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Abstract. This paper examines the fractionalized second grade fluid due
to oscillating plate under slip condition. The discrete Laplace transform
technique is employed to compute the analytical solutions for the equa-
tions of motion. The velocity field and shear stress are computed. In order
to write them in compact form, the Wright generalized hyper geometric
function is used and written as addition of slip and no slip contributions.
The closed-form solutions for ordinary second grade and Newtonian flu-
ids carrying out the similar motion are achieved. The computations for
fractional and ordinary second grade fluids without slip effect are also
achieved as a special case. Furthermore, the impact of various parameters
such as the slip, fractional and material parameters on the motion of frac-
tionalized second grade fluid will be explained through graphs. Finally,
a comparison among the Newtonian fluids, ordinary second grade fluids
and fractionalized second grade fluids is also carried out.
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1. INTRODUCTION

Blood, polymer solutions and certain oils represent many complex fluids, which are ex-
pressed via Newtonian constitutive equation that often do not exhibit any relaxation and
retardation phenomena. In order to express the dynamics in such fluids, many models
are introduced. Particularly, the differential type models have gained much important at-
tention ([1], [2], [3]). The model of second-grade fluid is one of the famous models for
non-Newtonian fluids ([4], [5], [6], [7], [8], [9]). The second-grade fluids are associated
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with the simplest subclass of non-Newtonian fluids whose closed-form solution can easily
be found. Recently, the subject of fractional calculus has attained much attention to solve
the complicated problems in complex dynamics. Specifically, it is proven to be an impor-
tant mechanism for tackling the viscoelastic properties. The fractional calculus approach is
widely studied (see for instance ([10], [11], [12], [13], [14], [15] [16], [17], [18], [19]). In
more recent years, the closed-form solutions describing the flow of various fractionalized
non-Newtonian fluids are achieved in ([20], [21], [22], [23], [24], [25], [26]). In most of
the applications, it is seen that the fluid renders a loss of adhesion at the wetted wall. The
idea of slip of a fluid at a solid wall demonstrates the macroscopic effects of specific molec-
ular phenomenon. The non-continuum effect of fluid such as slip-flow was experimentally
obtained by Derek et al. [27]. The boundary conditions which ponder the feasibility of
fluid slip at a solid boundary were introduced by Navier [28]. It is expressed in that condi-
tion that the fluid speed is directly proportional to the shear stress. An experimental study
was first carried out by Beavers and Joseph [29] to examine the fluid flow at the inter-
face between a porous medium and fluid layer. The authors also devised the slip boundary
conditions. Some recent studies discussing the closed-form solutions for non-Newtonian
fluids under slip effects are shown in Refs. ([30], [31], [32], [33], [34], [35], [36]). Jamil
and Najeeb A. Khan [36] examined an unsteady flow of an incompressible Maxwell fluid
under slip condition. However, the unsteady flow for second grade fluid under slip condi-
tion is not studied for second grade fluid. This paper provides the closed-form solutions for
second grade fluids through fractional derivative approach, which is suitable mechanism to
express the complex behavior of such fluids with slip effects. Specifically, this work aims
to compute the profiles for the shear stress and the velocity field associated to the motion
of a fractionalized second grade fluid owing to an oscillating plate. The discrete Laplace
transform technique is employed to attain the general solutions for the governed equations,
which are expressed in terms of the Wright generalized hyper geometric functionpψq and
shown as addition of the slip contribution and the associated no-slip contributions. The
solutions for Newtonian and ordinary second grade fluids for similar motion are achieved.
Furthermore, the solutions for fractional fluids and ordinary second grade fluids are also
obtained without slip effect as a special case and they are equivalent with classical Stokes
second and first (if frequency of oscillating planeω = 0 ) problems. Moreover, the motion
of fractionalized second grade fluids under various effects of the slip, fractional and mate-
rial parameters is also discussed graphically. In the end, the comparison among the fluid
models such as Newtonian, fractionalized second grade and ordinary second grade fluid
models is carried out with the help of graph.

