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Definition 3.5. Assume that x be unit speed spacelike curve lying on Q2 with the moving
asymptotic orthonormal frame {x, α, y} . At that time, αy−smarandache curve of x is
defined by

γαy(s∗) = α(s) +
b

c
y(s), (3.23)

where c, b ∈ R+
0 .

Theorem 3.6. Assume that x be unit speed spacelike curve in Q2 with the moving asymp-
totic orthonormal frame {x, α, y} and cone curvature κ and let γαy be αy−smarandache
curve with asymptotic orthonormal frame {γαy, ααy, yαy} . At the time the following rela-
tions hold:

i) The asymptotic orthonormal frame {γαy, ααy, yαy} of the αy−smarandache curve
γαy is given as γαyααy

yαy

 =

 0 1 b
c

c
√
κ√

b2−2c2
b
√
κ√

b2−2c2
c
√
κ

κ
√
b2−2c2

ω1 ω2 ω3


xα
y

 , (3.24)

where

ζ1 =
cκ′

b2 − 2c2

(
c− 2κb

2κ

)
,

ζ2 =
cκ′

b2 − 2c2

(
c− b− 1

2κ

)
, (3.25)

ζ3 =
cκ′

b2 − 2c2

(
bκ− c

2κ2

)
and

ω1 = −ζ1,

ω2 = −(ζ2 +
1

2

(
2ζ1ζ3 + ζ22

)
), (3.26)

ω3 = −(ζ3 +
b

2c

(
2ζ1ζ3 + ζ22

)
).

ii) The cone curvature κγαy (s∗) of the curve γαy is given by

κγαy (s∗) =
−c2

8 (b2 − 2c2)
2 (
κ′

κ
)2
(

(c− 2κb) (bκ− c)
κ

+ (c− b− 1)
2

)
, (3.27)

where

s∗ =

√
b2 − 2c2

c

∫ √
κ(s)ds. (3.28)

Proof. i) Let the curve x be a unit speed spacelike curve with the asymptotic orthonormal
frame {x, α, y} and cone curvature κ. Differentiating the equation (3.23) with respect to s
and taking into account (2.1), we find

γ′αy(s∗)
ds∗

ds
= κ
−−→
x(s)− b

c
κ
−−→
α(s)−

−−→
y(s).
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This can be written as following

ααy(s∗)
ds∗

ds
= κ
−−→
x(s)− b

c
κ
−−→
α(s)−

−−→
y(s), (3.29)

where
ds∗

ds
=

√
b2 − 2c2

c

√
κ(s). (3.30)

By substituting (3.30) into (3.29), we find

ααy(s∗) =
c
√
κ√

b2 − 2c2
−→x − b

√
κ√

b2 − 2c2
−→α − c

√
κ

κ
√
b2 − 2c2

−→y . (3.31)

Differentiating (3.31) and using (3.30), we get

γ′′αy(s∗) = ζ1x(s) + ζ2α(s) + ζ3y(s),

where ζ1 = cκ′

b2−2c2
(
c−2κb
2κ

)
, ζ2 = cκ′

b2−2c2
(
c−b−1

2κ

)
, ζ3 = cκ′

b2−2c2
(
bκ−c
2κ2

)
.

yαy(s∗) = −γ′′αy −
1

2

〈
γ′′αy, γ

′′
αy

〉
γαy. (3.32)

By the help of equation (3.32), we obtain

yαy(s∗) = ω1x(s) + ω2α(s) + ω3y(s), (3.33)

where ω1 = −ζ1, ω2 = −(ζ2 + 1
2

(
2ζ1ζ3 + ζ22

)
), ω3 = −(ζ3 + b

2c

(
2ζ1ζ3 + ζ22

)
).

ii) The curvature κγαy (s∗) of the γαy(s∗) is explicity obtained by

κγαy (s∗) = − c2

8 (b2 − 2c2)
2

(
κ′

κ

)2(
(c− 2κb) (bκ− c)

κ
+ (c− b− 1)

2

)
.

