
Punjab University Journal of Mathematics (2022),54(1),1-13
https://doi.org/10.52280/pujm.2021.540101

Application of Double Shehu Transforms to Caputo Fractional Partial  Differential  
Equations

Suliman Alfaqeih, Gizel Bakıcıerler and Emine Mısırlı
Department of Applied Mathematics1,

Palestine Technical University-Kadoorie, Hebron, Palestine1,
Department of Mathematics2

Ege University, Izmir, Turkey2

Email: suliman.alfaqeih@ptuk.edu.ps, gizelbakicierler@gmail.com,
emine.misirli@ege.edu.tr

Received: 03 July, 2020 / Accepted: 03 December, 2021 / Published online: 26 January 2022

Abstract.: Recently, a new generalization of the double Laplace transform
and double Sumudu transform, namely, double Shehu transform, has been
introduced. This study has derived the double Shehu transform (DHT)
formulas for the fractional Caputo operators. We then applied this gener-
alized integral transform to solve fractional partial differential equations
involving Caputo derivative.

AMS (MOS) Subject Classification Codes: 44A05; 44A10; 35Q35; 35R11
Key Words: Fractional differential equation, Integral equations, Double Sumudu trans-

form, Double Laplace transforms, Shehu transform.

1. INTRODUCTION

Differential equations of fractional orders are applied in various branches of applied
mathematics, physics, finance, and other sciences [25, 19, 28]. Several approaches have
been introduced and developed to get approximate or exact solutions of these types of
equations including, the Adomian decomposition method (ADM) [1, 2], the homotopy
perturbation method [27], variational iteration method [30], differential transform method
[21], fractional residual power series method [23]. Among these methods, the integral
transformation methods which are rather and popular, thus in the literature, there are vari-
ous types of integral transforms such as Laplace transform [29, 24, 7, 4], Sumudu transform
[12, 6, 5], natural transform [9] and many others. These transforms are widely implemented
to get analytical solutions of ordinary, partial differential equations, and integral equations.
After the appearance of one dimensional integral transform, the idea was extended to the
two dimensional and named the double integral transform [17, 18, 15]. One dimensional
Shehu transform [26] is closely related to Sumudu and Laplace transforms. This transform
was first defined in 2019 by Shehu Maitama and Weidong Zhao, and they implemented
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it to solve ordinary and partial differential equations for more about shehu transform and
its properties and applications see [22, 14, 13]. Double Shehu transform (DHT) [3] which
is a new generalization of double Laplace transform (DLT) and double Sumudu transform
(DST), was recently introduced by Alfaqeih and Mısırlı which applied to get the exact
solutions of partial differential equations of two variables and integral equations with con-
volution.

The rest of the article is presented as follows: In section 2, we give some notations about
fractional calculus. We then present the definition of one dimensional Shehu transform and
the double Shehu transform with related theorems in section 3. In section 4, we derive the
formulas of the double Shehu transform for the fractional Caputo operators. In section 5,
we implement the double Shehu transform to solve fractional partial differential equations.
Section 6 is for the conclusions of this article.

2. PRELIMINARIES

In this segment, some basic notations about fractional calculus and Shehu transforms
are presented.

Definition 2.1. [11, 10]Let g (x, t) be continuous function. Then, the Riemann-Liouville
partial fractional integrals are defined by:

tIµg (x, t) =
1

Γ (µ)

∫ t

0

(t− λ)µ−1
g (x, λ) dλ, (2. 1)

xIνg (x, t) =
1

Γ (ν)

∫ x

0

(x− θ)ν−1
g (θ, t) dθ, (2. 2)

where(x, t) ∈ (0,∞)× (0,∞) andν, µ > −1.