2. MATHEMATICAL MODEL

The mathematical equations governing an incompressible fluid flow including the mo-
mentum and continuity equations are given by,

∇ · V = 0 , ∇ · T = ρ
∂V

∂t
+ ρ (V.∇) V (2. 1)
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where the parameterρ represents the fluid density,t is the time,V expresses the velocity
field, and∇ is the Nabla operator. The relationship between the Cauchy stressT and the
fluid motion is shown in [4-9],

T = −pI + S, S = µA1 + α1A2 + α2A
2
1 (2. 2)

where−pI denotes the unspecified section of the stress owing to the incompressibility con-
straint,S represents the extra stress tensor,α1 andα2 expresses the normal stress moduli,
µ expresses the dynamic viscosity. The functionsA1, A2 are the kinematic tensors, which
are defined as,

A1 = (∇V ) + (∇V )T
, A2 =

dA1

dt
+ A1(∇V ) + (∇V )T

A1 (2. 3)

In this study, an extra-stress tensor and a velocity field are presumed in the form

V = u (y, t) i, S = S (y, t) (2. 4)

where the vectori represents the unit vector inx-direction. The incompressibility constraint
for these flows is satisfied automatically. The fluid is considered to be at rest when the time,
t = 0 then

V = V (y, 0) = 0, S = S (y, 0) = 0 (2. 5)

Eqs. ( 2. 1 )-( 2. 5 ) yield the following coupled system of equations,

{
∂u(y,t)

∂t =
(
v + α ∂

∂t

) ∂2u(y,t)
∂y2

τ (y, t) =
(
µ + α1

∂
∂t

) ∂u(y,t)
∂y

(2. 6)

whereτ(y, t) = Sxy(y, t) the non-zero is shear stress andv = µ
ρ denotes the kinematic

viscosity and the viscoelastic characteristic of the second grade fluid. The mathematical
equations for fractionalized second grade fluid are given by [18]





∂u(y,t)
∂t =

(
v + αDβ

t

)
∂2u(y,t)

∂y2

τ (y, t) =
(
µ + α1D

β
t

)
∂u(y,t)

∂y ,
(2. 7)

where the fractional parameter0 < β < 1 While, the operator so called Caputo fractional
operatorDβ

t (see in [26, 27]) defined by

Dβ
t f (t) =

{
1

Γ(1−β)

∫ t

0
f ′(τ)

(t−τ)β dτ, 0 ≤ β < 1
df(t)

dt , β = 1
(2. 8)

We observe an incompressible fractionalized second grade fluid over an infinitely extended
plate on(x, z)-plane and perpendicular along they-axis. At the beginning, the fluid is at
rest position; the plate starts to oscillate in its own plane. Furthermore, the slip boundary is
taken into consideration between the fluid velocity at the planeu(0, t) and the plate speed.
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The velocity is taken to be proportional to the shear rate at the plane betweenu(0, t) and
plate. The velocity field is given in Eq.(2.4)1 while the mathematical governed equations
of motion are indicated in Eqs. (2.7). Following initial condition and boundary conditions
are taken into consideration:

Initial Condition:

u (y, 0) = 0 y > 0, (2. 9)

Boundary Conditions:
{

u(0, t) = UH(t)sin(ωt) + θH(t)∂u(y,t))
∂y |y=0

u(0, t) = UH(t)cos(ωt) + θH(t)∂u(y,t))
∂y |y=0

(2. 10)

where the parameterθ is the slip parameter and the functionH(t) is known as the Heaviside
function. In addition, the natural or force boundary conditions take the form:

u(y, t) → 0 as y →∞, t > 0 , (2. 11)

are to be satisfied. This is because the fluid is taken to be at rest, when approaches infinity
and no shear in the free stream are required. Fig.1 depicts the geometry of the governed
equations of motion together with the boundary conditions

FIGURE 1. geometry of the problem

2.1. Computation of Velocity Field.
In the subsequent section, the governing equation of motion Eq. (2.7) is examined

through the method of discrete Laplace transform. By taking the Laplace transform to Eq.
(2.7)1 together with initial condition (2.9) and boundary condition (2.10)1, we have

(
∂2

∂y2
− q

v + αqβ

)
ū (y, q) = 0, (2. 12)
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with boundary conditions,

