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Abstract. In the article, we present several new Hermite-Hadamard type
inequalities for the exponentially A andGG-convex functions by use of
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some previously results.
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1. INTRODUCTION

Integral inequalities are a fabulous instrument for developing the qualitative and quan-
titative properties of convexity. There has been a continuous growth of interest in such
an area of research in order to meet the needs of applications of these inequalities. Such
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inequalities have been studied by many researchers who in turn used diverse techniques
for the sake of exploring and proposing these inequalities [1, 3, 4, 6, 8, 10, 11, 12, 14, 15,
16, 17, 18, 19, 20]. One of the most important inequalities is the distinguished Hermite-
Hadamard inequality.

Lety : I ¢ R — R be a convex function on the interval of real numbers and
K1, Ko € I with k1 < k2. Then

() s —— /wx)d:cg ) +¥lrz) (1.2)

2 2

Both inequalities hold in the reversed direction foto be concave.

In recent years, numerous generalizations, extensions and variants of Hermite- Hadamard
inequality (1. 1) were studied extensively by many researchers and appeared in a number
of papers, see [21, 22, 23, 24, 25, 27, 28, 29, 30, 33, 37, 38, 39, 40, 42, 47, 48, 50, 51].

In parallel to increasing interests in the convexity theory, many researchers have extended
these mathematical inequalities to exponentially convex functions. Another approach is
efficient to obtain the integral inequalities by utilizing convex functions. It is known that
the subclass of convex functions is closely relateldgeconvex functions referred to as ex-
ponentially convex functions. Exponentially convex function explored by Bernstein [9] in
covariance formation then Avriel [7] contemplated and investigated this concept by impos-
ing the condition of--convex functions. Rashid et al. [43] and Noor et al. [31, 32] explored
exponentially convex functions while studying the paper of Antczak [5]. For more features
concerning to exponentially convex functions, see [36, 41, 42] and the references therein.
Pal [34] provided the fertile application of exponentially convex functions in information
theory, optimization theory, and statistical theory. For observing various other kinds of ex-
ponentially convex functions and their generalizations, see [44, 45, 46, 49]. Following this
tendency, we provide a new version for Hermite Hadamard inequality in the frame of the
exponentially convex function.

Dragomir and Gomm [13] proved that a functignis exponentially convex if and only if
satisfies

K2

- W(k1) 4 gto(n2)
ew(—z 2) < 1 /ewu)dm < %_ (1. 2)
Ko — K1 2

K1

The inequality (1. 2) is called the Hermite-Hadamard inequality and provides the upper
and lower estimates for the exponential integral, (see[36, 41, 42, 43] and the references
there in).

Alirezai and Mathar [2] have considered some properties of exponentially convex func-
tions along with their potential applications in statistics and information theory, see [2, 34].
Due to its importance, in [8], Awan et al and also in [35], Pecaric and Jaksetic defined an-
other variant of exponentially convex functions, have shown that the class of exponentially
convex functions unifies various concepts in different manners.
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In this article, we aim to define new class of geometrically convex functions, which is
called exponentiallygz A- andGG-convex functions. We also prove a new integral identity
in order to prove several new integral inequalities by using these new classes of functions.
Innovative ideas and techniques of this paper may stimulate further research in this dy-
namic field.

2. PRELIMINARIES

We set forth some terminologies, definitions, and essential details that will be used
throughout the remaining part of the paper.
In [26], Niculescu mentioned the following considerable definitions:

Definition 2.1. The class of allz A—convex functions is constituted by all functiafs
K — R(acting on subintervals d0, oo)) such that

W(ry *kE) < (1= Od(m) + Ed(ra),  Vri ko € K, € €[0,1].
Definition 2.2. The GG—convex functions are those functions: K — J (acting on
subintervals of0, co)) such that

(k1 tk5) < (1/)(51))1_5(1/}(@))57 Vk1, k2 € K, £ €[0,1].

