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Abstract. In this study, we present the midpoint and trapezoid inequali-
ties for an F'—convex function in terms of Katugampola fractional integral
operators. We obtained new results involving Katugampola-fractional in-
tegral operators for differentiable mapping ¢ whose second derivatives in
the absolute values are F'—convex. Also established connections between
our results with several renowned results in literature. Results proved in
this paper may stimulate further research in this area.
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1. INTRODUCTION

The theory of convex analysis has been one of the most interesting and useful areas for
studying a wide range of problems in pure and applied sciences over the last few decades.
Innovative methods and techniques have yielded different directions for the study of convex
analysis. The convex function plays a significant role in optimization theory and in other
fields of sciences and is usually defined in the following way:

Definition 1.1. The function ¢ : [01,02] — R, is said to be convex, if we have
¢z +(1=Ny) <A (2)+(1-N)¢(y)
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forall x,y € [01,05] and \ € [0,1].

If a real function ¢ of real variables defined on the interval [y, 6] is convex, then the
double inequality

02

61 + 0> 1 ¢(61) + ¢(62)

¢( : )s92_91/¢(x>dxs2. (1.1
01

holds. Is known in the literature as Hermite-Hadamard’s inequality. For concave, both
inequalities are true in the opposite direction.

Definition 1.2. ([1])Let F' : R — R be a given function. A function ¢ : I — R is called
F—convex if
d(eb1 + (1 —€)bs) < ed(01) + (1 —€)p(02) — (1 — €)F (61 — 02)
forall 01,05 € Iand e € [0,1].
It is worth mentioning here that the class of F'—convex functions was defined in the con-

text of a strongly convex function. But they also unified several other important concepts
of convexity ([14]) :

e Putting F(r) = —ca?, we recaptures the c—convex functions introduced by Vial (see
[21D).

e Putting F'(x) = —c|z| with ¢ > 0, we recaptures approximate convex functions intro-
duced by H.V. Ngai et al. (see [15]).

e For F'(z) = —c|z|P with ¢ > 0 and p > 0, we get approximately convex functions of
order p introduced by Nikodem and Pales (see [16]).

o for F'(z) = —|z| w(|z|) with nondecreasing, upper-semicontinuous function w : [0, c0) —

(0, 00 such that w(0) = 0 we obtain the definition of semi-convex functions introduced by
G.Alberti et al. (see [2]).

Definition 1.3. ([9])Let [01,02] C R be a finite interval. Then, the left- and right-side
Katugampola fractional integrals of order o > 0 of ¢ € XP (61, 02) are defined by,

11—« x
prC _ P (b(e) p—1
T2 = i35 |, e

and

11—« 6
a ’ ¢ _
"1y~ 0(x) = lli(a) /m (er — g:ef’))l‘aep e

with 01 < x < 05 and p > 0, if the integral exist.
The following definition, the well-known definition of the Riemann—Liouville fractional
integral:
Definition 1.4. Let ¢ € L [01,02). The Riemann-Liouville integrals Jgﬁrqb and Jg,qﬁ of
1 2
order o > 0 with 681 > 0 are defined by

Tt @)= 7 | @=0"o@de. 2> 0,

@) 0,
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and

02
Tog ot @ =iy [ c—a T o@de,  a<ty

respectively, where I'(o)-Euler gamma function. Here is Jg;,¢ (x) = ng_ p(x) =¢(x).

For o = 1 these integrals reduce to the classical Riemann integral.

Theorem 1.5. Let o > 0 and p > 0. Then for x > 64,
1L [1)1_>rnl plg‘;rqS(:)s) = Jeafqb(x),
2. lim f’[éﬂrcﬁ(x) = Héﬂ(ﬁ(a:),

1 1

p—0
Similar results also hold for right-sided operators.

Undoubtedly, the Hadamard inequality occupies a special place in the field of applied
and computational mathematics. Quite a few studies of the last few decades have been
devoted to this inequality (some of them [3, 5, 6, 12, 13, 18, 19] and references therein).

Extensions of this inequality for the various convex functions using the Katugampola
fractional integration operators can be found, for example, in [1, 4, 7, 8, 10, 11, 17, 20, 22].

Bayraktar and Napoles in [4], for the functions (h, m, s)-convex modified of the second
type, various extensions of the classic Hadamard inequality is obtained using Katugam-
pola integrals. In [8], Kermausuor and Nwaeze established some new midpoint and trape-
zoidal type inequalities for prequasiinvex functions via the Katugampola fractional inte-
grals. Yaldiz and Akdemir in their study [22] obtained Hermite-Hadamard-type inequalities
for functions whose first derivatives are s—convex using generalized Katugampola frac-
tional integrals. In [1] Adamek obtained various Hermite-Hadamard-type inequalities for
F'—convex functions. Mumcu et al. in study [11], presented new Hadamard type inequal-
ities for harmonically convex functions via Katugampola fractional integrals. Authors, in
this paper [12], presented new Hermite-Hadamard inequalities for the h—convex functions
within the framework of the generalized integral. Népoles et al. in study [13], was obtained
new Hermite-Hadamard-type integral inequalities for convex and quasi-convex functions
in a generalized context. Recently, in [3, 18, 10], the authors obtained an estimate for the
upper bound of this inequality for functions whose second derivative belongs to different
convexity classes.