ū(0, q) =
Uω

q2 + ω2
+ θ

∂ū(y, q)
∂y

|y=0 and ū(y, q) → 0 asy →∞ (2. 13)

whereū(y, q) denotes the Laplace transform ofu(y, t) and the parameterq is a kernel of
transformation. The solution of Eqs.(2.12)-(2.13) gives,

ūS (y, q) =
Uω

(q2 + ω2)
{

1 + θ
[

q
v+αqβ

] 1
2
} exp

{
−

[
q

v + αqβ

] 1
2

y

}
. (2. 14)

Eq. (2.14) can be rewritten in series form as Eq. (2.16) by using the fact

(−1)p Γ (α + 1)
Γ (α− p + 1)

=
Γ (p− α)
Γ (−α)

, (2. 15)

ūS (y, q) =
Uω

q2 + ω2
+ Uω

∞∑

j=0

(−ω2
)j

∞∑

l=1

(−θ√
α

)l ∞∑
n=0

Γ
(
n + l

2

)

n!Γ
(

l
2

) ×
(−v

α

)n 1

q(β−1) l
2+nβ+2j+2

+ Uω

∞∑

j=0

(−ω2
)j

∞∑

l=0

(−θ√
α

)l ∞∑
r=1

(−y√
α

)r

×

1
r!

∞∑
n=0

Γ
(
n + l+r

2

)

n!Γ
(

l+r
2

)
(−v

α

)n 1

q(β−1)( l+r
2 )+nβ+2j+2

(2. 16)

Taking inverse Laplace transform of Eq. (2.16) on both sides, we obtain

uS (y, t) = UH (t) sin (ωt) + UωH (t)
∞∑

j=0

(−ω2
)j

∞∑

l=1

(−θ√
α

)l

×

∞∑
n=0

Γ
(
n + l

2

) (−v
α tβ

)n
t(β−1) l

2+2j+1

n!Γ
(

l
2

)
Γ

(
(β − 1) l

2 + nβ + 2j + 2
) + UωH (t)

∞∑

j=0

(−ω2
)j

∞∑

l=0

(−θ√
α

)l ∞∑
r=1

(−y√
α

)r

×

1
r!

∞∑
n=0

Γ
(
n + l+r

2

) (− v
α tβ

)n

n!Γ
(

l+r
2

)
Γ

(
(β − 1)

(
r+l
2

)
+ nβ + 2j + 2

) t(β−1)( l+r
2 )+2j+1

(2. 17)

To obtain the velocity field for sine oscillation, we write Eq. (2.17) in terms of Wright
generalized hyper geometric function [37]:

uS (y, t) = UH (t) sin (ωt) + UH (t) ω

∞∑

j=0

(−ω2
)j

∞∑

l=1

(−θ√
α

)l

t(β−1) l
2+2j+1

1Ψ2

(−vtβ

α

∣∣∣∣
( l

2 ,1)
( l

2 ,0)((β−1) l
2+2j+2,β)

) (2. 18)
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where the function is defined as

pΨq

(
z

∣∣∣∣
(a1, A1) ... (ap, Ap)
(b1, B1) ... (bq, Bq)

)
=

∞∑
n=0

znΠp
j=1Γ (aj + Ajn)

n!Πq
j=1Γ (bj + Bjn)

(2. 19)

Furthermore, the velocity field for cosine oscillation can be obtained by using same proce-
dure as earlier and is given in Eq. (2.20). It can easily be seen that obtained solutions in
Eqs. (2.18) and (2.20) satisfies both the initial and boundary conditions.

uC (y, t) = UH (t) cos (ωt) + UH (t)
∞∑

j=0

(−ω2
)j

∞∑

l=1

(−θ√
α

)l

t(β−1) l
2+2j×

1Ψ2

(−vtβ

α

∣∣∣∣
( l

2 ,1)
( l

2 ,0)((β−1) l
2+2j+1,β)

)
+ UH (t)

∞∑

j=0

(−ω2
)j×

∞∑

l=0

(−θ√
α

)l ∞∑
r=1

(−y√
α

)r 1
r!

t(β−1) l+r
2 +2j

1Ψ2

(−vtβ

α

∣∣∣∣
( l+r

2 ,1)
( l+r

2 ,0)((β−1) l+r
2 +2j+1,β)

