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Abstract.: The aim of this article is to define a new Jungck-Kirk type
iteration method and to examine the convergence result under appropriate
conditions together with other Jungck-Kirk type iteration methods in the
literature. It is also to analyze whether the newly defined iteration method
is stable. In addition, it has been shown through numerical examples that
the new iteration method has a better convergence rate than the others.
Finally, to show the validity of convergence and stability results, some
examples are given. The results obtained in this paper may be interpreted
as a refinement and improvement of the previously known results.
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1. INTRODUCTION AND PRELIMINARIES

Fixed point theory is a significant field of study in the literature. Recently, much atten-
tion has been given to develop new iterative methods and study its features like conver-
gence, equivalence in terms of convergence, stability, convergence rate, data dependency
etc. (see, e.g., [1, 5, 11, 12, 20, 21, 23] and references therein). Throughout this paper, we
assume thatB is a Banach space,D an arbitrary nonempty set andH, G : D → B such
thatG(D) ⊆ H(D). Forx0 ∈ D, following iteration method:

Hxn+1=f (G, xn)=Gxn (1. 1)

for all n∈N. This iteration method is called Jungck iteration method [15]. A generalization
of the Banach contraction mapping theorem is also obtained by Jungck [15]. The Jungck
type iteration method has been introduced by many researchers (see:[3, 6, 10, 17, 18, 22]
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and references therein).
In 1971, Kirk [19] introduced the Kirk iteration method as follows:

Let (B, ‖ · ‖) be a normed space andA be a nonempty, convex, closed subset ofB and
G : A → A be a selfmap ofA and letx0 ∈ B, the sequence{xn}∞n=0 is as follows:

xn+1 =
r∑

i=0

ωiG
ixn, n ≥ 0,

r∑

i=0

ωi = 1 (1. 2)

Based on the approaches given in ( 1. 1 ) and ( 1. 2 ), some Jungck-type or Kirk-type
iteration methods have been defined. In addition, by combining these two types, a new
interesting wide field of study has been revealed. These methods are called Jungck-Kirk
type iterations, have led many researchers to form Jungck-Kirk-type iteration methods to
obtain various types of fixed point theorems (see:[2, 4, 9]). Also, some of these iteration
methods are as follows:
In 2012, the following Jungck-Kirk-Noor iteration method was defined by Chugh and Ku-
mar [9] : 




Hxn+1 = ω
(1)
n,0Hxn +

r∑

i=1

ω
(1)
n,iG

iyn,

r∑

i=0

ω
(1)
n,i = 1

Hyn = ω
(2)
n,0Hxn +

s∑

j=1

ω
(2)
n,jG

jzn,

s∑

j=0

ω
(2)
n,j = 1

Hzn = ω
(3)
n,0Hxn +

t∑

k=1

ω
(3)
n,kGkxn,

t∑

k=0

ω
(3)
n,k = 1

(1. 3)

in whichω
(1)
n,i , ω

(2)
n,j , ω

(3)
n,k in [0, 1].

In 2013, the following the Jungck-Kirk-SP iteration method and Jungck-Kirk-CR iteration
method were defined by Alotaibi et al. [4] as follow respectively:





Hxn+1 = ω
(1)
n,0Hyn +

r∑

i=1

ω
(1)
n,iG

iyn,

r∑

i=0

ω
(1)
n,i = 1

Hyn = ω
(2)
n,0Hzn +

s∑

j=1

ω
(2)
n,jG

jzn,

s∑

j=0

ω
(2)
n,j = 1

Hzn = ω
(3)
n,0Hxn +

t∑

k=1

ω
(3)
n,kGkxn,

t∑

k=0

ω
(3)
n,k = 1

(1. 4)

and 



Hxn+1 = ω
(1)
n,0Hyn +

r∑

i=1

ω
(1)
n,iG

iyn,

r∑

i=0

ω
(1)
n,i = 1

Hyn = ω
(2)
n,0Gxn +

s∑

j=1

ω
(2)
n,jG

jzn,

s∑

j=0

ω
(2)
n,j = 1

Hzn = ω
(3)
n,0Hxn +

t∑

k=1

ω
(3)
n,kGkxn,

t∑

k=0

ω
(3)
n,k = 1

(1. 5)
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in whichω
(1)
n,i , ω

(2)
n,j , ω

(3)
n,k in [0, 1].

