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Abstract. In this article, we present important combinatorial and alge-
braic properties of spanning simplicial complex (SSC) of the generalised Ja-
hangir’s graph J,, . We describe the relation to find f—vectors associated
to Ag(Jm,x) and determine the Hilbert series for the SR-ring K [Ag(Jm k)]
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1. Introduction

The notion of the SSC on the set of edges of a connected, finite and
simple graph was established by Anwar et al. in [2]. They character-
ized all spanning trees of unicyclic graph U, ,,, and computed h —wvector
and Hilbert series of the SR-ring K [As(Un,m)}. They showed that the
SSC A4(Uy,m) is shifted and shellable. The algebraic properties of SSC
of some other classes of graph were discussed in [8, 9, 15, 14]. These
classes include r—cyclic graph G, ,, cyclic graph having n edges and r
cycles with exactly one common edge between every two consecutive
cycles G}wﬂ, n—cyclic graphs Gy, 4, +, With a common edge and wheel
graph W,,. In [12], Raza et al. explored few important combinatorial
and algebraic characterizations of the SSC of Jahangir’s graph 7, 2.
They presented the formula for f—vectors, computed Hilbert series of

SR-ring K [AS(JmQ)] and showed that it is is Cohen Macaulay. Also,
99
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the authors proposed the following open problem in [12]. Since com-
puting the spanning trees of a graph is a difficult problem to handle
therefore it is obvious that computing SSC of general graph is also a
NP-hard problem. This gives the motivation to study the algebraic
and combinatorial properties associated to SSC of a general graph i.e,
generalised Jahangir’s graph.

Open Problem 1.1. The combinatorial and algebraic properties of
SSC of the generalised Jahangir’s graph Jp, and results discussed in
[12] can be studied for any integer k > 1. The important results of the
open problem include:

o f—wectors of SSC of the generalised Jahangir’s graph J,, .
e The Hilbert series for the SR-ring K[AS(Jm,k)}.
e Cohen-Macaulayness of the SR-ring K[AS(Jmkﬂ :

The current work carries motivation from the above open problem.

Definition 1.2. [10] The generalised Jahangir’s graph J, is com-
prised of a cycle Cryi1) having m(k 4+ 1) + 1 vertices where m > 3
and k > 1. The cycle Cp41) has an extra vertex adjoining to all m
vertices of the cycle at span of k + 1 to each other on the cycle. The
edge set of the generalised Jahangir’s graph Jp, 1 is

(1. 1)
S(JmJg) = {511, S125 - -« ,81(k+2), 521,522, ..., 52(k+2)a ey Sml1ySm2y - - - 75m(k+2)}
The edge set for the cycle Cy where t € {1,2,...,m — 1} of the gen-
eralised Jahangir’s graph Jyp ki {Su1, Si2, 563, - - - St(kt2): Ser)1 ) and
{Sm1, Sm2: Sm3s - - - Sm(k+2), S11} is the edge set of the cycle Cy,. The

shared edge between any two successive cycles Cy_1 and Cy is s;1 where
t €{1,2,3,...,m — 1} and the shared edge between the first cycle C4
and the last cycle C,, s S11.

2. Preliminaries

Some important definitions which are required to make this paper
self expatiatory are described in this section. All the graphs considered
here are connected, simple and finite graphs.

Definition 2.1. [6] A subtree of a graph G having all vertices of the
graph is called spanning tree. The set having all edge sets of the span-
ning trees of G is represented by s(G) and we can write;

s(G) :={&(T;) C £(G), where (T}) is a spanning tree of G}
Lemma 2.2. [12]|The number of edges in a spanning tree of the graph
G having m cycles is |E(G)| —m.

By Lemma 2.2, the spanning trees of the graph J,, ; are formed by
deleting exactly m edges from the graph following the cutting down
method as described below:
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Exactly one edge is to be removed from the unshared edges of any cycle
of the graph J,, ;. If a shared edge is deleted from two or more than two
neighboring cycles then a new cycle is attained. Only one edge is to be
deleted from the remaining unshared edges of newly formed cycle. All
shared edges can not be deleted at a time to avoid disconnection in the
graph. The spanning set of Jahangir’s graph Js, is given in Appendix
A.

S14

S1(k+2)

S3(k+2) 522
S3(k+1) 523
S24
834
533 S2(k+1)
532 S2(k+2)

The generalised Jahangir’s graph Js j,

Figure 1

Definition 2.3. [4] A simplicial complex (SC) A is defined as a collec-
tion of the subsets of a finite set [n] = {1,2,3,...,n} such that {j} € A
for all 7 € [n] and if A has a set F' then it has all subsets of F' along with
the null set. A member F of the SC is called its face and its dimension
is 1 less than the number of vertices in F'i.e. dim(F) = |F | — 1. The
maximal faces of a SC are known as its facets. The dimension of a SC
is defined as follows:
dim A = max{dimF|F € A}

A SC A having facets {Fy, Fi,..., F,} is represented in terms of its
facets as follows:

A:<F0,F1,...,Fp>

The f—vector of a SC is defined as a D + 1-tuple where D is the di-
mension of the SC. In other words the f—vector can be represented as

follows:
f(A) = (fOﬂfla e afD)

where f; denotes the number of i—dimensional faces of A.