The main goal of the study is to obtain new Hadamard-type integral inequalities for
functions whose second derivatives are F'—convex through the Katugampola fractional in-
tegral operator.

2. RESULT FOR MIDPOINT TYPE INEQUALITY

Lemma 2.1. Let 01,00 € R,0<0; < 02,p >0, ¢:[07,05] — Rand ¢ € C*(67,05). If
¢ € L[#7,05) and for all o > 1 fractional integrals exist, then the equality

P(a)p! 0+ 05N plog — o0)?
wagg g K0\ T )T e (R @
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holds. Here

K="19" ¢(05) + P15 L o(6)),

( ) (55%) "~
/ ep‘”"’ 1 @ (eP0] + (1 — €”)05)de

I, = /{f(l —e”)* 1" (€P0) + (1 — €°)05)de.

1
2

Proof. By integrating I by parts twice, we get

{/g
I = / €XPTPL (POl 4 (1 — €)05)de (2.3)
0
1 7
= ;/ € (pe’™) ¢ (P07 + (1 — €”)05)de
0
1 €*P L ap 3 ap—
=pbmﬂm%mwu—&%mf—%_%l O (0] + (1~ e)g)de
07 +65
¢ (2 Mﬂ¢ww + (1= )08 3
2(0) — 9/’ —05) 0

pa—p

—<m,¢,/ ewplaw%+u—www4

& 07 +6% ag 07 +68 B %
( 2 ) - ( p2 ) + o (a i) / PP Lp(ePO + (1 — €°)05)de
20007 — 05)p  p(07 — 05)222=1 (07 — 05)2 Jo

and similarly, for the second integral /5, we can obtain

1
L= /eﬁ(l ) G (PGP 4 (1 — )00 de 2. 4)

:/0 PP (1 — €P)0F + €P05)de
o (%) e (%) o j/ﬁ/éeap_p_1¢(u>_

+
p(0 —07)2%  p(65 —07)22071 (05 — 07)?

)07 + €05 de

If in the integrals from (2. 3 ) and (2. 4 ) respectively change the variables e”67 + (1 —
)05 = u” and (1 — €”)0; + €05 = v”, then, for these integrals, we get
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a) for the first integral

1

_ a(a-1) Vi ap—p—1 ¢ pop 0\pP
Il — W/O € ¢(€ 61 + (1 € )92)d6

Ly
= p((zﬂ(a_ 92)2 /0 6ap_2p¢(€p9f + (1 —€”)05)de”
1 2
7+05

¢l
a(a—1) / 2 <9§ — u”)a_2 uf — 605
= 7 o(uf)d
o002 \er—ar) e

a(a—1) 03 o a—2
= T o O =) St
ala—1)T(a-1) pre 02 a—2 1
- p2= (08 — 67)et1 T(a— 1) /(ei’+e§>;l)+ (02 — w)" " g(u)u’ " du

al'(a)p®~2 pra—1
=~ __rJ~ L 9(65).
(05 — 67)a+1 (9f+95)p+¢( 2)

b) Having done similar operations for the second integral, we obtain

1

a(a-1)
(07 — 05)?

f/; T a—2
| et ame ey = SEere o)
0 (05 —07)~ -

PP
(M)”
2

By taking account last transformations, by summing equalities (2. 3 ) and (2. 4 ), we obtain

Iy, =

a2 0 + 0%
L+1,=— 172 2.
=g (M) @
al(@)p™? |, a1 -1
IO& . ep PIO‘ 1 GP
(08 — 7)o+ <e,f+9§>p+¢( 2) + <ef+95>p¢( 1)

(05—-67)*

By multiplying the equality(2. 5 ) by the value 2 55—+, we complete the proof.  [J

Remark 2.2. Under the condition of Lemma 2.1 if we take p = 1 in (2. 2 ) we obtained the
equality proved by B. Bayraktar ( see [3] Lemma 2.1 form = 1)

2 o2«

F(()é) [Ia—l ¢(02) + Ia—l );_¢(01)‘| 7¢ (01 +02> _ (02 - 01)2 (Il +12) .

