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Abstract.: In our present paper, topological groups are being discussed,
where the relations with counter examples built the interest in the general-
ized structure. Some of these structures have also been converted into the
other structures using topological isomorphism. In our work, the identity
element plays the important role in lieu of arbitrary element. The role of
topology has the more interest in our discipline.
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1. INTRODUCTION

A mathematical discipline having compatibility between the topology and group is
called the topological group [12]. This discipline has very beneficial applications in all
about natural sciences. In our structure operations of the continuity and its general forms
where the algebraic operations of multiplicity and inverse will be discussed. This weaker
form of continuity with topological groups started in the era of 1990s. Twenty-thirty years
ago many interesting results were explored relating to this discipline. In 2014, Moiz et.
al. explored the notion of quasi-topological groups and quasi irresolute topological
groups [2]. In 1963, Levine introduced the concept of semi-open sets [8]. With this idea
researchers surveyed variety of concepts and its generalization by applying semi-open set
notions [5, 7, 16]. Levine introduced semi continuity in [8] and Crossley have discussed
about semi open sets [6]. In 1965, Bohn introduced notion of semi topological groups,
which in our sense, is—topological groups and also explored significant results on the
semi topological groups [1].

In our case the interesting work is to study topological groups properties by using the
generalized concept of continuous mapping and openness [3, 9, 10, 11, 14]. We have
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also explored the relations about these generalized discipline and presented counter ex-
amples as well [2, 3, 14]. Relations between these classes of groups endowed with a
topology are investigated. It is very important to mention that this notio$t+tfpological
groups vary from the concept of semi topological groups already available in the literature
in [1]. Siab contributed his concept on generalization of topological groups by applying
the irresolute mappings and expanded his work in the form of two classes, irresolute and
Irr—topological groups, their properties, and clear the variety from topological groups
[15]. In 2014, Bosan explored the generalization of openness in the form of quasi irres-
olute and semi Irr-topological groups [2]. We have also surveyed the generalization of
guotient topological spaces by using the Levine semi continuity [13].

In this paper, we intend to prove the relation betwedopological groups and irresolute
topological groups.

2. ToOPOLOGIZEDGROUPSPROPERTIES

Throughout this paper in the definition of topologized groggsx, 7), where(A, *)
and(A, 7) are respective a group and a topological space. The mapping

s:AxA—A
represented as
s(a,b) = a x b, for eacha,b € A,
is a multiplication mapping. Also
i: A— Arepresented by(a) = o™, for eacha € A,
is inverse mapping.

Definition 3. (A, x, 7) is anS-topological groupif and only if
the multiplication mapping and the inverse mapping are semi-continuous.

Definition 4. [1] A triple (A, *, 7) is ans-topological group such that for all b € A and
each open sek of a x b—! with the property that

S+T'CR,
for some semi open setsof ¢ andT" of b
Example, where the importance of the Siégki topology, that how the character changed.

Example 5. A = {0, 1} is a group under the usual addition modulo 2 and the topology
T={0,{1}, A}.

SO(A x A) = {0,{(1,1)},{(0,0), (1, )}, {(0, 1), (1, )}, {(1,0), (1, 1)},

{(0,0),(0,1), (1, 1)},{(0,0), (1,0), (1, 1)}, {(0, 1), (1,0), (1,1)},{(0,0), (0, 1), (1,0), (1, 1)} }.
We observe that the multiplication mappisgs continuous at point§), 0) and(1, 1) but
neither continuous nor semi continuous at po{itsl) and(1,0). If we endow it with the
Sierpiski topology

T= {@, {0}7 A}v
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where

SO(A x A) = {0,{(0,0)},{(0,0), (0,1)},{(0,0),(1,0)},{(0,0), (0, 1), (1,0)},

{(07 0)7 (07 1)7 (1’ 0)7 (17 1)}7 {(07 0)? (17 1)}7 {(07 0)7 (07 1)7 (]‘7 1)}7 {(07 0)7 (17 0)7 (17 1)}}
Note that the multiplication mappingis continuous at each point of the domain except

for (1,1), where at this point semi continuity exists. For the open{8¢tin the range set

A containingm(1, 1), there exists a semi open set

{(0,0),(1,1)}
in the domain of multiplication mappingwith the property that({(0,0), (1,1)}) C {0}.
The inverse mapping

i:A—A
is continuous and hence semi-continuous. Therefotey-, 7) is anS-topological group
but not a topological group. Cao et. al. [4] proved that+-, 7) is not a semi topological
group.
Definition 6. (A, , 7) is a quasi irresolute topological group if and only if
(a) the left and right translations are irresolute
(b) the inverse mapping is irresolute.