In 2013, Akewe et al. [2] introduced the implicit Jungck-Kirk-Mann iteration method,
the implicit Jungck-Kirk-Ishikawa iteration method, and implicit Jungck-Kirk-multistep
iteration as follow respectively{

Hxn+1 = ω
(1)
n,0Hyn +

r∑

i=1

ω
(1)
n,iG

iyn,

r∑

i=0

ω
(1)
n,i = 1 (1. 6)

and 



Hxn+1 = ω
(1)
n,0Hyn +

r∑

i=1

ω
(1)
n,iG

iyn,

r∑

i=0

ω
(1)
n,i = 1

Hyn = ω
(2)
n,0Hxn +

s∑

j=1

ω
(2)
n,jG

jxn,

s∑

j=0

ω
(2)
n,j = 1

(1. 7)

and 



Hxn+1 = ω
(1)
n,0Hy1

n +
m1∑

i=1

ω
(1)
n,iG

iyn,

m1∑

i=0

ω
(1)
n,i = 1

Hyl
n = ω

(2)l
n,0 Hyl+1

n +
ml+1∑

i=1

ω
(2)l
n,i Giyl+1

n ,

ml+1∑

i=0

ω
(2)l
n,i = 1,

l = 1, 2, ..., s− 2

Hys−1
n =

ms∑

i=0

ω
(2)s−1
n,i Gixs−1

n ,

ms∑

i=0

ω
(2)s−1
n,i = 1, s ≥ 2, n ≥ 0

(1. 8)

in whichm1 ≥ m2 ≥ m3 ≥ ... ≥ ms for eachl, ω
(1)
n,i ≥ 0, ω

(1)
n,0 6= 0, ω

(2)l
n,i ≥ 0, ω

(2)l
n,0 6= 0

for eachl, ω
(1)
n,i , ω

(2)l
n,i in [0, 1].

We recall some definitions and lemmas in the literature for the main results.

Definition 1.1. [14] Let (B, d) be a complete metric space andG : B → B be a mapping
such that

d(Gx,Gy) ≤ δd(x, y) + ψ (d(x, Gx)) , for all x, y ∈ B, (1. 9)

in whichδ ∈ [0, 1) andψ : R+→R+ be a subadditive, monotone increasing function such
thatψ(0) = 0, ψ(tv) = tψ(v), t ≥ 0, v ∈ R+.

Lemma 1.2. [24] Let (B, ‖ · ‖) be a normed space andG : B → B be a mapping such
that for all x, y ∈ B

‖GJx−Gjy‖ ≤
j∑

l=1

(
j

l

)
δj−lψl (‖Gx− x‖) + δj‖x− y‖ (1. 10)

in whichδ in [0, 1) andψ : R+→R+ be a subadditive, monotone increasing function such
thatψ(0) = 0, ψ(tv) = tψ(v), t ≥ 0, v ∈ R+.

Definition 1.3. [13] Let (B, ‖ · ‖) be normed space and the pairH, G : D → B be
mappings such that

‖Gx−Gy‖ ≤ δ ‖Hx−Hy‖+ ψ (‖Gx−Hx‖) , for all x, y ∈ D, (1. 11)
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in whichδ in [0, 1) andψ : R+→R+ be a continuous function such thatψ(0) = 0.

Definition 1.4. [16] Let B be a nonempty set andH, G:B→B be mappings. IfGx=Hx,
thenx∈B is called coincidence point ofG andH. If x = Gx = Hx, thenx∈B is called
common fixed point ofG andH. If p = Gx = Hx for somex∈B, thenp is called the
point of coincidence ofG andH. If GHx=HGx for all x∈B, then a pair(H, G) is called
commuting. IfGHx=HGx wheneverGx=Hx for somex∈B, then a pair(H, G) is called
weakly compatible.

Lemma 1.5. [25] Let (B, ‖ · ‖) be a normed space andG : D → B nonself maps ofB
satisfy condition(1. 11 ). Assume thatG (D)⊆H (D), ‖H2x−GHx‖ ≤ ‖Hx−Gx‖ and
‖H2x − GHy‖ ≤ ‖Hx − Gy‖ for all x, y ∈ D andGxp=Hxp=p. Then, for alli ∈ N,
for all x, y ∈ D

‖Gjx−Gjy‖ ≤
j∑

l=1

(
j

l

)
δj−lψl (‖Gx−Hx‖) + δj‖Hx−Hy‖ (1. 12)

in whichδ ∈ [0, 1) andψ : R+→R+ be a subadditive, monotone increasing function such
thatψ(0) = 0, ψ(tv) = tψ(v), t ≥ 0, v ∈ R+.