�

Definition 3.7. Assume that x be unit speed spacelike curve lying on Q2 with the moving
asymptotic orthonormal frame {x, α, y} . Then, xαy−smarandache curve of x is defined
by

γxαy(s∗) =
1√

2cc∗ + b2
(cx(s) + bα(s) + c∗y(s)) , (3.34)

where c, c∗, b ∈ R+
0 .

Theorem 3.8. Assume that x be unit speed spacelike curve in Q2 with the moving asymp-
totic orthonormal frame {x, α, y} and cone curvature κ and let γxαy be xαy−smarandache
curve with asymptotic orthonormal frame {γxαy, αxαy, yxαy} . Then the following rela-
tions hold:

i) The asymptotic orthonormal frame {γxαy, αxαy, yxαy} of the xαy−smarandache
curve γxαy is given asγxαyαxαy

yxαy

 =

 c√
2cc∗+b2

b√
2cc∗+b2

c∗√
2cc∗+b2

ρ1 ρ2 ρ3
σ1 σ2 σ3

xα
y

 (3.35)
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where

η =

√
(c− c∗κ(s))

2 − 2b2κ(s);

ρ1 =
bκ(s)

η
, ρ2 =

c− c∗κ(s)

η
, ρ3 = − b

η
; (3.36)

ξ1 = (ρ′1 + ρ2κ) , ξ2 = ρ′2 + ρ1 + ρ3κ, ξ3 = −ρ′3 − ρ2
and

σ1 = −ξ1 −
c

2
√

2cc∗ + b2

(
2ξ1ξ3 + ξ22

)
,

σ2 = −ξ2 −
b

2
√

2cc∗ + b2

(
2ξ1ξ3 + ξ22

)
, (3.37)

σ3 = −ξ3 −
c∗

2
√

2cc∗ + b2

(
2ξ1ξ3 + ξ22

)
.

ii) The cone curvature κγxαy (s∗) of the curve γxαy is given by

κγyxα(s∗) =

(
b

(
κ

η

)′
+
c− c∗κ
η

κ

)((
b

η

)′
+
c− c∗κ
η

)

− 1

2

(
c− c∗κ
η

)′
, (3.38)

where

s∗ =
1√

2cc∗ + b2

∫ √
(c− c∗κ(s))

2 − 2b2κ(s)ds, b, c, c∗ ∈ R+
0 . (3.39)

Proof. i) Differentiating the equation (3.34) with respect to s and taking into account (2.1),
we find

γ′xαy(s∗)
ds∗

ds
=

1√
2cc∗ + b2

(
bκ
−−→
x(s) + (c− c∗κ)

−−→
α(s)−

−−−→
by(s)

)
. (3.40)

This can be written as follows

αxαy(s∗) =
bκ

η

−−→
x(s) +

c− c∗κ
η

−−→
α(s)− b

η

−−→
y(s) (3.41)

or
αxαy(s∗) = ρ1

−−→
x(s) + ρ2

−−→
α(s)− ρ3

−−→
y(s), (3.42)

where
ds∗

ds
=

1√
2cc∗ + b2

√
(c− c∗κ)

2 − 2b2κ. (3.43)

Differentiating (3.42) and using (3.43), we get

γ′′xyα(s∗) = ξ1x(s) + ξ2α(s) + ξ3y(s),

where ξ1 = (ρ′1 + ρ2κ) , ξ2 = ρ′2 + ρ1 + ρ3κ, ξ3 = −ρ′3 − ρ2.

yxαy(s∗) = −γ′′xαy −
1

2

〈
γ′′xαy, γ

′′
xαy

〉
γxαy. (3.44)
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By the help of equation (3.44), we obtain

yxay(s∗) = σ1x(s) + σ2α(s) + σ3y(s), (3.45)

where σ1 = −ξ1 − c
2
√
2cc∗+b2

(
2ξ1ξ3 + ξ22

)
, σ2 = −ξ2 − b

2
√
2cc∗+b2

(
2ξ1ξ3 + ξ22

)
, σ3 =

−ξ3 − c∗

2
√
2cc∗+b2

(
2ξ1ξ3 + ξ22

)
.

ii) From κγxαy (s∗) = − 1
2

〈
γ′′xαy, γ

′′
xαy

〉
, we have

κγyxα(s∗) =

(
b

(
κ

η

)′
+
c− c∗κ
η

κ

)((
b

η

)′
+
c− c∗κ
η

)
− 1

2

(
c− c∗κ
η

)′
.

