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Meromorphically Starlike Functions at Infinity
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Abstract. In this letter, we introduce meromorphically starlike functions
by using a particular class of analytic functions that present authors ap-
plied in 2012 [cf.[1]]. These functions map the punctured unit disk into
a starlike domain at infinity. Besides, we investigate coefficient estimate,
radii of convexity and distortion theorems as well. Finally, we ascertain
that these subclasses are closed under convex linear combination.

AMS (MOS) Subject Classification Codes: 30C45
Key Words: Meromorphic, Coefficient inequalities, Convex linear combinations.

1. INTRODUCTION
Let > stand for the class of

f(z) = % +) a2, (1. 1)

n=1
that are analytic i/ *, whereU* = {2 : 0 < |2| < 1}.
11
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> represent all off (z) such that
f(z)——f—l—g anz",g=1—— a €N 1.2
—~ n 7q ) ) N

and are analytic ilV*. Whena goes to infinity thenl — 1/« approaches td; hence
Za = Z'

S~ also denote functions such as

1 1
= "Mog=1-— N 1.
f(2) Z+;|an|z q=1-—a€cN, (1.3)
and analytic inJ*.
In view of above definitions, We define a generalized subclass, denofet by, , v) for
f belonging to)  , as follows.
A function f defined by (1. 2) belongs f®° (3, 6, ), if it get by analytic criterion s.t.

(2
o T

zf'(2) zf'(2)
2y [R6 + 8] - |5 +1]
for0 < g8 <1,0<6<1 and% < v < 1. Whena — oo thenl — 1/a — 1; hence
Za = Z Imp“esza(ﬂa J, 7) equal tOZ(ﬁvéa 7)
We conside’_ " (3,4,~) equal o> N> (8,4,7), clearly > (3,4,~) is the general-

ized form of the clas} (5, 9, v) that Aouf and Joshi introduced in 1998 [cf.[2]]. Similar
work has been seen for different subclasses done by other author’s[ see for example [3-5]
].

Using (1. 4 ), we obtain the characterization properties for the special family of meromor-
phic functions at infinity defined in (1. 2) as follow:

<8,z€U", (1. 4)

Theorem 1.1. A f(2) € 3. belongs t6>_7 (3, 4,), iff it satisfies the analytic criterion

> {(ng +1) +6[(1 — ng) + 2y(ng — B)]}Han| < 207(1 - B), (1. 5)

n=1

where0 < 8 < 1,0 <4 < 1,% < v < 1 andq having the same constraints as given in
1.2)

Proof. Let f € Z;(ﬂ, J,7), then by using (1. 4 ) and after some calculation, we have

=}
(ng+1)|an|z"9+
R 1= n=l 1= < 67 z e U*.
2v(1-B)—  (1-2y)nglan|znetl— " (1-2yB)|ay|zmeF?
n=1 n=1

Letting = — 1 through positive values and after doing some mathematics, we obtain
> {(ng + 1)+ 6[(1 — ng) + 2v(ng — B)]}an| < 267(1 - B).
n=1

Conversely, since we have

2f'(2) + [(2)] = 6127(21'(2) + Bf (2)) — (2f"(2) + f(2))| =
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S (ng +1)an 2"

n=1
S (27— D(ng)anz" + 3 (287 — L)a,z"

n=1 n=1

— 5’27(6 -1+

3
Il
—

+| 3 (1= 2870,

n=1

|

< (o Dlaalrrt = of (1= 9)+ £ (1= 2 lan et - (1

n=1

2ﬁv>|an|rnq+l},

(ng+ 1)+ 6[(1 — ng) + 2y(ng — B)]|an|r" 7T — 267(1 — 3). (1. 6)

M8

n=1

Hence by taking limit whem — —1, then we have

< S (ng+1)+0[(1 - ng) + 2y(ng — B)]|an| — 2091 — B) <0.

Itimplies thatf(z) € 3>.1(8,6,7). O
The solution given in (1. 5) is sharp for
1 20v(1 — B)z"1
7e) = 1= 5) , @7

2 + (nq+ 1) + 0[(1 — ng) + 2v(ng — B)]

where0 < 3 < 1,0 < § < 1,5 <+ < 1 andq having the same constraints as given in
1.2).