Definition 2.4. [2] Let the collection of the edge sets of all the span-
ning trees of the graph G be represented by s(G) = {&1,&,, ..., &} A
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simplicial complex A4(G) defined on the edge set £(G) such that its
facets are the members of s(G), is called spanning simplicial complex
(SSC) of G. Mathematically, it can be expressed as follows:

AS(G) - <g]_,52, e ,gt >
The SSC of the Jahangir’s graph Js; shown in Figure 1 is given by:
A(G) = (s(J3p) )

3. SPANNING TREES OF J,,; AND ITS STANLEY-REISNER
KA ()]

In the following section, a significant characterization of the gener-
alised Jahangir’s graph .J,,, , and its spanning tress s(Jy,x) is described
with its f-vectors and dimension of Ay(J,, k). In the end, the Hilbert
series of the SR-ring K[AS(JW;C)} is computed in a Theorem 3.13.

The generalised Jahangir’s graph J,, j consists of m consecutive cy-
cles along with few more cycles which are formed by the deletion of the
shared edges. If C,,, C,,, . .., C,, are the consecutive cycles of the graph
Jm. i, then the new cycle formed by deleting shared edges is represented
by Cp, ps....p.- The cycle Cp, p, 5, is obtained by deleting shared edges
from the cycles C), and C), ,, where 1 < ¢ < m — 1. Also the cycle
Cp1.ps,...ps 18 formed by removing shared edges from the cycles C), and
Cp,, where 1 <4 < m. The number of edges in the new cycles is ex-
plained in detail in Example 3.1. The number of distinct edges in the

new cycle is denoted by By, p,.. p: = Cphm,,_,,pt‘. The total count of

cycles in the graph J,, , and the cardinality of the edges in these cycles
is determined in the following lemma.

Lemma 3.1. Let J,,,;; be the generalised Jahangir’s graph having suc-
cessive cycles
C1,Cs, ..., C,, of equal length and an outer cycle Cy. Then the total
number of cycles in the graph is

F=m?+1
such that

3 [ tk+1) 42 1<t<m—1
ozt =\t (k+1)+1 t=m

Proof. Since the generalised Jahangir’s graph .J,, , has m successive cy-
cles with new cycles Cy, ,, ., attained by removing the shared edges
from the neighboring cycles C,,,C,,, ..., C),. Therefore, the resulting
cycles are Cy, 1, Crp—1m, - - -, C2 3, C1 2 when one shared edge is removed,
Cimi12, Cm—1m1: Cm—2.m—1,m, - - -, C123 when two shared edges are re-
moved and in the similar manner we have
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Ci23..m,C234. mi,---,Cm12.. m—1. when m — 1 shared edges are re-
moved, along with an outer cycle Cy having edge set &(Jpx) \ {si1 1174
Adding the above cycles in m cycles we get the collection of the cycles
of the generalised Jahangir’s graph J,, x,

Cpypo...pi,Where p, € {1,2,... o m} &1 <t <m,

with pg+1 = py + 1 when p, # m and p,; = 1 when p, = m.

By counting simply the cycles Cp, p, ., are m in number for p; < m
when t is fixed, giving the total cycles of the generalised Jahangir’s
graph J,, including the outer cycle Cy equals to I' = m? + 1. To
compute the number of edges in the cycle C,, ,,.. , We have following
cases:

Case(i): When 1 <t <m—1

Since the cycle Cp, p, ., is formed by removing shared edges from the
successive cycles Cp,, Cp,, . .., Cp, which are (¢ — 1) in number. There-
fore, we get the number of edges in Cy, ,, ., by adding the orders of
all Cp,,C,,,...,C,, and deducting 2(t — 1), since the shared edges are
considered twice in the count. This gives our desired result as follows:

t

Bp17p2,-~-7pt - ‘Cpl,pz,...,pt

= |Cp,|-2(t-1) = (k+3)t—2(t—1) = t(k+1)+2
n=1

Case(ii): When t = m
Similarly, for ¢ = m when only one shared edge is left:

t
Bpi,pa,..., pt:’Cm,m ,,,,, pt:Z|Cpn‘_2('5_1)_1:(k+3)t—2(t—1)—1:t(k+1)+1-
n=1

g

The following example is included to explain the the above lemma.

EXAMPLE 3.1. Let J3; be the Jahangir’s graph with edge set {s11, 12,
S13, S21, S22, S23, S31, S32, S33}.  Then the cycles in Jahangir’s graph Js
are Cy, Cy, C, C3, C1a, Caz, Cs1, Chaz, Cozy, Cs12 satisfying the Lemma 3.1
as follows:

F=m’+1=3+1=10
The order of each cycle of the Jahangir’s graph Jy, i, when 1 <t <
m— 1 is computed using t(k+ 1)+ 2. The order of the cycles Cy,Cy, C3
is:
Bi=tk+1)+2=11+4+1)+2=4
Similarly, the order of the cycles Cg,Ca3, C3y is:
Bio=tlk+1)+2=2(1+1)+2=6

The order of the cycles Claz, Ca31, Cs12, when one shared edge is left is
calculated using t(k + 1) + 1 as follows:
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In the following propositions, we take any two cycles Cy, ,,,. .. 4, and
Cor sy, Where p,q € {1,2,...,m} of the generalised Jahangir’s graph
Jmi- We use a notation "y — 2”7 which shows that y immediate
proceeds z.