Definition 2.2. [11] Let g (x, t) be a continuous function. Then, the Riemann-Liouville
partial fractional derivatives are defined by:

RDµ
t g (x, t) =

1
Γ (n− µ)

(
d

dt

)n ∫ t

0

(t− λ)n−µ−1
g (x, λ) dλ, (2. 3)

RDν
xg (x, t) =

1
Γ (m− ν)

(
d

dx

)m ∫ x

0

(x− θ)m−ν−1
g (θ, t) dθ. (2. 4)

Definition 2.3. [11] The Caputo partial fractional derivatives of a functiong (x, t) are
given by:

Dµ
t g (x, t) =

1
Γ (n− µ)

∫ t

0

(t− λ)n−µ−1
g(n) (x, λ) dλ, (2. 5)

Dν
xg (x, t) =

1
Γ (m− ν)

∫ x

0

(x− θ)m−ν−1
g(m) (θ, t) dθ, (2. 6)

wherem− 1 < ν < m, n− 1 < µ < n andn,m ∈ N.
The following are some basic properties of the partial fractional integrals and Caputo
derivatives;

(1) tIµxIνg (x, t) = 1
Γ(ν)Γ(µ)

∫ t

0
(t− λ)µ−1 (x− θ)ν−1

g (θ, λ) dλdθ,
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(2) Dµ
t Dν

xg (x, t) =
1

Γ(n−µ)Γ(m−ν)

∫ t

0
(t− λ)n−µ−1 (x− θ)m−ν−1

g(n+m) (θ, λ) dλdθ,

(3) tIµDµ
t g (x, t) = g (x, t)−∑m

i=0
g(i)(x,0)

i! ti,

(4) Dµ
t tIµg (x, t) = g (x, t) .

Definition 2.4. The Mittag-Leffler function is defined by:

Eν,β (x) =
∞∑

j=0

xj

Γ (νj + β)
, x, β ∈ C, <(ν) > 0. (2. 7)

3. SHEHU TRANSFORM

Definition 3.1. [26] The single Shehu transforms (HT) of a real-valued functiong(x, t)
with respect to the variablesx and t respectively, are defined by:

Hx (g (x, t) : p, u) =
∫ ∞

0

e−
px
u g (x, t) dx, (3. 8)

Ht (g (x, t) : q, v) =
∫ ∞

0

e−
qt
v g (x, t) dt. (3. 9)

In the following lemmas the Shehu transforms of the fractional integrals and the Caputo
fractional derivatives are given.

Lemma 3.1. [14] Letµ > 0, andg (x, t) are of exponential order. Then, the single Shehu
transform oftIµg (x, t) is given by:

Ht (tIµg (x, t)) =
( q

v

)−µ

Ht (g (x, t)) . (3. 10)

Lemma 3.2. [14] Letµ > 0, m−1 < µ < m, (m ∈ N), be such thatg ∈ Cn (0,∞) and
is of exponential order. Then, the single Shehu transform of Caputo fractional derivative
Dµ

t g (x, t) is given by:

Ht (Dµ
t g (x, t)) =

( q

v

)µ

Ht (g (x, t))−
m−1∑

j=0

( q

v

)µ−1−j
(

∂j

∂tj
g (x, 0)

)
. (3. 11)

Definition 3.2. [3] The (DHT) of the functiong(x, t) is defined by the double integral as

HxHt (g (x, t)) = G [(p, q) , (u, v)] =
∫ ∞

0

∫ ∞

0

e−( px
u + qt

v )g (x, t) dxdt. (3. 12)

In the following lemma we present the double Shehu transforms formulas of the partial
derivatives of an arbitrary integer order.

Lemma 3.3. [3] Let g ∈ C1 [(0,∞)× (0,∞)]. Then, the double Shehu transform of
partial derivatives∂ng

∂xn , ∂mg
∂tm , are given respectively by:

(1) HxHt

(
∂ng
∂xn

)
=

(
p
u

)n
HxHt (g(x, t))−∑n−1

j=0

(
p
u

)n−1−j
Ht

(
∂j

∂xj g (0, t)
)

,
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(2) HxHt

(
∂mg
∂tm

)
=

(
q
v

)m
HxHt (g(x, t))−∑m−1

j=0

(
q
v

)m−1−j
Hx

(
∂j

∂tj g (x, 0)
)

,

(3) HxHt

(
∂n+mg
∂xntm

)
=

(
p
u

)n (
q
v

)m
HxHt (g(x, t))

− (
q
v

)m ∑n−1
j=0

(
p
u

)n−1−j
Ht

(
∂i

∂xi g (0, t)
)

− (
p
u

)n ∑m−1
j=0

(
q
v

)m−1−j
Hx

(
∂j

∂tj g (x, 0)
)

+
∑n−1

i=0

∑m−1
j=0

(
q
v

)m−1−j (
p
u

)n−1−i
(

∂j+i

∂tj∂xi g (0, 0)
)

.

