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Abstract.:ln this paper, a new iterative algorithm for finding common ele-
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nonexpansive multivalued mappings and the set of minimizers for a finite
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1. INTRODUCTION

Let H be a real Hilbert space. In this paper, we denote by〈, ., 〉, ‖.‖ andK, the inner
product onH, norm onH and a nonempty, closed and convex subset ofH, respectively.
Also, if {xn} is any sequence inH, then we denote the strong and weak convergence of
{xn} by→ and⇀, respectively; a set of natural numbers will be represented withN.

Let V : K −→ K be a nonlinear mapping whose domain and range areD(V ) and
R(V ), respectively. The set of fixed points ofV will be denoted byF (V ) = {x ∈ K :
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x = V x} while the set of common fixed points of the mapping{Vi}m
i=1 : K −→ K will

be denoted by∩m
i=1F (Vi). Recall thatV is:

(a) Lipschitizian if there exists a constantβ such that

‖V x− V y‖ ≤ β‖x− y‖, ∀x, y ∈ D(V ), (1. 1)

whereβ ≥ 0 is the Lipschitizian constant ofV. Note that ifβ ∈ [0.1) in (1. 1 ),
thenV is a contraction whileV is called nonexpansive ifβ = 1 in (1. 1 ).

(b) asymptotically nonexpansive(see [17], [1]) if for all x, y ∈ D(V ), there exists a
sequence{µn} ⊆ [1,∞) with limn→∞ µn = 1 such that

‖V nx− V ny‖ ≤ µn‖x− y‖, ∀n ∈ N. (1. 2)

(c) uniformly Lipschitizian if there exists a constantβ ≥ 0 such that

‖V nx− V ny‖ ≤ β‖x− y‖, ∀x, y ∈ D(V ), (1. 3)

(d) asymptotically quasi-nonexpansive ifF (V ) 6= ∅ and (b) is satisfied; that is, if
F (V ) 6= ∅ and for all(x × q) ∈ D(V ) × F (V ), there exists a sequence{µn} ⊆
[1,∞) with limn→∞ µn = 1 such that

‖V nx− V nq‖ ≤ µn‖x− q‖,∀n ∈ N. (1. 4)

Whereas the class of uniformly Lipschitizian mapping is a superclass of the classes of non-
expansive mapping and asymptotically nonexpansive mapping, the class of asymptotically
quasi-nonexpansive mapping is a superclass of the classes of asymptotically nonexpansive
mapping and quasi-nonexpansive mapping (Recall that a nonlinear mappingV : K −→ K
is called quasi-nonexpansive ifF (V ) 6= ∅ and ∀(x × q) ∈ D(V ) × F (V ), we have
‖V x − V q‖ ≤ β‖x − q‖)(see [45] : Examples [4.1, 4.3 and 4.9] for details) . A
nonlinear mappingV : H −→ H with domainD(V ) ⊂ H and rangeR(V ) ⊂ H is called:

(e) strongly positive bounded linear operator if there exists a constantα > 0 such that
the inequality

〈V t, t〉H ≥ α‖t‖2,∀t ∈ H (1. 5)

holds.
(f) monotone if

〈V x− V y, x− y〉 ≥ 0,∀x, y ∈ D(V ). (1. 6)

(g) α-strongly monotone if there existsα > 0 such that

〈V x− V y, x− y〉 ≥ α‖x− y‖2, ∀x, y ∈ D(V ). (1. 7)

(h) δ-inverse-strongly monotone (for shortδ-ism) such that

〈V x− V y, x− y〉 ≥ α‖V x− V y‖2, ∀x, y ∈ D(V ). (1. 8)

If V is nonexpansive, then the mapI − V is monotone. It is worthy to note that the projec-
tion operatorPK is 1 − ism. Inverse-strongly monotone, otherwise known as co-oercive,
operators have been intensively employed in solving practical problems in such an impor-
tant area as traffic assignment problems (see [3], [19] for further details) Fixed points
for single-valued mappings have been a subject of major concern and different methods
have been used to address this issue. Since exact solution is difficult to attain, approxi-
mation via iteration scheme becomes an indispensable tool for the solution of fixed point
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problems. Letf be a contraction map onH. Starting from an initial pointx1 ∈ H, define
the sequence{xn} iteratively as follows

xn+1 = τnf(xn) + (1− τn)Txn, n ≥ 0, (1. 9)

where{τn} is a sequence in(0, 1) andT is a nonexpansive mapping inH. The iteration
sequence (1. 9 ) was first introduced by Moudafi [32]and has been gainfully used in ap-
proximating fixed points of different nonlinear mappings in recent times (see [49], [50] and
the reference therein for further study).

Iteration scheme for the fixed point of nonexpansive mappings has been extensively in-
vestigated mainly because of the intimate connection between nonexpansive mappings and
monotonicity methods. In this direction, Marino and Xu [34] and Xu [50] discovered that
iterative method for nonexpansive mappings could be used to solve convex minimization
problem. To be precise, it was shown in [50] that a typical minimization problem of a
quadratic function of the form:

minz∈F (T )
1
2
〈V z, z〉 − 〈b, z〉 (1. 10)

over the set of fixed points for nonexpansive mappings in real Hilbert space could be solved
using the iteration scheme

xn+1 = αnb + (1− αnV )Txn, n ≥ 0,

whereT is a nonexpansive mapping andV is a strongly positive bounded linear operator
(Recall from Definition 1.2 [(e) and (g)] that a strongly bounded linear operator is a‖V ‖-
Lipschitizian andα-strongly monotone operator).

Inspired by the results in [32], Xu [49] generalized (1. 9 ) as follows: Letf be a con-
traction onH, T is a nonexpansive mapping onH and V : H −→ H be a strongly
positive bounded linear operator. Let{sn} be the sequence generated from an arbitrary
points0 ∈ H such that

sn+1 = αnγf(sn) + (1− αnV )Tsn, n ≥ 0, (1. 11)

where{αn}∞n=0 is a sequence in[0, 1]. He showed that (1. 11 ) converges strongly to the
fixed point ofT, which at the same time serves as an answer to the variational inequality
problem below:

〈V s? − γf(s?), s? − q〉 ≤ 0, ∀q ∈ F (T ). (1. 12)

Passing onto multivaued mapping, there has been a concentrated efforts in the evaluation
of fixed points for nonlinear multivalued mappings. This special interest is believed to
have come from the various practical applications of multivalued mappings. For instance, a
monotonic operator in optimization theory is the multivalued mapping of the subdifferential
of the functiong, ∂g : D(g) ⊆ H −→ 2H and is defined by

∂g = {s ∈ H : g(z) ≥ g(t) + 〈s, z − t〉,∀z ∈ K,

and0 ∈ ∂g(t) satisfies the condition

〈t− z, 0〉 = 0 ≤ g(t)− g(z), ∀z ∈ K.

In particular, if g : K −→ R is a convex, continuously differentiable function, then
A = 5g, the gradient is a subdifferential which is single-valued mapping and the condition
5g(t) = 0 is an operator equation,〈5g(t), t− z〉 ≥ 0 is variational inequalities and both
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conditions are closely related to optimality conditions. Hence, finding fixed points or com-
mon fixed points for multivalued mapping is an important area in applications. However,
we have noticed (with concern) that fewer iteration schemes, especially in the direction of
asymptotically nonlinear multivalued mappings, does exists.

Let (X, ρ) be a metric space,D a nonempty subset ofX andV : D −→ 2D be a
multivalued mapping. A points ∈ D is said to be a fixed point ofV if s ∈ V s. The fixed
point set ofV is denoted byF (V ) = {s ∈ D : s ∈ V s}. Let CB(X),KC(X) andP (X)
represent the family of closed and bounded subset ofX, the family of nonempty compact
and convex subset ofX and the family of proximinal subset ofX, respectively. A subsetD
of X is called proximinal if for eachs ∈ X, there exists a pointk ∈ D for which (1. 13 )
holds.

ρ(s, k) = inf{‖s− t‖ : t ∈ D} = ρ(s,D), (1. 13)

whereρ(s, t) = ‖s − t‖, ∀s, t ∈ X. It is known that every nonempty closed and convex
subset of a real Hilbert is proximinal.