We now define the concept of exponentially convex function, which is mainly due to
Antczak [5], Dragomir and Gomm [13] and Rashid et al. [43]:

Definition 2.3. ( [5, 13, 43) A positive real-valued functiogp : K C R — (0,00) is
said to be exponentially convex énif the inequality

e ((1=&)r1+Er2) < (1 _ f)ed’(’“) +§ew(n2>, Vi1, ke €K, £ € [0’ 1].
3. MAIN RESULTS

Firstly, we will start two new classes of functions that is called exponentizaly and
GG-convex functions, which are the main motivation of this paper. We dehetéx, k2],
unless otherwise specified.

Definition 3.1. A functiony) : K C R\ {0} — R is said to be exponentiall# A-convex
function, if

e (7)< (1 - )er ) 4 e iy, € K, € € [0,1]
Also note that fo = % in Definition 3.1, we have Jensen type exponenti@l{—convex
functions.

ew(v"lﬁz) < Z[e¥m) 4 e¥(R2)] vk ks € K.

N =

Definition 3.2. A functiony : K C R\ {0} — R is said to be exponentiall# G-convex
function, if

e (mi76R8) < ()7 () e g € K, €€ [0,1].
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Also note that fo¢€ = 1 in Definition 3.1, we have Jensen type exponenti@lly— convex

functions.
( mnz) ev(k1)ed(r2) Vg ko € K.

In order to establish our main results, we need a lemma which we present in this section.
Making use of integration by parts, we can obtain the following Lemma immediately.

Lemma 3.3. Lety : I C Ry = (0,00) — R be a differentiable function on the interior
I° of I, wherexy, ko € T with k1 < ko and(e¥)’ € Lk1, k2. Then

K2

roe?(F2) _ g e¥(m1) /ew(m)dx

K1

1
_lnﬁz—ln’ﬁ {/ 1+ =€) RIS M'(@TW )dé
0

1
R LR Mt |
0

Ouir first result is given in the following theorem.

Theorem 3.4. Lety : I C R, = (0,00) — R be a differentiable function on the interior
I° of I, wherek, kg € I With sy < ko and (e¥) € L([k1, k2)). If |(e¥)’|? is GA-convex
onI for ¢ > 1, then

_2 1
z2 (lnmg—lnﬁl)l 'JL(fcl,nQ)l q 3.3

HQew(*w) _ Klew(m) _ ew@:)dw < .
2'g

K1

X ko 2(L(k1,k2) — k1) — k1(Inke —Inkq) \ew(nl)q//(fgl)rl + (4k2 — k1)(Inke —Inky)

Q=

42 L(k1, Kk2) + kK1 — 2K2 \ew(KZ)i/)'(ﬁg)W 4+ 2(k2 — L(k1,k2)) — ki(Inke —Inky) Aq(k1, K2)
(4k1 — k2)(In k1 —Inke) — 2 (261 — K2) — L(K1, k2) |ew(ml>wl(n1)|q + 2 L(k1,K2) — K2

+r1
1
—k2(Inky — In ko) |ew(”2)w/(n2)|q 4+ 2 k1 — L(k1,k2) — ke(lnky —Inka) Ai(k1, k2) ,
where
Aq(k1,m2) = [0 (k)| + [ ()], (3. 4)
and
-7y (3. 5)
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Proof. From Lemma 3.3, using the property of modulus &hd-convexity of|(e¥)’|?, we
can write