Proposition 3.2. Let {1, i, ..., pp} € {v1,140,...,1,}. Then

B/‘L].:/'L27'-~7,up — 2, 1, g gé {1/1, Vp}
B ooy — 1, pp & {v1, 04} & p1 € {v1,v4}
Bm,uz,...,up =1, m & {v, vt & pp € {v1, vy}
Crurpzseooiy Ci v | = Bz — 25 11 = V1, fip = Vg, O
1= Vg, fip = V1,D F q
Bm,m,...,upv H1 =V, bp = Vg, OT
{ = Vg, fp =V1,p=qF M

Proof. Since the cycles C,, 4, .., and Cy, ,, .., are formed by remov-
ing the shared edges from C,,,C,,,...,C,, and C,,,C,,,...,C,, re-
spectively, therefore ju1, 1y ¢ {v1,1,} shows that the cycle C,, ...,
does not overlap the extreme edges of the cycle C,, ,,....,. Hence, the
intersection of the cycles Cy, ..., and C,, ., .., contains only the
unshared edges of the cycle Cy, ,, . ,, eliminating the two edges on
its extreme ends. This implies that the order of the intersection is
B ys..u, — 2. In the second case, p, ¢ {v1,v,} shows that the cy-
cle C,,, does not overlap the extreme ends of the cycle Cy, ,,... ., and
w1 € {w,v,} implies that the cycle C,, overlaps one of the extreme
ends of the cycle Cy, ,,,...,. Therefore the intersection contains un-
shared edges of the cycle C,,, ,, along with one shared edge the
cycle. Hence order of the intersection is B, ..., — 1. In the same
way the remaining two cases can be concluded. U

Proposition 3.3. Let {H17H27”"H@} C {m, pa, ..., 1y} and B, €
{p, pa, ..., pp} and B, =, with t < o <p. Then

E»’Elﬂ2 u — 1 Vq%ul&ﬁlzyl

C NC, — BEI’HQ """ EQ_2’ Vqﬁul&ﬁlzyl
H 255 V1,V2,.Vg | T _ _

’ ! BEI,EQ ,,,,, #, L o= K, =V

By .. " 2, ppAnk 1, =,

Proof. The proof of the proposition is divided into the following four
cases.

Case(i): vy, > m & p, =1

When the neighboring cycle Cul from the cycle C,, 4,.....,., is overlapping
with the initial neighboring cyEle C,, from the cycle C,, ,,. ..., and cycle
C,, immediately proceeds the cycle C,,, then by Proposition 3.2 case
(ii) intersection has unshared edges of the cycle C), .., i including one

of its shared edge. Hence the order of the intersection is By .., —1.
=10=27 e
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Case(ii): vy /A & p, =1
Here C,, and C},, are not consecutive cycles then there is no shared
edge in intersection. Therefore, by the Proposition 3.2 case (i) we have

CNLM%---:M;’ n Omm,--w(; = Bgl,gy---ﬁg -2

Case(iii): pu, — 11 & B, = Vq

In this case the neighboring cycle €, from the cycle C,, ,, .. ., and the
—p

neighboring cycle C,, from the cycle C,, ,,,..,, immediately proceed
each other and the cycles C), and C,, overlap each other, then by

Proposition 3.2 case (iii) intersection contains the unshared edges of
the cycle Cu ", with one of its shared edge. Hence the order of the

intersection is B - -1

Case(iv): p, b & 1, = Vq

tp 7+ v1 implies that the cycles C,,, and C,, are not consecutive cycles.
Therefore intersection has no shared edge. Using the Proposition 3.2
case (i) we get required order of intersection. O

Remark 3.4. In the Proposition 3.3, when the cycles Cﬁl’ Cuyr- s
C“t . C’Mt , Cu are not o successive neighboring cycles of the cy-
Pyo—1? "ty K

cle C.“‘lv/»"?v“'u/‘p such that there is a to <o <pandC, andC,
are not successive cycles. Then the Proposition 3.3 is applzed on the
parts which are overlapped to compute the the order of the intersec-
tion of Cu .y N Cor,vg- For example in Jahangir’s graph Jg 1,
the intersection of the cycles Cio3q and Csyser2 1S obtained by applying
Proposition 3.3 on the overlapping portions of the cycles.

Proposition 3.5. Let p < g and {p1, po, - ., pp } O {v, 00, .. v} = ¢
Then

L vy &y — 1
_J L vy m &, A
Clvtizcn O Corvncna| =4 20y oy & iy = 11
0, otherwise
Proof. Since the intersection of {1, po, ..., pp} and {v1,va,...,v,} is

empty then the cycles C, 4, ., and Cy, 4, ., are non-overlapping
cycles. If C,, /4 C,, and C,, — C,, then the last cycle C, from
the neighboring cycle C,, 4,....,., shares one edge with the initial cycle
C,, from the neighboring cycle C,, ,,. .. .,. Hence, the intersection of
77777 u, and Cy, ;. ., has only one edge. Remaining can be proved
in the same way. O

Proposition 3.6. Let Cy be the outer cycle of the generalised Ja-
hangir’s graph J,, . Then