Let Q,W ∈ CB(D), the Hausdorff metricH induced by the metricρ is defined as

H(Q,W ) = max{sup
s∈Q

ρ(s,W ), sup
t∈W

(t,Q)}

Recall that a multivalued mappingV : D(V ) ⊆ X −→ CB(X) is called:

(1) β-Lipschitizian if there existsβ > 0 such that

H(V s, V t) ≤ β‖s− t‖, ∀s, t ∈ D(V ). (1. 14)

Note that in (1. 14 ), V is a contraction ifβ ∈ (0, 1) and nonexpansive ifβ = 1.
(2) uniformly Lipschitizian if there existsβ > 0 such that

H(V ns, V nt) ≤ β‖s− t‖, ∀s, t ∈ D(V ), ∀n ≥ 1. (1. 15)

(3) asymptotically nonexpansive if for allx, y ∈ D(V ), there exists a sequence{µn} ⊂
[1,∞) with limn→∞ µn = 1 such that

H(V ns, V nt) ≤ µn‖s− t‖, ∀n ≥ 1. (1. 16)

(4) asymptotically quasi-nonexpansive [49] ifF (V ) 6= ∅ and (3) holds; that is, if
F (V ) 6= ∅ and for all(s × q) ∈ D(V ) × F (V ), there exists a sequence{µn} ⊂
[1,∞) with limn→∞ µn = 1 such that

H(V ns, V nq) ≤ µn‖s− q‖, ∀n ≥ 1. (1. 17)

Every asymptotically nonexpansive multivalued mapping properly includes nonexpansive
multivalued mappings and contraction multivalued mappings. Also, the class of asymp-
totically quasi-nonexpansive multivalued mapping is a superclass of the classes of as-
ymptotically nonexpansive multivalued mappings and quasi-noexpansive multivalued map-
pings (Recall that a multivalued mappingV : D(V ) ⊆ E −→ CB(E) is called quasi-
nonexpansive (a superclass of the class of nonspreading-type multivalued mapping) if
F (V ) 6= ∅ and for all(x × q) ∈ D(V ) × F (V ), we haveH(V x, V q) ≤ ‖x − q‖. Also,
V is called nonspreading-type if the inequality2H(V x, V y)2 ≤ ρ(x, V y)2 + ρ(y, V x)2

holds∀x, y ∈ D(V ). Infact, every nonspreading-type multivalued mapping with nonempty
fixed point set is quasi-nonexpansive). Minimization problem, an invaluable problem
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in application, especially in the area of optimization and nonlinear analysis, is defined as
follows: find t ∈ H such that

g(t) = minz∈Hg(z), (1. 18)

whereg : H −→ (−∞, +∞) is a proper, convex and lower semicontinuous function. Note
that problem (1. 18 ) is consistent if it has a solution. The set of all solutions (minimizers)
of g onH is defined asargminz∈Hg(t).

Let g : H −→ (−∞, +∞) be a proper, convex and lower semicontinuous function.
Starting from an arbitrary pointx1 ∈ H, define the iteration scheme{xn} as follows:





x1 ∈ H

xn+1 = argminu∈H

[
g(u) +

1
2λn

‖u− xn‖2
]
, n ∈ N.

(1. 19)

The algorithm (1. 19 ) for solving problem (1. 18 ) was first introduced in 1970 by Mar-
tinet [39], and was called proximal point algorithm (for short, PPA). In recent times, many
researchers have studied and generalised (1. 19 ) and many interesting results have been
obtained for different classes of nonlinear single-valued and multivalued mappings: Rock-
feller [41] solved problem (1. 18 ) using (1. 19 ); Marino and Xu [34], and subsequently
Phuengrattan and Lerkchaiyaphum [33], obtained weak and strong convergence to the com-
mon solution of minimzation problem and fixed point problem using the modified version
of (1. 19 ) in the setting of real Hilbert spaces

More recently, Chang,Wu and Wang [9], using the scheme




x1 ∈ H;

yn = argminu∈H

[
f(u) +

1
2λn

‖u− xn‖2
]
;

zn = (1− βn)xn + βnwn, wn ∈ Tyn;
xn+1 = (1− αn)xn + αnvn, vn ∈ Tzn, n ∈ N,

(1. 20)

where{αn}, {βn} ∈ [0, 1],K is a closed and convex subset of a real Hilbert spaceH and
g : K −→ (−∞, +∞) is a proper convex and lower semicontinuous function, proved
that (1. 20 ) converges weakly and strongly to the common solutions of the minimization
problem of (1. 18 ) and fixed point problem of nonspreading-type multivalued mappingT
in the framework of a real Hilbert spaceH.

Most recently, EL-yekheir, Mendy and Sow [15] introduced and studied the follow-
ing modified PPA: LetK be a closed and convex subset of a real Hilbert spaceH, f :
K −→ (−∞,+∞) a proper convex and lower semicontinuous function,g : K −→ H
and-Lipschitizian mapping,B : K −→ H anα-strongly monotone andL-Lipschitizian
operator andT : K −→ CK(K) a multivalued quasi-nonexpansive mapping. The PPA-
Ishikawa iteration method is defined as follows:





x1 ∈ H;

zn = argminu∈H

[
f(u) +

1
2λn

‖u− xn‖2
]
;

yn = (1− βn)zn + βnwn, wn ∈ Tzn;
xn+1 = PK(αnγg(xn) + (1− ηαnB)yn), n ∈ N,

(1. 21)



500 I. A. Agwu, and D. I. Igbokwe

where{αn} and{βn} are sequences in[0, 1]. Under mild conditions on the iteration pa-
rameters, they proved that the sequence defined by (1. 21 ) converges strongly to the fixed
point of a quasi-nonexpansive multivalued mapping in the framework of a real Hilbert
space.

Inspired and moltivated by the results in [15] and [34], it is natural to ask the following
question:

Question 1.1. Can we construct a modified proximal point algorithm that generalizes
(1. 21 )? If yes, can the proposed modified PPA be used to achieve convergence results
for a larger class of asymptotically quasi-nonexpansive mappings in the setting of real
Hilbert spaces?

It is our purpose in this paper to give an affirmative answer to Question 1.1. LetK be a
closed and convex subset of a real Hilbert spaceH, {gi}m

i=1 : K −→ (−∞, +∞) a fi-
nite family of a proper convex and lower semicontinuous function and{Ti}m

i=1 : K −→
CB(K) be a finite family of asymptotically quasi-nonexpansive multivalued mappings.
Then, the modified PPA iteration scheme generated by{xn} for the above mentioned map-
pings is as follows:





x0 ∈ K;
sn = Wm

λ (x);
yn = (1−∑m

i=1 βn,i)sn +
∑m

i=1 βn,izn,i, zn,i ∈ Tn
i sn;

xn+1 = PK(αnγf(xn) + γnxn + ((1− γn)I − ηαnA)yn),

(1. 22)

where{αn} and{βn} are sequences in[0, 1] andW l
λ(x) = Jgl

λ ◦J
gl−1
λ ◦J

gl−2
λ ◦ · · · ◦Jg2

λ ◦
Jg1

λ (x), l = 1, 2, · · · , m. Observe that if :

(I) i=1 in (1. 22 ), we get




x0 ∈ K;

sn = argminv∈H

[
g(v) + ‖v − xn‖2

]
;

yn = (1− βn)sn + βnzn, zn ∈ Tnsn;
xn+1 = PK(αnγf(xn) + γnxn + ((1− γn)I − ηαnA)yn), .

(1. 23)

(II) i=1, γn = 0 = βn andTn = T in (1. 22 ), we get




x0 ∈ K;

sn = argminv∈H

[
g(v) + ‖v − xn‖2

]
;

yn = (1− βn)sn + βnzn, zn ∈ Tsn;
xn+1 = PK(αnγf(xn) + (I − ηαnA)yn).

(1. 24)

(III) αn = 0 in (1. 24 ), we get




x0 ∈ K;

sn = argminv∈H

[
g(v) + ‖v − xn‖2

]
;

xn+1 = (1− βn)sn + βnzn, zn ∈ Tsn.

(1. 25)
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(IV ) βn = 0 in (1. 25 ), we get




x0 ∈ K;

xn+1 = argminv∈H

[
g(v) + ‖v − xn‖2

]
; (1. 26)

(V ) i=1, W gl

λ = I (where I is an identity map onH) andβn = 0 in (1. 22 ), we get,
starting from an arbitrary pointx0 ∈ H,

xn+1 = (αnγf(xn) + (I − ηαnA)Txn (1. 27)

Note that (1. 23 ) generalizes (1. 21 ), (1. 20 ) and many other iteration schemes in this
direction; (1. 24 ) is the same as (1. 21 ), which in turn generalizes (1. 20 ) sinceT is a
multivalued quasi-nonexpansive mapping; (1. 25 ) generalizes (1. 19 ), (1. 11 ) and (1. 9 )
and finally, (1. 27 ) generalizes (1. 9 ).

2. PRELIMINARY

Assumptiom 2.1:
Throughout the remaining sections,H, K, g : H −→ (−∞,∞], the operatorA : K −→
H and the functiong : H −→ (−∞, +∞) shall represent, a real Hilbert space, a non-
empty, closed and convex subset ofH, L-Lipschitizian andα-strongly monotone operator
and proper, convex and lower semicontinuous function, respectively.