2
H2e¢('€2) _ ,ﬂewm) _ e?/)(%)dm (3. 6)
K1
Z1 14e 1-¢
1 —1 B i 146 1-¢
= 711522 N /{éﬁm% € ¥ mt Mt Y’ Ko K dE
0
zZ1 1—¢ 1+ L
5 1-¢ 1+¢
+ Ky CriTE e? R W Ky ? K 2 dE
0
Z1 -1 Zt 14e 1-¢ 1
_ (k1k2)(Ink2 —Inkq) K2 gd{ K2 € ry? Ry wl(’f;%’%l2 ) 1de
2 K1 K1
0 0
T T ts Sl ST TP R,
ot A A RO
0 0
Now consider
zZ1 14e 1-¢
3 e 1te 1-¢
Lo= Bt Ty T ) 3.7)
0
? e ¢ ¢ ¢
K2 r)jagl— ra)ja Lt 1-— 1+
< 22T eI (S [P (k)| () + [ (s2) |1 () dE
K1 2 2 2 2
0
Z1 Z1
K K (1 — 2 P K 3 1+ 2
I O st 1 45) de + |y (rpe 2 FUEED 45) 3
K1 K1
0 0
2 e .
K K — K
+ PP (o)1 [V ()1 = 2 g
4 K1
0
Z1 Z1
K K (1 — 2 K K 3 1+ 2
I R st I 45) de -+ |y (rpe 2 CUEED 45) 3
K1 K1
0 0
2 e e
_ Ko
A —
+A1(k1, K2) o 3
0

1 "
= 5 2(L(k1,K2) — k1) — ki(Inka — Inky) le¥ 0 (k1)

4k, Inke —Inky
h i

+ (4k2 —k1)(Inke —Inky) + 2 L(k1, k2) + K1 — 2kK2 \ew(m)w/(m)\q
h i

+ 2(,‘{2 —L(Kl,,‘iz)) —Iﬂ(ln,‘iz —1n/<;1) A1(I€1,I€2) .
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Similarly,we have

z 1-¢ 1+¢ e 1
P N R O s SR P — — 3 @9
o K2 T 4kg Inke —Inkg

(4k1 — k2)(Ink1 —Inka) — 2 (261 — K2) — L(K1, K2) \Ew<nl)w/(ﬁl)|q + 2 L(k1,k2) — K2

—ka(Inky — In ko) |ew('<'2)1//(/<a2)\q+ 2 k1 — L(k1,k2) — kae(Inky —Inka) Ai(k1,kK2) .
Also
Z1 -1 1
2 gge 1 Llmuks) @3.9)
K1 K1
0
and
Z1 -1 1
L
M€ ge T _ L(k,k2) . (3. 10)
K2 K2

0

Combining(3.6), (3.7), (3.8), (3.9) and(3.10), we get the desired inequalify.3).
This completes the proof. |

Theorem 3.5. Lety : I C Ry = (0,00) — R be a differentiable function on the interior
I° of I, wherery, ko € I With k1 < ko and (e¥)’ € L[k1, ko). If |(e¥)|7 is G A-convex
onI for ¢ > 1, then

1—2
In ko — 1n/<;1) E

< ( 3
2.(2q)7

3. 11)

rge?(2) o gblm) /ewu)dm

K1

|:/£2{{2( (K1, k8) — KY) — gl (In ko — In k) HeV 59 (k)]

+{2(L(x1, k3) — (264 — k1)) + q(4k3 — K1) (In ko — lnf-@l)}|ew(“2)1//(m2)|q
+{2(ng — L(xY, ﬁg)) - qn‘f(ln Ko — In nl)}Al(m, @)}q

{{2( K, k%) — k3 — kig(Inky —Inky)) HeV 5y (k)]

+{(4r! — kDa(Inky — Inkg) — 2(26§ — kG — L(k, k3)) He? "2y (k)|

{200~ Ll i) — ard (s — ) }u ) |

whereA; (k1, ko) and L(z, y) are given in(3. 4 )and (3. 5), respectively.
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Proof. From Lemma 3.3, using the property of modulus &hd-convexity of|(e¥)’|?, we