B 2 P+ < m
O N O — p1,p2,.
0 P1,P2;5---5Pt { Bp17p27m7pt 17 Py =
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Proof. Since the cycle C,, ,, ., is obtained by removing the shared
edges from the cycles C,,,Cp,, Cpy, ..., Cp,. If pp < m, then the in-
tersection will contain only unshared edges of the cycle Cp, p, ., €x-
cluding the two shared edges from its extreme ends giving order of
the of intersection equals to By, ,,. p, — 2. Similarly, when p, = m
the intersection will contain only unshared edge of C), ,, ., exclud-
ing one shared edge on one extreme end giving the required order of
intersection. This completes the proof. U

Here we set E(T{wix waro,...omrm)) a5 a subset of £(J, ;) defined in
Eq. 1. 1 obtained by removing S, x,s Swodss - - - 5 Swn A, €dges from the
edge set £(Jy,x) having no cycle in it, where w, € {1,2,...,m} and
A €4{1,2,3,...,(k+2)}. The following three propositions describe the
conditions required for €(T(u,;x, ware,....omAm)) tO be the spanning tree of
the graph Jp, .

Proposition 3.7. A subset E(T(w,, wora,..omrm)) OF E(Im i) With wyX, #
wy,1 will belong to s(J,, ) if and only if

E(Jmte) (Twnrs wadarwomrm)) = € (Tma) \ {81015 52205 - - 5 S,

Proof. For a spanning tree of the generalised Jahangir’s graph .J,, , with
successive m cycles C1,Cs, ..., C,, and shared edges si1, S21, ..., Sm1,
we have to delete exactly m edges without any disconnection and cycles
in the graph by cutting down method. Therefore, when no shared edge
is deleted we have to delete only one edge from unshared edges from
every cycle. This completes the proof. U

Proposition 3.8. A subset E(T(u,x; wora,....omrm)) Of E(Imi) With A; =
1, Vi will belong to s(J,, ) if and only if

S(T(WIA17W2>\27-~-7wm>\m)) = E(Jﬂ%k) \ {Sw1>\17 Swodgs - - - 78wm/\m}
where  {Su a1y Swags - - -5 Swm,, } Will carry exactly one edge from
Clan=1)(wn) \ {S@y+1)15 S(w,—1)1} except su,1.

Proof. To get a spanning tree of the generalised Jahangir’s graph J,, x
using cutting down method when exactly one shared edge s, 1 is deleted,
we have to delete exactly m — 1 edges from the remaining edges. How-
ever, we have to delete only one edge from unshared edges of the cycle
Cloy—1)(wy) €Xcept sy, 1 to keep the graph connected. This completes

the proof.
OJ

Proposition 3.9. A subset &(T{w, ), wsra,...comAm)) Of €(Jm k) Will belong
to s(Jm k), where wy\, = w,1 and n € {p1,pa,...,pr} C{1,2,...,m},
if and only if the following hold:
(1) If the shared edges s,, oy 15 Swpyly + v+ Sw, 1 AT€ from successive cy-
cles, then

g(T(w1>\17W2>\27-~7wm>\m)) = S(Jme) \ {SM}\N Swodgs - - - 73wmz\m}
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such that {Sw,x,; Swares - - « » Swmrn ¢ Will have only one edge from
the cycle
Clopowp, op, EXCEDE Sy, 1, 80,15+« + 5 Sw,, 1, Where w),, immediately

proceeds w,, .
(2) If none of the shared edges s., 1,8u,,1; - - Sw,.1 are from suc-
cessive cycles, then

g(T(W1>\17W2)\27-~~7wm>\m)) = S(Jme) \ {3w1>\1v Swodgs - - - 75wmz\m}

such that for each edge s,,,1, the Proposition 3.8 is satisfied.
(3) If some of the shared edges Swpy 1y Swpyly + + + 5 Swy, 1 ATE from suc-
cessive cycles, then

g(T(wl)\l,wQ/\Q,...,wm)\m)) = S(Jm,k) \ {Swl)\la Swoday + v+ s Swmz\m}

such that for the shared edges of successive cycles and for the
remaining of the shared edges the Proposition 3.9.1 and 3.9.2
hold respectively.

Proof. For the first case, when (p, — p1) edges are deleted from the
r successive cycles C, ,C,, ,...,Cy, , then the rest of the edges are
m — (pr — p1). Therefore, to get the spanning tree of the graph J,,
exactly one edge must be deleted from the unshared edges of the cycle
Clopyiwpy oo, and the rest of m — (pr — p1) cycles in the graph J,, k.
This proves the first case of the proposition. Using Propositions 3.7
and 3.8 the remaining the cases of the proposition can be proved. This

concludes the proof of the proposition. O

Remark 3.10. Let the different categories of the subsets of the edge
set E(Jmi) of the graph Jp, . mentioned in the Propositions 3.7, 3.8
and 3.9 be denoted by 51, 19, 2734,

Qyap, Q3. respectively. Then, the spanning set s(Jm, i) of the gener-
alised Jahangir’s graph can be represented as:

() = QU Qs Uy, U Qs UQys,

We describe a main characterization of the f—vectors of the graph
Jm. 0 the next result.