Also, for the sake of convenience, we restate the following concepts and results:
Let H andK be defined as in Assumption 2.1. For everyt ∈ H, there exists a unique
nearest point inK, represented asPKt, such that

‖t− PKt‖ ≤ ‖t− s‖, ∀s ∈ K

It has been established that for everyt ∈ H,

〈t− PKt, s− PKt〉 ≤ 0,∀s ∈ K. (2. 28)

Let E be a real Banach space andT : D(T ) ⊆ E −→ 2E a multivalued mapping. Then,
I − T is said to be weakly demiclosed at the origin (see, e.g.,[14, 26]) if for any sequence
{tn}∞n=0 ⊆ D(T ) such that{tn} converges weakly toq and a sequencesn with sn ∈ Ttn
for all n ∈ N such that{tn − sn} converges strongly to zero, thenq ∈ Tq. (see [23]) A
multivalued mappingV : D −→ 2D is H-continuous if whenevever{sn} converges tox
in D, we have

lim
n→∞

d(qn − Tx) = 0,

for any sequence{qn} such thatqn ∈ Tsn, for n ∈ N. Note that ifV : D −→ 2D is
asymptotically nonexpansive, thenV is H-continuous. Given a closed convex subsetK
of a Hilbert spaceH, a mappingT : K −→ H is firmly nonexpansive if for alls, t ∈ K,

‖Ts− Tt‖2 ≤ 〈s− t, T s− Tt〉.
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Lemma 2.1. (see, e.g.,[11] ) LetH be defined as in Assumption 2.1. LetU be a nonempty
closed and convex subset ofH. LetG : U −→ K(U) be a nonspreading-type multivalued
mapping. Let{xn} be a sequence onU such thatxn ⇀ q andlimn→∞ ‖xn− yn‖ = 0 for
someyn ∈ Gxn. Then,q ∈ Gq.

Lemma 2.2. (see, e.g.,[10], [15]) LetH be defined as in Assumption 2.1. Then, for every
s, t ∈ H and for everyµ ∈ [0, 1], the following inequality holds

(i)
‖s− t‖2 ≤ ‖s‖2 + 2〈t, s + t〉

(ii)

‖µx + (1− µ)y‖2 ≤ µ‖s‖2 + (1− µ)‖t‖2 − µ(1− µ)‖s− t‖2

Lemma 2.3. (see, e.g.,[47]) Let {an} be a sequence of nonnegative real numbers with
an+1 = (1− αn)an + bn, n ≥ 0, whereαn is a sequence in(0, 1) andbn is a sequence in

R such that
∑∞

n=0 αn = ∞ andlim supn→∞
bn

αn
≤ 0. Then,limn→∞ an = 0.

Lemma 2.4. (see e.g.,[15], [46] ) Let H, A, andK be defined as in Assumption 2.1 with

α, L > 0. Assume that
2k

L2
> η > 0 andτ = η

(
k − L2η

2

)
. Then, we have

‖(I − sηA)x− (I − sηA)y‖ ≤ (1− tτ)‖x− y‖, ∀x, y ∈ K.

Lemma 2.5. (see ,e.g.,[15], [36] ) LetH, K andg be defined as in Assumption 2.1. Then,
for 0 < r and0 < µ , the following equality holds:

Jg
r x = Jg

µx
(µ

r
x + (1− µ

r
)Jg

r x
)

Lemma 2.6. ( Subdiffential inequality, see[2]) Let H andg be defined as in Assumption
2.1. Then, for everyx, y ∈ H andλ > 0, the following subdifferential inequality hods

1
2λ
‖Jλx− y‖2 − 1

2λ
‖x− y‖2 +

1
2λ
‖x− Jλx‖2 ≤ g(y)− g(Jλx). (2. 29)

Lemma 2.7. (see, e.g.,[15], [37] ) Let {sn} be a sequence of real numbers that does
not decrease at infinity in the sense that there exists a subsequencesnk

of {sn} such that
snk

≤ snk
+ 1 for k ≥ 0. For n ∈ N, sufficiently large, define the sequence of integers

τ(n) as follows
τ(n) = max{j ≤ n : sj ≤ sj + 1}

Then,τ(n) →∞ asn →∞ and

max{sτ(n), sn} ≤ sτ(n) + 1 (2. 30)

Proposition 2.8. (see [42]) Let D be a nonempty subset of a real Hilbert spaceH. For
a mappingT : D −→ H, the following definitions are equivalent:

(a) T is firmly nonexpansive;
(b) 2T − I is nonexpansive, whereI is the identity map onH;

(c) T =
1
2
(I + S) with S nonexpansive;

(d) 0 ≤ 〈Tx− Ty, (I − Tx)x− (I − T )y〉, ∀x, y ∈ D;
(e) ‖Tx− Ty‖2 ≤ ‖x− y‖2 − ‖(x− Tx)− (y − T )y‖2, ∀x, y ∈ D.
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Lemma 2.9. Let g be defined as in Assumption 2.1. For anyλ > 0, define the Morea-
Yosida resolvent ofg in Hilbert spaceH as

Jg
λ(x) = argminy∈H

[
g(y) +

1
2λ
‖y − x‖2

]
, ∀x ∈ H. (2. 31)

Then,

(i) The setF (Jg
λ) of fixed points of the resolvent ofg coincides with the setargminy∈H

of minimizers ofg (see[14] and [22] for details), and for anyλ > 0, the resolvent
Jg

λ of g is firmly nonexpansive mapping, and hence nonexpansive[21].
(ii) SinceJg

λ is firmly nonexpansive mapping, ifF (Jg
λ) 6= ∅, then from Proposition

2.9, we have

‖Jg
λx− q‖2 ≤ ‖x− q‖2 − ‖Jg

λx− x‖2, ∀x ∈ H, q ∈ F (Jg
λ) (2. 32)

Proposition 2.10. (see [48]) Let C be a nonempty closed convex subset of a Banach
spaceX and letT : C −→ C be a nonexpasive mapping. The mapI − T is demiclosed if
and only if the following implication holds:

((xn) ⊂ C, xn ⇀ x, xn − Txn → y) ⇒ x− Tx = y.

This is called the demiclosedness principle for nonexpansive mappings, which holds in the
following spaces:

(i) uniformly convex Banach space;
(ii) Banach spaces satisfying Opial’s property.

Proposition 2.11. Let K be a nonempty, close and convex subset of a real Hilbert space
H and letWm

λ be as defined by(3. 38 ). Then,F (Wm
λ ) = ∩m

i=1F (Jgi

λ ).

Proof. It is clear that∩m
i=1F (Jgi

λ ) ⊆ F (Wm
λ ). So, it remains to show that

F (Wm
λ ) ⊆ ∩m

i=1F (Jgi

λ ). (2. 33)

Let x? ∈ F (Wm
λ ) andy? ∈ ∩m

i=1F (Jgi

λ ). Then, we have

‖x? − y?‖ = ‖Wm
λ x? − y?‖

= ‖Jgm

λ Wm−1
λ x? − Jgm

λ y?‖
≤ ‖Wm−1

λ x? − y?‖
= ‖Jgm−1

λ Wm−2
λ x? − J

gm−1
λ y?‖

≤ ‖Wm−2
λ x? − y?‖

...

≤ ‖W 1
λx? − y?‖

= ‖Jg1
λ x? − y?‖

≤ ‖x? − y?‖.
The last inequality implies that

‖x?− y?‖ = ‖Wm
λ x?− y?‖ = ‖Wm−1

λ x?− y?‖ = · · · = ‖W 1
λx?− y?‖ = ‖Jg1

λ x?− y?‖
(2. 34)
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It follows from (2. 34 ) and Lemma 2.1 that for eachi = 1, 2, · · · ,m, we have

‖W i
λx? − y?‖+ ‖W i

λx? −W i−1
λ x?‖ ≤ ‖W i−1

λ x? − y?‖ = ‖x? − y?‖. (2. 35)

Since‖W i
λx? − y?‖ = ‖x? − y?‖, it follows that, for eachi = 1, 2, · · · , m, we have

‖W i
λx? −W i−1

λ x?‖ = 0, i.e., W i−1
λ x? ∈ F (Jgi

λ ). (2. 36)

Now, for i = 1 in (2. 36 ), we have

x? = Jg1
λ x?.

For i = 2 in (2. 36 ), we have

x? = Jg1
λ x? = Jg2

λ x?.

For i = 3 in (2. 36 ), we have

x? = Jg1
λ x? = Jg2

λ x? = Jg3
λ x?.

Thus, fori = 1, 2, · · · , m in (2. 36 ), we can easily see that

x? = Jg1
λ x? = Jg2

λ x? = Jg3
λ x? = · · · = J

gm−1
λ x? = Jgm

λ x?.

That is,x? ∈ ∩m
i=1F )Jgi

λ ), which is as desired. ¤

3. MAIN RESULTS

Assumption 3.1
Throughout this section, we assume that:

(I) K is a nonempty, closed and convex subset of a real Hilbert spaceH;
(II) f : K −→ H is anρ-Lipschitizian mapping;

(III) gi : K −→ R, i = 1, 2, · · · ,m, is a finite family of a proper convex and lower
semicontinuous function. For a givenλ > 0, we define the Moreau-Yosida resol-
vent ofgi in K by

sn = Jgi

λ (x) = argminv∈K

[
gi(v) +

1
2λ
‖v − x‖2

]
, i = 1, 2, · · · ,m. (3. 37)

Set

W l
λ(x) = Jgl

λ ◦ J
gl−1
λ ◦ J

gl−2
λ ◦ · · · ◦ Jg2

λ ◦ Jg1
λ (x), l = 1, 2, · · · ,m. (3. 38)

(lV) {Ti}m
i=1 : K −→ P(K) is a finite family of uniformlyLi-Lipschitizian and

asymptotically quasi-nonexpansive multivalued mapping withlimn→∞ kn = 1
andTi, i = 1, 2, · · · ,m is demiclosed at the origin (that is, for any bounded se-
quencexn i K such thatlimn→∞ xn = q and limn→∞ ‖xn − Tixn‖ = 0, then
Tiq = q, i = 1, 2, · · · ,m.

