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1. INTRODUCTION

In the study and applications of fractional integral inequalities, convexity has great im-
portance, particularly during the past couple of years. Mathematicians have observed a
strongly intimate correlation between convexity and symmetry theories and many integral
inequalities for convex functions have been formulated in literature [4, 5, 7, 8, 11, 16, 17].
The most common comprehensive are Hermite-integral Hadamard's inequalities:

where the function : # — R is convex oz andy € L! ([7, v]).

The fractional integral inequalities of H-H type are proved by Sarikiya in [15] by using
Riemann-Liouville fractional integrals (RL-fractional integrals) [3, 12]. The extended in-
equalities for ( 1. 1) and fractional integral inequalities of Hermite-Hadamard type proved
in [15] are the Fejr [5] and Hermite-Hadamard-Fgjtype fractional integral inequalities
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[9]. Various forms of fractional derivatives including RL, Hadamard, Caputo, Caputo—
Hadamard, Riesz)-RL, Prabhakar, and weighted versions [10, 12, 14, 18, 6] have been
developed to date. Most of these versions are described in the RL sense based on the corre-
sponding fractional integral. Left- and right-sided RL-fractional integrals are generalized

in the definition given below:

Definition 1.1. Let (7,v) € R and = : (7,v] — R* an increasing monotone function
with a continuous derivative’ on the interval(7,v) . Then, the left- and right-side of the
weighted fractional integrals of a functionwith respect tar on [7, v] of ordere > 0 are
defined by10]:

) @ = 2 [ @ =) @ @2
@

X @) = 5 [ 7 @ @) s @)
provided that:c™" (a) = 5y for<(a) # 0.

The following observations are obvious from the above definition:

e If 7 = I, identity operator, and = 1, then the weighted fractional integral opera-
tors in the Definition 1.1 reduce to the classical RL-fractional integral operators.

e If ¢ = 1, we get the fractional integral operators of a functjowith respect to
another functionr («) of ordere > 0 which are defined in [1, 14].

The study analyzes several inequalities of the Hermite-Hadamaed-f#gje through
weighted fractional operators with positive symmetrical weight function in the kernel. This
paper is organized as follows: After this Introduction in Section 2 some assumptions are
discussed, and in Section 3 main results related to the topic are presented.

2. ASSUMPTIONS

Throughout the whole discussion, we den@ethe set of all real numbersz+, the
set of all nonnegative real numbefsa positive integer) < A < k;¢ > 0; A C R, an
interval such that, v € #:°, interior of i, with 7 < v. let 0y 7 .., 0; -, : [0,k] — R be
two functions defined by:

k+u_ k—u ) y _@_ w
Ohr (W) = 5=+ 50 Ohr (W) = =T + v (2.4)
T ) U
h::—/ / 7ra< —7ra> som)(a) X (2.5)
YT S (%) (@ (a) (com) (a)
(Jl °7T) (w7 (u) dadu 2. 6)

hy = F}g) Kl;g)[l(v) 7 (o) <7r(a)—7——;v>€1(§o7r) (@)x @27

(j o) (u)w (u)dadu. (2. 8)
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(Ka) @)= 15 [ 0= s @ <>
(A7) @)= g [ @) ) s e
e O+ Gl o)F

R(T,v;q) = \/ 112
IUN Zk.%(A), AE{?}U}.

3. MAIN RESULTS

2.9)

(2. 10)

2. 11)

2. 12)

Lemma 3.1. Lets : [7,v] — R* be an integrable function such tha{7 + v — a) =

¢(a),then
< (Or0 (W) =< (570 (1)

(3. 13)

(X oy (s0m) (w (T;l’)) (X, (s0m) (Wl (“5“)) 3. 14)

Proof. Settinga — 0y, 7 ., (u), obviouslya € [7, v] for eachu € [0, k] and
THv—a=T+v—0z, ()= 0% 70 (u),
hence by the definition of symmetry, we obtain
S(Orro (W) =c(a) =c(F+v—0a)=¢ (0, w).
By using the symmetric property of we have

(som)(w)=c(r(u)=c(F+v—m(u), forallue [~ (7), 7" (v)].