22—a<92 _ gl)oz—l

(Gt02)% 4 (21t
Corollary 2.3. Under the condition of Lemma 2.1 if we take p = 1 and o = 2 in (2. 2 ) we
obtained the equality:
1 b2
02 — 01 Jo,

(z)dx — ¢ (91 + 92) _ (6 _291)2

L+ I
2 [1+ Q]a
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where
1 1
I = / 29" (€61 + (1 — €)f2)de and Iy = / (1 —€)%¢" (€61 + (1 — €)By)de.
0 3

Theorem 2.4. Let ¢ : [07,05] — Rand ¢ € C*(07,05) . If |¢"| is F—convex on [07,05],
then the inequality

C()p~™ b1 + 65
22-a (9] — 9p)a_1-K—¢< ) )‘ 2.6)
< (62 —60)” [2(|¢(67)] + 19(67)]) a+4 o g

16 [ a+1 _(a+2)(a+3)F(0 ~ 6)

holds. Here p > 0 and K is defined above in Lemma 2.1.

Proof. From ( 2. 2) by using the triangle inequalities, we can write

I(a)p™! 07 + 05 p(05 — 607)?
K- <
g —gne 1 KT\ T g )| e

d
I

If we take 1 — €” = €” in the second integral and assume the function |¢"| is F'—convex,
then for the right-hand side of ( 2. 7 ) we get:

p(05 —67)?
a22foc

2.7

% ap+p—1 41 P p
/ €MPTP" (eP0) + (1 — €°)05)de
0

_|_

1
/ (1 —€e”)*e 19" (P07 + (1 — €)05)de
{/I

2

Vs 1
/ €*PTPL" (eP0) + (1 — €”)05)de
0

+ /Qf el ((1 6”)9f+6”95)d6>
= (ﬂga { 7QHPIWWJW (L%@%N+WWO—JW?+J%H¢}
a22 2 { % TP G(07)| + |6(05)] — 2 € (1 — €”) - F(6F — 05)] de}.
- a22 2 [ 9; JFJ; ‘jaf:” pla +22§?a++4;)2a+3 (6 _95)}
16 [2 ef’a\:lm o (a +a2)JEj+ 3) (67 = 95)]

By simple integration

3 1 /3 4
/ ePtPlge— — — _and / P21 (1 _eP)de = ot —.
0 pla + 1)20+1 0 pla+2)(a+ 3)20+3
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Taking into account the last inequality and substituting the values of the above integrals,
we complete the proof. 0

Remark 2.5. In (2. 6 ), if we take p = 1 in (2. 6 ), then we get the inequality.

22—“(91;@{)61)&_1 [JF91i92)+¢(92) + J(aeliez)—d)(%)] — ¢ (‘91;’92>’

o (05— 67)? [2 ("D + 1"~ a+d
- 16« a+1 (v +2)(a+3)

F(o° — eg)} .

Remark 2.6. In (2. 6 ), if we take F(x) = 0 and p = 1, then we obtained the inequality
proved by B. Bayraktar [ see [3] Theorem 2.1 form = land s =1 ]

['(a) a—1 01 + 0
22704(92 _ 91)0471 |:J( 91;92) ¢<92) + J( 91+92) ¢<91)] - ¢ ( 2 ) ‘
(0 ) /! 1!
< —8;( 5 16001 +10" )11

Corollary 2.7. Under the condition of Remark 2.6 if we take o = 2 we obtained

9;91 ® o) ¢(91+‘92> (05— 0,)?

< /! 9 /! 9 .

< ) [[¢"(01)] + |¢" (62)]]
This inequality for convex functions was obtained in [18] (Proposition 1) and [3] ( Corol-
lary 2.1).

Theorem 2.8. Let ¢ : [07,05 ] — Rand ¢ € C?(07,05) with g > 1. If |¢"'|? is F—convex
on (07,05 ], then the inequality

e Ko (M5 )Gty v e
holds. Here p > 0 and K is defined above in Lemma 2.1,
()
4(a+2))
= |20+ 2 e - e - )|
+ [HE Do+l oy - a+§F(95 ~op)|°

Proof. From (2. 2) the validity of the following inequality is obvious:

L(a)p! o7 + 65 p(05 —07)°
K — < P72 717
22—&(95 _ Qi’)a—l K ¢ 2 — a22—a

(1] + |12

). 2.9)
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By using the fact that|¢”|? is a F'—convex by using power-mean integral inequality, for
the I;, we get

3
|| < / PP ¢ (€07 + (1 — €”)05)|de (2. 10)
0
V3 AN i
< </0 ertrlde /0 PP " (P97 4 (1 — €P)05)|Ude
1—1

([ o)
0

i )
xbwwﬁf/ o lde s @)1 [ et i1 - e
0 0

1

{ﬁ q
—F(00 — 95)/ Tt L] — Pyde|
0

Calculating the integrals, we get

L] < ( ; )1_é [ 0" (0D)]" (o +3) |¢" (05)"
U=\pla+1)20tt pla+2)20%2 ~ pla+1) (a+2)20+2