)

(2. 20)

2.2. Computation of Shear Stress.
To calculate the shear stress, we employ the Laplace transform on both sides of Eq.(2.7)2,

we get

τ̄ (y, q) =
(
µ + α1q

β
) ∂ū (y, q)

∂y
(2. 21)

Using Eq. (2.14) in (2.21), we find that

τ̄S (y, q) =
−ρUω

√
q
(
v + αqβ

) 1
2

(q2 + ω2)
[
1 + θ

√
q

v+αqβ

] exp

(
−

[
q

v + αqβ

] 1
2

y

)
(2. 22)

We write the Eq. (2.22) in series form as under

τ̄S (y, q) = −ρUω
√

α

∞∑

j=0

(−ω2
)j

∞∑

l=0

(−θ√
α

)l ∞∑
r=0

(−y√
α

)r

×

1
r!

∞∑
n=0

Γ
(
n + l+r−1

2

) (−v
α

)n

n!Γ
(

l+r−1
2

) 1

q(β−1)( l+r−1
2 )+nβ+2j+1

(2. 23)

Eq. (2.23) is solved by taking the inverse Laplace transform on both sides and then by
using the Eq. (2.19), we shall find the shear-stressτs(y, t) for sine oscillation:

τS (y, t) = −ρUω
√

αH (t)
∞∑

j=0

(−ω2
)j

∞∑

l=0

(−θ√
α

)l ∞∑
r=0

(−y√
α

)r 1
r!

t(β−1)( l+r−1
2 )+2j

1Ψ2

(
−vtβ

α

∣∣∣∣
( l+r−1

2 ,1)
( l+r−1

2 ,0)(( l+r−1
2 )(β−1)+2j+2,β)

) (2. 24)
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Shear stress for cosine oscillation can be obtained in same manner and is given below,

τc (y, t) = −ρU
√

αH (t)
∞∑

j=0

(−ω2
)j

∞∑

l=0

(−θ√
α

)l ∞∑
r=0

(−y√
α

)r 1
r!
×

t(β−1)( l+r−1
2 )+2j

1Ψ2

(
−vtβ

α

∣∣∣∣
( l+r−1

2 ,1)
( l+r−1

2 ,0)(( l+r−1
2 )(β−1)+2j+2,β)

) (2. 25)

3. SPECIAL CASES

3.1. Ordinary Second Grade Fluid with Slip Effect when β → 1.
By putting β → 1 into Eqs. (2.18), (2.20), (2.24) and (2.25), we shall acquire the

velocity field and associated shear stress for ordinary second grade fluid under slip effect.

3.2. Fractionalized Second Grade Fluid without Slip Effects.By lettingθ → 0 in Eqs.
(2.18), (2.20), (2.24) and (2.25), the shear stress and the velocity field without slip effect
are given as under,

uS (y, t) = UH (t) sin (ωt) + UωH (t)
∞∑

j=0

(−ω2
)j

∞∑
r=1

(−y√
α

)r

×

1
r!

t(β−1)( r
2 )+2j+1

1Ψ2

(
−vtβ

α

∣∣∣∣
( r

2 ,1)
( r

2 ,0)( r
2 (β−1)+2j+2,β)

) (3. 26)

uc (y, t) = UH (t) cos (ωt) + UH (t)
∞∑

j=0

(−ω2
)j

∞∑
r=1

(−y√
α

)r

×

1
r!

t(β−1)( r
2 )+2j+1

1Ψ2

(−vtβ

α

∣∣∣∣
( r

2 ,1)
( r

2 ,0)((β−1) r
2 +2j+1,β)

) (3. 27)

τs (y, t) = −ρU
√

αH (t)
∞∑

j=0

(−ω2
)j

∞∑
r=0

(−y√
α

)r 1
r!

t(β−1)( r−1
2 )+2j

×1Ψ2

(−vtβ

α

∣∣∣∣
( r−1

2 ,1)
( r−1

2 ,0)(( r−1
2 )(β−1)+2j+1,β)

) (3. 28)

τc (y, t) = −ρU
√

αH (t)
∞∑

j=0

(−ω2
)j

∞∑
r=0

(−y√
α

)r 1
r!

t(β−1)( r−1
2 )+2j

×1Ψ2

(−vtβ

α

∣∣∣∣
( r−1

2 ,1)
( r−1

2 ,0)(( r−1
2 )(β−1)+2j+1,β)

) (3. 29)

It is also worth to note that the substitution of frequency of oscillating plateω = 0 , in Eqs.
(3.28) and (3.29), yields the similar solutions as were obtained in [18] for fractionalized
second grade fluid.

