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Meromorphically Starlike Functions at Infinity

Imran Faisal
Department of Mathematics,

University of Education, Lahore,
Attock,Campus, Attock city.

Email: faisalmath@gmail.com (corresponding author)

Shafiqa Jabeen
Department of Mathematics,

University of Education, Lahore,
Attock, Campus, Attock city.

Email: searchaasha47@gmail.com

Maslina Darus
School of Mathematical Sciences,

Faculty of Science and Technology,
Universiti Kebangsaan Malaysia,

Bangi 43600 Selangor D. Ehsan, Malaysia.
Email: maslina@ukm.edu.my

Received: 26 April, 2016 / Accepted: 25 July, 2016 / Published online: 05 August 2016

Abstract. In this letter, we introduce meromorphically starlike functions
by using a particular class of analytic functions that present authors ap-
plied in 2012 [cf.[1]]. These functions map the punctured unit disk into
a starlike domain at infinity. Besides, we investigate coefficient estimate,
radii of convexity and distortion theorems as well. Finally, we ascertain
that these subclasses are closed under convex linear combination.
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1. INTRODUCTION

Let
∑

stand for the class of

f(z) =
1
z

+
∞∑

n=1

anzn, (1. 1)

that are analytic inU∗, whereU∗ = {z : 0 < |z| < 1}.
11
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∑
α represent all off(z) such that

f(z) =
1
z

+
∞∑

n=1

anznq, q = 1− 1
α

, α ∈ N, (1. 2)

and are analytic inU∗. Whenα goes to infinity then1 − 1/α approaches to1; hence∑
α =

∑
.∑+

α also denote functions such as

f(z) =
1
z

+
∞∑

n=1

|an|znq, q = 1− 1
α

, α ∈ N, (1. 3)

and analytic inU∗.
In view of above definitions, We define a generalized subclass, denoted by

∑
α(β, δ, γ) for

f belonging to
∑

α as follows.
A functionf defined by (1. 2 ) belongs to

∑
α(β, δ, γ), if it get by analytic criterion s.t.

∣∣∣∣∣∣

zf ′(z)
f(z) + 1

2γ
[

zf ′(z)
f(z) + β

]
−

[
zf ′(z)
f(z) + 1

]
∣∣∣∣∣∣
< δ, z ∈ U∗, (1. 4)

for 0 ≤ β < 1, 0 < δ ≤ 1 and 1
2 < γ ≤ 1. Whenα → ∞ then1 − 1/α → 1; hence∑

α =
∑

implies
∑

α(β, δ, γ) equal to
∑

(β, δ, γ).
We consider

∑+
α (β, δ, γ) equal to

∑+
α ∩

∑
α(β, δ, γ), clearly

∑+
α (β, δ, γ) is the general-

ized form of the class
∑

α(β, δ, γ) that Aouf and Joshi introduced in 1998 [cf.[2]]. Similar
work has been seen for different subclasses done by other author’s[ see for example [3-5]
].
Using (1. 4 ), we obtain the characterization properties for the special family of meromor-
phic functions at infinity defined in (1. 2 ) as follow:

Theorem 1.1. A f(z) ∈ ∑+
α belongs to

∑+
α (β, δ, γ), iff it satisfies the analytic criterion

∞∑
n=1

{(nq + 1) + δ[(1− nq) + 2γ(nq − β)]}|an| ≤ 2δγ(1− β), (1. 5)

where0 ≤ β < 1, 0 < δ ≤ 1, 1
2 < γ ≤ 1 andq having the same constraints as given in

(1. 2 ).

Proof. Let f ∈ ∑+
α (β, δ, γ), then by using (1. 4 ) and after some calculation, we have

<



∞P
n=1

(nq+1)|an|znq+1

2γ(1−β)−
∞P

n=1
(1−2γ)nq|an|znq+1−

∞P
n=1

(1−2γβ)|an|znq+1


 < δ, z ∈ U∗.

Lettingz → 1 through positive values and after doing some mathematics, we obtain
∞∑

n=1

{(nq + 1) + δ[(1− nq) + 2γ(nq − β)]}|an| ≤ 2δγ(1− β).