From this and by setting («) = 7 + v — « (u), it follows that

(o) (2 (3

r(e)/_1<T Y (Tgv—ﬂ@)s1<<ow><a>w’<a>da
L () T e

rle> /(()) (” () - *;v)“g(ﬂv — 7 (w) 7 (u) du
et [ (70 -5 em @
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Lemma 3.2. Lety : [7,v] € RT — R be a function such that, ) € L* [T,v]; let
¢ :[7,v] — R* be an integrable function such that7 + v — o) = ¢ () . If 7 : [T, 0) —
R is an increasing function and continuous @ v), then

JET(Tv) = (T;U) (A?I(fw (COW)) (Wl <T—2H}>> - <T+U> X

(COW)\:fl(f)Jr (o 7)) (m= (552) + (Coﬂ')\fr;zrl(v)— (o 77)) (7= (552))
5 :

(3. 15)

Proof. By use of Definition 1.1, identity3.14) and integrating by part2.5), the following
holds:

1 71,—1(#) u F4+ v e—1
fn = T (E) /71.1(7.) /ﬂ.l(,r) T (Oé) ( 2 a (Oz)) (C °© 7T') (a) dov.d [(] © 77) (u)]
g (7g2)

F(E) —1(7) 2

7.](7"451;) rl(T;)W . Fro ) e—1 e

a (5) /7‘—1(.;) ( )( 2 ( )) (g )( )d
P om) ™ (! (352))

2

(o) (- (22)
(corXiT0y (som) (”_1 (T;U» '

B 1 7r71(v) 71"1(1)) , Py e—1
o = - , )/u " (@) (w(a)— ) (s o) (@) derd [(7 o ) (u)]
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o3 e ()
¢ (T;U) (gomi’l(m (goﬂ)) (Wl (HQ-U

+7 (f;rv> (Asl(v) (goﬂ)> (771 (%;U>
— (T;U> <§MA$Z(UF (gon-)> <ﬂ.—1 ( -12-1))) 619

A combination of(2.7) and(3.14) yields the desired resu(8.15). O

Theorem 3.3. Let : [7,v] € Rt — R be anL! convex function witlh < 7 < v and
¢ : [7,v] — RT integrable such that (7 + v — a) = ¢ (a); letr : [F,v) — RT be an
increasing and continuous function ¢f, v) , then

j(?;v)x
(O com) (= (557)) = (- 6om) (= (7))
g<< ;U> (oA is Gom) (w—l (T;U)

+§< +v> mfl(u) (]M)) (fl (T;U>
| =)

(G

l\3+1\>
=
v
| — |
7N
>
™
LA
~
o
A
Y
3
L
7N\
\]
|+
4
N~~~

Proof. By convexity ofj on |7, v]

(a—i—A) , a,\E|[T,v],

and forac — ¢ (0 7.0 (1)) 5 A ,’;% o (1 )) we have

0 (5 ) <35 (B () 35 (B (1))

Multiplication, on either side, by*~'¢ (6 7 ,, (1)) and integration ovelo, k], yields:

_ k k
2 ( : U) | O ) < [ O () O ()

0

k
I / ua—lj (g ((g;gﬁv (u))) SOk (u))du. (3. 18)
0
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But, by identity(3.14) in Lemma 3.1

_ /() (k++”<“)) (s (@) (o) 1

-7
k
=/0 0" (O () dp, (3. 19)

But, by (2.12)-(3.13) and weighted fractional operator, the followings hold:

) <T 3 U) (r-1(1+ A% (7o) (Wl (T : v))

e (i“) (corAZTs0y- o) <7r1 <T;“>)
—o(TEy) e ),
. ( <a) (7om) (@) (s o) (o) (o) da
NEDIELACS
/(()) (“ ()= 5 “)61 (7o) (a) (s o) () 7 (a) dor
- p(lg)/(()) (5 = @) Gom @) com @ (o
+r(15)/(() <W<a>—%;”) "Gom) (@) (som) (@) (@) da
G
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k
= [ 5 O ) a3 3.20)
0

A combination of(3.18)-(3.19) and (3.20) yields the first inequality in3.17). For the
second inequality i183.17), by convexity ofy

7(5 (k.m0 (W) + 3 (s Bk 7,0 (W) < 2(7) + 2(v). (3.21)

Multiplication, on either side, by~ (0 - ,, (1)) and integration ovelo, k], yields:

k
/0 W (6 O 0 ()5 On7.0 () dust

k
< ) +5)) / W (B (W) du. (3. 22)

A combination of(3.19)-(3.20), (3.13) and(3.22) yields the second inequality i{3.17).
This completes the proof. O

The following remark gives us some consequences in Theorem 3.3 and some new iden-

tities in Lemma 3.2.