Theorem 1.2. If f(2) € 3" belongs to>_" (3,4,~), then

) 5(1-8) 5(1-8)
B~ wnRt-osmes A S 1F @) < o+ romisa s 1A

Proof. Let f € ZZ(@ J,), then by using our previous Theorem1.1,we have

- 0y(1—9)
nz::l lan] < (g+1)+0(1—q) +207(q - B)’

since

1 oo
@< o+l > lanl,
n=1

1. 6v(1 = B)
Tzl (g + 1)+ 61— q) +20v(q - B)
Similarly, one can prove easily that
1 6v(1 - B)
T2 G D re0 -0+ 29— D)

this implies
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2. RADII OF CONVEXITY
Theorem 2.1. If f(z) € 3.7 belongs toy_." (8, d,7), thenf is meromorphically convex
having orderp in |z| < r(8, 6,7, p), where
(ng +1) +9[(1 = ng) + 29(ng = A)](1 = p) | ™"
207(1 = B)ng(ng +2 — p) ’

where0 < 8 <1,0<0 < 1,% < v < 1,0 < p < 1andq having the same constraints as
givenin(l. 2).

r(8,6,7,p) = inf [

Proof. Supposef € 3 (3,4,v), then by Theorem1.1, we get

— (ng+1) +0[(1 — ng) + 2y(ng — 3]
2 267(1 = B)

To prove our main result, it is enough to show that

2f"(2)
f'(2)

lan] < 1. (2. 8)

n=1

‘2 + ‘ <(1-p),

or

['(2) + (zf'(2))
f'(z)

Constraints on parameters are considered same as given in the statement, so from above

expression, we get

< (1-p).

o) [eS)
> ng(ng + 1)lag|z"71 ) 3 ng(ng + 1)]ay ||z
n=1 < n=1

00 = 00
— + 3 nglan|zni? 1— 3 nglan|z["7+t

n=1 n=1

The expression is bounded above(by- p) if

Z WMHHZ‘MHI <1. (2.9)
(1—=p)

Using (2. 8 ), above expression is true if

nq(ng+2 — p) ot < (ng +1) +0[(1 — ng) + 2y(ng — B)]

n=1

1) 267(1 ) men,
impies that
(ng + 1) + 5[(1 = ng) + 2y(ng — B))(1 — p) | 7
2l < [ 207(1 — B)ng(ng + 2 — p) } mel, (2. 10)

and therefore

(ng +1) + 3[(1 ~ ng) + 2y(ng — B))(1 - p)} o

r(6,8,7,p) = inf { 267(1 = B)ng(ng + 2 — p)

,n € N.
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3. EXTREME POINTS
Theorem 3.1. Let fo(z) = 1 and

207(1 — 3)z"™
fo(z) = (1 - )

P (ng + 1) +6[(1 — ng) + 2v(ng — B)|

thenf € S°5(5,6,7) <= F(2) = °°° Angfuq(2), Whereh, > 0and 3 A, = 1.
n=0

n €N,

Proof. Supposef(z) = Z Anfn(2), whered,, > 0and Y~ A, =1. Then

n=0 n=0
. Z Anfn(2) = Xofo(2) + Z An (2
1 + Z 257(1 — ﬁ) i

— " (ng+1) +6[(1 = ng) + 2v(nq — B)]
By using (2. 8) and above expression, we®&f. ; A, = 1— ) < 1. Hence by Theorem
1.1, one can see easily thate Z:(ﬂ, d,v). Conversely, Suppose th#te Zz(ﬂ,é, ),

since 264(1 — Bz
(1 —p)z"

G| < ,n e N.

1l = g T D+ 310 ng) + 21(nq = 9]
we adjust

_ (ng+1)+4[(1 — ng) + 2y(ng — )]
Ap = 207 (1 ) lan|,n € N

and\o =1—>".°, A\,. Thenclearlyf(z) = 3", A, fn(2), @s required. O

4. CONVEX LINEAR COMBINATION

Theorem4.1. f € Zj(ﬂ, d,7) is closed under convex linear combination.
Proof. Let f(z) andg(z) belong to3"7 (3,4, ~), wheref(z) = L4+ lan|z", and

9(2) = L+ 3007, |bn|z". We considen(z) = uf(z) + (1 — p)g(2), (0 < p < 1), then
by using Theorem 1.1, we have

> Ang+1) +6[(1 —ng) +2v(ng = B)]} [nan + (1 = p)by| < 25v(1 = B).