1

atd m%—%ﬂq

pla+2)(a+3)203

Q=

1 a+1
" pla+1)20t (4(a+2))
2(a+3)
a+1

1

q

a+4
a+3

xPWW@M— " (O)]" n%—%ﬂ

Similarly, for the |I5|, we get

1
1 a+l \«
I < 2. 11
|2|*p(a—|—1)20‘+1 (4(a+2)> ( )

|~

q

1P\ |19 //pQ_a+
0 (0)1" + 206" (63)|" = °=

4
F P _ P

Taking into account inequality (2. 10 ), (2. 11 ) and (2. 9 ), we get the final result.  [J

Remark 2.9. In ( 2. 8 ) if we take p = 1, then we obtained the inequality

?—aézfzna—l{%?€%>+¢”ﬁ*JF€ﬁw—¢””]¢<91+6b>‘

2
o (02—01)*
~ 8a(a+1)

v-H,
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where

1= 20001+ 2D ot - 255 F01 - )|
2(@+3), " a+4 v
20D o+ 60— 23 R0 - 0]

Corollary 2.10. In( 2. 8 ) if we take F'(x) = 0 and p = 1, then we obtained the inequality
proved by B. Bayraktar ( see [3] Theorem 2.2 for s = 1land m =1 ).

Corollary 2.11. In( 2. 8 ), if we chose p = 1,F(x) = 0 and o = 2, then we obtained
inequality for the convex functions

(602 — 6:1)*
48

S 'Hla

1 02 01 + 6
i ¢<x)dw—¢( ! )

where

H, - [5|¢"<91>|q23|¢"<92>|‘1 '+ [3|¢'/<91>|q§5|¢"<92>|‘1 "

This inequality for convex functions was obtained in [18] (Proposition 5), [3] (Corollary
2.2).

Theorem 2.12. Let ¢ : [07,05] — Rand ¢ € C? (67,05) with 0 < 01 < 03 If |¢"|? is
F—convex on [0],05 ], thenVa > 1 and ¢ > 1, p > 1, such that é + % = 1 the inequality

D(a)p! 07 + 65 (65 — 60)2
22-a(09 — 07)—1 K—¢ 2 S e M 2.12)

holds. Here p > 0 and K is defined above in Lemma 2.1,

1 P
:<<ap+1>2ap+1) ’
M- Pwemq +319"(65)]"  F(87 — o§>]3 . [3¢"<65’>|q +[¢" (657  F(6) —65)]" |
8 12 8 12

Proof. From (2. 2) the validity of the following inequality is obvious:

I(a)p! 07 + 65 p(05 —07)°
. — < . .
2o (gr Py K—-¢ 5 <= (|| + | I2]) (2. 13)
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By using the fact that |¢”|? is a F—convex by using Holder integral inequality, for the

|I1| + 12|, we get
1| + |2 (2. 14)

<

IN

P 0

;</“<ew>w>

W’ ol [ erder - jonop)l” [T (- eryder — Fi07 - 5) |
0 0

s e
L / P (€000 + (1 — #)05)|de” + / P (1 — e#)97 + eP08)|de”
0

1 1

T T
170y / (1= e)de? + ¢ (85)[? / Pde? — F (00 — 05) /

e’(1 — ep)dep]

With simple integration

S=

/3 3 /3 1
/ (1 —€)de? = ; / e’(1 — €’)de’ = —;

and after simplification, on the right hand side of the last inequality, we get

1

1 1 v
L+l <= (——
| 2“;} <(ap+1)2“p+1)

. { GRS 9'5)]31
8 12

L [Bl8 @01 + 1" 05)1"  F(0f —05)]"
8 12 '

Taking into account the last inequality, the final result follows from ( 2. 13 ). g

Corollary 2.13. In (2. 12), if we take p = 1 in (2. 12), then we obtained the inequality

I'(a) a—1 [0+ 0,
o T |2 $00) + ik 0000 -0 (%)
< O=00)" 1o

a22—a

where L idefined in Theorem 2.12,
M = {W’(@l)lq +3[¢"(02)|"  F (61 — 92)] 5+ [3|¢”(91)|q +[¢"(02)"  F(61 — 92)] “

8 12 8 12

e’(1— ep)de”]

Q=

1
q
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Theorem 2.14. Let ¢ : [07,05] — [0,+00) and ¢ € C? (07,05) with0 < 6, < Oo. If
|¢"|? is F—convex on 07,05 | with % + % = 1, then the inequality

D)™™ (Y[ (0500
22—@(95 _ gi))a—l 2 - a22-«a
holds. Here p > 0 and K is defined above in Lemma 2.1,
p_ 1[1LODI N rot