�

Theorem 3.9. Let x : I →Q2 ⊂ E3
1 be a spacelike curve in Q2 as follows

x(s) =
f−1s

2
(f2 − 1, 2f, f2 + 1), (3.46)

for some non constant function f(s). Then we can write the following conditions:
1) If x is a xα−smarandache curve, then the xα−smarandache curve γxα can be writ-

ten as
γxα(s∗) = (

c

b
− f−1s fss)x(s) + (f, 1, f) . (3.47)

2) If x is a xy−smarandache curve, then the xy−smarandache curve γxy can be written
as

γxy(s∗) =
1√
2bc

(
(c− 1

2f
−2
s f2ss)x(s) + f−1s fss (f, 1, f)

−fs (1.0, 1)

)
. (3.48)

3) If x is a αy−smarandache curve, then the αy−smarandache curve γαy can be written
as

γαy(s∗) =

( (
−f−1s fss − b

2cf
−2
s f2ss

)
x(s) +

(
1 + b

cf
−1
s fss

)
(f, 1, f)

− bcfs (1.0, 1)

)
. (3.49)

4) If x is a xαy−smarandache curve, then the xαy−smarandache curve γxαy can be
written as

γxαy(s∗) =
1√

2cc∗ + b2

( (
c− bf−1s fss − c∗

2 f
−2
s f2ss

)
x(s)

+
(
b+ c∗f−1s fss

)
(f, 1, f)− fs (1.0, 1)

)
, (3.50)

where c, b, c∗ ∈ R+
0 .

Proof. It is obvious from (3.1), (3.14), (3.23), (3.34) and (3.46). �

We can give the following example to hold special Smarandache curves in the null cone
Q2. Special xα, xy, αy, and xαy−smarandache curves of x curves are given in Figure
1 A, C, E, G, I, respectively. These figures rotated in three dimensions are also given in
Figure 1 B, D, F, H, J, respectively.

Example 3.10. The curve

x(s) =

(
cosh s

2
− 1

cosh s
, tanh s,

cosh s

2

)
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is spacelike in Q2 with arc length parameter s. Also, the shape of the x curve is given as
follows:

Then we can write the smarandache curves of the x curve as follows:
i) xα−smarandache curve γxα is given by

γxα(s) =

 d
(
cosh s

2 − 1
cosh s

)
+ sinh s

2 − tanh s
cosh s ,

d tanh s+ 1
cosh2 s

,

d cosh s
2 + sinh s

2


ii) xy−smarandache curve γxy is given by

γxy(s) =


m cosh s− n tanh s sinh s− d

(
1c+tanh2 s

cosh s

)
,

c tanh s
(
e− tanh2 s

2

)
,

d
((
c− tanh2 s

2

)
cosh s

2 − 1
cosh s

)


iii) αy− smarandache curve γαy is given by

γαy(s) =


( (

cosh s
2 − 1

cosh s

)
(1− e tanh s) tanh s

+ sinh s (1 + d tanh s)− d cosh s

)
,

− tanh2 s (1 + d tanh s) + d tanh s,
sinh s

2 − d cosh s− e sinh s tanh s


iv) xαy−smarandache curve γxαy is given by

γxαy(s) =


(
m sinh s− n cosh s+ d sinh s tanh s

− c
cosh s −

b sinh s−c∗ tanh2 s
cosh2 s

)
,

m+ n tanh s+ k tanh2 s+ l tanh3 s,
m cosh s+ d sinh s+ c tanh s sinh s,


where m,n, d, c, k, l, e ∈ R+

0 .
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(A) The curve x (B) The rotated surface of curve x

(C) xα−smarandache curve (D) xα- smarandache surface.

(E) xy−smarandache curve (F) xy−smarandache surface.

(G) αy−smarandache curve. (H) αy−smarandache surface.

(I) xαy−smarandache curve. (J) xαy−smarandache surface.

FIGURE 1. Graphics of smarandache surfaces and smarandache curves
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