Proposition 3.11. Let Ay (J,,x) be the SSC of the generalised Ja-
hangir’s graph Jp, . Then D = dim(Ag(Jmk)) = m(k + 1) — 1 with
J—vector f(As(Jm,k)) = (vafl’ e 7fD) and

t
m(k + 2) — Z ij + Z |Oju N ij

w=1 {Gmsdv Y Sgp oy
> ¢
(1,20t FECT, jH1—= B, + > C;, N C,
w=1

Unodv}CUp Yo
where 0 < 57 <D.
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J={j1,J2,--,Jn} where 1 <n <m & j; € {1,2,...,m} such that j;;; =
1 when j; = m and j;11 = j; + 1 when j; # m and C% are the subsets
of J having order ¢.

Proof. Let the edge set of the generalised Jahangir’s graph J,,; be
E(Jmy) as defined in Eq. 1. 1. The different classes of the spanning
trees s(Jm ) according to the Propositions 3.7,3.8,3.9 and the Remark
3.10 are Qy,Qy9, Qy3q, 23 and 3. Therefore, by the Definition 2.4
the SSC of the generalised Jahangir’s graph J,, ; can be written as

Ag(Jm i) = <QJ1 U Qo U3, U3 U QJ3C>

SAim:e the Propositions 3.7,3.8 and 3.9 explain that the facets
of the m edges from the edge set £(J,, ;) of the generalised Jahangir’s
graph J,, ;. Therefore, the cardinality of all the facets is same and
equals to m(k + 1) which shows that all facets have same dimen-
sion equal to m(k + 1) — 1. Hence the dimension of dim(A,(Jpx))
is m(k+1) —1. The definition of A(.J,, ;) shows that it has only those
subsets of the edge set £(J,, ;) which do not carry any cycles in them.
The Lemma 3.1 gives the total number of cycles in J,, » which is equal
to I' = m? + 1. Here we take a subset F of the edge set £(J,, ) such
that it has no cycle in it and its cardinality j + 1. In fact the total
count of these subsets is f;, where 0 < j < m(k + 1) — 1. This number
can be found by the inclusion exclusion principle. Hence,

f; = Total count of subsets of £(J;,,x) having cardinality j + 1 not car-
rying any of the cycles Cy and C,, p,.. p,, Where 1 <t < m & p, €
{1,2,...,m} such that p,41 = p, + 1 when p, # m & p,41 = 1 when
pq = m. By Inclusion Exclusion Principle and above notations we get

L= ( Total count of the subsets of £(J,, ) having cardinaltiy j +
1> - > < Total count of the subset of £(J,, ) carrying C;, for
{n}ed}

w = 1 and cardinality j + 1> + > ( Total count of the subset of
{j1,j2}€C?%

E(Jm ) carrying both C;,,V 1 < w < 2 and cardinality j + 1) -t

(=)t > (Total count of the subset of £(J,, 1) carrying each
{j1,42,-ir }€CY

C;,, together for all 1 <w < T and cardinality j + 1).

This implies that

= (") [, (M) )+

{s1}ec?
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2
’ITL(]C —+ 2) — Zl ij —+ Z |Cj# N Cju

{udv}Sintomn

>, 5
{j1.j2}€C? j+1-3 B, + > C;, NC,
w=1

{wav} Sliptpmn

— o (=D)F

r
m(k+2)— > Bj, + > |Gy, NG,
w=1 {sd Y {ip =

> r 1
{j1,52,---,Jr }C5 7+1- Z ij + Z ‘Cju N Cju
w=1

{3 Y {dp b

This implies that
_( m(k+2) a t
fﬂ'_( jH+1 )+t21( Y

t
m(k+2) — Z Bj -+ Z |Oju ﬂCjV

w=1 {udv Y SlinYhos
> o -
{jlajZ 77777 ]t}ec‘t] t + 1 - Zl ij + 2 ‘OJH« ﬂ Ojl/
w=

{udv S dptpmn

EXAMPLE 3.2. Let Ay(Js32) be a SSC of the generalised Jahangir’s
graph Jp 1. Then the dim(Ag(J32)) =8 and ' = 3* +1 = 10. There-
fOTe; f—UGCtOT' f(AS<J3,2)) = (f07f17 < 7f8> and

12 12 — B;, )
j_<j+1)_[{jl}zec}<j+1_6j1 }—i_

r 2
12— 3 B, + 3 |Cj# ale’s

Z w=1 {ju7ju}§{jp};27:1
2

{j17j2}603 ] + 1 - Z ij + Z ’Cju N C]V
i w=1 {j#?jl/}g{jp}?)::l
— (=110
— 12

12-YB,+ ¥ |c.nc,
Z w=1 {ju,ju}g{jp}é():l
12
{j1.d20mdo}€C | j 41 — Z_:l B;,, + 2 G5, NG,

(i Yl )2,

where 0 < j < 8.

Definition 3.12. Let A be a SSC defined on a finite set of vertices
[Y1,Y2, -, Yn]- A monomial ideal Ix(A) formed by the square free
monomials in S = klyy,ye,...,yn| associated to the non faces of the
SSC is called SR-ideal by assigning variable to each vertex of the SSC.
The face ring or SR-ring k[A] = S/In(A) is well known to be a stan-
dard graded algebra. The further details of the Hilbert series hy(A) and
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the Hilbert function h(A, x) of the graded algebra can be seen in [11]
and [13].