Let H andK be defined as in Assumption 3.1. A mutivalurd mappingT : K −→ CB(K)
is called asymptoticallyβ-nonspreading if there existsβ > 0 such that

H(Tnx, Tny)2 ≤ β(d(Tnx, y)2 + d(x, Tny)2),∀x, y ∈ K.

Note that a multivalued mappingT is called asymptotically nonspreading-type ifβ =
1
2

;

that is,
2H(Tnx, Tny)2 ≤ d(Tnx, y)2 + d(x, Tny)2,∀x, y ∈ K.
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Again, every asymptotically nonspreading-type multivalued mappingT with a nonempty
fixed point set is asymptotically quasi-nonexpansive. Indeed,∀x ∈ K andq ∈ F (T ), we
have

2H(Tnx, Tnq)2 ≤ d(Tnx, y)2 + d(x, Tnq)2

≤ H(Tnx, Tnq)2 + ‖x− q‖2.
Thus, it follows that

H(Tnx, Tny) ≤ ‖x− q‖.
Let K, f , gi : K −→ R and Ti : K −→ C(K), i = 1, 2, · · · ,m, be defined as

in Assumption 3.1 with sequences{{kin}∞n=1}m
i=1 ∈ [1,∞) such thatlimn→∞ kin = 1,

wherezn,i ∈ Tisn with d(sn, zn,i) = d(sn, Tisn), for eachi = 1, 2, · · · ,m. Suppose
F = ∩m

i=1F (Ti) ∩ ∩m
i=1argminv∈Kgi(v) 6= ∅ andTiq = q, ∀q ∈ F (Ti), for each i =

1, 2, · · · ,m. Let A : K −→ H be anL-Lipschitizian andα-strongly monotone mapping
with L,α > 0. Assume that

0 < γn < κ =
(
1 − γ(1 + ρ)

2τ

)
, 0 < η <

2α

L2
, 0 < γρ < τ, whereτ = η

(
α − L2η

2

)

andI − Ti, is demiclosed at the origin for eachi = 1, 2, · · · ,m. Let {xn} be a sequence
generated iteratively by





x0 ∈ K;
sn = Wm

λ (x);
yn = (1−∑m

i=1 βn,i)sn +
∑m

i=1 βn,izn,izn,i ∈ Tisn;
xn+1 = PK(αnγf(xn) + γnxn + ((1− γn)I − ηαnA)yn),

(3. 39)

where{αn} and{βn} are sequences in[0, 1] satisfying the following conditions:

(i) limn→∞ αn = 0,
∑∞

n=1 αn = ∞ andlimn→∞
kn − 1

αn
= 0, wherekn = max1≤i≤m{kin};

(ii)
∑∞

n=1 βin = 1 and 0 < lim inf βin(1 − βin) ≤ lim sup βin(1 − βin) < 1, for
eachi = 1, 2, · · · ,m;

(iii) {λn} is such thatλn ≥ λ > 0, ∀n ≥ 1 and for someλ.

Then, the sequence defined by (3. 39 ) converges strongly tox? ∈ F , which is also a
unique solution of the variational inequality problem:

〈ηAx? − γf(x?), x? − q〉 ≤ 0, q ∈ F . (3. 40)

Proof. First, we show that the solution of the variational inequality defined by (3. 77 ) is
unique. To do this, we assume for contradiction that there exists two pointsx?, y? ∈ F
which are solutions of (3. 77 ) andx? 6= y?. Then, we get

〈ηAx? − γf(x?), x? − y?〉 ≤ 0 (3. 41)

and
〈ηAy? − γf(y?), y? − x?〉 ≤ 0 (3. 42)

(3. 41 ) and (3. 42 ) imply that

〈ηAy? − ηAx? + γf(x?)− γf(y?), y? − x?〉 ≤ 0 (3. 43)
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Also, from the assumptions given, we get

L2η

2
> 0 ⇔ α− L2η

2
< α

⇔ η
(
α− L2η

2

)
< αη

⇔ τ < αη,

so that0 < ργ < τ < αη.
ln addition, the inequality:

〈ηAy? − ηAx? + γf(x?)− γf(y?), y? − x?〉 = 〈ηAy? − ηAx?, y? − x?〉
−γ〈f(y?)− f(x?), y? − x?〉

= 〈ηAy? − ηAx?, y? − x?〉
−γ‖f(y?)− f(x?)‖‖y? − x?‖

≥ ηα‖x? − y?‖2 − γρ‖x? − y?‖2
= (ηα− γρ)‖x? − y?‖2,

this contradicts (3. 43 ) and hencex? = y? which is as desired.
Again, we note that the operatorPK [γI + (αγf + ((1− γ)I − ηαA)] is a contraction.

Indeed, for any two fixed real numbersα, γ in
(
0, min

{
1,

1
τ

})
and∀x, y ∈ H, we have,

using Lemma 2.4,X = [γ + (αγf + ((1 − γ)I − ηαA)]x andY = [γ + (αγf + ((1 −
γ)I − ηαA)]y, that

‖PKX − PKY ‖ ≤ ‖γx + (αγf + ((1− γ)I − ηαA)x− (γy + (αγf + ((1− γ)I − ηαA)y)‖
≤ αγ‖f(x)− f(y)‖+ γ‖x− y‖+ ‖((1− γ)I − ηαA)(x− y)‖
≤ αγρ‖x− y‖+ γ‖x− y‖+ ((1− γ)I − ατ)‖(x− y)‖
≤ (1− α(τ − γρ))‖x− y‖

Thus, by Banach contraction principle, the mappingPK [γI+(αγf +((1−γ)I−ηαA)]
has a fixed point, saȳx = PK [γI + (αγf + ((1− γ)I − ηαA)]x̄; and as such, by (2. 28 ),
similar in value to the variational inequality problem below:

〈ηAx̄− γf(x̄), x̄− q〉 ≤ 0, q ∈ F .

The remaining proof of Theorem 3.1 will be presented in two stages:

Stage 1: We prove that the sequence{xn} and{yn} are bounded. Letq ∈ F . Then,
Tiq = {q} andg(q) ≤ g(u), for all u ∈ K. Hence,Jgi

λn
q = q for all n ≥ 1, whereJgi

λn
is

the Moreau-Josida resolvent ofg in K.
By Lemma 2.9, for eachi = 1, 2, · · · ,m, Jgi

λ is nonexpansive; therefore,Wm
λ is also

nonexpansive. Hence,

‖sn − q‖ = ‖Wm
λ (xn)−Wm

λ (q)‖ ≤ ‖xn − q‖. (3. 44)
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Also, from (3. 39 ), we have

‖yn − q‖ = ‖(1−
m∑

i=1

βn,i)sn +
m∑

i=1

βn,i)zn,i − q‖

≤ (1−
m∑

i=1

βn,i)‖sn − q‖+
m∑

i=1

βn,i‖zn,i − q‖

≤ (1−
m∑

i=1

βn,i)‖sn − q‖+
m∑

i=1

βn,iH(Tn
i sn, Tn

i q)

≤ (1−
m∑

i=1

βn,i)‖sn − q‖+
m∑

i=1

βn,ikn‖sn − q‖

= [1 +
m∑

i=1

βn,i(kn − 1)]‖sn − q‖ (3. 45)

By condition (i), there exists a constantε with 0 < ε < 1− δ and
∑m

i=1 βn,i(kn − 1) <
εαn ,for eachi = 1, 2, · · · ,m. Again, from (3. 39 ), (3. 44 ), (3. 45 ) and Lemma 2.4, we
get

‖xn+1 − q‖ = ‖PK(αnγf(xn) + γnxn + ((1− γn)I − ηαnA)yn)− PKq‖
≤ ‖αnγf(xn) + γnxn + ((1− γn)I − ηαnA)yn)− q‖
= ‖αn(γf(xn)− ηAq) + γn(xn − q) + ((1− γn)I − ηαnA)(yn − q)‖
≤ αn‖γf(xn)− ηAq‖+ γn‖xn − q‖+ ((1− γn)I − αnτ)‖yn − q‖
≤ αnγ‖f(xn)− f(q)‖+ αn‖γf(q)− ηAq‖+ γn‖xn − q‖

+((1− γn)I − αnτ)‖yn − q‖
≤ αnγρ‖xn − q‖+ αn‖γf(q)− ηAq‖+ γn‖xn − q‖

+((1− γn)I − αnτ)[1 +
m∑

i=1

βn,i(kn − 1)]‖sn − q‖

≤ αnγρ‖xn − q‖+ αn‖γf(q)− ηAq‖+ (1− αnτ +
m∑

i=1

βn,i(kn − 1))‖xn − q‖

≤ [1− (τ − ε− γρ)αn]‖xn − q‖+ αn‖γf(q)− ηAq‖
≤ max

{
‖xn − q‖, ‖γf(q)− ηAq‖

τ − ε− γρ

}

By induction, it is easy to see that

‖xn − q‖ ≤ max
{
‖x0 − q‖, ‖γf(q)− ηAq‖

τ − ε− γρ

}
, n ≥ 1.