Some fundamental properties of double Shehu transform and inverse double Shehu
transform
Let a, b be an arbitrary constants, then the following are holds [3]:

(1) HxHt (1) = uv
pq ,

(2) HxHt

(
e(ax+bt)

)
= uv

(p−au)(q−bv) ,

(3) HxHt (xntm) = n!m!
(

u
p ,

)n+1 (
v
q

)m+1

, n, m = 0, 1, 2, · · ·,

(4) HxHt (xαtγ) = Γ (α + 1)
(

u
p

)α+1

Γ (γ + 1)
(

v
q

)γ+1

, α ≥ −1, γ ≥ −1,

(5) HxHt (cos (ax + bt)) = uv(pq+abuv)
(p2+a2u2) ,

(6) HxHt (cos (ax + bt)) = uv(pq+abuv)
(p2+a2u2) ,

(7) HxHt (sin (ax + bt)) = uv(bpv+aqu)
(q2+b2v2) ,

(8) HxHt (g (ax, bt)) = 1
abG

((
p
a , q

b

)
, (u, v)

)
,

(9) HxHt

(
e−(ax+bt)g (x, t)

)
= G ((p + au, q + bv) , (u, v)) ,

(10) If g(x, t) = f(x)h(t), thenHxHt(f(x)h(t)) = Hx(f(x))Ht(h(t)),

(11) HxHt[.] is a linear operator, that is
HxHt [(ag + bh) (x, t)] = aHxHt [g(x, t)] + bHxHt [h(x, t)] .

Theorem 3.4. [14] The single Shehu transform ofxβ−1Eν,β (cxν) is given by:

Hx

(
xβ−1Eν,β (cxν)

)
=

(
p
u

)ν−β

(
p
u

)ν − c
, |c| <

∣∣∣
( p

u

)ν∣∣∣ (3. 13)

Theorem 3.5. [3] Letg (x, t) , and h (x, t) be of exponential order, having double Shehu
transformsH2

xt (g (x, t)) , and H2
xt (h (x, t)), respectively. The double Shehu transform of

the convolution ofg andh

[g ∗ ∗h] (x, t) =
∫ x

0

∫ t

0

g (x− κ, t− λ) h (κ, λ) dκdλ, (3. 14)
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is given by

H2
xt ([g ∗ ∗h] (x, t)) = H2

xt (g (x, t)) H2
xt (h (x, t)) . (3. 15)

4. MAIN RESULTS

In this section, we establish the double Shehu transform of the factional integrals and deriv-
atives.
In the next theorem, we present the (DHT) of the fractional integral w.r.tt.

Theorem 4.1. Let µ > 0, andg (x, t) is of exponential order. Then, double Shehu trans-
form of the fractional integraltIµg (x, t) is given as follows:

HxHt (tIµg (x, t)) =
( q

v

)−µ

HxHt (g (x, t)). (4. 16)

Proof. By using the double Shehu transform of the convolution with respect tot, we have

HxHt (tIµg (x, t)) = HxHt

(
1

Γ (µ)
tµ−1 ∗ g (x, t)

)

= Hx

(
1

Γ (µ)
Ht

(
tµ−1

)
Ht (g (x, t))

)

=
( q

v

)−µ

HxHt (g (x, t)) .

¤

Similarly, next theorem, presents the (DHT) of the fractional integral w.r.tx.

Theorem 4.2. Let ν > 0, andg (x, t) is of exponential order. Then, double Shehu trans-
form of the fractional integralxIνg (x, t) is given as follows:

HxHt (xIνg (x, t)) =
( p

u

)−ν

HxHt (g (x, t)) . (4. 17)

Proof. By using the double Shehu transform of the convolution with respect tot, we have

HxHt (xIνg (x, t)) = HxHt

(
1

Γ (ν)
xν−1 ∗ g (x, t)

)

= Ht

(
1

Γ (ν)
Hx

(
xν−1

)
Hx (g (x, t))

)

=
( p

u

)−ν

HxHt (g (x, t)) .