can write
Z£2
kol (R2) s @) gy
K1
Z1 14e 1-¢
1 —1 _ w2 2 1+¢ 1-¢
an nl{l[ ’féﬁﬁi < e 27 7/’/ Ky Ky ? dE
0
Z1 1-¢ 1+ )
g A 1-€ 1+€
+ K1—€H}+§ ¥ Ko 2 Ky 2 w/ 522 ""312 de
0
Z1 -1 2t 14e 1-¢ 1
kike(In ke — In k) q K2 q¢ = o 146 1-¢ q
= 5 1d¢ FTl q ew Ko Y Ky 1// 522 "'@12 ng
0 0
Z1 -1 2t 1-¢ 14¢ L 1
= 2 1-¢ 1+¢
+ 1 % Wy w7 g ge
2
0 0
Now consider
21 1te 1-¢ L
e 1te 1-¢
L = B2af gvom?® m® g o k7 Yde 3.12)
K
o 1
71
K2 g¢ 1—¢ Y(k1) |9 1+¢ P(r2)|q 1-&, q 1+¢, . q
< T2oas 28 2Te == d
< B Doty DX vt IS+ Ly ()l de
0
z r2 g¢ (L=6)% yien), s (L46)? ) wina), s 1-¢
= — T = e (k)| A e (R2) [T+ == Al (K, K2)
K1 4 4 4
0

1

= 5 2 L(ki,k3) — k] —gr{ Inke —Ink ¥V (1) |7

4kq? Inke —Ink,y

+ 2 L(k],kd) — (262 — k) + q(4kd — k) Inke —Inky
+ 2 kd—L(k], k1) —qr! Inka —Inki  Ai(k1,k2) .

Similarly, we have

Z1 1-¢ 14¢

|ew(ﬁ2)¢/(ﬂ2)|q

16 4L 16 1ie
I = % @€ ¥ Ry ? Ry ? g K2 Ky 2 9q¢ (3.13)
2
0
< . 2 L(k?, k1) — k? — klq Inky —Inky [P0 (ke)|?

4kdg? Inko —Inky 2

+ (4k! — kg Ink1 —Inke —2 2x¥ — v — L(ki, k)
+ 2 ki — Lk, kd) —grd Inki —lnke Ai(ki,k2) .

Substituting(3.12) and(3.13) in (3.12). This completes the proof.

|ew<”2)1//(/12)|q
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Theorem 3.6. Lety : I C Ry = (0,00) — R be a differentiable function on the interior
I° of I, wherery, ko € I With k1 < ko and(e?)’ € Liky, ko). If [(e¥)/|7 is G A—convex

onI for g > 1, then

K2

(Inky —1In nl)lst(liqul ,

(a—p) (g—p) 1_1
q

—1
T2 i3 14)

rge?(F2) — o e (F) /ew(‘r)dm <

K1

X [@{Q(L(Hlﬂ KE) — KY) — prY (In ke — Inry) }le? (1)

(L(KY,KE) — (265 — &%) + (Kb — K} (In ko — Inky))) Fe¥ (209 (k2) |4

—|—{2(/¢§' — L(kY, kb)) — pﬁ’l’(ln Ko — In m))}Al(m, Hg)}

+m1{{2(L(m€7fi§) — (2K} — 1#27)) + p(4k] — ng)(lnng —

2(2p)

(k1)]?

1n&1)}|ew(”1)1//(m)|q

1

+{2(L(K}, K5) — k) — prb (In ko — Insy) Jle¥ 29 (k2) |4
+{2(L(K}, K5) — (26} — KE)) — prb(In ke — lnm)}Al(m,ng)}

1

whereA (k1, ko) and L(x, y) are given in(3. 4 )and (3. 5), respectively.

Proof. From Lemma 3.3, using the property of modulus &hd-

can write

YD)
526111('42) _ mew(m) — @y
K1
zZ1 14e 1-¢
Inke — Ink1 14e 1-¢ ¥ ko, 2 Ry 2 , e 1-¢
— - 2 2
= B [ 2 Ky er 2 ! Y Ky ? Ky
0
Z1 _
1—¢ 1+& o e 156 4
+ Ky Ky e’ "2 1 Y Ky ? Ky d¢
0
Z1 1 2
_ fare(nke —Inkm) Ra GRS O Rr gy
2 K1 K1
0 0
21 -1 2 1-¢ 14¢
(a—p)§ T g =z T2z 1—
+ 1Sy B1opE o omy ? ny? P Ky 2
K2 K2