Remark 3.4. e For m = I, identity operator, inequality3.17) reduces to

() [ (32) o0 (3]
(13 [ (52) 10 ()
000 (132) 0 (11)].

provided that the left and right weighted RL-fractional operatox$, and \;_
of ordere > 0 are defined by2.9) and(2.10) respectively.
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For = = I, identity operator, and = 1 the inequality(3.17) reduces to

Ttv v v T v v
CE%U;/T ¢ (u)du < L 7(w) s (u)du < j(QC)(—:;J())/T S (u) du. (3. 24)

e For m = I, identity operator, and = 1 inequality(3.17) reduces to

.

e For m = I, identity operatorg = 1, ¢ = 1 (3.17) reduces to inequalityl.1).
e For m = I, identity operator, identity3.15) reduces to

; <7"+v> e (7"+U) . <7"+v> g)\§+j(f;“) +. /\fj_j(f;“)

2 2 2

21“1(5) /T+ /: <%;U - G)HC(a) 7 (w) dadu

_2;@/11 / (a—T—;U)Elc(a)j/ (u) dadu. (3. 26)

e For 7 = I, identity operator, and = 1 identity (3.15) reduces to

T+u A2y (FF) + 450 (F52) v—f/1
-Tr 1 = 1—ut
j < 2 > (6 + ) 2175 (U _ 7—_)6 4 0 ( u ) X

(1 - Sfl-u 1
[]( ;“ﬂ 2%)-;( e ;uvﬂdu. @3.27)

e For 7 = I, identity operatorg = 1 ande = 1 identity (3.15) reduces to

T4+wv 1 v
]< 5 > fv_%/F 7 () dax
-
v—T rf14+u_ 1—u rf1—u_ 1+4u
=7 /O(lu)[]( 5 Tt U)]( 5 Tt 5 v)}du. (3.28)

Theorem 3.5. Let; : [7,v] € Rt — R be a function for whicly, ) € L' [, v] and
¢:[7,v] — R anintegrable such that(7 + v — a) =< (a);letr : [7,v) — R* be an
increasing and continuous function ¢f, v) . Moreover, if‘j‘ is convex o7, v] , then

<

+

U) < T(e+ 1) (C)\;+J) (ﬂ_v) + (g)\iﬂ?) (%;U) < j(?‘) —&—j(v).

T STy (3. 25)

[\

[\)

ST (7, 0)] < (7 —v) HJ’ (7‘)‘ + ‘j/ (U)H

= 272 (e + )T (c) lso o - (3. 29)
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Proof. By properties of modulus to identii§3.15) in Lemma 3.2

A7 (7, 0)
1 () g PRI —1
= 2F(5)/7r - /ﬂlm m )( ; - (a)) (com)(a)] x
(J/OW) H ‘dadu
1 T (v) (V) AN
* 2T (¢) /Tr_1(7+u)/ ™ (a) (77(0‘)_ 5 ) (com) ()] x
‘(] OW) H ’dadu

<ol (<)) [ [ A (*;—“ @) da]
e ( 5l

‘(]oﬂ) ’w )du. (3. 30)

But, the convexity 0173" on[7,v]foru e [#71 (7), 7! (v)], yields

v—m(u)

‘(fow) (u)‘gf’]l(?)‘—i—%‘j/(v)‘. (3. 31)

Application of(3.31) yields the following:

/ﬂl(?) /7:1(7) 7 () (T—;U —7T(04)>€1 ‘(J/ OW) (u)’ﬂ'/ (1) dadu

= 1(F)

() v—7\° T4+v A\
S () (50 rw) )
= @l|y )]+ 7 -71]5 @)
e(v—7)
273 (v —7)° 1[(E+3)‘j/(f)’+(3E+5)‘j/(v)

- (c+1)(c+2) H (3. 32)

‘du
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Analogously:

—1

/:1(“:”) /uﬂ (v) 7 (a) (7r (o) — 7_-;‘1})61 ’<]' 07r> (u)‘ 7 (u) dadu

_1(72 T+v —\ € - €
L7 - (o5

=7 ]| ()| + [x (w) = 71 |5 (v)]
- du
e(v—7)
273 (v — 7)1 [(5 +3) ‘jl (v)’ + (3e+5) ‘j/ (%)H
= (3. 33)
(e+1)(e+2)
A combination of(3.30), (3.32)-(3.33) yields the desired inequalit{3.29). O

Theorem 3.6. Let; : [7,v] € Rt — R be a function for whicly,; € L' [7,v] and

¢ : [7,v] — RT an integrable such that (7 + v — a) = ¢ (a); letw : [f,v) — R* be

an increasing and continuous function ¢ v) . Moreover, if‘]’ ‘q is convex o7, v] for

q > 1,then

s o 7o (v = 7) [R(7, v59) + R(v, 75 q)]
2242 (e +1)T (e)

A5 (T, 0)] < (3. 34)

Proof. By properties of modulus to identit}3.15) in Lemma 3.2 and power-mean inequal-
ity
A5 (7, 0)]

it (S rta) <
- i /:1(:()7;“) /:1(7) ™ (@) (T JQr s (O‘)>€_1 (5 o) ()| 7" (u) dadu
+ ||<21(?‘7(ch-|)OO QI\I /7:T1;(;)) /qu(v) 7' (a) <7r () = %;U)S_l 7' (1) dadux

ﬂ/ﬁ”_l(”) /url(v)ﬂ/(a) <7r(a)—7_—;v>€1(]'o7r)(u)|q7r’ (u)dadu (3. 35)

()

hl
+
<

But, by convexity of’ 7 ’q

(7o)

Touorl wl @
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It may be observed that:

71_71(?451;) u , P4 e—1 ,
/ / T (@) ( - 7r(a)> 7w (u) dadu
7=1(7) 7=1(7) 2

T TCARE S

(v—7) "
=y @9
Application of (3.36) and(3.37) yields the following:
) iy NN
/ﬂl(T) /ﬂl(T)?r () ( _g —77(04)) ‘(] ow) (u)’ 7w (u) dadu
R o gree N
<L (@) r we
w=r @]y @)+ -7 @)
pr— dadu
-1 [e+3)|/ @) +G+5)]) @]
= > (W —7) e+ 1) +2) (3. 38)
Analogously:
[ [ @ (75 (e ]
T ) rE Ly =t ,
S/ﬂl(fgv)/u ( 5 —ﬁ(a)) m (@) (u) x
=] |y A+ -7 @)
pr— dadu
- [+3)|f @] +G+5) ] )]
- 223 (v —T)(e+1)(e+2) - (3.39)
A combination of(3.35), (3.37)-(3.39) yields the desired inequalit}3.34). O

The following remark provides some consequences of Theorems 3.5 and 3.6.
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Remark 3.7. e For m = I, identity operator, inequalities3.29) and(3.34), respec-
tively, reduce to

, (T—l—v) 58 (T—i—v) . <T+U> A7 (TE) +0 A5 (B5)

2 T2 2 2

(=) sl |7 )] + 5 @)
<

[—

= 242 (e + )T (o) (3. 40)
Fro) . (74 P v A5 (B) e Aoy (B
(T2 e (T12) s (Thr) an 5 i (539
el 0= B0 + STl g

2¢t2 (e + 1) (g)
e For 7 = I, identity operator, and; = 1 inequalities(3.29) and (3.34), respec-
tively, reduce to

P(T+v>_2qwg+1y&%ﬂfﬂ>+AaJ(2f>

2(v—7)°

_e-ot o+l @l

S TR (e r I ) (3. 42)
7 € T+tv € T+v
3(F5) - reay MU A )
< (v —7) T [R(F,v;9) + R(v, T3 9)] (3. 43)

2212 (e + 1) T (g)
e For m = I, identity operatorg = 1 ande = 1 inequalities(3.29) and (3.34),
respectively, reduce to

‘J(f_;}) —UiT/TU](a)da < (%“)Q{Jli?‘* J'(v)H. (3. 44)
j<7—50> _UiT/TUJ(a)dO‘ < (U—T)2[ﬁ(7'711;6q)+ﬁ(v,7';q)] (3. 45)
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