(v +P), 2. 15)

q 2 6 ’
1
p(ap+1)20p+1 "

Proof. From (2. 2) the validity of the following inequality is obvious:

L(a)p*! 07 + 05 p(05 — 07)?
K- <
a1 KT Ty )|S  ape

By using the fact that |¢”|? is a F'—convex by using the well know Young inequality

(1] + | I2]). (2. 16)

(my < jaP + 2y’ where z,y € [0, +oo)) for the first integral I, we get

1

P pakp—1| 411 ( ppp _ P\PP :l %pa (PP _ P\PP p
|| < € 9" (e 0 +(1—e )92)|d€ P e’*|¢" (e 0y + (1—e )92)|d6
0 0

(2.17)

1[1 3 1 r¥E
Sl @ [T een +<1—ep>e§>weﬂ]

PP Jo q Jo

1 . (1o [ eaer 6@ [ VE (1 - ) der
<-4+ =
~p |plap+1)20rtt © g .

L —F(67 —65) fov; e’ (1 — eP)de?
JI[ v 1D 316" 6NN P67 —6))
So, we have

|| <

1 (" ()" +3e"(00)"  F(67 - 65)
p(ap+1)p2ortt = pq 8 12 '

Similarly, for the second integral, we can get

L] < L L [BlO"ERI 16O F(67 —05)
2= p(ap + 1) p2or+l * pq 3 5 .

By summing last inequalities, we have

(P4 1(pPY|9 P _ ppP
207t p(ap+1)p  pg 2 6

Taking into account the last inequality, the final result follows from ( 2. 17). g
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Corollary 2.15. In (2. 15 ) if we take p = 1 in (2. 15), then we obtained the inequality

F(Oé) a—1 91 +92
e e |V A0 + () o000 -0 (252
Oy — 6,)2
<! ;227*;) (v +P),
where
po L[S st
2 6 )

1

q

1 1
v=-|—m ] .

p \(ap + 1)20ep+1

3. RESULT FOR TRAPEZOID TYPE INEQUALITY

Lemma 3.1. Let 01,05 € R,0 < 61 < 02,p >0, :[07,05] = Rand ¢ € C? (67,65).
For all a > 1 if the fractional integrals exist, then the following equality is holds

¢(01) +9(65) Tla+Dp*" o p(03 —07)°

5 ~ T U 5 (I + Do), (3. 18)

where

U= P Py 0008 = 1y 0(00)] = [P o000) + 2173 0000

1

1
L = / PP — )" (07l + (1 — €)05) de
0

1
I, = / P71 — )" (00’ 4 (1 — €°)05) de..
0

Proof. In the integral I, at the beginning, we make the change of variables: €’ = z,
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And then, integrating twice by parts, we get:

1
L = l/ 2% (1 —2)¢" (207 + (1 — 2)05) d=
0

p
1 ! 1
- a—1L 1 e / P 1— 14
p(eg—af)/o (@291 — (a4 1)22)¢ (200 + (1 — 2) 08) d
1 az® b —(a+1)2° o
= — 1— P11
ala—1

1
) / 2272p(200 + (1 — 2) 05) dz
0

00

1 1
o [ otett + (- 2)0g) ]
2 1

1 -1 1

- w¢(9f) + M/O 27 2p(200 + (1 — 2) 05) d=
1 1

) M/o TG0 + (1= 2)8) de

switching back to the variable €, we get

1 ala—1) (1 o .
L= ——————(0f +7/ @D (P 4 (1 — ) 05)eP ! de
TR T )
a+1l)a 1 o _
g et - yog) ot
2 Y1

In the resulting integrals, we make the change of variables: €707+ (1 — €”) 05 = v*» —>
05 —v” pv?1dv
6oy ey -

When ¢” = 0 = v” = 05 and v = 0y, similarly €’ = 1 = v* = 0] = v = 0;.

€l =

and pe~'de = —

1 ala—1) 05 100 — P\ T2 pvP~tdy
I:7¢9”+7/ (2 ()
@t e e e \Ga AR

_ (a+1)o /95 05 —v° o b(v?) pvP~Ldv
p(05 —00)* Jop \O2 — 04 05 — 07

1 ala—1)T(a—1)p*2

S — e B
R A L G

@+ 1) al@p™ o
T e st
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Finally, for the integral /; we got

1 I(a+1)p*2
h= oo+ LOE D e
p (05 —067) (05 — 07) !
I(a+2)p ",
_ XA ppa - h(62).
ooy o=

PIO‘_1+¢(0§) (3. 19)

Similarly, for the second integral, we get:

1 [(a+1)p>—2
G05) + —————
P gy gy

Jp— —
S0 —0p)
pI(agg)_Qb(gIl))

f’I";"g;_gb(Gf) (3. 20)
- Ila+ 2)p—t
(65 — 67)°"