Definition 1.6. [26] LetH, G : D → B, G(D)⊆H(D) andp = Gx = Hx. For anyx0 ∈
D, let the sequence{Hxn}∞n=0 generated by the iteration methodHxn+1 = f(G, xn)
converges top. Let{Hyn}∞n=0 ⊂ B be an arbitrary sequence and set

εn = d(Hyn+1, f(G, yn)) (1. 13)

for all n∈N. Then the iteration methodf(G, xn) is called (H,G)-stable if and only if
lim

n→∞
εn = 0 implies that lim

n→∞
‖Hyn−p‖ = 0.

Lemma 1.7. [27] Let{bn}∞n=0 and{dn}∞n=0 be nonnegative real sequences satisfying the
following inequality:

bn+1 ≤ dn + (1− rn) bn

wherern ∈ (0, 1) for all n ∈ N,
∞∑

n=0
rn = ∞ and limn→∞ dn

rn
= 0. Thenbn → 0 as

n →∞.

Definition 1.8. [7] Let {an}∞n=0 and{bn}∞n=0 be sequences inA. We say that{bn}∞n=0 is
an approximate sequence of{an}∞n=0 if, for any t ∈ N, there existsε (t) such that

‖an − bn‖ ≤ ε (t) , for all n ≥ t.

Definition 1.9. [8] Let {an}∞n=0 and {bn}∞n=0 be sequences inA. We say that these se-
quences are equivalent if

lim
n→∞

‖an − bn‖ = 0.

In this study, the convergence of the newly defined iteration sequence given by ( 2. 14 )
and the sequences given by (1. 3 ) and (1. 4 ) is examined under the same conditions. Also,
it has become clear that the newly defined iteration method is stable. Finally, from Example
3.1 and Example 3.2, it is seen that the iteration method given in ( 2. 14 ) converges faster
than the iteration methods given in (1. 3 ) and (1. 4 ).
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2. RESULTS

In this section, we define a new Jungck-Kirk type iteration method as follows:




x0 ∈ D

Hxn+1 = ω
(1)
n,0Gzn +

r∑

i=1

ω
(1)
n,iG

iyn,

r∑

i=0

ω
(1)
n,i = 1

Hyn = ω
(2)
n,0Hzn +

s∑

j=1

ω
(2)
n,jG

jzn,

s∑

j=0

ω
(2)
n,j = 1

Hzn = ω
(3)
n,0Hxn +

t∑

k=1

ω
(3)
n,kGkxn,

t∑

k=0

ω
(3)
n,k = 1

(2. 14)

Theorem 2.1. Let (D, ‖.‖) be a norm spaces,H,G:D→B satisfy condition(1. 12 ). As-
sume thatG (D)⊆H (D), H (D)⊆B, Gxp=Hxp=p andψ : R+→R+ be a subadditive,
monotone increasing function such thatψ(0) = 0, ψ(tv) = tψ(v), t ≥ 0, δ ∈ [0, 1). Let
{Hxn}∞n=0 be iterative sequence(2. 14 ). Then,{Hxn}∞n=0 converges top. Moreover,p is
a unique common fixed point ofH andG provided thatD = B, andH andG are weakly
compatible.

Proof. By using iterative sequence (2. 14 ) and condition (1. 12 ), we have

‖Hxn+1 − p‖ ≤
r∑

i=1

ω
(1)
n,i‖Giyn − p‖+ ω

(1)
n,0 ‖ Gzn − p‖

≤ δω
(1)
n,0 ‖ Hzn − p‖+ ω

(1)
n,0ψ (‖Gp− p‖)

+
r∑

i=1

ω
(1)
n,i

(
i∑

l=1

(
i

l

)
δi−lψl (‖Hp− p‖) + δi‖Hyn − p‖

)

= δω
(1)
n,0 ‖ Hzn − p‖+

r∑

i=1

ω
(1)
n,iδ

i‖Hyn − p‖

(2. 15)

and

‖Hyn − p‖ ≤ ω
(2)
n,0 ‖ Hzn − p‖+

s∑

j=1

ω
(2)
n,j‖Gjzn − p‖

≤ ω
(2)
n,0 ‖ Hzn − p‖

+
s∑

j=1

ω
(2)
n,j

(
j∑

l=1

(
j

l

)
δj−lψl (‖Gp− p‖) + δj‖Hzn − p‖

)

= ω
(2)
n,0 ‖ Hzn − p‖+

s∑

j=1

ω
(2)
n,jδ

j‖Hzn − p‖

=
s∑

j=0

ω
(2)
n,jδ

j‖Hzn − p‖

(2. 16)
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on the other hand,

‖Hzn − p‖ ≤ ω
(3)
n,0 ‖ Hxn − p‖+

t∑

k=1

ω
(3)
n,k‖Gkxn − p‖

≤ ω
(3)
n,0 ‖ Hxn − p‖

+
t∑

k=1

ω
(3)
n,k

(
k∑

l=1

(
k

l

)
δk−lψl (‖Gp− p‖) + δk‖Hxn − p‖

)