Hence,{xn} is bounded, and so are the sequences{yn},{f(xn)} and{Axn}.

Stage 2: We prove that the sequence{xn} converges strongly tox?.
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From (3. 39 ) and Lemma 2.2 (ii), we obtain

‖yn − q‖2 = ‖(1−
m∑

i=1

βn,i)sn +
m∑

i=1

βn,i)zn,i‖2

≤ (1−
m∑

i=1

βn,i)‖sn − q‖2 +
m∑

i=1

βn,i‖zn,i − q‖2 −
m∑

i=1

βn,i(1−
m∑

i=1

βn,i)‖sn − zn,i‖2

≤ (1−
m∑

i=1

βn,i)‖sn − q‖2 +
m∑

i=1

βn,iH(Tn
i sn, Tn

i q)2 −
m∑

i=1

βn,i(1−
m∑

i=1

βn,i)‖sn − zn,i‖2

≤ (1−
m∑

i=1

βn,i)‖sn − q‖2 +
m∑

i=1

βn,ik
2
n‖sn − q‖2 −

m∑

i=1

βn,i(1−
m∑

i=1

βn,i)‖sn − zn,i‖2

= [1 +
m∑

i=1

βn,i(k2
n − 1)]‖sn − q‖2 −

m∑

i=1

βn,i(1−
m∑

i=1

βn,i)‖sn − zn,i‖2 (3. 46)

Settn = αnγf(xn) + γnxn + ((1 − γn)I − ηαnA)yn. Then, from (3. 39 ), (3. 44 ),
(3. 46 ), Lemma 2.2(i) and Lemma 2.4, we get

‖xn+1 − q‖2 ≤ ‖αnγf(xn) + γnxn + ((1− γn)I − ηαnA)yn)− q‖2
= ‖αn(γf(xn)− ηAq) + γn(xn − q) + ((1− γn)I − ηαnA)(yn − q)‖2
≤ ‖((1− γn)I − ηαnA)(yn − q) + γn(xn − q)‖2 + 2αn〈γf(xn)− ηAq, tn − q〉
= ‖((1− γn)I − ηαnA)(yn − q)‖2 + γ2

n‖xn − q‖2
+2γn〈((1− γn)I − ηαnA)(yn − q), xn − q〉+ 2αn〈γf(xn)− ηAq, tn − q〉

≤ ((1− γn)I − αnτ)2‖yn − q‖2 + γ2
n‖xn − q‖2

+2γn((1− γn)I − αnτ)‖yn − q‖‖xn − q‖+ 2αn〈γf(xn)− ηAq, tn − q〉
≤ ((1− γn)I − αnτ)2‖yn − q‖2 + γ2

n‖xn − q‖2
+γn((1− γn)I − αnτ)[‖yn − q‖2 + ‖xn − q‖2] + 2αn〈γf(xn)− ηAq, tn − q〉

= ((1− γn)I − αnτ)((1− γn)I − αnτ + γn)‖yn − q‖2
+γn[γn + (1− γn)I − αnτ)]‖xn − q‖2 + 2αn〈γf(xn)− ηAq, tn − q〉

≤ ((1− γn)I − αnτ){[1 +
m∑

i=1

βn,i(k2
n − 1)]‖sn − q‖2

−
m∑

i=1

βn,i(1−
m∑

i=1

βn,i)‖sn − zn,i‖2}+ γn‖xn − q‖2 + 2αn〈γf(xn)− ηAq, tn − q〉

≤ (1− αnτ)‖xn − q‖2 + ((1− γn)I − αnτ)
m∑

i=1

βn,i(k2
n − 1)‖xn − q‖2

−((1− γn)I − αnτ)
m∑

i=1

βn,i(1−
m∑

i=1

βn,i)‖sn − zn,i‖2 + 2αn〈γf(xn)− ηAq, tn − q〉
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PutDn = ((1−γn)I−αnτ)
∑m

i=1 βn,i(1−
∑m

i=1 βn,i)‖sn−zn,i‖2. Since the sequence
{xn} is bounded, there exists a positive constantM such that the last inequality becomes:

Dn ≤ ‖xn − q‖2 − ‖xn+1 − q‖2 + ((1− γn)I − αnτ)
m∑

i=1

βn,i(k2
n − 1)M

+2αn〈γf(xn)− ηAq, tn − q〉 (3. 47)

Now, to show that{xn} is convergent, we consider the following two cases:
Case A : Assume that the sequence{‖xn − q‖} is monotonically decreasing sequence.
Then,{‖xn − q‖} is convergent. Indeed, we have

lim
n→∞

[‖xn − q‖ − ‖xn+1 − q‖ = 0] (3. 48)

Thus, by (3. 47 ), condition [(i) and (ii)] and the fact thatlimn→∞ kn = 1, we have

lim
n→∞

Dn = lim
n→∞

((1− γn)I − αnτ)
m∑

i=1

βn,i(1−
m∑

i=1

βn,i)‖sn − zn,i‖2 = 0 (3. 49)

Since,βn ∈ [a, b] ⊂ (0, 1), for eachi = 1, 2, · · · ,m, we get

lim
n→∞

‖sn − zn,i‖ = 0 (3. 50)

Applying H-continuity(see [50]), we have

lim
n→∞

‖sn − Tn
i sn‖ = 0 (3. 51)

Also, using (3. 39 ), we get

‖xn+1 − yn‖ ≤ ‖αnγf(xn) + γnxn + ((1− γn)I − ηαnA)yn − yn‖
≤ αn‖γf(xn)− ηαnA‖+ γn‖xn − yn‖. (3. 52)

(3. 52 ) and condition (i) imply that

lim
n→∞

(‖xn+1 − yn‖ − ‖xn − yn‖) = 0. (3. 53)

It follows from (3. 53 ) that
lim

n→∞
‖xn+1 − xn‖ = 0. (3. 54)

Again, from the nonexpansivity ofJgi

λ , i = 1, 2, · · · ,m, (3. 39 ) and Lemma 2.9, we
get, for anyq ∈ F , that

‖Wm
λ xn −Wm

λ q‖2 = ‖Jgm

λ ◦ J
gm−1
λ ◦ J

gm−2
λ ◦ · · · ◦ Jg2

λ ◦ Jg1
λ xn

−Jgm

λ ◦ J
gm−1
λ ◦ J

gm−2
λ · · · ◦ Jg2

λ ◦ Jg1
λ q‖2

≤ ‖Jgm−1
λ ◦ J

gm−2
λ ◦ J

gm−3
λ ◦ · · · ◦ Jg2

λ ◦ Jg1
λ xn

−J
gm−1
λ ◦ J

gm−2
λ ◦ J

gm−3
λ · · · ◦ Jg2

λ ◦ Jg1
λ q‖2

−‖Jgm

λ ◦ J
gm−1
λ ◦ J

gm−2
λ ◦ · · · ◦ Jg2

λ ◦ Jg1
λ xn

−J
gm−1
λ ◦ J

gm−2
λ ◦ J

gm−3
λ · · · ◦ Jg2

λ ◦ Jg1
λ q‖2

= ‖Wm−1
λ xn −Wm−1

λ q‖2 − ‖Wm
λ xn −Wm−1

λ xn‖2,
so that

‖sn −Wm−1
λ xn‖2 = ‖Wm

λ xn −Wm−1
λ xn‖2 ≤ ‖xn − q‖2 − ‖sn − q‖2 (3. 55)
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Furthermore, from (3. 39 ), (3. 44 ),(3. 46 ) and (3. 55 ), we obtain

‖xn+1 − q‖2 ≤ ‖αnγf(xn)γnxn + ((1− γn)I − ηαnA)yn)− q‖2
= ‖αn(γf(xn)− ηAq)− γn(q − xn) + ((1− γn)I − ηαnA)(yn − q)‖2
≤ ‖((1− γn)I − ηαnA)(yn − q)− γn(q − xn)‖2 + 2αn〈γf(xn)− ηAq, xn+1 − q〉
≤ ‖((1− γn)I − ηαnA)(yn − q)‖2 + γ2

n‖q − xn‖2 + 2αnγ〈f(xn)− f(q), xn+1 − q〉
+2αn〈γf(q)− ηAq, xn+1 − q〉

≤ ((1− γn)I − αnτ)2‖yn − q‖2 + γ2
n‖q − xn‖2 + 2αnγ‖f(xn)− f(q)‖‖xn+1 − q‖

+2αn‖γf(q)− ηAq‖‖xn+1 − q‖

≤ ((1− γn)I − αnτ)2[1 +
m∑

i=1

βn,i(k2
n − 1)]‖sn − q‖2 + γ2

n‖q − xn‖2

+2αnγρ‖xn − q‖‖xn+1 − q‖+ 2αn‖γf(q)− ηAq‖‖xn+1 − q‖

= ((1− γn)I − αnτ)2‖sn − q‖2 + ((1− γn)I − αnτ)2
m∑

i=1

βn,i(k2
n − 1)‖sn − q‖2

+γ2
n‖q − xn‖2 + 2αnγρ‖xn − q‖‖xn+1 − q‖+ 2αn‖γf(q)− ηAq‖‖xn+1 − q‖

≤ ((1− γn)I − αnτ)2[‖xn − q‖2 − ‖sn −Wm−1
λ xn‖2]

