgs(K, L, s, L)

Koazoo (P2092)(VI ' (Z3(s+1,L)ge(K, L, s +1,L)))
[
= Juy (w20th2)(2)’

provided that
Vie,j () /u dz >up >0, 1<k j<2
SAu) = —, U2 u , <k,j<2
wn (05007 (2) ¢ J

Proof. Under the condition®\4, A5, andC1, inequality(1.3) is rewritten as:
u(ky, ) < Yalky, ) +b(ka,l) Y els, ln)u(s, lh),

ki+1<s<pB

for

Yl(khll) = é(kl,ll) + Z Z [f(k1,1178,t)w1(’l/}1(u(87

k1+1<s<ool1+1<t<0

+ > > gl & mwa(¥a(log(uls, 1))

s<E<o0 t<n<oo

Obviously,Y; (k1, 1) is non-increasing ir; .
Using the similar process as in Theorem 2.3 éhd)-(2.13), yields

—Nyzp(kh) = Y [F(K Lk + 1,8) (wiov) (u(ky +1,t)
I1+1<t<oco

2. 27)

t))

+ > Y G L& ) (waov) (u(ky + 1,1))]

k1+1<£<oc0 t<n<oo

< Z [F(K,L,kl +1,t)(w10w1)(32(k;1 +1,t)
11 +1<t<oo

+g1(K, L, k1 + 1,t))

+ YD GK, L&) (wao)(2a(ky + 1,t)

k1+1<£<oc0 t<n<oco
+gl(K7 L7 kl + 17 t))]7

provided that
zo(ky,ly) := Z Z [F(K,L,s,t)(wioyr)(u(s,t))

k1+1<s<oo l1+1<t<o0

£ 3 Y GU L&) (waovn) log(u(s, )]

s<€<oo t<n<oo

(2. 28)
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Equivalently,

_ Alzg(k‘ 1 )—|—A391(K L, kl,ll)
(wrothy)(z2(k1 + 1,11) + g1 (K, L, k1 + 1,11))
< Y FELk+LtH+ > > GELE)

l14+1<t<oco k1+1<é<oo t<n<oco
X (¢20¢1)(22(k1 + 17t) + gl(KaLa kl + 17t))}
A391 (Ka L7 kla ll)

— 2.29
(wroi) (s + L) T (K Lk L0y 229
Again, using the similar process as in Theorem 2.3 ff@m4)-(2.17), yields
Vii(za(k1, 1) + g1(K, Ly k1, 1)) < Via(91(K, L,oo, 1))
+ Y Y [F(K.Ls,t)+ Y, > GK, L&)
k1+1<s<oo l14+1<t<00 s<E<o0 t<n<oo
X (¢20¢1)(Z2(87 t) + gl(K’ L, s, t))]

. Z ASgl(K7L787l1) (2 30)

by Ert o (wro91)(z2(s + 1,11) + g1 (K, L, s+ 1,11))

Consider

Es(ki, 1) == Vi(za(k1, ) + 91 (K, L k1, 1));

g5(K, Ly k1, ly) := %,1&91((11({, LL ?0)7 1)) + 2k 41<s<o0 2aty t1<t<oo £, Ly s, 1)
9 LS, .

j Zkl <s<oo (wlowl)(zfz(sg+i,l1)+gl(;(,L,s+1,l1)) ’

Zo(ky, lh) o= Zk1+1<s<oo Li+1<t<oollus<t<oo Zt§n<oo G(K,L,&n)

X (d2001) (Vi (Ba(s,1)))]