O

Next we discussed a special subclass of meromorphic functions deno@n)w, 0,7]
contained alll

_ 1 2roy(1 - B)z ST
f(z)_z+{(q+1)+5[(17q)+27(q—5)]}+n§|"‘ 0=r<1 (411)

Theorem 4.2. Let the functions defined l§¢. 11 )belong toZ:a (8, 9,~] iff

Z{nq+ ) +[(1 = ng) + 2v(ng — B)]} lan| < 20y(1 = B)(1—7). (4. 12)

It is true for

20v(1-0) 26v(1-B8)(1—r) n
falz) = +7"{<q+1)+6[<1 1@ BN T el 3 aB 2 1 2 2
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Proof. By using Theorem1.1, we have

> {(ng + 1)+ 6[(1 — ng) + 2v(ng — B)]}Han| < 207(1 - B),

n=1

this implies that
{(a+1) +0[(1 - 9) +2y(a = B))} |au|
+ i{(nq +1) + 6[(1 — ng) + 2v(ng — B)]}Han| < 267(1 — 3),

; 2r§vy(1—p) .
replacing|a; | by (@D 127G}’ 0 < r < 1, and after doing some mathemat-

ics, we proved inequality given in (4. 12). O

Theorem 4.3. If the functions defined bigt. 11 )belong toz;fa [8,6,~] then f is convex
in0 < |z| < p(B,4,~,r) wherep(8, §,~, r) is the largest value for which

3roy(1-p) 2 nq(ng+2)26v(1-B)(1—r) ng+1 oo
v P T oa-mg e P < 1|

Sharp function for the result is given by

_1 2r5v(1—p3) 26v(1=p)(A—7)
Fa(2) = 2 + tnrelt-a+ 2= ? T (e Dol 121 =B} #

Proof. Here we need to get
2" (2)
(2)

for the functions defined by (4. 11 ). Therefore, we have

+2’§1,

2r8yp? P na+1
” Pl g T na(na+1)]an|p™*
270G 4 9| < n=2 <1
(=) - 2réy(1—pB) _ nqla, pra+l
(RS (e ey qianp

)

whenever

3roy(1—B) 0 .
{(g+1) +6[(1 —q) +2v(q — ﬁ)]}”2 +;"Q(W+2)Ianlp <L

Sincef € Zj’a [8,4,7], hence we may take

2>‘n67(17ﬁ)(177ﬁ)

lan] = D Fa-rn 3 a=pT  2m=2An < 1.

ng(ng+2)p™*!

For each fixedp, choose an integer = n(p) for which r—ar ey |

maximal. Then

o0 n ng(ng+2)26y(1-p)(1-r) 7
Zn:2 nq(nq_‘_Q)‘a"‘p att < {(rqul)?‘ré[(l ;Yzq)+2'y(nq ﬁ)]}p q+1

Now find the valueny = p(3, d, v, ) and the corresponding(p,) so that

3roy(1— ) oy g+ 2291 =H)(=1) g
{@+ D) +o[(1—q) + 29— AN {ng+ 1) + 0[(1 — ng) + 27(ng — B)]}°
For this value functiory is convex in defined range ¢f|. O

=1.
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Theorem 4.4. Let

1, 2réy(1 - f) ;
2 {lg+1)+0[(1—q) +2v(g—B)]}

fi(z) =

and

1 2r57(1-B) 267(1-8)(1—7) n
fa(2) = 2 + e @ N T el 3 =B~ n[{4,13)

thenf(z) belongs tonfa [8,0,7] <= f(z) = ioj Anfn(2), with \,, > 0and io: An =
n=0 n=0
1.

Proof. Suppose thaf(z) = > 7, A\, fx(z), then after some calculation and using hy-
pothesis, we get

1 2réy(1—p) = 267(1-B)(1=1)An
Inl@) = = F - are e e 2, Wit - O 14)

by using Theorem 4.2, we have

o0

S 26v(1=B)(1=1) ), Lngt D) +6[(1-ng)+27(ng=F)]}
{(ng+1)+4[(1—ng)+2v(ng—pB)]} "™ 26v(1-B)(1-7)

n=2

:ixn:pAlgL

n=1

thereforef (z) € 3, [8,4.7].
Conversely, we suppose that

1 2r6y(1 - j) R - S
) =t D raa-arna_pn° "2l

belonging to class, discussed for (4. 11 ), and

267(1 = B)(1 - 1)

n=2

= g D+ 010 = ng) + 21(ng - )
setting as
_ {(ng+1) +6[(1 — ng) +2v(ng — B)]} o0
A = 259(1 = B)(1— 1) anl- s
and\; =1— Y72 \,. Thenclearlyf(z) = >°7° ; A\ fn(2), as required. O

Other work related to analytic functions and its properties can be found in [6-8].
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