3.3. Ordinary Second Grade Fluid without Slip Effects β → 1.
When lettingβ → 1 into Eqs. (3.26)- (3.29), the solutions for second problem of Stokes

for ordinary second grade fluid without slip effect can be achieved.
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3.4. Newtonian Fluid under Slip Effectsα → 0.
By taking α → 0 into Eqs. (2.14) and (2.22), under slip effect, the solutions for a

Newtonian fluid corresponding to sine oscillation is obtained as under,

uS (y, t) = UH (t) sin (ωt) + UH (t) ωt

∞∑

l=1

( −θ√
tv

)l

1Ψ1

(
−(ωt)2

∣∣∣
(1,1)

(−l
2 +2,2)

)

+UH (t)ωt

∞∑

l=0

( −θ√
tv

)l ∞∑
r=1

( −y√
tv

)r 1
r! 1

Ψ1

(
−(ωt)2

∣∣∣
(1,1)

(− l+r
2 +2,2)

) (3. 30)

τS (y, t) = −√ρU

√
µ

t
ωH (t)

∞∑

l=0

( −θ√
tv

)l ∞∑
r=0

( −y√
tv

)r 1
r! 1

Ψ1

(
−(ωt)2

∣∣∣
(1,1)

(− l+r−1
2 +1,2)

)

(3. 31)
Similarly, the shear stress profiles and velocity field profiles for cosine oscillations are given
by,

uc (y, t) = UH (t) cos (ωt) + UH (t)
∞∑

l=1

( −θ√
tv

)l

1Ψ1

(
−(ωt)2

∣∣∣
(1,1)

(−−l
2 +1,2)

)

+UH (t)
∞∑

l=0

( −θ√
tv

)l ∞∑
r=1

( −y√
tv

)r 1
r! 1

Ψ1

(
−(ωt)2

∣∣∣
(1,1)

(− l+r
2 +1,2)

) (3. 32)

and

τc (y, t) = −√ρH (t)U

√
µ

t

∞∑

l=0

( −θ√
tv

)l ∞∑
r=0

( −y√
tv

)r 1
r! 1

Ψ1

(
−(ωt)2

∣∣∣
(1,1)

(− l+r−1
2 ,2)

)

(3. 33)

3.5. Newtonian Fluid without Slip Effects θ → 0.
Finally, takingθ → 0 into Eqs. (3.30)-(3.33), the solutions for Newtonian fluid without

slip effect can be achieved.

4. RESULTS AND DISCUSSIONS

This section discusses the implementation and correlated physical aspect of our obtained
solutions. Much attention has been paid on analyzing the velocity fieldus(y, t) for sine
oscillations in the presence (i.e.θ = 5.0 ) and absence (i.e.θ = 0.0 ) of slip effects.
Using the Mathcad software the graphs for the velocity field profilesus(y, t) have been
drawn againsty under different material constantsα, v, θ the frequencyω and fractional
parameterβ with fixed θ = 5.0 andθ = 0.0 Fig. 2 depicts the effects of time on velocity
field us(y, t) againsty treating the slip parameterθ = 5.0 (Fig.2a) andθ = 0.0 (Fig. 2b)
fixed with different material constants,α, v, θ the frequencyω and fractional parameterβ.
It is clear in Fig.2a that the fluid motion increases in the beginning, then decreases and
remains constant asy increases with the presence of slip condition. While, in Fig. 2b, the
similar behavior is observed exceptt = 6 and larger values oft. The effects of material
parameterα and kinematic viscosityv on the velocity field are, respectively, sketched in
Fig. 3 and Fig. 4. It is shown in Fig. 3 that the velocity increases and remains constant
for larger values ofα with and without slip effects. The similar behavior for velocity field
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against for various values of kinematic velocityus(y) is observed. Fig. 5 exhibits the
effects of fractional parameterβ on the velocity field with respect toy. It is shown that
the velocity grows initially and then remains constant asy increases for larger values of
fractional parameterβ. Fig. 6 exhibits the effects of different frequency-valuesω on the
fluid motion in terms of velocity field. It can be seen that there is no effect of slip parameter
on the velocity field under various frequency-valuesω. The effects of a parameter on the
velocity field with respect to timet is shown in Fig. 7. The decreasing oscillatory behavior
of velocity field is seen as the timet progresses. Finally, the effects of a fractional parameter
β for fractionalized, ordinary and Newtonian fluid with respect toy is depicted in Fig. 8. It
is shown that the velocity field behaves alike for both the fractionalized and ordinary fluids
except slightly different from Newtonian fluid.