In the following theorem, we present our main result.

Theorem 3.13. Let Ay(J,,x) be the SSC of J,, . Then the Hilbert
series Fiy (A) of the SR-ring k[A,(Jm)] is given as follows:

RO (a0 = 1+ 3 (R 4 5% 5 (-1

k
m(k+2)— > Bj, + > 1C5. N Cy, |
w=1 {juvju}g{jp}2:1 Xj+1
> . k (I—x)7+t
{d1si2,... ik YECK j+1— 3 Bj, + > |C5, N Cy, |
w=1 E I R LT T

Proof. Let A be a SC with f—factors A) = (fy, fi, -, /p) and dimen-
sion D . Then by [13], the Hilbert series of the SR-ring k[A] is given
as follows:

D f] as
AE[A] x) =1+ Z A= y)itt
7=0
We get the required result by using the values of f—factors from Propo-
sition 3.11 in above expression.

g

The following section describes the associated primes of the facet
ideal Ix(Ag(Jmk)) of the SSC Ag(Jpmi)-

4. THE FACET IDEAL [x(Ag(J;mk)) AND ITS ASSOCIATED PRIMES

Lemma 4.1. If Ay(J,, 1) be the SSC of the generalized Jahangir’s graph
Imi 5 then

IJ—"(AS(Jm,k)) = ( ﬂ (x’yl)) ﬂ ( ﬂ ($71$72$(71)(k+2))>

1<~y<m ~v€{0,1,2,...,m—1}

N ( N (x’YOéIw(onﬁ))) N <{mw1}§”:1 \ {za1 Uxazx(aq)(mz)}) .

SYsSm,asas

Proof. Let Ay(Jpmx) be the SSC of the generalized Jahangir’s graph
Jmx having m successive cycles of same length and Ir(Ag(Jp,)) be
the facet ideal. It is well known from [5], that the minimal vertex cover
of a SC A and minimal prime ideal of the facet ideal Ix(A) have 1 —1
correspondence. Hence, the minimal vertex cover of the Ag(J,, ) will
provide the primary decomposition of the facet ideal Ix(Ag(Jpx)). Us-
ing the definition of A4(J,, ) and Propositions 3.7,3.8 and 3.9 we get
{s,1} for all v € {1,2,3,...,m} as a minimal vertex cover as {s,1} €
Elwirrwnranomam for any w, € {1,2,... m} and A, € {1,2,3,..., (k+
2)}. Also, {41,542, S(y—1),(k+2) } With v € {0,1,2,...,m — 1} is a mini-
mal vertex cover of Ay(J,, ;) as at least one of the member of the set
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{5415 8925 S(y—1)(k+2) } belongs to SA(wl,\l,wQ,\Q,m,wmAm). Moreover, {Sya, Sy(a+8) }
where 1 < v < mand 2 < a < (k+2) - and {s,1}7; \ {5a1 U

502, S(a—1)(k+2) ; are also minimal vertex covers of A(Jy, ) as they have
non empty intersection with & a; wara,. . wmAm)- U

5. THE COHEN-MACAULAY CHARACTERIZATION OF THE SR-RING
K[AS(Jm,k)]

The following section describes the Cohen-Macaulay characterization
of the SR-ring K[A4(Jpmx)] using the criteria given in [1].

Definition 5.1. [1] Let I be a monomial ideal such that G(I) =
{91,92,--.,9:} is an ordered system of generators. Then I is said to
have linear residuals if Res(I;) = {w;,ws,...,w,_1} such that it is
minimally generated by linear monomials, V 1 < 7 < ¢ when
m;

k= ged(my, m,)

Theorem 5.2. [1] The necessary and sufficient condition for shellablity
of the SC A is that its facet ideal Ix(A) has linear residuals.

Corollary 5.3. [1] Let A be a pure SC of dimension D over a finite
set [n]. Then its facet ideal Ix(A) has linear residuals if the Stanley-
Reisner ring k[A] is Cohen Macaulay.

In this theorem we describe our main result.

Theorem 5.4. The SR-ring K[A(J,, x)] of the SSC Ay(J;, 1) is Cohen-
Macaulay.

Proof. To prove that SR-ring K[As(Jm k)] is Cohen-Macaulay, we will
prove that the facet ideal I ;(AS(Jmk) has linear residuals in S =

k?[yn, Y12, Y13y -+ 5 Y1(k4+2) Y21, Y22, Y235 - - - Y2(k+2)5 « - - » Ymly Ym2, Ym3, - -
Ym(k+2)] using the Corollary 5.3. Since the spanning tress of the gener-

alised Jahangir’s graph J,, ; are given by:
$(Jmp) = Qg1 U Qyo U Qe U Qg U Qs
Therefore, the SSC of J,, ; is

As (Jm,k) - <g(w1)\1,WQ)\2,...,wm)\m) >

where,
E(wir,waAa,eomAm)

5(0.)1)\17(1.)2)\27...70.)7”)\"L) = S(Jm,k)\{swl)\l7 SW2)\27 e 7Swm>\m}
€ s(Jm k) Hence, the facet ideal of Ag( k) is