(2. 31)
A combination of(2.30) and(2.31) yields:
(k)l,ll) (kl,l1)+g5(K L kl,ll) (2 32)
And
U(kl, ll) S V]:ll(g?(kla ll) + 95(K7 L7 k17 ll)) (2 33)
Similar to the process frorf2.19) - (2.21), we obtain
‘/2,1(‘/[11(52(]61, I1) + g5(K, L, k1,11))) — Va1(91(K, L, 00,11))
> 2 [ ) GELew)
k1+1<s<oo 1 +1<t<o0 s<E<o0 t<n<oco
_ Z Agg{)(K,L,S,ll) (2 34)

o St (D2000) (Vi (Z2(s + 1,1) + g5(K, L, s + 1,10)))
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A combination of(2.33) and(2.34) yields:

ukr, ) < Vo' [Vau(91(K, L, 00, 1))

+ YooY Y GELEn)

k1+1<s<oo l1+1<t<o0 s<E<oc0 t<n< oo

. A395<K7L787l1) 2.3
2 Gt VG + L) (R LT & %

k1<s<oo
for k; > K andl; > L. By settingk; — K andl; — L in (2.35), we have
’LL(K, L) S V2T11 [‘/2,1(91 (Kv La 00, L))

+ ) 1Y > GE L)

K+1<s<o0 L+1<t<o0 s<E<o0 t<n< oo
A K,L, s, L
- Z —— 395( y 1y S5 ) ](2 36)
K<s<oo (¢20¢1)(V1,1 (ZQ(S + 17L) + g5(K7L7 s+ 17L)))

SinceK andL are arbitrary, therefor

u(ky,ly) < ‘/'2}1[‘/'2,1(91(/%»[170071 )

+ Z Z Z Z (1,01, & m)]

k1+1<s<oo l1+1<t<o0 s<E<oc0 t<n< oo
A k1,1 l
. Z — 395(k1,11,8,1h) ] (2. 37)
by Sazoo (92001 (Vi1 (Z2(s +1,00) + g5(K, Ly s +1,11)))

A combination of(2.8), (2.9), (2.11) and(2.37) yields the required relation.
Foryn (u) < 2 (log(u)), we use the similar process frofR.27)-(2.28) and inequality
(1.3), to obtain
—A12’2(k1, 11)

< Y [PE Lk + 1,8 (wioe) (z2(k + 1,8) + g1 (K, L k1 + 1,1))
1 +1<t<oo

+ Y Y GE L&) (waoths)(2a(ky + 1,1) + g1 (K, L by +1,1))).

k1+1<£<00 t<n<oo
Equivalently,
B Ayzo(ky,l1) + Azg1 (K, Lk, 1h)
(wi0h2)(22(k1 + 1,10) + g1 (K, L, k1 + 1,11))
< Y FE Lk+L+ Y Y G(E, L&) (deos)(22(ky + 1,t)

L +H1<t<o k1+1<£<o00 t<n<oco

+gl(KaL7k1 + 1at))] -

A391<K,L,k’1,l1)
(wiovg)(z2(k1 + 1,01) + g1 (K, L, ky + 1,11))
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And
u(ky,l) < Vio [Vao(gi(K, L oo,l))
+ > YooY D GE L&)
k1+1<s<ool1+1<t<o0o s<E<00 t<n<oo
- Z Asgs(K, L,s,lh) 2. 38)
o Stoo (2002)(Viy (Zs(s + 1, 11) + g6 (K, L, s + 1,11)))
provided that

E3(k1, 1) == Via(za(ki, 1) + 91 (K, L, k1, 11));

gﬁ(K,L,k’hll) = ‘/1 2(g1(K L o, l )) + Zk1+1§s<oo Zl1+1§t<oo F(K,L,S,t)
_Z Aggl(KLSll)
k1<s<oo (wi0v2)(z2(s+1,l1)+g1(K,L,s+1, ll))

23(k1’ ll) : Zk1+1<s<oo Zl1+1§t<oo [Zs§§<oo Zt§n<oo G(K7 L? g? 77)
X ($2002) (Vi3 (Es(s,1)))]