= ω
(3)
n,0 ‖ Hxn − p‖+

t∑

k=1

ω
(3)
n,kδk‖Hxn − p‖

=
t∑

k=0

ω
(3)
n,kδk‖Hxn − p‖

(2. 17)

Substituting (2. 16 ) and (2. 17 ) into (2. 15 ), we obtain

‖Hxn+1 − p‖ ≤ δω
(1)
n,0 ‖ Hzn − p‖+

r∑

i=1

ω
(1)
n,iδ

i‖Hyn − p‖

≤ δω
(1)
n,0 ‖ Hzn − p‖+

r∑

i=1

ω
(1)
n,iδ

i




s∑

j=0

ω
(2)
n,jδ

j‖Hzn − p‖



≤ δω
(1)
n,0 ‖ Hzn − p‖

+
r∑

i=1

ω
(1)
n,iδ

i




s∑

j=0

ω
(2)
n,jδ

j

(
t∑

k=0

ω
(3)
n,kδk‖Hxn − p‖

)


=


δω

(1)
n,0 +

(
r∑

i=1

ω
(1)
n,iδ

i

) 


s∑

j=0

ω
(2)
n,jδ

j




(
t∑

k=0

ω
(3)
n,kδk

)


· ‖Hxn − p‖

(2. 18)

Sinceδi, δj , δk ∈ [0, 1) and
r∑

i=0

ω
(1)
n,i =

s∑
j=0

ω
(2)
n,j =

t∑
k=0

ω
(3)
n,k = 1, hence


δω

(1)
n,0 +

(
r∑

i=1

ω
(1)
n,iδ

i

) 


s∑

j=0

ω
(2)
n,jδ

j




(
t∑

k=0

ω
(3)
n,kδk

)
 < 1 (2. 19)

Using (2. 19 ) and Lemma 1.7, it can be seen thatlim
n→∞

‖Hxn−p‖ = 0. We prove thatp is

a unique common fixed point ofH, G. Suppose that there exists another point of coincideq
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of the pair(H,G). Then, there existsxq ∈ (H, G) such thatHxq = Gxq = q. We obtain

0 ≤ ‖p− q‖ =
∥∥Gjxp −Gjxq

∥∥ ≤
j∑

l=1

(
j

l

)
δj−lψl (‖Gxq −Hxq‖) + δj‖Hxp −Hxq‖

≤
j∑

l=1

δj ‖ Hxp −Hxq‖ =
j∑

l=1

δj ‖ xp − xq‖

Therefore,

0 ≤ ‖p− q‖ = ‖Gxp−Gxq‖ ≤
j∑

l=1

δj ‖ p− q‖ (2. 20)

which implies thatp = q andH,G are weakly compatible andHxp = Gxp = p, then
Gp = GGxp = GHxp = HGxp henceGp = Hp. Hence,Gp is a point of coincidence of
the pair(H, G) and because point of coincidence is unique, thenGp = p. So,Hp = Gp =
p and thus,p is a unique common fixed point ofH andG.

¤

Theorem 2.2. LetH, G be the same as in Theorem 2.1 withGxp=Hxp=p . Suppose that
H, G:D→B satisfy condition(1. 12 ). Then, the iterative sequence

(1) {Hxn}∞n=0 defined by(1. 3 )with real sequences
{

ω
(1)
n,i

}∞
n=0

,
{

ω
(2)
n,j

}∞
n=0

,
{

ω
(3)
n,k

}∞
n=0

in [0, 1] convergences top with the following estimate:

‖Hxn+1 − p‖ ≤

δω

(1)
n,0 +

(
r∑

i=1

ω
(1)
n,iδ

i

)


s∑

j=0

ω
(2)
n,jδ

j




(
t∑

k=0

ω
(3)
n,kδk

)


· ‖Hxn − p‖
(2. 21)

(2) {Hxn}∞n=0 defined by(1. 4 )with respect to real sequences
{

ω
(1)
n,i

}∞
n=0

,
{

ω
(2)
n,j

}∞
n=0

,
{

ω
(3)
n,k

}∞
n=0

in [0, 1] convergences top with the following estimate:

‖Hxn+1 − p‖ ≤

δω

(1)
n,0 +

(
r∑

i=1

ω
(1)
n,iδ

i

)


s∑

j=0

ω
(2)
n,jδ

j




(
t∑

k=0

ω
(3)
n,kδk

)


· ‖Hxn − p‖
(2. 22)

Proof. Similar to that Theorem 2.1. ¤

Theorem 2.3. LetH, G be the same as in Theorem 2.1 withGxp=Hxp=p . Suppose that
{Hxn}∞n=0 be iterative sequence(2. 14 )converges top. Then, iteration method(2. 14 )is
(H, G)-stable.
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Proof. We take follow iteration:




Hun+1 = ω
(1)
n,0Gνn +

r∑

i=1

ω
(1)
n,iG

ivn

Hvn = ω
(2)
n,0Hνn +

s∑

j=1

ω
(2)
n,jG

jνn

Hνn = ω
(3)
n,0Hun +

t∑

k=1

ω
(3)
n,kGkun

(2. 23)

First, suppose thatεn =
∥∥∥∥Hun+1 − ω

(1)
n,0Gνn −

r∑
i=1

ω
(1)
n,iG

ivn

∥∥∥∥ and lim
x→∞

εn = 0. Then,

we show thatlim
x→∞

‖Hun−p‖ = 0 as follows:

‖Hun+1 − p‖ ≤
∥∥∥∥∥Hun+1 − ω

(1)
n,0Gνn −

r∑

i=1

ω
(1)
n,iG

ivn

∥∥∥∥∥

+

∥∥∥∥∥ω
(1)
n,0Gνn +

r∑

i=1

ω
(1)
n,iG

ivn − p

∥∥∥∥∥

=

∥∥∥∥∥Hun+1 − ω
(1)
n,0Gνn −

r∑

i=1

ω
(1)
n,iG

ivn

∥∥∥∥∥

+

∥∥∥∥∥ω
(1)
n,0Gνn +

r∑

i=1

ω
(1)
n,iG

ivn −
r∑

i=0

Gip

∥∥∥∥∥

≤ εn + ω
(1)
n,0 ‖Gνn −Gp‖+

∥∥∥∥∥
r∑

i=1

ω
(1)
n,i

(
Givn −Gip

)
∥∥∥∥∥

≤ εn + ω
(1)
n,0 (ψ (‖Gp− p‖) + δ ‖Hνn − p‖)

+
r∑

i=1

ω
(1)
n,i

(
i∑

l=1

(
i

l

)
δi−lψl (‖Gp− p‖) + δi‖Hvn − p‖

)

= εn + δω
(1)
n,0 ‖ Hνn − p‖+

r∑

i=1

ω
(1)
n,iδ

i‖Hvn − p‖

(2. 24)

Similar to inequality (2. 16 ) and we have

‖Hvn − p‖ ≤
s∑

j=0

ω
(2)
n,jδ

j‖Hνn − p‖ (2. 25)

Similar to inequality (2. 17 ) and we have

‖Hνn − p‖ ≤
t∑

k=0

ω
(3)
n,kδk‖Hun − p‖ (2. 26)



CONVERGENCE OF JUNGCK-KIRK TYPE ITERATION METHOD WITH APPLICATIONS 83

Substituting (2. 25 ) and (2. 26 ) into (2. 24 ), we have

‖Hun+1 − p‖ ≤

δω

(1)
n,0 +

(
r∑

i=1

ω
(1)
n,iδ

i

) 


s∑

j=0

ω
(2)
n,jδ

j




(
t∑

k=0

ω
(3)
n,kδk

)


· ‖Hun − p‖+ εn

(2. 27)

Using Lemma 1.7, yieldslim
n→∞

Hun = p.

Conversely, letlim
n→∞

Hun = p. Then, we show thatlim
n→∞

εn = 0 as follows:

εn =

∥∥∥∥∥Hun+1 − ω
(1)
n,0Gνn −

r∑

i=1

ω
(1)
n,iG

ivn

∥∥∥∥∥
≤ ‖Hun+1 − p‖+ ω

(1)
n,0 (ψ (‖Gp− p‖) + δ ‖Hun − p‖)

+
r∑

i=1

ω
(1)
n,i

(
i∑

l=1

(
i

l

)
δi−lψl (‖Gp− p‖) + δi‖Hvn − p‖

)
(2. 28)

Then using (2. 25 ) and (2. 26 ), we have

εn ≤ ‖Hun+1 − p‖

+


δω

(1)
n,0 +

(
r∑

i=1

ω
(1)
n,iδ

i

) 


s∑

j=0

ω
(2)
n,jδ

j




(
t∑

k=0

ω
(3)
n,kδk

)
 ‖Hun − p‖ (2. 29)