Conversely, since we have
∣∣∣∣zf ′(z) + f(z)| − δ|2γ(zf ′(z) + βf(z))− (zf ′(z) + f(z))

∣∣∣∣ =
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∣∣∣∣
∞∑

n=1
(nq + 1)anznq

∣∣∣∣− δ

∣∣∣∣2γ(β − 1) 1
z +

∞∑
n=1

(2γ − 1)(nq)anznq +
∞∑

n=1
(2βγ − 1)anznq

∣∣∣∣,

≤
∣∣∣∣
∞∑

n=1
(nq + 1)anznq

∣∣∣∣−

δ

[∣∣∣∣2γ(β − 1) 1
z +

∞∑
n=1

(2γ − 1)(nq)anznq

∣∣∣∣ +
∣∣∣∣
∞∑

n=1
(1− 2βγ)anznq

∣∣∣∣
]
,

or

≤
∞∑

n=1
(nq + 1)|an|rnq+1 − δ

{
2γ(1− β) +

∞∑
n=1

(1− 2γ)(nq)|an|rnq+1 −
∞∑

n=1
(1−

2βγ)|an|rnq+1

}
,

=
∞∑

n=1

(nq + 1) + δ[(1− nq) + 2γ(nq − β)]|an|rnq+1 − 2δγ(1− β). (1. 6)

Hence by taking limit whenr → −1, then we have

≤
∞∑

n=1
(nq + 1) + δ[(1− nq) + 2γ(nq − β)]|an| − 2δγ(1− β) ≤ 0.

It implies thatf(z) ∈ ∑+
α (β, δ, γ). ¤

The solution given in (1. 5 ) is sharp for

f(z) =
1
z

+
2δγ(1− β)znq

(nq + 1) + δ[(1− nq) + 2γ(nq − β)]
, (1. 7)

where0 ≤ β < 1, 0 < δ ≤ 1, 1
2 < γ ≤ 1 andq having the same constraints as given in

(1. 2 ).

Theorem 1.2. If f(z) ∈ ∑+
α belongs to

∑+
α (β, δ, γ), then

1
|z| − δγ(1−β)

(q+1)+δ(1−q)+2δγ(q−β) |z| ≤ |f(z)| ≤ 1
|z| + δγ(1−β)

(q+1)+δ(1−q)+2δγ(q−β) |z|

Proof. Let f ∈ ∑+
α (β, δ, γ), then by using our previous Theorem1.1,we have

∞∑
n=1

|an| ≤ δγ(1− β)
(q + 1) + δ(1− q) + 2δγ(q − β)

,

since

|f(z)| ≤ 1
|z| + |z|

∞∑
n=1

|an|,

this implies

≤ 1
|z| +

δγ(1− β)
(q + 1) + δ(1− q) + 2δγ(q − β)

|z|.
Similarly, one can prove easily that

|f(z)| ≥ 1
|z| −

δγ(1− β)
(q + 1) + δ(1− q) + 2δγ(q − β)

|z|.

¤
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2. RADII OF CONVEXITY

Theorem 2.1. If f(z) ∈ ∑+
α belongs to

∑+
α (β, δ, γ), thenf is meromorphically convex

having orderρ in |z| < r(β, δ, γ, ρ), where

r(β, δ, γ, ρ) = inf

[
(nq + 1) + δ[(1− nq) + 2γ(nq − β)](1− ρ)

2δγ(1− β)nq(nq + 2− ρ)

] 1
nq+1

,

where0 ≤ β < 1, 0 < δ ≤ 1, 1
2 < γ ≤ 1, 0 ≤ ρ < 1 andq having the same constraints as

given in(1. 2 ).

Proof. Supposef ∈ ∑+
α (β, δ, γ), then by Theorem1.1, we get

∞∑
n=1

(nq + 1) + δ[(1− nq) + 2γ(nq − β)]
2δγ(1− β)

|an| ≤ 1. (2. 8)

To prove our main result, it is enough to show that
∣∣∣∣2 +

zf ′′(z)
f ′(z)

∣∣∣∣ ≤ (1− ρ),

or ∣∣∣∣
f ′(z) + (zf ′(z))′

f ′(z)

∣∣∣∣ ≤ (1− ρ).

