PunjabUniversity Journal of Mathematic&022),54(1),1-13
https://doi.org/10.52280/pujm.2021.540101

Application of Double Shehu Transforms to Caputo FractionalPartial Differential
Equations

Suliman Alfageih Gizel Bakicierleand EmineMisirli
Departmenbf Applied Mathematicy
PalestineTechnicalUniversity-KadoorieHebron, Palestirle
Departmenbf Mathematic$
Ege UniversityJzmir, Turkey?
Email: suliman.alfageih@ptuk.edu.ggizelbakicierler@gmail.com,
emine.misirli@ege.edu.tr

Received:03 July, 2020/ Accepted:03 December2021/ Publishedonline: 26 January 2022

Abstract.: Recently, a new generalization of the double Laplace transform
and double Sumudu transform, namely, double Shehu transform, has been
introduced. This study has derived the double Shehu transform (DHT)
formulas for the fractional Caputo operators. We then applied this gener-
alized integral transform to solve fractional partial differential equations
involving Caputo derivative.
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1. INTRODUCTION

Differential equations of fractional orders are applied in various branches of applied
mathematics, physics, finance, and other sciences [25, 19, 28]. Several approaches have
been introduced and developed to get approximate or exact solutions of these types of
equations including, the Adomian decomposition method (ADM) [1, 2], the homotopy
perturbation method [27], variational iteration method [30], differential transform method
[21], fractional residual power series method [23]. Among these methods, the integral
transformation methods which are rather and popular, thus in the literature, there are vari-
ous types of integral transforms such as Laplace transform [29, 24, 7, 4], Sumudu transform
[12, 6, 5], natural transform [9] and many others. These transforms are widely implemented
to get analytical solutions of ordinary, partial differential equations, and integral equations.
After the appearance of one dimensional integral transform, the idea was extended to the
two dimensional and named the double integral transform [17, 18, 15]. One dimensional
Shehu transform [26] is closely related to Sumudu and Laplace transforms. This transform
was first defined in 2019 by Shehu Maitama and Weidong Zhao, and they implemented
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it to solve ordinary and partial differential equations for more about shehu transform and
its properties and applications see [22, 14, 13]. Double Shehu transform (DHT) [3] which
is a new generalization of double Laplace transform (DLT) and double Sumudu transform
(DST), was recently introduced by Alfageih and Misirli which applied to get the exact

solutions of partial differential equations of two variables and integral equations with con-
volution.

The rest of the article is presented as follows: In section 2, we give some notations about
fractional calculus. We then present the definition of one dimensional Shehu transform and
the double Shehu transform with related theorems in section 3. In section 4, we derive the
formulas of the double Shehu transform for the fractional Caputo operators. In section 5,
we implement the double Shehu transform to solve fractional partial differential equations.
Section 6 is for the conclusions of this article.

2. PRELIMINARIES

In this segment, some basic notations about fractional calculus and Shehu transforms
are presented.

Definition 2.1. [11, 10]Letg (z,t) be continuous function. Then, the Riemann-Liouville
partial fractional integrals are defined by:

Jrg (z,t) = 1 /t (t— X" g (2, ) dA 2. 1)
T Jo ’ ’

Vg (z,t) = ﬁ /OI (x—0)"""g(6,t)do, (2.2)
where(z,t) € (0,00) x (0,00) andy, u > —1.

Definition 2.2. [11] Let g (x,t) be a continuous function. Then, the Riemann-Liouville
partial fractional derivatives are defined by:

1 d " ¢ n—p—1
Rng(x,t)—F(n_M)(dt> /O(th) H1 g (2, N) d, @2.3)

rD7g (2,t) = ﬁ (;;)m /01 (x—0)""""g(0,t)do. (2. 4)

Definition 2.3. [11] The Caputo partial fractional derivatives of a functigr{x, t) are
given by:

1 ¢ e
Dlg(x,t) = m/o (t =N g™ (2, \) dA, (2. 5)
DLy (@4) = s | =0 g™ 0.0y, 2.6)

wherem — 1 <v<m,n—1<pu<nandn,m € N.
The following are some basic properties of the partial fractional integrals and Caputo
derivatives;

(1) 1179 (2,8) = pe Jo (8 @ —60)""g(6,)) dAd6,
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oy Jo (= A" (@ = )T gt (0, ) ddd,
3tI“DM x.t)=gqg(x.t) — mwtz
( ) tg ) g 5 i=0 i
(4) Di4Itg (x,t) = g (z,t).