¤

In the following theorem, we introduce the double Shehu transform for the mixed fractional
integral.

Theorem 4.3. Let ν, µ > 0, and g (x, t) is of exponential order. Then, double Shehu
transform of the fractional integraltIµxIνg (x, t) is given as follows:

HxHt (tIµxIνg (x, t)) =
( q

v

)−µ ( p

u

)−ν

HxHt (g (x, t)) . (4. 18)
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Proof. By using the double Shehu transform of the double convolution, we have

HxHt (tIµxIνg (x, t)) = HxHt

(
1

Γ (ν) Γ (µ)
xν−1tµ−1 ∗ ∗g (x, t)

)

=
1

Γ (ν) Γ (µ)
HxHt

(
xν−1tµ−1

)
HxHt (g (x, t))

=
( q

v

)−µ ( p

u

)−ν

HxHt (g (x, t)) .

¤

In the next two theorems, we introduce the double Shehu transform of the Caputo fractional
derivative w.r.tt andx, respectively.

Theorem 4.4. Let µ, ν > 0, m − 1 < µ < m, n − 1 < ν < n (m,n ∈ N), be such that
g ∈ Ck [(0,∞)× (0,∞)] , k = max {m,n} and is of exponential order. Then, the double
Shehu transforms of Caputo fractional derivatives are given by:

HxHt (Dµ
t g (x, t)) =

( q

v

)µ

HxHt (g(x, t))−
m−1∑

j=0

( q

v

)µ−1−j

Hx

(
∂j

∂tj
g (x, 0)

)
.

(4. 19)

Proof. The Caputo fractional derivative with respect tot for the functiong(x, t) can be
written in the convolution as follows

Dµ
t g (x, t) =

1
Γ (m− µ)

tm−µ−1 ∗ ∂mg (x, t)
∂tm

, (4. 20)

by applying the double Shehu transform to Eq.( 4. 20 ) we have

HxHt (Dµ
t g (x, t)) = HxHt

(
1

Γ (m− µ)
tm−µ−1 ∗ ∂mg (x, t)

∂tm

)

=
1

Γ (m− µ)
HxHt

(
tm−µ−1

)
HxHt

(
∂mg (x, t)

∂tm

)

=
( q

v

)µ−m




(
q
v

)m
HxHt (g(x, t))

−
m−1∑
j=0

(
q
v

)m−1−j
Hx

(
∂j

∂tj g (x, 0)
)




=
( q

v

)µ

HxHt (g(x, t))−
m−1∑

j=0

( q

v

)µ−1−j

Hx

(
∂j

∂tj
g (x, 0)

)
.

¤

Theorem 4.5. Let µ, ν > 0, m − 1 < µ < m, n − 1 < ν < n (m,n ∈ N), be such that
g ∈ Ck [(0,∞)× (0,∞)] , k = max {m,n} and is of exponential order. Then, the double
Shehu transforms of Caputo fractional derivatives are given by:

HxHt (Dν
xg (x, t)) =

( p

u

)ν

HxHt (g(x, t))−
n−1∑

i=0

( p

u

)ν−1−i

Ht

(
∂i

∂xi
g (0, t)

)
.

(4. 21)
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Proof. The Caputo fractional derivative with respect tox for the functiong(x, t) can be
written in the convolution as follows

Dν
xg (x, t) =

1
Γ (n− ν)

xn−ν−1 ∗ ∂ng (x, t)
∂xn

, (4. 22)

by applying the double Shehu transform to Eq.( 4. 22 ) we have

HxHt (Dν
xg (x, t)) = HxHt

(
1

Γ (n− ν)
xn−ν−1 ∗ ∂ng (x, t)

∂xn

)

=
1

Γ (n− ν)
HxHt

(
xn−ν−1

)
HxHt

(
∂ng (x, t)

∂xn

)

=
( p

u

)ν−n




(
p
u

)n
HxHt (g(x, t))

−
n−1∑
j=0

(
p
u

)n−1−j
Ht

(
∂j

∂xj g (0, t)
)




=
( p

u

)ν

HxHt (g(x, t))−
n−1∑

i=0

( p

u

)ν−1−i

Ht

(
∂i

∂xi
g (0, t)

)
.