Tr(Ag(Imp)) = ( | Ewoirwnroromm) € S(Jm,k)>

The facet ideal Ix(As(Jpmx)) is a monomial ideal with degree of each
monomial equal to m(k+1)—1. The product of all variables in S other
than Y, ;s Ywsras - - - s Ywman, gives the monomials in Ir(Ag(Jpk)).

yg(wl)\l,wz/\Q ,,,,, wmAm)
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Now we will prove that the facet ideal Ix(A4(J;k)) has linear residuals
according to the orders of its monomials given as follows:

(5. 2)
| Aoy #1; 1 <01 <m& M\ =1; t # 01},

|/\O'1a)\0'2 #17 1 S0-170-2 Sm&)\t:]-a t7é0-170-2}7

~~~~~ wmAm)

{yg(wﬂl’ | Aoys Aogs -3 Aoy, 131 < 09,09...0, <m}

WA, ey wmAm)

| Aoy # 13 1 <

In Eq. 5. 2, the monomials {y;
(W1 A1,w2A9,.0y wmAm)
op < m & A\ = 1; t # o1} have the pattern Ye,

11,21,...,(m—1)1,wmAm)
yé(ll’m """ ©(m-1)Am-1)mD’ " 7y£(117w2/\2,31 ,,,,, (m-1)1,m1)’ yé(w1A1721 ..... (m—1)1,m1)’ where

A €{2,3,...,(k+2)} and 1 < w; < m. Similarly, the other monomials
in Eq. 5. 2. Now we substitute

RGS( 5 — yé(wlﬁvwzh ,,,,, wmAm) }

Y¢
(W1 A1,waAg,..., wmAm) g d g ~
C ( t yg(wl)\l,wg/\z ,,,,, Wm)\'m))

where ¢; proceeds Y wix w.r.t to the order in Eq. 5. 2.
W1AL,

wog,..., wmAm
In Res( ) substituting o; = m gives,

yg(wl)‘lv“’Q)\Q 77777 wmAm)

) _ y5(11,21 ..... (m—1)1,wmAm) }
ng(gt7 ?/5(11’21
Here g, are all the monomials having the form Y€ i nr on
W1AL,W2A2

where \,, # m & w,, = 2,3,...,(k + 2). Since Y1 am... me iyt o)
and ¢g; has difference at only one point. Therefore, there are only lin-
ear terms in Res(yg(11 o ). This shows that only the linear

: ) minimally.

Res(yg(n,m

77777 (m—=1)L,wmAm)
----- (m=1)1,wmAm)

77777 (m—=1)1,wmAm)

monomials generate the Res(yg(11 D) LA

Following the similar procedure, the order of all the monomials in Eq. 5.
2 of the facet ideal Ix(Ag(Jm ) ensures that Res(ygs )

has only linear monomials for all YE in s € Ir(As(mk))-

Hence, the facet Ir(Ag(Jm ) has linear residuals and by Corollary 5.3
Ag(Jmi) is Cohen-Macaulay. O

6. CONCLUSIONS

The current paper generalizes the results discussed in [12]. Since
computing the spanning trees of an arbitrary graph is an NP-hard
problem, therefore, attributing the combinatorial and algebraic prop-
erties of SSC for an arbitrary graph caries the same level of hardness.
However, there are many classes of simple finite connected graph for
which the problem is still open for e.g., prism graph, peterson graph,
circular graphs etc. These give open scopes for the results discussed in
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this article.
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of the manuscript.

Appendix A

s(J3,2) = { {s11,s21, 831, s12, 513, S22, 23, 532, 533}, {11, 521, 831, S12, 513, 522, 523, 532, 534},
{511, s21, 831, S12, S13, S22, $23, 533, $34 }, {511, 21, 831, S12, $13, 22, $24, 532, $33 },
{s11, s21, 831, S12, S13, S22, S24, 832, S34 }, {511, 21, 831, 12, S13, S22, S24, $33, S34 },
{s11, 521, 31, S12, 513, 523, S24, $32, $33}, {511, 21, 31, S12, 13, 523, S24, $32, S34 },
{811,521, 831, 512, 513, 523, 524, 533, 534 }, {511, 521, 831, 512, 514, 522, 523, 532, 533 },
{s11, 521,531, 512, 514, 522, 523, 532, 534 }, {511, 521, 831, 512, 514, 522, 523, 533, 534 },
{511, 821,531, 512, 514, 522, 524, 532, 833}, {511, 521, 531, 512, 514, 522, 524, 532, 534},
{511, 821,531, 812, S14, 522, 524, 533, 834}, {511, 521, 831, 512, S14, 523, 524, 532, 533 },
{s11, 521,531, 512, 514, 523, S24, 532, 534 }, {511, 521, 831, 512, 514, 523, 524, 533, 534 },
{s11, 821,531, 513, 514, S22, 523, 532, 533 }, {511, S21, 531, 513, 514, S22, 523, 532, 534 },
{s11, 821, 831, 513, S14, S22, S23, 533, $34 }, {S11, 21, 31, 13, S14, 522, 524, 32, $33 },