The following example plays an important role of the topology in our work.

Example 7. The setd = {1, 3,5,7} is a group under the usual multiplication modulo 8
and the topology

T = {(Z), A7 {7}, {37 57 7}}
We have

SO(A) ={0,A,{7},{1,7},{3,7},{5,7{1,3,7},{1,5,7},{3,5, 7} }.

(7,7}, A x A}
Itis not very hard to obtaisO(A x A) and observe that has no favour of any topologized

group in our discipline and when we change the topology, we have a favour as in the
following example.
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T = {(Z), A7 {1}, {]-a 37 7}}
We have

SO(A) = {0, A, {1},{1,3},{1,5},{1,7},{1,3,5},{1,3,7},{1,5,7} }.
Now it is not difficult to check thatd is an S-topological group and not a topological
group. Itis very interesting that this family 6fO(A) is a topology again ord. However,
the groupA with this topologySO(A) is not a topological group. For the open $ét
containing

3 Os 371,

there does not exist any open/semi-openisebntaining3 with the property of satisfying
continuity inclusion.

By the following example we obtain a$—topological group in which inverse mapping
iS not continuous.

Example 8. Consider a group under addition modalo
A = {27 17 0}7
where topology is

T = {¢7 A, {0}’ {27 0}}
and family of semi open sets B0(A) = {0, A, {0}, {1,0}, {2,0}}. Note that the inverse
mappingi is continuous at all points of the domain except at pdintvhere it is semi
continuous because for the poihtwe take an open s&f = {2,0} containingi(1) = 2
and there is only one open dét= A in the domain topology containingbuti(U) ¢ V.
However, there exists a semi open §&t1} with the property that({0,1}) C V.

Definition 9. A mapping between two topological spacesSishomeomorphism if it is
bijective, semi continuous and pre semi open.

The following fundamental result is very important.
Theorem 10. Each left/right translation iM (s—topological group) is ar—homeomorphism.

Proof. Suppose that for any € A. Supposé is a general element iA and letR be an
open set of

Lo(b) = ax (b~H7L.
By using the Definition 4, we get

S«T ' cR.
As in the special case,

axT ! CR.
Using Theorem 5 [1], the s&f~! is a semi open set df. Thus,/, is semi continuous
on A. Suppos€,(p1) = l.(p2). This implies thatu x p; = a * pa. This implies by
cancelation law thgb; = p,. This implies that’,, is one-one. Now for every € A, we
getl,(a=! xp) = p, for somea ! * p € which impliest, is onto. By lemma [15] for every
semi open seP in the domain4, ¢,(P) = a* P is semi open in the rangé. This implies
that?, is pre semi open. Hendg is S—homeomorphism. O
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Definition 11. [15] A triple (A, x*,7) is an Irr-topological group if the multiplication
mapping and the inverse mapping defined in$h®pological group above are irresolute.

Definition 12. [15] A triple (A, %, 7) is an irresolute topological group such that for all
a,b € A and each semi open sBtof a * b~! with the property that

S+T™ ! CR,
for some semi open sefsof a andT of b
Example 13.

A={eb,a,e}

is group and
T ={¢,{e}. {e,a,c} A}

is atopology and the s8tO(A) = {¢,{e},{c, e}, {b,e}, {c, e}, {e,a,b},{e,b,c},{e,a,c}, A}
is the collection of all semi open sets. Here we can check semi continuity at every point
of the domain proving thatA, =, 7) is just Irr—topological group but not with weaker
condition because

a=a,b=c,
we get

PaPc—l = PaPc - {a,e}{q 6} =A Q Qac‘l = Qac = Qb = {evb}'

Theorem 14. An irresolute topological groupA, *, 7) implies ans—topological group.

Proof. Suppose that

a,be A and

RCA
is an open set of

axb .
Then by using the Definition 12, there exits semi open $et§ a andT of b with the
property that
S+«T~!cR.
which proves the requirement. O
Theorem 15. An Irr-topological group(A4, *, 7) implies anS—topological group.