A combination of(2.8), (2.9), (2.11) and(2.38) yields the required relation . O

3. APPLICATIONS

Consider a non-linear partial difference equation

U(/ﬁ,ll) = Oé(kl,ll) +’Y(l€1,l1) Z f1(57l1,11(3,ll))

k1+1<s<p

+ Z Z [f2(k1,11,s,t,v(s,t))

k1+1<s<ool;+1<t<oco

+ Z Z f3(k17l17£vnav(s7t))]v (3 39)

s<E<oo t<n< oo

for k1,11 € Ny, wherev(kq,1;) is an unknown function foky,1; € Ny.
The following two examples prove the boundedness and uniqueness of the solution of
(3.39), respectively.

t))|

Example 3.1. Supposelfi(s,l1,v(s,11))| < e(s, l1)|v W) [fa(k1, 11, 8,8, 0(s,
t)) ;1)]), pro-

(s,
< f(kl,ll,S,t)UJ1(|’U(S7t)D; |f3(klal1 g n,v ( < g(klallagvn)w2(|v(s
vided thatw; o ws. If v(kq,11) is a solution 0f(3 39), then

u(ky,l) < alky, ) + bk, l) Y (s, l)u(s, 1) +
k1+1<s<p

Z Z [f(k1, L, s, t)wi(u(s,t))

k14+1<s<ool1+1<t<oc0

+ Y > gl & mws(uls, b)), (3. 40)

s<E<oo t<n<oo

foru(ky, 1) = [v(ki,11)l; a(ky, 1) > |e(kr, )]s (K1, 1) > y(ke, )]
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Now application of Theorem 2.3 yields:
uke, 1) < Wy [Wa(a(oo, lh))

+pa(ki, i) Y S0 > glkhn &)

k1+1<s<oo l1+1<t<o0 s<E<o0 t<n<oo
_ Z —— A392(k15l1757l1) ], (3 41)
by <s<oo ¢2(W1 (Z1(8+1’ll)+92(k1all75+1’ll)))

provided that
pakr, ) s=1+b(k, 1) > e(s,n) [ (1 +e@ )b, b))
k1+1<s<p k1+1<i<s—1

Clearly (3.41) implies the boundedness of solutions of equat®89).
Example 3.2 Suppoself1(87]{71,11,’0(8,[1)) fl(s lla (8 ll))' < 6(8711)|U(8711)
o(s,11)]; | fa(k1, 11, 8,t,0(s,t))— fa(k1, b1, 8,8, 0(s, )| < fky, 11,8, t)wi(Jo(s, t)—0(s,

| f3(k1, s &myv(s, 1) — fake, l, §m, 0(s, 8))] < gk, I, & mwa(u(s, t) — (s, 1)),
provided thatw; « ws. Then, equatiori3.39) has at most one solution.

Solution : Suppose(ky,11) ando(ky, ;) are two solutions of3.39). Then
|U<k‘1,ll) — @(k17l1)|
< (k1 lh) Z [f1(s, 1, 0(s,10)) = fi(s, 11, 0(s, 1))

k1+1<s<p

+ Z Z HfQ(klvllaSataU(Svt))7f2(k17l1353t76(53t))|

k1+1<s<ool;+1<t<co

+ Z Z |f3(k17l17§7n7v(87t))_f2(k17ll7s7t7@(s7t))|]

s<E<oo t<n<oo

Ykl Yo elkrl)u(s, ) = o(s, b))

ki+1<s<p

+ > > [fkr s Hwi([u(s, ) — o(s, 1))

k14+1<s<oo l1+1<t<oo

+ Z Z (K1, 01, & mwa(lu(s, t) — (s, t)])]

s<€<oo t<n< oo

Treating|v(k1,11) — ©(k1,11)| as one variable, and possible applicability of Theorem 2.3
yields [v(k1,11) — 9(k1,11)| < 0, which implies thafv(k1,11) — 9(k1,11)| = 0, that is,
v(k1,l1) = v(k1,11). This proves the uniqueness of the solutior{2289).
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