We add ( 3. 19) and ( 3. 20 ) and multiply both sides of the resulting equality by the
(05—07)*
2

expression 2 , we get (3. 18). Proof is completed. g

Remark 3.2. Ifwe take p = 1 in (3. 18 ), we obtained the equality proved by B. Bayraktar
[ see [3] Lemma 3.1 ]

Remark 3.3. Ifwe take p =1 and o« = 2 in (3. 18 ), we obtained the equality

$(01) + ¢(62) 1 02 (02— 61)?
5 T 90 ). o(x)dr = #(Il + 1),

where
1 1
I = / (1 —€)¢" (b + (1 — €)02)de and Iy = / e(1—€)%¢" (e + (1 — €)fy)de.
0 0

Theorem 3.4. Let ¢ : [07,05] — R and ¢ € C? (07,05) with0 < 6, < 03. If |¢"| is
F—convex on [07,05 ], then the inequality

¢(07) + 6(05)  T(a+1)p""
2 2(05 — 07)>—1

(05 — 07)? a+3
~ 2(a+2)(a+3) [a—l—l

~U‘ (3.21)

4F(07 — 03)
a+4

(1" (07)] + 16" (05)]) —

holds. Here p > 0 and U is defined above in Lemma 3.1.
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Proof. From (3. 18) and the properties of the module, taking into account that the function
|¢"| is F'—convex for I, we get

1
RIS [ et o) o ofe + (1 e)05)] de
1
_ 1/ A1 = 2)|¢" (002 + (1 — 2)08)| d=
[qi)” (69) |/ OH1(1  )dz 4 |¢(68) \/ (1 = 2)2dz

R0} — 08) / T “d:

:1[ "D 214" (65)] B 2F (67 — 65) }
pll@a+2)(a+3) (a+D(a+2)(a+3) (a+2)(a+3)(a+4)

I /\

1 29" (05 2F (07 — 05
_ |¢//(9{))|+ |¢ ( 2)‘ _ ( 1 2) .
pla+2)(a+3) a+1 a+4

Similarly, for the second integral, we can write
1 29" (67

pla+2)(a+3) | a+l

By summing last inequalities, we get

1 [oz +3
pla+2)(a+3) [a+1

+167(65)] —

2R (87— 02)
oa+4 '

AF (07 — 03)
a+4

p(65—67)*

(1" (07)] + 16" (05)]) —

|| +[L2] < } (3.22)

We multiply both sides of inequality ( 3. 22 ) by the expression , we get:

p(agfollj)z (95*9;1))2 a+3 11 (0P 11 (0P 4F(Gf*9§)
LUSUte < s i [ qeent+ o - LS

Taking into account the last inequality, the validity of ( 3. 21 ) follows. The proof is
complete. g

(1] +[12]) <

Remark 3.5. In( 3. 21 ) if we take F(x) = 0 and p = 1 we obtained the inequality proved
by B. Bayraktar [ see [3] Theorem 3.1 for s = land m =1 ]

Corollary 3.6. In ( 3. 21 ) if we choose « = 2, p = 1 and F(x) = 0, then we obtain
inequality for the convex functions:

#(61) + ¢(02) 1 b2
5 “%oa ), ¢(z)dr| <

(92 — 01)2 7 Z
L (9001 + 167 02)]).

This inequality for convex functions obtained in [18](Proposition 2 ) and [3] ( Corollari
3.1).
Theorem 3.7. Let ¢ : [07,05] — Rand ¢ € C?(07,05) with0 < 01 < 0. |¢"|? is
F—convex on [01,05 ], then for all a,q > 1 the inequality:

’(é(@{’) +6(05)  Tla+1)p*! o (05— 07)

: < - G (3. 23)
2(05 — 07)>! 2(p+1)7
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is holds. Here p > 0 and U is defined above in Lemma 3.1,

¢ [waf(gwf { e

206" (65)|" 2 (60 — 65)] "
1+ qo 44 qa '

4+ qo

+ [leepr +
Proof. From ( 3. 18 ) and by using triangular inequality, we obtained:

¢(07) + ¢(05)  T(a+1)p*" p(05 —07)°
2 2(05 — 67)o—1 2

By using the Holder integral inequality and since |¢”

U] < (I1]| + |I2]) - (3. 24)

|7 is F—convex function for the |I1],

we obtain
1
1| = / (1 — eP)*eP 1" (PO + (1 — €)05)de
0
1)/t o1
") / ()7 (7)) (1 — €)™ ¢"(e°07 + (1 — €”)05)de”
P 1Jo
R
= 7/ (€))7 () (1 — €)™ [¢"(e"07 + (1 — €”)05)| de”
P Jo
1 1 L 1
< ([ ede) Jlorenr [ a- ey
P \Jo 0
1 1 %
Ho' )l [ o= erpriae —pof o) [ (@) - er)eeiae]
0 0
or

n<——r [B(3,1+qa)|¢"(07)|" + B(2,2 + qa)|¢" (05)|" — F(67 — 05)B (3, 0q + 2)]

plp+1)r
By using properties of Euler’s Beta and Gamma functions, we get
! [ ! rx [W(afnq
pp+ 1)% (24 qa) (3+ qa) 1+ qa