+((1− γn)I − αnτ)2
m∑

i=1

βn,i(k2
n − 1)‖xn − q‖2 + γ2

n‖q − xn‖2

+2αnγρ‖xn − q‖‖xn+1 − q‖+ 2αn‖γf(q)− ηAq‖‖xn+1 − q‖
= [1− 2γn + γ2

n + α2
nτ2 − 2(1− γn)αnτ ]‖xn − q‖2

−((1− γn)I − αnτ)2‖sn −Wm−1
λ xn‖2

+((1− γn)I − αnτ)2
m∑

i=1

βn,i(k2
n − 1)‖xn − q‖2 + γ2

n‖q − xn‖2

+2αnγρ‖xn − q‖‖xn+1 − q‖+ 2αn‖γf(q)− ηAq‖‖xn+1 − q‖
= [1 + 2γn(γn − 1) + α2

nτ2 − 2(1− γn)αnτ + ((1− γn)I − αnτ)εαn]‖xn − q‖2
−((1− γn)I − αnτ)2‖sn −Wm−1

λ xn‖2 + 2αnγρ‖xn − q‖‖xn+1 − q‖
+2αn‖γf(q)− ηAq‖‖xn+1 − q‖

≤ [1 + α2
nτ2 + ((1− γn)I − αnτ)εαn]‖xn − q‖2

−((1− γn)I − αnτ)2‖sn −Wm−1
λ xn‖2 + 2αnγρ‖xn − q‖‖xn+1 − q‖

+2αn‖γf(q)− ηAq‖‖xn+1 − q‖ (3. 56)

(3. 56 ) implies that

((1− γn)I − αnτ)2‖sn −Wm−1
λ xn‖2 ≤ ‖xn − xn+1‖2 + [α2

nτ2 + ((1− γn)I − αnτ)εαn]‖xn − q‖2
+2αnγρ‖xn − q‖‖xn+1 − q‖
+2αn‖γf(q)− ηAq‖‖xn+1 − q‖.
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The last inequality and condition (i) yields

lim
n→∞

‖sn −Wm−1
λ xn‖ = 0. (3. 57)

Similarly, using the same approach as above, it can easily be seen that

lim
n→∞

‖Wm−i
λ xn −W

m−(i+1)
λ xn‖ = 0, i = 1, 2, · · · ,m− 1. (3. 58)

From (3. 57 ) and (3. 58 ), we obtain

‖sn − xn‖ = ‖Wm
λ xn − xn‖

≤ ‖Wm
λ xn −Wm−1

λ xn‖+ ‖Wm−1
λ xn −Wm−2

λ xn‖+ · · ·+ ‖W 1
λxn −W 2

λxn‖
+‖W 1

λxn − xn‖ → 0 (n →∞). (3. 59)

Since
‖xn+1 − sn‖ ≤ ‖xn+1 − xn‖+ ‖xn − sn‖,

it follows from (3. 54 ) and (3. 59 ) that

lim
n→∞

‖xn+1 − sn‖ = 0. (3. 60)

Lettingun,i ∈ Tn
i sn, for each i = 1, 2, · · · ,m, we have

‖un,i − zn,i‖ ≤ H(Tn
i sn, Tn

i sn) ≤ Li‖sn − sn‖ → 0 as n →∞. (3. 61)

Using (3. 50 ) and (3. 61 ), we obtain

‖sn − un,i‖ ≤ ‖sn − zn,i‖+ ‖zn,i − un,i‖ → 0 as n →∞. (3. 62)

Sinceun,i ⊂ Tn
i sn, for each i = 1, 2, · · · ,m, it follows thatTun,i ⊂ Tn+1

i sn. Also, let
rn+1,i ∈ Tn

i un,i so thatrn+1,i ∈ Tn+1sn.. SinceTi is uniformly Lipschitizian, for each
i = 1, 2, · · · ,m, we get

‖rn+1,i − un,i‖ ≤ ‖rn+1,i − un+1,i‖+ ‖un+1,i − sn+1‖+ ‖sn+1 − sn‖+ ‖sn − un,i‖.
(3. 63)

Since from (3. 54 ) and (3. 59 )

‖sn+1 − sn‖ ≤ ‖sn+1 − xn+1‖+ ‖xn+1 − xn‖+ ‖xn − sn‖ → 0 as n →∞, (3. 64)

it follows from (3. 62 ) that

‖un,i − sn+1‖ ≤ ‖un,i − sn‖+ ‖sn − sn+1‖ → 0 as n →∞. (3. 65)

Letting zn,i ∈ Tisn, for eachi = 1, 2, · · · ,m, we obtain, using (3. 46 ), (3. 62 ) and
(3. 63 ), that

‖zn,i, sn‖ ≤ ‖zn,i − rn+1,i‖+ ‖rn+1,i − un,i‖+ ‖un,i − sn‖
≤ H(Tn

i sn, Tn+1
i sn) + ‖rn+1,i − un,i‖+ ‖un,i − sn‖

≤ Li‖sn − Tn
i sn‖+ ‖rn+1,i − un,i‖+ ‖un,i − sn‖ → 0 as n →∞.(3. 66)

Now, we show thatlim supn→∞〈ηAx? − γf(x?), x? − xn〉 ≤ 0. By the nature ofH,
and from the boundedness of the sequence{xn}∞n=0, we can find a subsequence{xnj}∞j=0

of {xn} that converges weakly to a pointω ∈ K. With this fact, it is not hard to see that

lim sup
n→∞

〈ηAx? − γf(x?), x? − xn〉 = lim sup
j→∞

〈ηAx? − γf(x?), x? − xnj 〉. (3. 67)
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Using (3. 59 ), (3. 66 ) and the fact thatI − Ti is demiclosed at the origin for eachi =
1, 2, · · · ,m, we haveω ∈ ∩m

i=1F (Ti). Also, sinceWm
λ is single-valued and nonexpan-

sive, using (3. 59 ), Proposition 2.11 and using Proposition 2.10, we getω ∈ F (Wm
λ ) =

argminu∈Kgi(v). Consequently,ω ∈ F . Hence, using (3. 67 ) , we get

lim sup
n→∞

〈ηAx? − γf(x?), x? − xn〉 ≤ 〈ηAx? − γf(x?), x? − ω〉
≤ 0. (3. 68)

Lastly, we prove thatxn → x?(n → ∞). From (3. 39 ), (3. 46 ) and Lemma 2.5, we
have

‖xn+1 − x?‖2 ≤ ‖αnγf(xn)γnxn + ((1− γn)I − ηαnA)yn)− x?‖2
= ‖αn(γf(xn)− ηAx?)− γn(x? − xn) + ((1− γn)I − ηαnA)(yn − x?)‖2
≤ ‖((1− γn)I − ηαnA)(yn − x?)− γn(x? − xn)‖2

+2αn〈γf(xn)− ηAx?, xn+1 − x?〉
≤ ‖((1− γn)I − ηαnA)(yn − x?)‖2 + γ2

n‖x? − xn‖2
+2αnγ〈f(xn)− f(x?), xn+1 − x?〉+ 2αn〈γf(x?)− ηAx?, xn+1 − x?〉

≤ ((1− γn)I − αnτ)2‖yn − x?‖2 + γ2
n‖x? − xn‖2

+2αnγ‖f(xn)− f(x?)‖‖xn+1 − x?‖+ 2αn〈γf(x?)− ηAx?, xn+1 − x?〉

≤ ((1− γn)I − αnτ)2[1 +
m∑

i=1

βn,i(k2
n − 1)]‖sn − x?‖2 + γ2

n‖x? − xn‖2

+αnγ[‖f(xn)− f(x?)‖2 + ‖xn+1 − x?‖2] + 2αn〈γf(x?)− ηAx?, xn+1 − x?〉
= [1− 2γn + γ2

n − 2(1− γn)αnτ + α2
nτ2]‖xn − x?‖2

+((1− γn)I − αnτ)2
m∑

i=1

βn,i(k2
n − 1)‖xn − x?‖2 + γ2

n‖x? − xn‖2

+αnγ[‖f(xn)− f(x?)‖2 + ‖xn+1 − x?‖2] + 2αn〈γf(x?)− ηAx?, xn+1 − x?〉
= [1 + γn(γn − 2)− 2(1− γn)αnτ ]‖xn − x?‖2

+[α2
nτ2 + ((1− γn)I − αnτ)2

m∑

i=1

βn,i(k2
n − 1)]M + αnγρ‖xn − x?‖2 + αnγ‖xn+1 − x?‖2

+2αn〈γf(x?)− ηAx?, xn+1 − x?〉

≤ [1− (2(1− γn)τ − γρ)αn]‖xn − x?‖2 + [α2
nτ2 + ((1− γn)I − αnτ)2

m∑

i=1

βn,i(k2
n − 1)]M

+αnγ‖xn+1 − x?‖2 + 2αn〈γf(x?)− ηAx?, xn+1 − x?〉
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The last inequality implies that

(1− αnγ)‖xn+1 − x?‖2 ≤ [1− (2(1− γn)τ − γρ)αn]‖xn − x?‖2

+αn

{
[αnτ2 + ((1− γn)I − αnτ)2

m∑

i=1

βn,i
(k2

n − 1)
αn

]M

+2〈γf(x?)− ηAx?, xn+1 − x?〉
}

.