¤

The last theorem in this section introduces the double Shehu transform of the mixed Caputo
fractional derivatives.

Theorem 4.6. Let µ, ν > 0, m − 1 < µ < m, n − 1 < ν < n (m,n ∈ N), be such that
g ∈ Ck [(0,∞)× (0,∞)] , k = max {m,n} and is of exponential order. Then, the double
Shehu transforms of Caputo fractional derivatives are given by:

HxHt (Dν
xDµ

t g (x, t)) =
( p

u

)ν ( q

v

)µ

HxHt (g(x, t)) (4. 23)

−
( q

v

)µ n−1∑

i=0

( p

u

)ν−1−i

Ht

(
∂i

∂xi
g (0, t)

)

−
( p

u

)ν m−1∑

j=0

( q

v

)µ−1−j

Hx

(
∂j

∂tj
g (x, 0)

)

+
n−1∑

i=0

m−1∑

j=0

( q

v

)µ−1−j ( p

u

)ν−1−i
(

∂j+i

∂tj∂xi
g (0, 0)

)
,

Proof. The Caputo fractional derivative with respect tox, t for the functiong(x, t) can be
written in the convolution as follows

Dν
xDµ

t g (x, t) =
1

Γ (n− ν) Γ (m− µ)
xn−ν−1tm−µ−1 ∗ ∂n+mg (x, t)

∂xn∂tm
, (4. 24)
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by applying the double Shehu transform to Eq.( 4. 24 ) we have

HxHt (Dν
xDµ

t g (x, t)) = HxHt

(
1

Γ (n− ν) Γ (m− µ)
xn−ν−1tm−µ−1 ∗ ∂n+mg (x, t)

∂xn∂tm

)

=
1

Γ (m− µ)
HxHt

(
tm−µ−1

) 1
Γ (n− ν)

HxHt

(
xn−ν−1

)
HxHt

(
∂n+mg (x, t)

∂xn∂tm

)
,

using Theorem (3.5) we have

=
( p

u

)ν−n ( q

v

)µ−m




(
p
u

)n(
q
v

)m
HxHt (g(x, t))

−(
q
v

)m n−1∑
j=0

(
p
u

)n−1−j
Ht

(
∂i

∂xi g (0, t)
)

−(
p
u

)n m−1∑
j=0

(
q
v

)m−1−j
Hx

(
∂j

∂tj g (x, 0)
)

+
n−1∑
i=0

m−1∑
j=0

(
q
v

)m−1−j( p
u

)n−1−i
(

∂j+i

∂tj∂xi g (0, 0)
)




,

simplifying, we get

HxHt (Dν
xDµ

t g (x, t)) =
( p

u

)ν( q

v

)µ

HxHt (g(x, t))

−
( q

v

)µ n−1∑

i=0

( p

u

)ν−1−i

Ht

(
∂i

∂xi
g (0, t)

)

−
( p

u

)ν m−1∑

j=0

( q

v

)µ−1−j

Hx

(
∂j

∂tj
g (x, 0)

)

+
n−1∑

i=0

m−1∑

j=0

( q

v

)µ−1−j( p

u

)ν−1−i
(

∂j+i

∂tj∂xi
g (0, 0)

)
.

¤

5. APPLICATIONS

To described the double Shehu transform method, let us consider the linear non-homogeneous
fractional partial differential equation in operator form

Dµ
t g (x, t) + Dν

xg (x, t) +
m∑

j=0

Aj
∂jg

∂tj
+

n∑

i=0

Bi
∂ig

∂xi
= f (x, t) , (5. 25)

m− 1 < β ≤ m,n− 1 ≤ ν ≤ n,

with initial and boundary conditions

Dj
t g (x, 0) = φj (x) , Di

xg (0, t) = ϕi (t) , (5. 26)

j = 0, 1, 2, ...,m− 1, i = 0, 1, 2, ...n− 1.