Sinceδi, δj , δk ∈ [0, 1) and
r∑

i=0

ω
(1)
n,i =

s∑
j=0

ω
(2)
n,j =

t∑
k=0

ω
(3)
n,k = 1, hence


δω

(1)
n,0 +

(
r∑

i=1

ω
(1)
n,iδ

i

) 


s∑

j=0

ω
(2)
n,jδ

j




(
t∑

k=0

ω
(3)
n,kδk

)
 < 1 (2. 30)

Using Lemma 1.7, it can be seen thatlim
n→∞

εn = 0. Thus, the iteration method ( 2. 14 ) is

(H, G)-stable. ¤

3. APPLICATIONS

In this section, by using MATLAB 2015Ra, we examine convergence of the iteration
method (2. 14 ), the Jungck-Kirk-Noor iteration method (1. 3 ), and the Jungck-Kirk-SP
iteration method (1. 4 ) through examples. Numerical results are listed in the form of Table
1 and Table 2, by takingA = [0, 1], ω

(1)
n,1 = ω

(1)
n,2 = ω

(1)
n,3 = ω

(2)
n,1 = ω

(2)
n,2 = ω

(2)
n,3 = ω

(3)
n,1 =

ω
(3)
n,2 = ω

(3)
n,3 = 1

3(n+1) , ω
(1)
n,0 = 1 − ω

(1)
n,1 − ω

(1)
n,2 − ω

(1)
n,3, ω

(2)
n,0 = 1 − ω

(2)
n,1 − ω

(2)
n,2 − ω

(2)
n,3,

andω
(3)
n,0 = 1 − ω

(3)
n,1 − ω

(3)
n,2 − ω

(3)
n,3 for all iteration methods and letB is a Banach space

with usual norm.

Example 3.1. Letf(x) = 2x3 − x2 − 1, andG, H:A → A byHx = 1− x3, Gx = 1−x2

2

with coincidence point1. Let δ = 1
2 , ψ(t) = t

2 . It is clear thatH and G satisfy the
condition(1. 11 ), G([0, 1]) ⊆ H([0, 1]) andH([0, 1]) is a complete subset of[0, 1]. By
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taking the initial point0.5 ∈ A, the obtained results, which are listed in Table 1, show the
convergence of some Jungck-Kirk type iteration methods top = 0 = G1 = H1.

TABLE 1. Convergence behavior of iteration method (2. 14 ), iteration
method (1. 3 ), and iteration method (1. 4 ) for Example 3.1.

Iteration
Methods

Iteration
Steps

xn+1 Gxn Hxn

The New
Jungck-Kirk

0 0.50000000000000 0.37500000000000 0.87500000000000
1 0.88838440561995 0.10538657392565 0.29886317205457
2 0.93532651488883 0.06258215527295 0.18174298348254
3 0.95264524702019 0.04623351666492 0.13544303278754
...

...
...

...
500 0.99961115621222 0.00038876818804 0.00116607782367

...
...

...
...

Jungck-Kirk-Noor

0 0.50000000000000 0.37500000000000 0.87500000000000
1 0.72390193934222 0.23798299110829 0.62065075824528
2 0.77642463540786 0.19858239276589 0.00000099915150
3 0.80097214773511 0.17922180927631 0.48613120725892
...

...
...

...
500 0.87428564160416 0.11781230844240 0.33171757774670

...
...

...
...

Jungck-Kirk-SP

0 0.50000000000000 0.37500000000000 0.87500000000000
1 0.83032340595258 0.15528152076365 0.42754435645137
2 0.85991131874499 0.13027626194713 0.36414074567925
3 0.86803803406809 0.12325498570560 0.34594199689388
...

...
...

...
500 0.87524772631709 0.00000000000000 0.00000000207459

...
...

...
...

Example 3.2. Consider the solution ofsinx − x
2 = 0. Let operatorsG, H:A → A by

Hx = x
2 , Gx = x − sinx with common fixed point0. Let δ = 0.4, ψ(t) = t

2 . H andG
satisfy the condition(1. 11 ). It can be seen thatG([0, 1]) ⊆ H([0, 1]) andH([0, 1]) is a
complete subset of[0, 1]. By taking the initial point0.5 ∈ A, the obtained results, which
are listed in Table 2, show the convergence of some Jungck-Kirk type iteration methods to
p = 0 = G0 = H0.
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TABLE 2. Convergence behavior of iteration method (2. 14 ), iteration
method (1. 3 ), and iteration method (1. 4 ) for Example 3.2.