Proof. The proof is obvious because irresoluteness implies a semi continuous mapping.
O

Theorem 16. An irresolute topological groupA, , 7) implies anS—topological group.

Proof. The proofis very clear because an irresolute topological group implies, by Theorem
14 ans—topological group which is af'— topological group. d

Theorem 17. A topological group( A, x, 7) implies ans—topological group.
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Proof. The proof is obvious because continuous mapping implies a semi continuous map-
ping. O
Theorem 18. An s-topological group(A, x, 7) implies anS—topological group.
Proof. The proof is obvious by the definitions ef topological group and— topological
group. ]

The following example is the counter example of Theorem 17 and Theorem 18.

Example 19. Suppose that

A=1{7,531}
is a group under multiplication modutband
T= {¢7 {7}7 {7> 3, 5}7 A}
is topology.
Here we can check semi continuity at each point of domain provingtaan.S —topological
group but not weaker of irresolute since for,

a=3,b="7
with semi open(7,5} of

a @8 b_7,
there do not exist respective semi opéhandT’ of a andb with the property that

Seos T~ C{7,5}.
Here, A due to missing of continuity of multiplication mappirgt the point

(3,3) of A x A.
is not a topological group.
Example 20. The setd = {w?,w, 1} is a group under multiplication and topology dris

T={¢, A, w}}
Then

SO(4) = {¢, A, {w}, {w. 1}, {w?, w}}.
TXT= {d)vA X A, {(waw)}v {(Wa 1)7 (W7W)a
(w, )}, {(1L,w), (@, w), (@, w)}, {(w, 1), (1,w),
(Waw)a (w7w2)7 (wQ,w)}.

Note thatA does not obey any structure in our case. If we endow this group with the
topology like Bosan et. al. [3],

T ={¢, A, {1}}.
Then
SO(A) = {d)»Av {1}7 {wa 1}5 {wQ’ 1}}
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multiplication and inverse mappings obey only semi continuous here.

Since

a=uw,b=w*,
we get,
Pw * P(w2)71 = {w, 1} * {w, 1} =A 7¢_ Qw*(WZ)—l = Qw*w = sz = {UJQ, 1}.

Definition 21. A mapping between two topological spaces is semi homeomorphism if it is
bijective pre semi open and irresolute.
Lemma 22. [15] Left and right translations are semi homeomorphism in irresolute topo-
logical group A.

Theorem 23. Let

C . (A7 *aTA> - (Ba *aTB)
be a semi homeomorphism, wheteand B are respective quasi irresolute and quasi
s— topological groups. Then semi continuityeat implies the semi continuity oA.

Proof. Leta € A. SupposeR is an open set of (a). By the semi continuity of the left
translation, there exists a semi open@atf e with the property that

Lh(Q)=0bxQ C R.
Since( is semi continuous at4,
((P)c@
for some semi open sét of e 4 in A. Again, due to pre semi openness of
l,:A— A
we get,
C(a* P) =((a)* zeta(P) = b* zeta(P) CbxQ C R.
So( is semi continuous at € A, and therefor€ is semi continuous oA. d

Theorem 24. Suppose

(:A—B
is topologically isomorphism with
¢@™) = ()™,
where A and B are respective topological ang-topological groups. Then prove that
has the domain character of topological group.

Proof. Taket,,ts € B and sayPtl*t;1 is an open set of

tyxtyt.

Then by continuity,
¢ (Pyyayt)
is an open set il. Since( is bijective, there exigt;, po € A with the property that

C(p1) = t1, ((p2) = ta2,
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that is
p1=C("(t1), p2 = (" (t2).
Now A is a topological group, so there are open sets

Qp, and@p,
such that

Qp, * ngl - C%(Ptl*tgl)'

This implies that
C(Qp, * ngl) C Pf,l*t;l'

or

C(Qp,) * <(Qp;1) C Ptl*tgl'
This implies that

C(Qp) * (C(@p)) ™' C Py

Since( is open, so

C(Qp,) and((Q,,)
are open inB. Assume that,
C(Qpl) = Rtl andC(sz) = Rt2'
Then
Rtl * (th)_l C Ptl*tz_l’

Hence required. O
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