Constraints on parameters are considered same as given in the statement, so from above
expression, we get

∣∣∣∣∣∣∣∣

∞∑
n=1

nq(nq + 1)|an|znq−1

− 1
z2 +

∞∑
n=1

nq|an|znq−1

∣∣∣∣∣∣∣∣
≤

∞∑
n=1

nq(nq + 1)|an||z|nq+1

1−
∞∑

n=1
nq|an||z|nq+1

.

The expression is bounded above by(1− ρ) if

∞∑
n=1

nq(nq + 2− ρ)
(1− ρ)

|an||z|nq+1 ≤ 1. (2. 9)

Using (2. 8 ), above expression is true if

nq(nq + 2− ρ)
(1− ρ)

|z|nq+1 ≤ (nq + 1) + δ[(1− nq) + 2γ(nq − β)]
2δγ(1− β)

, n ∈ N,

impies that

|z| ≤
[
(nq + 1) + δ[(1− nq) + 2γ(nq − β)](1− ρ)

2δγ(1− β)nq(nq + 2− ρ)

] 1
nq+1

, n ∈ N, (2. 10)

and therefore

r(β, δ, γ, ρ) = inf

[
(nq + 1) + δ[(1− nq) + 2γ(nq − β)](1− ρ)

2δγ(1− β)nq(nq + 2− ρ)

] 1
nq+1

, n ∈ N.

¤
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3. EXTREME POINTS

Theorem 3.1. Letf0(z) = 1
z and

fn(z) =
1
z

+
2δγ(1− β)znq

(nq + 1) + δ[(1− nq) + 2γ(nq − β)]
, n ∈ N,

thenf ∈ ∑+
α (β, δ, γ) ⇐⇒ f(z) =

∑∞
n=0 λnqfnq(z), whereλn ≥ 0 and

∞∑
n=0

λn = 1.

Proof. Supposef(z) =
∞∑

n=0
λnfn(z), whereλn ≥ 0 and

∞∑
n=0

λn = 1. Then

f(z) =
∞∑

n=0

λnfn(z) = λ0f0(z) +
∞∑

n=1

λnfn(z)

=
1
z

+
∞∑

n=1

λn
2δγ(1− β)znq

(nq + 1) + δ[(1− nq) + 2γ(nq − β)]
.

By using (2. 8 ) and above expression, we get
∑∞

n=1 λn = 1−λ0 ≤ 1. Hence by Theorem
1.1, one can see easily thatf ∈ ∑+

α (β, δ, γ). Conversely, Suppose thatf ∈ ∑+
α (β, δ, γ),

since

|an| ≤ 2δγ(1− β)znq

(nq + 1) + δ[(1− nq) + 2γ(nq − β)]
, n ∈ N.

we adjust

λn =
(nq + 1) + δ[(1− nq) + 2γ(nq − β)]

2δγ(1− β)
|an|, n ∈ N

andλ0 = 1−∑∞
n=1 λn. Then clearlyf(z) =

∑∞
n=0 λnfn(z), as required. ¤

4. CONVEX LINEAR COMBINATION

Theorem 4.1. f ∈ ∑+
α (β, δ, γ) is closed under convex linear combination.

Proof. Let f(z) andg(z) belong to
∑+

α (β, δ, γ), wheref(z) = 1
z +

∑∞
n=1 |an|znq, and

g(z) = 1
z +

∑∞
n=1 |bn|znq. We considerh(z) = µf(z) + (1− µ)g(z), (0 ≤ µ < 1), then

by using Theorem 1.1, we have
∞∑

n=1

{(nq + 1) + δ [(1− nq) + 2γ(nq − β)]} |µan + (1− µ)bn| ≤ 2δγ(1− β).