Applying the (DHT) to both sides of Eq.( 5. 25 ) and single (HT) to the initial and boundary
conditions Eq.( 5. 26 ), we get
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( q

v

)µ

HxHt (g(x, t))−
m−1∑

j=0

( q

v

)µ−1−j

Hx

(
∂jg (x, 0)

∂tj

)

+
m∑

j=0

Aj

[( q

v

)j

HxHt (g(x, t))−
j−1∑

k=0

( q

v

)k−1−j

Hx

(
∂kg (x, 0)

∂tk

)]

+
n∑

i=0

Bi

[( p

u

)i

HxHt (g(x, t))−
i−1∑
s=0

( p

u

)i−1−s

Ht

(
∂sg (0, t)

∂xs

)]

−
n−1∑

i=0

( p

u

)ν−1−i

Ht

(
∂ig (0, t)

∂xi

)
+

( p

u

)ν

HxHt (g(x, t)) = HxHt (f(x, t)) , (5. 27)

substituting the single Shehu transforms of the initial and boundary conditions

Hx

(
Dj

t g (x, 0)
)

= φ̄j ,Ht

(
Di

xg (0, t)
)

= ϕ̄i ,

in Eq.( 5. 27 ), we get

( q

v

)µ

HxHt (g(x, t))−
m−1∑

j=0

( q

v

)µ−1−j

φ̄j +
( p

u

)ν

HxHt (g(x, t))

−
n−1∑

i=0

( p

u

)ν−1−i

ϕ̄i +
m∑

j=0

Aj

[( q

v

)j

HxHt (g(x, t))−
j−1∑

k=0

( q

v

)k−1−j

φ̄k

]

+
n∑

i=0

Bi

[( p

u

)i

HxHt (g(x, t))−
i−1∑
s=0

( p

u

)i−1−s

ϕ̄s

]
= HxHt (f(x, t)) , (5. 28)

simplifying,

HxHt (g(x, t)) =

m−1∑
j=0

(
q
v

)µ−1−j
φ̄j +

n−1∑
i=0

(
p
u

)ν−1−i
ϕ̄i

−
m∑

j=0

Aj

j−1∑
k=0

(
q
v

)k−1−j
φ̄k −

n∑
i=0

Bi

i−1∑
s=0

(
p
u

)i−1−s
ϕ̄s

[
(

q
v

)µ +
(

p
u

)ν +
m∑

j=0

Aj

(
q
v

)j +
n∑

i=0

Bi

(
p
u

)i

] , (5. 29)

taking the inverse of (DHT), we get
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g(x, t) = Hx
−1Ht

−1




m−1∑
j=0

(
q
v

)µ−1−j
φ̄j +

n−1∑
i=0

(
p
u

)ν−1−i
ϕ̄i

−
m∑

j=0

Aj

j−1∑
k=0

(
q
v

)k−1−j
φ̄k −

n∑
i=0

Bi

i−1∑
s=0

(
p
u

)i−1−s
ϕ̄s

[
(

q
v

)µ +
(

p
u

)ν +
m∑

j=0

Aj

(
q
v

)j +
n∑

i=0

Bi

(
p
u

)i

]




,

(5. 30)

which is the solution of Eq.( 5. 25 ) subject to the initial and boundary conditions given in
Eq.( 5. 26 ).

Example 5.1. Consider the following time fractional heat partial differential equation

Dβ
t g (x, t) =

1
π2

∂2g (x, t)
∂x2

, 0 < β ≤ 1, x, t > 0, (5. 31)

with initial and boundary conditions

g (0, t ) = 0,
∂

∂x
g (0, t ) = πEβ

(−tβ
)
, g (x, 0) = sin (πx) . (5. 32)

Applying the (DHT) to both sides ofEq.( 5. 31 )and single (HT) to the initial and boundary
conditionsEq.( 5. 32 ), we get

( q

v

)β

Ḡ ((p, q), (u, v))−
( q

v

)β−1

Hx (g (x, 0))

=
1
π2

[( p

u

)2

Ḡ ((p, q), (u, v))−
( p

u

)
Ht (g (0, t))−Ht

(
∂

∂x
g (0, t)