Iteration
Methods

Iteration
Steps

xn+1 Gxn Hxn

The New
Jungck-Kirk

0 0.50000000000000 0.02057446139580 0.25000000000000
1 0.00293531291842 0.00000000421514 0.00146765645921
2 0.00000000174748 0.00000000000000 0.00000000087374
3 0.00000000000000 0.00000000000000 0.00000000000000

Jungck-Kirk-Noor

0 0.50000000000000 0.02057446139580 0.25000000000000
1 0.25087510824023 0.00000147711167 0.01034732200112
2 0.16742364743513 0.00000000000000 0.00000099915150
3 0.12562276067641 0.00000000000000 0.00000000000000
...

...
...

...
500 0.00100567046226 0.00000000016952 0.00050283523113

...
...

...
...

Jungck-Kirk-SP

0 0.50000000000000 0.02057446139580 0.25000000000000
1 0.06480403102168 0.00004534857248 0.03240201551084
2 0.01920855124260 0.00000118120308 0.00960427562130
3 0.00810381562714 0.00000008869844 0.00405190781357
...

...
...

...
28 0.00002950880610 0.00000000000000 0.00001475440305
...

...
...

...
500 0.00000000414917 0.00000000000000 0.00000000207459

...
...

...
...

The following example shows the application of the Theorem 2.3.

Example 3.3. LetH, G be the same as in Example 3.2 withGxp=Hxp=p. G, H:A → A
byHx = x

2 , Gx = x− sinx with common fixed point0 = p = xp. Letδ = 1
2 , ψ(t) = t

2 .
We get

Hxn =
xn

2
, Gxn = xn − sinxn (3. 31)
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and the iteration methods(2. 14 )associated with the mappingsG andH in (3. 31 ) is as
follows

zn =
6xn + 3nxn − 6sin(xn)− 4sin(xn − sin(xn))

6 + 6n

− 2sin(xn − sin(xn)− sin(xn − sin(xn)))
6 + 6n

yn =
3zn + 3nzn − 3(n + 1)sin(zn)− 2sin(zn − sin(zn))

3 + 3n

− sin(zn − sin(zn)− sin(zn − sin(zn)))
3 + 3n

xn+1 =
6nzn + 6yn − 6sin(yn)− 6nsin(zn)− 4sin(yn − sin(yn))

3 + 3n

− 2sin(yn − sin(yn)− sin(yn − sin(yn)))
3 + 3n

(3. 32)

On the other hand, if we take the sequence{Hun}∞n=0 asHun = n
2(n2+1) , then we get

0 ≤ lim
n→∞

‖Hxn −Hun‖ ≤ 0,

which implies thatlimn→∞ ‖Hxn −Hun‖ = 0. It is clear that{Hun}∞n=0 is approximate
sequence of{Hxn}∞n=0 according to Definition 1.8. By using(3. 32 )and Definition 1.6,
we obtain

lim
n→∞

εn = lim
n→∞

||Hun+1 − f(G, un)|| = 0.

Consequently, iterative sequence{Hxn}∞n=0 is (H,G)-stable.

4. CONCLUSION

In this work, considering from Theorem 2.1 and Theorem 2.2, the convergence of the
sequences obtained the newly defined iteration method, iteration method (1. 4 ), and iter-
ation method (1. 3 ), respectively, were examined under the same conditions. Along with
that, the newly defined Jungck-Kirk type iteration method ( 2. 14 ) has been shown with
numerical examples to have a better convergence rate than the others. Due to these fea-
tures, it is seen that the iteration method ( 2. 14 ) has a good potential for possible works
and Jungck-Kirk type iteration methods that will be defined.

5. ACKNOWLEDGMENTS

The authors gratefully thank the referees for the constructive comments and recommen-
dations which definitely help to improve the readability and quality of the paper.

REFERENCES

[1] M. Abbas, V. Rakocevic, and Z. Noor,Common fixed point results of Perov type contractive mappings in
D*-cone metric spaces, J. Anal.29,No. 3 (2021) 685-700.

[2] H. Akewe, and A. Mogbadem,Common fixed point of Jungck-Kirk-type iterations for non-self operators in
normed linear spaces, Fasc. Math.56 (2016) 29-41.



CONVERGENCE OF JUNGCK-KIRK TYPE ITERATION METHOD WITH APPLICATIONS 87

[3] H. Akewe, J. Olilima, and K. S. Eke,The equivalence between the (S,T) stabilities of Jungck type iterative
shemes, Heliyon,7, No. 3 (2021) e06368 1-5.