convexity of|(e?)'|2, we

(3. 15)

d¢
_ 1
1te 1-¢ 1ve 1-e
Ko Ky / s
P oky? Ky
1
1+£ q
Ko 2
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Now considerl;

z 1te 1-¢ Lie 1oe
K 2 2 1+e
I, = ,@2 PE Y rgt Ry ¥ Ky 2 kg2 dE (3.16)
1

71
: 1—8 wpa 1TE wx 1- ¢ 1+
k2 pe 5‘64( 1)|1+7§|e¢( 2)\!1 g\w(m)|1+7£|’¢'(ﬁ2) de

K1

IN

2

Z1

2 2 2
= 2o B0 vty e g BEED ety oo 4

& Ak, ko) de

1
= 55— 2 L(s},r8) — k] —pr] Inkz —Ink le¥ 1y (11)]7
k1p? Inke —Inkg
+ 2 L(sY,k5) — (265 — kD) + p(4kf — kY Inks —Inky ) \ew<”2)¢/(ﬁ2)|q

+ 2 kY — L(kY,k5) — pr} Inky —Inky A1 (K1, K2) -

Similarly, we have

z 138 14c 14e 1-¢
K 2
I = N—lpﬁewﬁl 2y k2 k2 dE (3.17)
2

1

55— 2 L(kY,kY) — (2x] — k8) +p(ArY —KB) Inka —Inkg |ew<ﬁ1)w/(n1)\q
Kk5p? Inky —Inky

+ 2 L(kY,kE) — k8 —prb Inke —Inkg \ed’(nz)w'(ng”q
+ 2 L(kY,kE) — (267 — k8) —prb Inko —Inki  Aq(ki,k2) .
Also
o ==
Ko (a—p)¢ KI=L __ gad™
£ g1 df — 2_ 1 (3 18)
k1 g=py, i1
0 (ED)ky Inke — Inky

—-p 9—p

q
—1 =1
L k{7 Ky

Substituting(3.16), (3.17) and(3.18) in (3.15). We get the inequality3.14).
This completes the proof. |

Remark 3.7. Under the assumption of Theorem 3.6 if> ¢, we have, using L'Hospital’'s
rule, that

L(nf%l,né’%l) — 1.
Hence we get the inequality proved in Theorem 3.5.

In this section, we will proceed a similar argument &&-exponentially convex functions
to obtain some new inequalities.

Theorem 3.8. Lety : I C Ry = (0,00) — R be a differentiable function on the interior
I° of I, wherek, ko € I With k1 < ko and(e¥)’ € Lky, xa). If |(e¥)’] is GG-convex on
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I, then
Z2
rpe?(2) _ o VR ) g < w
K1
a a a a
x L |k3e?(50)y (ke)|, |w3e¥ ()9 (k)| [kZev (D! (k1) +  |k3e¥(R2) ! (k)]

Proof. From Lemma 3.3, using the property of the modulus &fieg-convexity of | (e?)/|,
we can write

Z2
rpe?(2) _ o V(5D @) gy
K1
Z1 1+¢ 1-—¢
Inke —Ink _ Tz T2 1+ 1-¢
_ 22 1) REFERImE ¥ m T m T TS g
0
z! 1-¢ 1te Le 1ee
_ > 2 2 1+¢
+ RiTERETE ¥ T R ' Kk, 2 Ky 2 dE
0
Z1 146 1-¢
k1ko(Inky — Ink K ; 2 T2 1+€ 1-¢
o rmelnke mlim) ToRr g T e T ST g
2 K1
0
z1 1-¢ 14¢ 1 14
K \ P 1-¢ 1+4¢
+ 0 et b2y T k2 de
K2
0
1
rkikz2(Inke —Ink K 1+ bk 1-¢
= M 2 ¢ ewwww/(m) - e“’(”)w'(m) T de
2 K1
0
zt 1-¢ 14+¢
K _
+ o St () T ey () T2 e