Definition 2.4. The Mittag-Leffler function is defined by:

E, 3 z,8€C, Rv) > 2.7

Zrug+6)

3. SHEHU TRANSFORM

Definition 3.1. [26] The single Shehu transforms (HT) of a real-valued function t)
with respect to the variables and t respectively, are defined by:

H, (g(x,t) : p,u) = /0 e g (x,t)de, (3.8)

H,(g(z,t): q,0) = /OOC e~V g (z,1) dt. 3.9)

In the following lemmas the Shehu transforms of the fractional integrals and the Caputo
fractional derivatives are given.

Lemma 3.1. [14] Lety > 0, andg (z, t) are of exponential order. Then, the single Shehu
transform of,I#g (z, t) is given by:

H, (10g (2,1)) = (%)_“ H, (g (1)) . (3. 10)

Lemma3.2.[14] Lety > 0, m—1 < u < m, (m € N), be such thay € C™ (0, ) and
is of exponential order. Then, the single Shehu transform of Caputo fractional derivative

Dl'g (z,t) is given by:
q\+r—1-7 o7
_ (5> ( 79 (. 0)) (3. 11)
7=0
Definition 3.2. [3] The (DHT) of the functiog(z, t) is defined by the double integral as

H,H, (g (z,t) = G[(p,q), (u,v)] / / g(z,t)dzdt.  (3.12)

In the following lemma we present the double Shehu transforms formulas of the partial
derivatives of an arbitrary integer order.

m—1

Hy (Dg (a.1) = (£)" H,

Lemma 3.3. [3] Letg € 01 [(0,00) x (0,00)]. Then, the double Shehu transform of
partial derlvat|ves‘9 9 979 are given respectively by:

oxm dtm’

(1) HHy (52) = (8)" HH, (90w 1) = S5 (8)" 77 1 (259 (0,1))
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(@) HoHy (55) = ()" HoHe (9(,0) = 75" ()" Ha (£59@.0))
(3) HoHy (Gt ) = ()" (&)™ HoHy (9(2, 1))

%)’”z;;&(u)” U ($9(0.1)

— ()" S @) He (89 (@,0)

S z 0 (D" ()T (e 0.0)).

Some fundamental properties of double Shehu transform and inverse double Shehu
transform
Leta, b be an arbitrary constants, then the following are holds [3]:

(1) H.H, (1) = 22

Pq’

(2) H,H, (e(aa:-‘rbt)) = (pfazzj)ﬂ(}quv)’

nimy — nlm! (% i v m —
(3) H.H; (zt™) = nlm! D . ,mym=0,1,2,--

a+1 y+1
(@) HoHy (2*t) =T (a+1) (2) T+ () L az-1y2-1,

(5) H,Hy (cos (ax + bt)) = “ulprtabuy)

(P2+a2u?) °

(6) H,H; (cos (az + bt)) = %7

(7) HoHy (sin (az + bt)) = “hpeiage),
(8) H, H, (g(ax,bt)) = G((a,E) (u’v)) ’
(9) HoH; (e "+ g (2,1)) = G ((p + au, g + bv) , (u,0)),

(10) If g(z,t) = f(z)h(t), thenH, H,(f(z)h(t)) = Hy(f(z))Hi(h(t)),

(11) H,H,[.] is alinear operator, that is
H,H;[(ag + bh) (z,t)] = aH, Hy [g(x,t)] + bH, Hy [h(z,1)] .