1] < +1¢"(03)]"

4+ qu
(3. 25

_2P(8) - os>]é |

Similarly from |I5|, we have

1 1
PR [ 1 } q [| oo 29 O 20 05)} ‘.
T pp+1) 7 L2+aa)(3+qa) ! 1+ qa 4+ qa
(3. 26)
Adding inequalities (3. 25 ) and(3. 26 ), we get
1
|[I1| + | 12| < — - H
p(p+1)»

Put this value in (3. 24 ) inequality, we get final result. g

Q=
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Corollary 3.8. In ( 3. 23 ) if we take p = 1, we obtained the inequality

¢(01) + ¢(62) I(a+1) (62 — 01)2
' 2 B 2(02 — 61)1 .U’ - 21-&-7’71 G, (3.27)
where
1
U= o [eotea) — I 0(00)] — [15710(02) + 157 0(01)].

S=|arames qaf { e

206" (85)" 2F(6, — )]
1+ qa 4+ qa '

+loo)e -2

4+ qu

+ |l oo+

Corollary 3.9. In ( 3. 23 ) if we take p = 1 and F(z) = c|z|? in (3. 23 ) we obtained the
inequality for strongly convex function:

’¢(91) +¢02)  Lla+1) ‘ < (b2 — 01)
2 2(92 — 91)0‘_1 - 21+%

.G, (3. 28)

where U defined above in Corollary 3.8 and

_ L 1200 e 2601 — 02210
G_[(2+qa)(3+qa)} {{ 1+ qo +167(02)] 4+ qa ]

202007 3} |

//9 q
R

Remark 3.10. In ( 3. 23 ) if we take p = 1 and F(z) = 0, we obtained the inequality
proved by B. Bayraktar [ see [3] Theorem 3.3 for s =1 and m = 1]

Theorem 3.11. Let ¢ : [07,05] — [0,+00) and ¢ € C? (0] ,05) with 0 < 6, < 0.
|¢""|" is a F—convex on [07,05 |, with €” € (0,1), then for all o, q > 1 the inequality

¢(07) + ¢(65)  Tla+1)p*! ul < (05— 09)?
2 205 — 091 C| T 2

holds. Here p > 0 and U is defined above in Lemma 3.1,

_AF(67 — 6%)
4+ qo

(14 w-Gy) (3. 29)

_ag+3 11¢pP\ |4 11 pP\ |4
G1 = 252 5o+ "))
1

" (ag+2)(ag+3)

Proof. From ( 3. 18 ) and by using triangular inequality, we obtained:

O(0F) + 6(05)  Tla+D)p""' | _ p(05 —09)

2 2(9P _ 0,0),1_1 = 9 (1] + | I2]) - (3. 30)
2 1
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| is a F'—convex

And by using the well know Young integral inequality and since |¢”
function, we get

1 1
=1 / (1 — )¢ (P65 + (1 — e)65)de”
P 1Jo
R
<- / €heh (1— €)™ 9 (P07 + (1 — ”)05)]| de?
P Jo

1 /1 2 > 1 |: /1 q ! 2
< — er)Pde” | + — ||¢" (07 /eplfep A der
Pp(o( ) o 19" (07)] ; ( )

1 1
+|d" (O | (1 —€?)? T de? — F (07 — 05 e’ (1 — e’)*el (1 — €)de]|
A 1 %)

or by using Euler’s Beta and Gamma functions and its properties, we have
1
] < — (3.31)
2pp

+ é [B(3,1+4 qa)|¢" (67)|" + 16" (05)|" B(2,2 + qa) — F(67 — 05)B (3, aq + 2)]
1+1[ } {2l¢”(9f)lq _21?(0%3—05)}
20p pq [(2+4qa)(3+ga)] [ 1+qa 4+ qa
Similarly, for the | 5|, we get the inequalities
1 1 1

I §+{
2| 20p  pq [(24qa) (34 qa)

1

+10"(05)]"

20" (05)|" _2F (07 — 05)
" 9° q 2 o 1 2 .
| [l o+ 220 2E0L=1
(3. 32)

Adding inequalities (3. 31 ) and(3. 32 ) we get
1 ' [aq +3
(24 ga)(3+qga) [1+qa

1 4F (07 — 65)
I+I < 1+ /lepq_i_ //gpQ_ 1 2
nl+inl< o (" @0+ 0)") - A=)
1
S — (1 + w- G]_) .
pp
Put this value in (3. 30 ) inequality, we get final result. U