⇒ ‖xn+1 − x?‖2 ≤
[
1− (2(1− γn)τ − γ − γρ)αn

1− αnγ

]
‖xn − x?‖2

+
αn

1− αnγ

{
[αnτ2 + ((1− γn)I − αnτ)2

m∑

i=1

βn,i
(k2

n − 1)
αn

]M

+2〈γf(x?)− ηAx?, xn+1 − x?〉
}

,

whereM = supn≥1 ‖xn − x?‖2.
Put

σn =
(2(1− γn)τ − γ − γρ)αn

1− αnγ
,

τn =
αn

1− αnγ

{
[αnτ2 + ((1− γn)I − αnτ)2

m∑

i=1

βn,i
(k2

n − 1)
αn

]M

+2〈γf(x?)− ηAx?, xn+1 − x?〉
}

and

wn =
τn

σn

=
1

2(1− γn)τ − γ − γρ

{
[αnτ2 + ((1− γn)I − αnτ)2

m∑

i=1

βn,i
(k2

n − 1)
αn

]M

+2〈γf(x?)− ηAx?, xn+1 − x?〉
}

.

Then, from condition (i) and (3. 68 ), we get

σn → 0 as n →∞,

∞∑
n=1

σn = ∞ and lim sup
n→∞

wn ≤ 0.

Thus, using Lemma 2.3, the result follows as required (i.e.,xn → x? asn →∞).

Case B:
Suppose{‖xn−x?‖} is monotonically increasing sequence. SetGn = ‖xn−x?‖ and the
mappingτ : N −→ N, for all n ≥ n0 (for somen0 large enough), byτn = max{k ∈ N :
k ≤ n,Gk ≤ Gk+1}. Thenτ is a nondecreasing sequence such thatτn → ∞ asn → ∞
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andGτ(n) ≤ Gτn+1 for n ≥ n0. From (3. 47 ), we have

Dτn
≤ ‖xτn

− x?‖2 − ‖xτn+1 − x?‖2 + ((1− γτn
)I − ατn

τ)
m∑

i=1

βτn,i(k2
τn
− 1)M

+2ατn〈γf(xτn)− ηAx?, tτn − x?〉 → 0(n →∞),

whereDτn
= ((1−γτn

)I−ατn
τ)

∑m
i=1 βτn,i(1−

∑m
i=1 βτn,i)‖sτn

−zτn,i‖2. In addition,
we have

lim
n→∞

‖sτn
− zτn,i‖2 = 0

Therefore,
lim

n→∞
d(sτ(n) , T

τ(n)
i sτ(n)) = 0. (3. 69)

Using similar approach as in Case A above, it is easy to see that

lim sup
τ(n)→∞

〈ηAx? − γf(x?), x? − xτ(n)+1〉 ≤ 0.

Hence, for alln ≥ n0, we have

0 ≤ ‖xτ(n)+1 − x?‖2 − ‖xτ(n) − x?‖2 ≤ ατ(n)

[
− (2(1− γn)τ − γ − γρ)ατ(n)

1− ατ(n)γ

]
‖xτ(n) − x?‖2

+
ατ(n)

1− ατ(n)γ

{
[ατ(n)τ

2 + ((1− γτ(n))I − ατ(n)τ)2

×
m∑

i=1

βτ(n),i

(k2
τ(n) − 1)

ατ(n)
]M + 2〈γf(x?)− ηAx?, xn+1 − x?〉

}
,

which follows that

‖xτ(n) − x?‖2 ≤ 1
2(1− γn)τ − γ − γρ

{
[ατ(n)τ

2 + ((1− γτ(n))I − ατ(n)τ)2

×
m∑

i=1

βτ(n),i

(k2
τ(n) − 1)

ατ(n)
]M + 2〈γf(x?)− ηAx?, xn+1 − x?〉

}
,

Consequently, we get
lim

n→∞
‖xτ(n) − x?‖ = 0.

and
lim

n→∞
Gτ(n) = lim

n→∞
Gτ(n)+1 = 0. (3. 70)

Thus, by Lemma 2.7, we conclude that

0 ≤ Gτ(n) ≤ max{Gτ(n), Gτ(n)+1} = Gτ(n)+1. (3. 71)

Hence,limn→∞Gn = 0; that is,{xn} converges strongly tox?. The proof is complete.

¤

It is worth to mention at this point that ifTi : K −→ C(K), i = 1, 2, · · · ,m, is a
finite family of asymptotically nonspreading-type multivalued mapping, then the following
theorem is a direct consequence of Theorem 3.1.
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Let K, f andgi : K −→ R, i = 1, 2, · · · ,m, be defined as in Assumption 3.1 and
Ti : K −→ C(K), i = 1, 2, · · · ,m, a finite family ofLi-Lipschitizian and asymptotically
nonspreading-type multivalued mappings with sequences{{kin}∞n=1}m

i=1 ∈ [1,∞) such
that limn→∞ kin = 1, wherezn,i ∈ Tisn with d(sn, zn,i) = d(sn, Tisn), for eachi =
1, 2, · · · ,m. SupposeF = ∩m

i=1F (Ti) ∩ ∩m
i=1argminv∈Kgi(v) 6= ∅ andTiq = q,∀q ∈

F (Ti), for each i = 1, 2, · · · ,m. Let A : K −→ H be anL-Lipschitizian andα-strongly
monotone mapping withL, α > 0. Assume that

0 < γn < κ =
(
1 − γ(1 + ρ)

2τ

)
, 0 < η <

2α

L2
, 0 < γρ < τ, whereτ = η

(
α − L2η

2

)

andI − Ti, is demiclosed at the origin for eachi = 1, 2, · · · ,m. Let {xn} be a sequence
generated iteratively by





x0 ∈ K;
sn = Wm

λ (x);
yn = (1−∑m

i=1 βn,i)sn +
∑m

i=1 βn,izn,i, zn,i ∈ Tisn;
xn+1 = PK(αnγf(xn) + γnxn + ((1− γn)I − ηαnA)yn),

(3. 72)

where{αn} and{βn} are sequences in[0, 1] satisfying the following conditions:

(i) limn→∞ αn = 0,
∑∞

n=1 αn = ∞ andlimn→∞
kn − 1

αn
= 0, wherekn = max1≤i≤m{kin};

(ii)
∑∞

n=1 βin = 1 and 0 < lim inf βin(1 − βin) ≤ lim sup βin(1 − βin) < 1, for
eachi = 1, 2, · · · ,m;

(iii) {λn} is such thatλn ≥ λ > 0, ∀n ≥ 1 and for someλ.

Then, the sequence defined by (3. 76 ) converges strongly tox? ∈ F , which is also a
unique solution of the variational inequality problem:

〈ηAx? − γf(x?), x? − q〉 ≤ 0, q ∈ F . (3. 73)

Proof. Since every asymptotically nonspreading-type mapping with nonempty fixed point
set is asymptotically quasinonexpansive multivalued mapping, the proof of Theorem 3.2
immediately follows from Lemma 2.1 and Theorem 3.1. ¤

Again, if {Ti}m
i=1 is asymptotically quasi-nonexpansive single-valued mapping andA

is a strongly positive bounded linear operator, then the following theorem can be ob-
tained from Theorem 3.1. LetK, f andgi : K −→ R, i = 1, 2, · · · ,m, be defined
as in Assumption 3.1 andTi : K −→ K, i = 1, 2, · · · , m, a finite family of asymp-
totically quasi-nonexpansive single-valued mappings with sequences{{kin}∞n=1}m

i=1 ∈
[1,∞) such thatlimn→∞ kin = 1 for eachi = 1, 2, · · · ,m. SupposeF = ∩m

i=1F (Ti) ∩
∩m

i=1argminv∈Kgi(v) 6= ∅ andTiq = q, ∀q ∈ F (Ti), for each i = 1, 2, · · · , m. Let
A : K −→ H be anL-Lipschitizian andα-strongly monotone mapping withL,α > 0.
Assume that

0 < γn < κ =
(
1 − γ(1 + ρ)

2τ

)
, 0 < η <

2α

L2
, 0 < γρ < τ, whereτ = η

(
α − L2η

2

)

andI − Ti, is demiclosed at the origin for eachi = 1, 2, · · · ,m. Let {xn} be a sequence
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generated iteratively by




x0 ∈ K;
sn = Wm

λ (x);
yn = (1−∑m

i=1 βn,i)sn +
∑m

i=1 βn,iT
n
i sn;

xn+1 = PK(αnγf(xn) + γnxn + ((1− γn)I − ηαnA)yn),

(3. 74)

where{αn} and{βn} are sequences in[0, 1] satisfying the following conditions:

(i) limn→∞ αn = 0,
∑∞

n=1 αn = ∞ andlimn→∞
kn − 1

αn
= 0, wherekn = max1≤i≤m{kin};

(ii)
∑∞

n=1 βin = 1 and 0 < lim inf βin(1 − βin) ≤ lim sup βin(1 − βin) < 1, for
eachi = 1, 2, · · · ,m;

(iii) {λn} is such thatλn ≥ λ > 0, ∀n ≥ 1 and for someλ.