Theorem 3.4.[14] The single Shehu transformef ~' E,, 5 (cz¥) is given by:

H, (2B, 3 (c2")) _ @ le| < ‘(3)”’ (3. 13)
’ v (B)"=¢ u '

Theorem 3.5.[3] Letg (z, t), and h (x, t) be of exponential order, having double Shehu
transformsH?2, (g (z,t)), and H2, (h(x,t)), respectively. The double Shehu transform of
the convolution ofy andh

[g * *h] (z, t):/x/tg(sc—n,t—)\)h(m,)\)dnd)\, (3. 14)
o Jo
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is given by
H3y ([g+ *h] (z, ) = H3, (9 (z, 8)) Hyy (B (x, 1)). (3. 15)

4. MAIN RESULTS

In this section, we establish the double Shehu transform of the factional integrals and deriv-
atives.
In the next theorem, we present the (DHT) of the fractional integral w.r.t

Theorem 4.1. Letp > 0, andg (z, t) is of exponential order. Then, double Shehu trans-
form of the fractional integrall*g (z, t) is given as follows:

HoH, (1% (2,1)) = (%)_” HoH, (g (2,1)). (4. 16)

Proof. By using the double Shehu transform of the convolution with respecite have

th1 g(a:,t))

H,H, (,"g (x,1)) = H,H, (r (1M)

= 1, (ks () B o)

= (%)ﬂi H,H; (g (x,t)).

Similarly, next theorem, presents the (DHT) of the fractional integral wer.t
Theorem 4.2. Letv > 0, andg (z,t) is of exponential order. Then, double Shehu trans-
form of the fractional integral.1” ¢ (x, t) is given as follows:

HoH, (2179 (2,1)) = (%)_V HoH, (g (2,1)) . (4. 17)

Proof. By using the double Shehu transform of the convolution with respegiite have

HoH, (,1g (z, 1)) = HyH, (F(ly)xv—l ‘g (x,t))

= b (e () B g 00

= (&) " HH (g ().

u

O

In the following theorem, we introduce the double Shehu transform for the mixed fractional
integral.

Theorem 4.3. Letv,u > 0, and g (z,t) is of exponential order. Then, double Shehu
transform of the fractional integrall* . I" ¢ (z, t) is given as follows:

HoH, (g ) = (4) 7 (8) T Heti g @) 418)
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Proof. By using the double Shehu transform of the double convolution, we have

1
L (a:,t))

HH (200 (.0) = B (5

:F@%mmmwﬂmem@mm
= ()" (B) " HH (g 1),

O

In the next two theorems, we introduce the double Shehu transform of the Caputo fractional
derivative w.r.tt andz, respectively.

Theorem4.4. Lety,v >0, m—1<pu<m,n—1<wv <n(m,neN), besuch that
g € C*[(0,00) x (0,00)], k = max {m,n} and is of exponential order. Then, the double
Shehu transforms of Caputo fractional derivatives are given by:

w1, (0f0 ) = (1) ot o)~ 5 ()70 (g 00)).
= (4. 19)

Proof. The Caputo fractional derivative with respectttéor the functiong(x,t) can be
written in the convolution as follows

1 o1 O0Mg(x,t)
Dlfg(r.t) = — — gm—pu-1 72 I
t9 (la ) T (m _ M) * otm ’

by applying the double Shehu transform to Eqg.( 4. 20 ) we have

1 m—p—1 % 8mg ($7t)
I'(m— p)t atm )
-t m—p—1 "9 (@,t)
= et (Y (S0
(2)" HoHy (g(a.t) ]

:<%yqn —Ef@f”“ﬁu@%gumg

=0
(%)HHmHt (g(z, 1)) - i (%)HiHHz (g;g(x,o)) .
0

(4. 20)

mmwhmw=mm<

O

Theorem 4.5. Lety,v >0, m—1<pu<m, n—1<wv < n(m,n € N), be such that
g € C*[(0,00) x (0,00)], k = max {m,n} and is of exponential order. Then, the double
Shehu transforms of Caputo fractional derivatives are given by:

(D2 0 = (2) Bt o) - 3 (2) 7 e (g 0.0).
= . 21)
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Proof. The Caputo fractional derivative with respectatdor the functiong(z,t) can be
written in the convolution as follows

1 n—v—1 ang ([L‘,t)

D¥g(x,t) = T e V)x * e

(4. 22)

by applying the double Shehu transform to Eq.( 4. 22 ) we have

H,H, (DYg (v,t)) = H,H, (F(nl_y)ajl *‘W)
1

B 1 "¢ (z,t)
= gy e () HL A (gxn)
- (%) —”g( ) JHt(aMg(o,t))

() a5 (2) (i)

O

The last theorem in this section introduces the double Shehu transform of the mixed Caputo
fractional derivatives.

Theorem 4.6. Lety,v >0, m—1<pu<m, n—1<wv <n(m,n € N), be such that
g € C*[(0,00) x (0,00)], k = max {m,n} and is of exponential order. Then, the double
Shehu transforms of Caputo fractional derivatives are given by:

H,H, (D'D!g (z,t)) = (%) (%)MHth (g(z,1)) (4. 23)
(VS (YT g (2
(v) ;(u) H <8xig(07t>>
y M=l p—1—j By
S (o)
n-lm-l1 p—1—j v—1—i j+i
ST ().

Proof. The Caputo fractional derivative with respectita for the functiong(z, t) can be
written in the convolution as follows
1 8n+mg (m t)

DVDM t) = n—l/—ltm—u—l * )
=Drg (1) F(an)F(m—,u)m dznotm

(4. 24)
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by applying the double Shehu transform to Eq.( 4. 24 ) we have

H,.H, DY D! t)=H,H n—v—1m-p-1 9 9\
«Hy (D:Dig (1)) ! (F(n—y)l—‘(m—,u)z * DrnOtm

1 o oMy (x,t
H,H, («""~") H,H, (g()> ,

=———H,H ("""

I'(m—p) I'in-v) oxnot™

using Theorem (3.5) we have
[ (5)" ()" HaHy (9(x,1))
g\m S~ (pyn—1-i ol
—(H)" X (8) H, (axig(oi))

=G0 —er S @ (g o) ’

LY X @) (e (0,0)

R ) (Gaen)

j=0
n—1m—1 s v—1—i j+i
EX OO (on).

5. APPLICATIONS

To described the double Shehu transform method, let us consider the linear non-homogeneous
fractional partial differential equation in operator form

Dlg (x,t) + D%g (z,t +ZA] - Z x,t), (5. 25)

m71<6§m,n71§1/§n,
with initial and boundary conditions
Dig(x,0) = ¢; (), Dig (0,1) = @i (t) (5. 26)
j=01,2..,m—-1,i=0,1,2..n—1.

Applying the (DHT) to both sides of Eq.(5. 25 ) and single (HT) to the initial and boundary
conditions Eq.( 5. 26 ), we get
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DV ) - S (4) T (P00
(%) m.m (gl 1) 2 (4) H$< s )

3 ’ S0y (9 (.0)
S £ (42)
+ zn:Bi <§)inHt Get) -3 (%)i’l’sgt (‘95{13(9:087“”
=0 s=0

n—1

B P v—1—i alg (O,t) B v B
> () Ht< )+ (B) HoH (9w, 0) = HoH (f(1), (5.27)
substituting the single Shehu transforms of the initial and boundary conditions

H, (Dfg(2,0)) = 6;, Hy (Dg (0,1)) = 5 ,

in Eq.(5. 27), we get

(4) 111, (g (,1)) — )3 (D) 65+ (2) Bt (ot 1)
n—1 v—1—i m q\J i1 q k—1—j _
SO R () m e - 5 (1) 8
i=0 §=0 k=0
n . i—1 i—1—s
+Y B, (%) HIHt(g(x,t))—Z(z) ' @Sleth(f(x,t)L (5. 28)
=0 s=0
simplifying,
m—1 (%)M 1 J(gj_FnZl (%)y—l—l ;
7=0 1=0
m j—1 L n i—1 iel—s
AT T Ta - Y BT (2) 7
HoH, (g(x 1)) = — 12 *=0 =0 520 . (5. 29)
(B +(5) +]§0Aj(%)J + ;031(2)2

taking the inverse of (DHT), we get
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gla,t) = H, 'H, ' | —2

(5. 30)

which is the solution of Eq.( 5. 25) subject to the initial and boundary conditions given in
Eqg.(5. 26).