¤
Next we discussed a special subclass of meromorphic functions denoted by

∑+
r,α[β, δ, γ]

contained all

f(z) =
1
z

+
2rδγ(1− β)z

{(q + 1) + δ[(1− q) + 2γ(q − β)]} +
∞∑

n=2

|an|znq, 0 ≤ r ≤ 1 (4. 11)

Theorem 4.2. Let the functions defined by(4. 11 )belong to
∑+

r,α[β, δ, γ] iff
∞∑

n=2

{(nq + 1) + δ [(1− nq) + 2γ(nq − β)]} |an| ≤ 2δγ(1− β)(1− r). (4. 12)

It is true for

fn(z) = 1
z + r 2δγ(1−β)

{(q+1)+δ[(1−q)+2γ(q−β)]}z + 2δγ(1−β)(1−r)
{(nq+1)+δ[(1−nq)+2γ(nq−β)]}z

nq, n ≥ 2.
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Proof. By using Theorem1.1, we have
∞∑

n=1

{(nq + 1) + δ[(1− nq) + 2γ(nq − β)]}|an| ≤ 2δγ(1− β),

this implies that

{(q + 1) + δ[(1− q) + 2γ(q − β)]} |a1|

+
∞∑

n=2
{(nq + 1) + δ[(1− nq) + 2γ(nq − β)]}|an| ≤ 2δγ(1− β),

replacing|a1| by 2rδγ(1−β)
{(q+1)+δ[(1−q)+2γ(q−β)]} , 0 ≤ r ≤ 1, and after doing some mathemat-

ics, we proved inequality given in (4. 12 ). ¤

Theorem 4.3. If the functions defined by(4. 11 )belong to
∑+

r,α[β, δ, γ] thenf is convex
in 0 < |z| < ρ(β, δ, γ, r) whereρ(β, δ, γ, r) is the largest value for which

3rδγ(1−β)
{(q+1)+δ[(1−q)+2γ(q−β)]}ρ

2 + nq(nq+2)2δγ(1−β)(1−r)
{(nq+1)+δ[(1−nq)+2γ(nq−β)]}ρ

nq+1 ≤ 1, n
∣∣∞
n=2

.

Sharp function for the result is given by

fn(z) = 1
z + 2rδγ(1−β)

{(q+1)+δ[(1−q)+2γ(q−β)]}z + 2δγ(1−β)(1−r)
{(nq+1)+δ[(1−nq)+2γ(nq−β)]}z

nq.

Proof. Here we need to get
∣∣∣∣
zf ′′(z)
f ′(z)

+ 2
∣∣∣∣ ≤ 1,

for the functions defined by (4. 11 ). Therefore, we have

∣∣∣ zf ′′(z)
f ′(z) + 2

∣∣∣ ≤
2rδγρ2

{(q+1)+δ[(1−q)+2γ(q−β)]}+
∞P

n=2
nq(nq+1)|an|ρnq+1

1− 2rδγ(1−β)
{(q+1)+δ[(1−q)+2γ(q−β)]}ρ2−

∞P
n=2

nq|anρnq+1
< 1,

whenever

3rδγ(1− β)
{(q + 1) + δ[(1− q) + 2γ(q − β)]}ρ2 +

∞∑
n=2

nq(nq + 2)|an|ρnq+1 < 1.

Sincef ∈ ∑+
r,α[β, δ, γ], hence we may take

|an| = 2λnδγ(1−β)(1−r)
{(nq+1)+δ[(1−nq)+2γ(nq−β)]} ,

∑∞
n=2 λn ≤ 1.

For each fixedρ, choose an integern = n(ρ) for which nq(nq+2)ρnq+1

{(nq+1)+β[(1−nq)+2γ(nq−β)]} is
maximal. Then

∑∞
n=2 nq(nq + 2)|an|ρnq+1 ≤ nq(nq+2)2δγ(1−β)(1−r)

{(nq+1)+δ[(1−nq)+2γ(nq−β)]}ρ
nq+1,

Now find the valueρ0 = ρ(β, δ, γ, r) and the correspondingn(ρ0) so that

3rδγ(1− β)
{(q + 1) + δ[(1− q) + 2γ(q − β)]}ρ2

0+
nq(nq + 2)2δγ(1− β)(1− r)

{(nq + 1) + δ[(1− nq) + 2γ(nq − β)]}ρnq+1
0 = 1.