Corollary 3.12. In ( 3. 29 ) if we take p = 1, then we obtained the following inequality:

P(01) + ¢(02) L(a+1) (65 — 0)?
’ 2  2(0y — 6y) 1 'U‘ < T (14 w-G1), (3. 33)
where
a+1 7., N . o
U=40"0o [%;Wz) - 192—¢>(91)] - [Ior '0(02) + I 1¢(01)} ,
_aqg+3 o gy AF(01 — 63)
Gr =T oo (67O 19" (0)[") - ==

1
" (ag+2)(ag+3)
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Corollary 3.13. In ( 3. 29 ) if we take p = 1 and F(z) = c|x|?, then we obtained the

Jfollowing inequality for strongly F'—convex function:

¢(61) + ¢(62) I(a+1) (62 — 61)?
— . < e T . ) )
5 300, — 671 U| < 5 1+ w-Ga) (3. 34
where U and w defined in ( 3. 33 ),
Ga = 258 (14707 + g (07) — 2]
2 1+qa ! 2 44qa

Theorem 3.14. Let ¢ : (07,05 ] — Rand ¢ € C? (07 ,05) with0 < 61 < 0:.1f |¢"|? is a
F—convex on 0,05 ], with ¢” € (0,1), then forall ov,q > 1 the inequality

£V, (3. 35)

‘ab(@’f) +o(05)  T(a+1)p*! .U‘ o (05 —07)

2 2(05 — 07)>—1 - 2
is holds. Here p > 0 and U is defined in Lemma 3.1,

2" (05)|" 2P (07 — 05)]
a+1 a+4

g 2F(07 —09)
a+4

+16"(67)] ,

v - [2ee

% " q
A "+ [lorconne +

&= (a+1)1(a+2) (Zizlz)

Proof. From Lemma 3.1 and from triangular inequality, we obtained

(| + [ L2]) - (3. 36)

Wf) +6(05)  Dla+1)p!

p(05 — 67)°
— Ul < B2 71
2 2(05 — 7)1 ’

- 2

By using the fact that|¢”|? is a F'—convex by using power-mean integral inequality, for
the I;, we get

1
11| = / (1 — )P 1" (P07 + (1 — €°)05)de
0
1 1
<o [ ea-erieen + o - o
0

1—1

: 1
@) [ eoyae

IN

([o-ra)

1 1
—|—|¢”(0§)|q/ (1 —e”)*Tlde? — F(67 — 95)/ €’ (1 — €)%l (1 — €”)de?
0 0

1
q
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or by using Euler’s Beta function and it properties, we have

1 1 T
<, (@rners) 3

[B(3, 0+ 1)|¢"(07)|" + B(2, 0 +2)|¢" (05)|" — F(67 — 05)B (3, +2)]

X
Q=

I T 1 Tr2AG" O o 2F(00 = 65)
p<m+nm+m> Qa+mm+a) {a+1 H O - — g

1 a+1\7 [20" @D ., 2F (05 — 05)]7
9PY19 _ 1 2 .
<a+3> [ a+1 10702l a+4

- pla+1)(a+2)
Similarly from |I3|, we get

a+ﬁ3W”%W+mwwm{pm%—%qé

1
L] <
|2‘_p(a+1)(a+2) (a+3 a+1 a+4
(3. 38)
Adding inequalities (3. 37 ) and(3. 38 ), we have
1
1 a+1\9
I+ | ] < -V.
A+ 22| < pla+1)(a+2) <a+3>
Put this value in (3. 36 ) inequality, we get final result. g
Corollary 3.15. In ( 3. 35 ) if we take p = 1, then we obtained the inequality
¢(61) + ¢(62) Ila+1) (02 — 61)°
- Ul < — ¢V, 3.39
2 2(92 — 91)04—1 - 2 g ( )
where U defined in (3.12),
1
_ 218" O)" e 2F (01— 62)]0 weg v, 29" (02)] 2F(61 — 62)
V_[ ol TNO) —— Rl R e e ey

1 a+1\7
¢= .
(a+1)(a+2) \a+3
Corollary 3.16. In (3. 39) if we take p = 1 and F(x) = c|x|?, then we obtained the
inequality for strongly convex function:

$(01) + #(02) C(a+1) (05 — 0)?
2 © 2(0y — 6y)0 1 .U‘ < 9 £V, (3. 40)
where U defined in (3.12),
_ 2|9 (61)]" I ¢ 2c(0) —6,)? 3
v— |22 o - 220

mw&m_mm—wjé

1 q
+{|¢ (01)" + a+1 a+4

&= (a+1)1(a+2) (Zié)

r
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