K2
0

kikz2(Inke —Inky) 3 |k2e¥(m2) o (ko) H

Z1
= S U )y (2)

2 : Ereren I
z 12 0(m) 5
Blr1) b(n2), 0 / 2 |mie (k)] 2
A = F e TR
If we evaluate the above integral, we get the desired identity. a

Theorem 3.9. Lety : I C R, = (0,00) — R be a function on the interiof° of I, where
K1, ke € T With k1 < ko and (e¥)’ € L[ky, ka]. If |(e¥)’|? is GG-convex onl for ¢ > 1
andg > p > 0, then

2

1
P(r1) _ eT/J(I)dm < (ln k2 — ln’%l)Lp (Klfv ’{12))

2

q q
x L et (r)] 3, | D (1) F rilev(s 0y (k)| 4 w3|e ()¢ (ka)|

Y (r2) (3. 19)

Ko€ — R1€

K1
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Proof. From Lemma 3.3, using the property of the modulus &idé-convexity of|(e*)’|
and Hblder integral inequality, we can write

Z£2
Hlew(ﬁz) _ mew(m) _ ew<z)dx
K1
Z 1t 1€
1 —1 _ 1te 1-¢
_ nn22 N K1 RATERITE e ko2 Ry 2 N
0
zt 1-6 1je .
1-¢ 14¢
bR e T om0 g
0
z 1 Zt 146 1-¢ 1
1 —1 i+ 1-¢ 9
< mfw(nﬁ; nr) 2—? e R e 3 ’
0 0
ke, 7D LSS e me 1
+ . d§ e’ "1 M2 ) Ky P Ry d¢
0 0
kike(Inke —Ink) L%(/@p KE) z! W(ra) s LIEER S Y a(1—¢) 3
- 2 LIy (k) TR I () T dg
0
L%(mp K5) z W(re) 208 ey a(1+8) 7
K17 2 e K1 1/1(51) 2 e sz(K/Q) 2 df
2
0
1 Z1 a¢ 1
(Inke —Ink1)L7 (K7, KY) W(r1) 1 M [ eV (kg) 7 “
= e
B K2 i ‘6 w(m)e 1/1(52” ép(ﬁl)lﬂ’("ﬁ) §
Z1 a& 1
»(K2) 4! 2 q
W(r1). ) M YT A A G)) a
+r1 le V' (k1)e V' (k2)|? PG (1) dg
0
If we evaluate the above integral, we get the desired inequality. d

Theorem 3.10. Lety : I C R = (0,00) — R be a differentiable function on the interior
I° of I, whereky, ko € T With k1 < ko and (e¥)’ € L[k, ko). If |(e¥)’| is GG-convex
on/ forg > 1andq > p > 0, then

Z2
rpe?(F2) _ g ¥(s1) (@) gy
K1
Inkg —Ilnky 1 e e w q e a
S L RV )] m3e 9 (s2)] e TV ()] 2 4 ol eV ()] 2
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Proof. From Lemma 3.3, using the property of the modulus &idé-convexity of|(e*)’|
and Hblder integral inequality, we can write
K2

n26¢(“2) - mew(”l) — [ @y

K1

1
_ lnligflnlﬁll [/ 1+£ - E
0

1
+/ 1§1+§
0

1 1 1 1
! 1 » ST e 1 a
< ol i) K/l ) (/(’;)qf‘ew(nz 5 ) (5 )!qdé)
0 0
1 1 1
» e 1-¢ 14¢ i
+(/1d§) (/ Hl q§| Ko >w/(f€12652; )’qd§> }
0 0 ?
1 aé 1
_ mke(Inky —Inky) W) W(ka) g |k eV (R (k) | F 1
- : [l pevey e | BEEE e
0
P(k1) % 1
B0 (1) 52) g |mie Y (k1)
+ / e W)l S e
If we evaluate the above integral, we get the desired result. O
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