Example 5.1. Consider the following time fractional heat partial differential equation

1 0% (x,t)
B _ g\,
Dtg(x,t)fpw,0<ﬂ§1, l‘,t>0, (5 31)
with initial and boundary conditions
g(0,t)=0, %g (0,t) =7wEgz (~t"),g(x, 0) =sin (). (5. 32)

Applying the (DHT) to both sides &q.( 5. 31 Jand single (HT) to the initial and boundary
conditionsEq.( 5. 32 ) we get

() .0 o)~ (1) Helgtw0)
=3 [(p)2G<<p,q>,<u,v>>(§) H, (9(0,1)) — H, (;ﬁg(o,n)}, (5. 33)

2 [\u
substituting the single (HT) of initial and boundary conditions
) (2)7! .
H;(g(0,t)) =0, H <g O,t)—w“,Hm g(z,0) = ———,
1 (9(0,) g9 @) =7 S He o) =

in Eq.(5. 33 ) we get

v v (E)
2 _ q)P-1
- [(i) G<<p7q>,(u,v>>w((;)ﬁ+l ,
simplifying, we obtain ’
G (p.q). (u,0)) = ()"
T @ ) ()
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taking the inverse of (DHT), we get

(&) u

((®)7+1) (= +(2)?)

which agrees with the solution already obtained8h

g(xat) =H,’

xt

=FEg (ft'@) sin (7x) ,

Example 5.2. Consider the following homogeneous time fractional partial differential
Telegraph equation

g (a,t)
02
with respect to the initial and boundary conditions
g(xa O) =0 ) gt (3?, 0) = ew7
g(0,t) =tEg_s52 (—t°70), g5 (0,t ) =tEz_s (—t°7°).
Applying the (DHT) to both side of equatifg.( 5. 34 )and single (HT) to the initial and
boundary condition&q.( 5. 35 ) we get

1
D/g (w,t) + Dig (,1) - +9(@)=01<F<25<i<1, (5 34)

(5. 35)

(%)ﬁ G ((p, q), (u,v)) — (%)ﬁ “1H, (¢ (z,0)) — (%)ﬁ “?H, (g« (,0)) (5. 36)
# (1) 6@ on = (3) 7 He o0 = (2) 600 ()

P 9 . _
+(2) #1l0 0.0+ H: (520 0.0) + 6 ((.0). (w0) =
substituting the single (HT) of initial and boundary conditions,

Hy (9(x,0)) =0, Hy (g: (2,0)) =

Hi(9(0,)) = Hi (92 (0,1)) =

in Eg.(5. 36 ) we get

simplifying, we obtain

N (L (GED)

taking the inverse of (DHT), we get

—2 (’g)ﬁ_g_Q 1 T B—4
g(z,t)=H L =te"Eg_s52 (—t"°),

(7)) () -
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which is in full agreement with the results obtained20, 16].

6. CONCLUSIONS

In fractional calculus, developing new techniques for solving differential equations in-
volving fractional derivatives is always interesting. In this study, we have established the
double Shehu transform formulas for the fractional partial integrals and derivatives in the
sense of Caputo fractional derivative. Then, we have proved some theorems related to this
new transform. Furthermore, we have applied the double Shehu transform to solve some
linear partial fractional differential equations. It is worthwhile to mention that (DHT) can
be coupled with some other methods to solve non-linear (PDES) arising in applied mathe-
matics, applied physics, and engineering, which will be discussed in subsequent articles.
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