5. CONCLUSION

The closed-form solutions for the governing equations motion describing the fractional-
ized second grade fluid under slip effect are achieved. By employing the method of discrete
Laplace transform, the solutions for velocity fieldu(y, t) and the shear stressτ(y, t) cor-
responding to sine and cosine oscillations are gained. These solutions are shown in series
form in term of functionpψq and expressed as sum between no-slip and slip contribution,
satisfying all given constraints. The associated solutions for ordinary second grade fluid
with and without slip effects are also found from the general solutions forβ → 1 and
θ → 0. For α → 0, the Newtonian solutions are achieved as special cases from the gen-
eral solutions. Stokes second problem of fractionalized and ordinary second grade fluid is
obtained by settingθ → 0 as a special case. Furthermore, by makingθ = 0 andω = 0 in
Eqs. (2.18) and (2.24), we recovered [18] the classical solutions for Stokes first problem
for fractionalized second grade fluid. The distinction among the various fluid models such
as Newtonian, fractionalized second and ordinary second grade fluid models has also been
pointed out. The important conclusions from present study are given below.

• The general solutions (2.18), (2.20), (2.24) and (2.25) are shown as a sum of the
slip and related no-slip contributions. The attained solutions can easily be specified
to display the same solutions for ordinary second grade fluid.

• It is shown that the fluid motion slows down when the parameter grows.
• The amplitude of the velocity field is seen to be increasing with respect to time in

beginning then decreases slowly over the time.
• The amplitude of the velocity field is shown to be increasing with respect to the

material parameter and kinematic viscosity , whether slip effect is present or not.
• The fractional parameter and frequency of the oscillating plate have similar effects

on the motion of fluid.
• The highest amplitude of the Newtonian and fractionalized second grade fluids is

witnessed respectively with and without presence of the slip effect.
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FIGURE 2. Velocity field profilesus(y, t) versesy for various values of
t with U = 1, v = 0.295, µ = 26, α = 0.5, β = 0.2, ω = 1

FIGURE 3. Velocity field profilesus(y, t) versesy for different parame-
terα, with U = 1, β = 0.2, ρ = 88,β = 0.2, ω = 1, t = 4s

FIGURE 4. Velocity field profilesus(y, t) versesy for different parame-
terα, with U = 1, ρ = 88, β = 0.2,ω = 1, t = 4s

FIGURE 5. Velocity field profilesus(y, t) versesy for different parame-
terα, with U = 1, ρ = 88, β = 0.2,ω = 1, t = 4s
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FIGURE 6. Velocity field profilesus(y, t) versesy for various values of
fractional parametersβ, with U = 1, v = 0.0295, µ = 26, α = 0.5,
ω = 1, t = 4s

FIGURE 7. Velocity field us(y, t) versesy for different values of fre-
quencyω, with U = 1, v = 0.0295, µ = 26, α = 0.5, β = 0.2, t = 4s

FIGURE 8. Velocity field us(y, t) versest for different values of fre-
quencyy, with U = 1, v = 0.295, µ = 26, α = 0.5, β = 0.2, ω = 1

FIGURE 9. Comparison among different models withU = 1, v =
0.295, µ = 26, α = 0.5, β = 0.2, 0.5, 1, ω = 1 andt = 4s
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