)]
, (5. 33)

substituting the single (HT) of initial and boundary conditions

Ht (g (0, t)) = 0, Ht

(
∂

∂x
g (0, t)

)
= π

(
q
v

)β−1

(
q
v

)β + 1
, Hx (g (x, 0)) =

π

π2 +
(

p
u

)2 ,

in Eq.( 5. 33 ), we get
( q

v

)β

Ḡ ((p, q), (u, v))−
( q

v

)β−1 π

π2 +
(

p
u

)2

=
1
π2

[( p

u

)2

Ḡ ((p, q), (u, v))− π

(
q
v

)β−1

(
q
v

)β + 1

]
,

simplifying, we obtain

Ḡ ((p, q), (u, v)) = π

(
q
v

)β−1

((
q
v

)β + 1
)(

π2 +
(

p
u

)2
) ,
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taking the inverse of (DHT), we get

g (x, t) = H−2
xt




(
q
v

)β−1

((
q
v

)β + 1
) π(

π2 +
(

p
u

)2
)


 = Eβ

(−tβ
)
sin (πx) ,

which agrees with the solution already obtained in[8].

Example 5.2. Consider the following homogeneous time fractional partial differential
Telegraph equation

Dβ
t g (x, t) + Dδ

t g (x, t)− ∂2g (x, t)
∂x2

+ g (x, t) = 0, 1 < β ≤ 2,
1
2

< δ ≤ 1, (5. 34)

with respect to the initial and boundary conditions

g (x, 0) = 0 , gt (x, 0) = ex,
g (0, t ) = tEβ−δ,2

(−tβ−δ
)
, gx (0, t ) = tEβ−δ,2

(−tβ−δ
)
.

(5. 35)

Applying the (DHT) to both side of equationEq.( 5. 34 )and single (HT) to the initial and
boundary conditionsEq.( 5. 35 ), we get

( q

v

)β

Ḡ ((p, q), (u, v))−
( q

v

)β −1Hx (g (x, 0))−
( q

v

)β −2Hx (gx (x, 0)) (5. 36)

+
( q

v

)δ

Ḡ ((p, q), (u, v))−
( q

v

)δ−1

Hx (g (x, 0))−
( p

u

)2

Ḡ ((p, q), (u, v))

+
( p

u

)
Ht (g (0, t)) + Ht

(
∂

∂x
g (0, t)

)
+ Ḡ ((p, q), (u, v)) = 0,

substituting the single (HT) of initial and boundary conditions,

Hx (g (x, 0)) = 0, Hx (gt (x, 0)) =
1(

p
u

)− 1
,

Ht (g (0, t)) = Ht (gx (0, t)) =

(
q
v

)β−δ−2

(
q
v

)β−δ + 1
,

in Eq.( 5. 36 ), we get[( q

v

)β

+
( q

v

)δ

−
( p

u

)2

+ 1
]

Ḡ ((p, q), (u, v))

=

(
q
v

)β−2

(
p
u

)− 1
−

(
q
v

)β−δ−2

(
q
v

)β−δ + 1
−

(
q
v

)β−δ−2 (
p
u

)
(

q
v

)β−δ + 1
,

simplifying, we obtain

Ḡ ((p, q), (u, v)) =

(
q
v

)β−δ−2

((
q
v

)β−δ + 1
) 1((

p
u

)− 1
) ,

taking the inverse of (DHT), we get

g (x, t) = H−2
xt




(
q
v

)β−δ−2

((
q
v

)β−δ + 1
) 1((

p
u

)− 1
)

 = texEβ−δ,2

(−tβ−δ
)
,
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which is in full agreement with the results obtained in[20, 16].

6. CONCLUSIONS

In fractional calculus, developing new techniques for solving differential equations in-
volving fractional derivatives is always interesting. In this study, we have established the
double Shehu transform formulas for the fractional partial integrals and derivatives in the
sense of Caputo fractional derivative. Then, we have proved some theorems related to this
new transform. Furthermore, we have applied the double Shehu transform to solve some
linear partial fractional differential equations. It is worthwhile to mention that (DHT) can
be coupled with some other methods to solve non-linear (PDEs) arising in applied mathe-
matics, applied physics, and engineering, which will be discussed in subsequent articles.
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