For this value functionf is convex in defined range of|z|. ¤
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Theorem 4.4. Let

fi(z) =
1
z

+
2rδγ(1− β)

{(q + 1) + δ[(1− q) + 2γ(q − β)]}z,

and

fn(z) = 1
z + 2rδγ(1−β)

{(q+1)+δ[(1−q)+2γ(q−β)]}z + 2δγ(1−β)(1−r)
{(nq+1)+δ[(1−nq)+2γ(nq−β)]}z

nq, n
∣∣∞
n=2

,(4. 13)

thenf(z) belongs to
∑+

r,α[β, δ, γ] ⇐⇒ f(z) =
∞∑

n=0
λnfn(z), withλn ≥ 0 and

∞∑
n=0

λn =

1.

Proof. Suppose thatf(z) =
∑∞

n=0 λnfn(z), then after some calculation and using hy-
pothesis, we get

fn(z) = 1
z + 2rδγ(1−β)

{(q+1)+δ[(1−q)+2γ(q−β)]}z +
∞∑

n=2

2δγ(1−β)(1−r)λn

{(nq+1)+δ[(1−nq)+2γ(nq−β)]}z
nq,(4. 14)

by using Theorem 4.2, we have

∞∑
n=2

2δγ(1−β)(1−r)
{(nq+1)+δ[(1−nq)+2γ(nq−β)]}λn

{(nq+1)+δ[(1−nq)+2γ(nq−β)]}
2δγ(1−β)(1−r)

=
∞∑

n=1

λn = 1− λ1 ≤ 1,

thereforef(z) ∈ ∑+
r,α[β, δ, γ].

Conversely, we suppose that

f(z) =
1
z

+
2rδγ(1− β)

{(q + 1) + δ[(1− q) + 2γ(q − β)]}z +
∞∑

n=2

|an|znq,

belonging to class, discussed for (4. 11 ), and

|an| ≤ 2δγ(1− β)(1− r)
{(nq + 1) + δ[(1− nq) + 2γ(nq − β)]}

setting as

λn =
{(nq + 1) + δ[(1− nq) + 2γ(nq − β)]}

2δγ(1− β)(1− r)
|an|, n

∣∣∞
n=1

,

andλ1 = 1−∑∞
n=1 λn. Then clearlyf(z) =

∑∞
n=0 λnfn(z), as required. ¤

Other work related to analytic functions and its properties can be found in [6-8].

5. ACKNOWLEDGMENTS

The work presented here is fully supported by UKM-AP-2013-09. We would like to
thank the referee for giving us some valuable suggestions to improve the presentation of
the article.



18 Imran Faisal, Maslina Darus and Shafiqa Jabeen

REFERENCES

[1] O. Altintas, O. Ozkan and H. M. Srivastava,Neighborhoods of a class of analytic functions with negative
coefficients, Applied Mathematics Letters,13, (2000) 63-67.

[2] M. K. Aouf and N. E. Cho,On a certain subclass of analytic functions with negative coefficients, Tr. J. of
Mathematics,22, (1998) 15-32.

[3] M. K. Aouf and S. B. Joshi,On Certain subclasses of meromorphically starlike functions with positive
coefficients, Soochow Journal of Mathematics,24, (1998) 79-90.

[4] M. K. Aouf and R. M. El-Ashwah,Properties of certain subclasses of meromorphic functions with positive
coefficients, Mathematical and Computer Modelling,49, (2009) 868-879.

[5] N. E. Cho, S. H. Lee and S. Owa,A class of meromorphic univalent functions with positive coefficients,
Kobe J. Math.,4, (1987) 43-50.

[6] Imran Faisal and Maslina Darus,A study of a special family of analytic functions at infinity, Applied Math-
ematics Letters,5, (2012) 654-657.

[7] J. L. Liu, Properties of some families of meromorphic p-valent functions, Math. Japon,52, (2000) 425-434.
[8] K. I. Noor, Q. Z. Ahmad and J. Sokol,Applications of the differential operator to a class of meromorphic

univalent functions, Journal of the Egyptian Mathematical Society, 2015.