Then, the sequence defined by (3. 74 ) converges strongly tox? ∈ F , which satisfies the
optimality condition of the minimization problem

minx∈H
η

2
〈Ax, x〉 − h(x), (3. 75)

whereh is a potential function forγf (i.e.,h′(x) = γf(x) onH. Let K, f andgi : K −→
R, i = 1, 2, · · · ,m, be defined as in Assumption 3.1. LetTi : K −→ K, i = 1, 2, · · · ,m,
a finite family of asymptotically nonspreading-type single-valued mappings with sequences
{{kin}∞n=1}m

i=1 ∈ [1,∞) such thatlimn→∞ kin = 1 for eachi = 1, 2, · · · ,m. Suppose
F = ∩m

i=1F (Ti) ∩ ∩m
i=1argminv∈Kgi(v) 6= ∅ andTiq = q, ∀q ∈ F (Ti), for each i =

1, 2, · · · ,m. Let A : K −→ H be anL-Lipschitizian andα-strongly monotone mapping
with L,α > 0. Assume that

0 < γn < κ =
(
1 − γ(1 + ρ)

2τ

)
, 0 < η <

2α

L2
, 0 < γρ < τ, whereτ = η

(
α − L2η

2

)

andI − Ti, is demiclosed at the origin for eachi = 1, 2, · · · ,m. Let {xn} be a sequence
generated iteratively by





x0 ∈ K;
sn = Wm

λ (x);
yn = (1−∑m

i=1 βn,i)sn +
∑m

i=1 βn,iT
n
i sn;

xn+1 = PK(αnγf(xn) + γnxn + ((1− γn)I − ηαnA)yn),

(3. 76)

where{αn} and{βn} are sequences in[0, 1] satisfying the following conditions:

(i) limn→∞ αn = 0,
∑∞

n=1 αn = ∞ andlimn→∞
kn − 1

αn
= 0, wherekn = max1≤i≤m{kin};

(ii)
∑∞

n=1 βin = 1 and 0 < lim inf βin(1 − βin) ≤ lim sup βin(1 − βin) < 1, for
eachi = 1, 2, · · · ,m;

(iii) {λn} is such thatλn ≥ λ > 0, ∀n ≥ 1 and for someλ.

Then, the sequence defined by (3. 76 ) converges strongly tox? ∈ F , which is also a
unique solution of the variational inequality problem:

〈ηAx? − γf(x?), x? − q〉 ≤ 0, q ∈ F . (3. 77)
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4. NUMERICAL EXAMPLE

In this section, we give a numerical example to show that our proposed algorithm can
be implementable.
Let H = R be endowed with the uasual metric andK = [0, 1]. Then,

PK(x) =





0, if x < 0;
x, if x ∈ K;
1, if x > 1

is a metric projection ontoK. For,i = 1, 2, · · · , m, defineTi : R+ −→ P (H) by

Tix =
[
− 1

3i
x,− 1

5i
x

]
, ∀x ∈ R+.

Then, for eachi = 1, 2, · · · ,m, Ti is an asymptotically quasinonexpansive multivalued
mapping withF (T ) = 0. Indeed, for eachi = 1, 2, · · · , m and for allx ∈ R+, we have

H(Tn
i x, 0) = max1≤i≤m

{
| 1
3in

x|, | 1
5in

x|
}

= | 1
3in

x|

≤
(

1 +
1

3in

)
|x− 0|.

Thus,Ti is an asymptotically quasinonexpansive multivalued mapping for eachi = 1, 2, · · · , m.
Again, we check thatTi is uniformly Lipschitizian for eachi = 1, 2, · · · , m. Indeed, for
eachi = 1, 2, · · · ,m. and for eachx, y ∈ R+, we get

H(Tn
i x, 0) = max1≤i≤m

{
| − 1

5in
x +

1
5in

y|, | − 1
3in

x +
1

3in
y|

}

=
1

3in
|x− y|

≤ 1
3i
|x− y|

Hence,Ti is uniformly
1
3i

-Lipschitizian for eachi = 1, 2, · · · ,m.

Now, definegi : R −→ (−∞,∞] by

gi(x) =
1
3
|Di(x)− di|2,

whereDi(x) = 3ix anddi = 0, i = 1, 2, · · · ,m. SinceDi is continuous and linear for
eachi = 1, 2, · · · ,m, then we get thatgi is proper, convex and lower semicontinuous
function. Letλn = 1 for all n ≥ 1, then for eachi = 1, 2, · · · ,m,

Jgi

1 (x) = Proxgi(x)

= argminv∈K

[
gi(v) +

1
2
‖v − x‖2

]

= (I + DT
i Di)−1(x + DT

i di). (4. 78)
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Furthermore, for eachi = 1, 2, takeαn =
1

2n + 1
, βn,i =

in− 1
4in

, γn =
1
n2

, f(x) =
1
2
x, η = γ =

1
4
, α = 1, λ =

3n + 1
4n

,L = 2 so that all the conditions desired for the

validity of Theorem 3.1 is satisfied. Hence, forx1 ∈ R, after applying our algorithm,
(3. 39 ) becomes




x1 ∈ K;
sn = Wm

λ (x) = J
g(1)
1 (Jg1

1 (x));

yn =
[
1−

(
n− 1
4n

+
2n− 1

8n

)]
sn +

n− 1
4n

zn,1 +
2n− 1

8n
zn,2;

zn,i ∈
[

1
3in

xn,
1

5in
xn

]
;

xn+1 = PK

[(
1

2n + 1

)(
1
4

)(
1
2
xn

)
+

1
n2

xn +
((

1− 1
n2

)
I − 1

12(2n + 1)
xn

)
yn

]
,

(4. 79)

It follows from (4. 78 ) and (4. 79 ) that fori = 1, 2, we have




x1 ∈ K;
sn = (I + DT

1 D1)−1(xn + DT
1 d1)[(I + DT

2 D2)−1(xn + DT
2 d2)];

yn =
(

1− 4n− 3
8n

)
sn +

n− 1
4n

zn,1 +
2n− 1

8n
zn,2;

zn,i ∈
[

1
3in

xn,
1

5in
xn

]
, for i = 1, 2;

xn+1 = PK

[
n2 + 8(2n + 1)
8n2(2n + 1)

xn +
((

1− 1
n2

)
I − 1

12(2n + 1)
xn

)
yn

]
,

(4. 80)

The table below shows the numerical experiment of algorithm (3. 39 ).Conclusion
In this paper, a modified proximinal point algorithm to approximate a common element
of the set of solutin of fixed point problem for finite families of asymptotically quasi-
nonexpansive multivalued mapping and minimization problem of (1. 18 ) is introduced
and studied. Under mild conditions on the iteration parameters, strong convergence results
were obtained using the algorithm so introduced and hence provides an affirmative answer
to Question 1.1 raised in the paper. Since asymptotically quasi-nonexpansive multivalued
mapping is much more general than asymptotically nonexpansive multivalued mapping ,
asymptotically nonspreading-type multivalued mapping, quasi-nonexpansive multivalued
mapping, nonexpansive multivalued mapping, nonspreading-type multivalued mapping,
the problem studied in our paper is quite general and includes in it problems in optimisation,
varirtional inequality and fixed point as its special cases. Again, since (1. 23 ) generalizes
(1. 21 ), (1. 20 ) and many other iteration schemes in this direction; (1. 24 ) is the same
as (1. 21 ), which in turn generalizes (1. 20 ) sinceT is a multivalued quasi-nonexpansive
mapping; (1. 25 ) generalizes (1. 19 ), (1. 11 ) and (1. 9 ) and (1. 27 ) generalizes (1. 9 ),
it follows that Theorem 3.2 in our paper improves, extends and generalizes the results ob-
tained in[14, 39, 40, 41, 43, 46, 47] and many more others currently existing in literature.
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TABLE 1. Convergence of our new iterative algorithm.

IV /Step 0.4 0.6 0.8 0.11
0.13

1 0.40000000 0.60000000 0.80000000 0.11000000
0.13000000

2 0.05037507 0.11462787 0.20203119 0.00345377
0.00485356

3 0.00071686 0.00375542 0.01206665 0.00000337
0.00000665

4 0.00000014 0.00000398 0.00004108 red!1000.00000000
red!1000.00000000

5 red!1000.00000000 red!1000.00000000 red!1000.00000000 0.00000000
0.00000000

6 0.00000000 0.00000000 0.00000000 0.00000000
0.00000000

7 0.00000000 0.00000000 0.00000000 0.00000000
0.00000000

8 0.00000000 0.00000000 0.00000000 0.00000000
0.00000000