[4] A. Alotaibi, V. Kumar, and N. Hussain,Convergence comparison and stability of Jungck-Kirk-type algo-
rithms for common fixed point problems, Fixed Point Theory Application,2013No. 1 (2013) 1-30.

[5] Y. Atalan, On a New Fixed Point Iterative Algorithm For General Variational Inequalities, J Nonlinear
Convex Anal.20,No.11 (2019) 2371-2386.

[6] Y. Atalan, and V. Karakaya,Obtaining new fixed point theorems using generalized Banach-Contraction
Principle, Erciyes Uni. Fen Bil. Enst. Fen Bil. Dergisi.35No.3 (2019) 34-45.

[7] V. Berinde,Iterative approximation of fixed points, vol. 1912. Springer, 2007.
[8] T. Cardinali, and P. Rubbioni,A generalization of the Caristi fixed point theorem in metric spaces, Fixed

Point Theory,11 (2010) 3-10.
[9] R. Chugh, and V. Kumar,Stability of hybrid fixed point iterative algorithms of Kirk-Noor type in normed

linear space for self and non-self operators, Int. J. Contemp. Math. Sci.7 No.24 (2012) 1165-1184.
[10] M. De la Sen and E. Karapinar,On a cyclic Jungck modified TS-iterative procedure with application exam-

ples, Appl. Math. Comput.233(2014) 383-397.
[11] E. Hacoglu, F. Gursoy, S. Maldar, Y. Atalan, and G. V. Milovanovi, .Iterative approximation of fixed points

and applications to two-point second-order boundary value problems and to machine learning, Appl. Nu-
mer. Math.167(2021) 143-172.

[12] E. Hacoglu, A comparative study on iterative algorithms of almost contractions in the context of conver-
gence, stability and data dependency, Comput. Appl. Math.40No.8 (2021) 1-25.

[13] N. Hussain, V. Kumar, and M. A. Kutbi,On rate of convergence of Jungck-type iterative schemes, Abstr.
Appl. Anal. Vol. 2013(2013) 1-15.

[14] C. O. Imoru, and M. O. Olatinwo,On the stability of Picard and Mann iteration processes, Carpathian J.
Math. (2003) 155-160.

[15] G. Jungck,Commuting mappings and fixed points, Am. Math. Mon.83 (1976) 261-263.
[16] G. Jungck, and N. Hussain,Compatible maps and invariant approximations,J. Math. Anal. Appl.325(2007)

1003-1012.
[17] A. R. Khan, F. Grsoy, and V. Karakaya,Jungck-Khan iterative scheme and higher convergence rate, Int. J.

Comput. Math.93,No. 12 (2016) 2092-2105.
[18] A. R. Khan, F. Gursoy, and V. Kumar,Stability and data dependence results for the Jungck-Khan iterative

scheme, Turk. J. Math.40,No. 3 (2016) 631-640.
[19] W. Kirk, On successive approximations for nonexpansive mappings in Banach spaces, Glasg. Math. J.12,

No. 1 (1971) 6-9.
[20] S. Maldar,Iterative algorithms of generalized nonexpansive mappings and monotone operators with appli-

cation to convex minimization problem,J. Appl. Math. Comput. (2021) 1-28.
[21] S. Maldar, Y. Atalan, K. Dogan,Comparison rate of convergence and data dependence for a new iteration

method, Tbil. Math. J.13,No. 4 (2020) 65-79.
[22] S. Maldar, An examination of data dependence for Jungck-Type iteration method, Erciyes Uni. Fen Bil.

Enst. Fen Bil. Dergisi,36,No. 3 (2020) 374-384.
[23] A. Taiwo, L. O. Jolaoso, and O. T. Mewomo,Inertial-Type algorithm for solving split common fixed point

problems in Banach spaces, J. Sci. Comput.86No. 1 (2021) 1-30.
[24] M. O. Olatinwo, O. O. Owojori, and C. O. Imoru,Some stability results for fixed point iteration processes,

Aus. J. Math. Anal. Appl.3, No. 2 (2006) 1-7.
[25] M. O. Olatinwo,Stability of some fixed point iteration processes and continuous dependence of fixed points

in Banach spaces(Doctoral dissertation, Thesis) (2007).
[26] S. L. Singh, C. Bhatnagar, and S. N. Mishra,Stability of jungck-type iterative procedures,Int. J. Math. Sci.

2005No. 19 (2005) 3035-3043.
[27] X. Weng, Fixed point iteration for local strictly pseudo-contractive mapping, Proc. Am. Math. Soc.113

(1991) 727-731.