{s11, 821, 31, 513, S14, S22, S24, 532, S34 }, {511, 21, 31, 13, S14, 522, S24, 33, S34 },
{s11, 521, 531, 513, 514, 523, 524, 532, 533}, {511, 521, 31, 513, 514, 523, 524, 532, 534},
{s11, 521, 531, 513, 514, 523, 524, 533, 534}, {521, 531, 32, 533, 534, S12, 513, S22, 523 },
{521, 831, 532, 833, 534, 512, 513, 522, 524}, {821, 531, 532, 533, 534, 512, 513, 523, 524},
{521, 831, 532, 833, 534, 512, 514, 522, 523}, {821, 531, 532, 533, 534, 512, 514, 522, 524},
{s21,531, 532, 33,534, 512, S14, 523, 524 }, {521, 531, 532, 533, 534, 513, 514, 522, 523 },
{s21,531, 532, 533, 534, 513, S14, 522, 524 }, {521, 531, 532, 533, 534, 513, S14, 523, 524 },
{s21, s31, 812, 513, S14, $32, 33, 522, 523 }, {521, 831, S12, 13, S14, $32, $33, 522, $24 },
{s21, s31, S12, 513, S14, $32, 33, 523, S24 }, {821, $31, S12, 13, S14, $32, S34, 522, $23 },
{s21, 831, 512, 513, S14, $32, S34, S22, S24 }, {521, $31, S12, 13, S14, 32, 34, 523, S24 },
{821,531, 512, 513, 514, 533, 534, 522, 523 }, {621, 531, 512, 513, 514, 33, 534, 522, 524 },
{821,531, 512, 513, 514, 533, 534, 523, 524 }, {511, 531, 512, 513, 514, 522, 523, 532, 533 },
{511, 831,512, 513, 514, 522, 523, 532, 834}, {511, 831, 512, 513, 514, 522, 523, 533, 534},
{511, 831, 512, 513, S14, 522, 524, 532, 833}, {511, 531, 512, 513, S14, 522, 524, 532, 534},
{s11,531, 512, 513, 514, 522, 524, 533, 534 }, {511, 531, 512, 513, 514, 523, 524, 532, 533 },
{s11,531, 512, 513, 514, 523, 24, 532, $34 }, {511, 531, 512, 513, 514, 523, 524, 533, 534 },
{s11, 831, 522, 523, S24, 512, 513, 532, 833}, {11, 31, S22, 523, 24, 12, 513, S32, S34 },
{s11, 831, 822, 523, S24, 512, 513, 533, $34 }, {S11, 31, S22, 23, 24, S12, S14, $32, $33 },
{s11, 831, 822, 523, S24, 512, S14, $32, $34 }, {511, 31, S22, 23, S24, S12, S14, 33, S34 },
{811,531, 522, 523, 524, 513, 514, 532, 533 }, {511, 531, 522, 523, 524, 513, 514, 532, 534 },
{511,531, 522, 523, 524, 513, 514, 533, 34 }, {511, 521, 532, 533, 534, 512, 513, 522, 523 },
{511, 521, 532, 833, 534, 512, 513, 523, 524 }, {511, 521, 532, 833, 534, 512, 513, 523, 524 },
{s11, 521, 532, 33, 534, 512, S14, 522, 523 }, {511, 521, 532, 533, 534, 512, 514, 523, 524 },
{s11, 521, 532, 533, 834, S12, S14, 523, 524 }, {511, S21, 532, 533, 534, 513, S14, 522, 523 },
{s11, 821, 832, 533, $34, 513, S14, 523, S24 }, {S11, 21, 32, 33, 34, 513, 514, 523, 524 },
{s11, 821, 512, 513, S14, S22, S23, 532, 833}, {11, S21, S12, 13, S14, 522, 523, $32, S34 },

{s11, 821, 512, 513, 514, S22, 523, 533, $34 }, {511, S21, S12, 513, S14, S22, 524, 532, 533 },
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{s11, 821, 812, 513, S14, S22, S24, $32, $34 }, {511, $21, S12, 13, S14, 522, S24, 533, S34 },
{s11, 821, 512, 513, 514, 523, 524, 532, 533}, {511, 521, S12, 513, S14, 523, 524, 532, S34 },
{811,521, 512, 513, 514, 523, 524, 533, 534 }, {511, 512, 513, 522, 523, 524, 532, 533, 534 },
{811,512, 514, 522, 523, 524, 532, 533, 534 }, {511, 513, 514, 522, 523, 524, 532, 533, 534 },
{s11, 512, 513, 514, S22, 523, 532, 533, $34 }, {511, S12, 513, S14, S22, S24, 32, 33, S34 },
{s11, 512,513, 514, 523, 524, 532, 533, 534 }, {511, 512, 513, 514, 522, 523, 524, 532, 533 },
{s11, 512, 513, 514, 522, 523, S24, 532, 534 }, {511, 512, 513, 514, 522, 523, 524, 533, 534 },
{s21, s12, s13, S14, $32, $33, S34, 522, $23 }, {521, 12, S13, S14, $32, $33, S34, 522, $24 },
{s21, 512, 513, 514, $32, 533, $34, 523, S24 }, {521, S12, 513, S14, S22, 523, S24, 32, $33 },
{s21, 514, 513, 512, S24, 523, S22, S34, S32 }, {521, S14, 513, S12, S24, 523, S22, 34, S34 },
{821, 522, 523, 524, 532, 533, 534, 512, 513 }, {521, 522, 523, 524, 532, 633, 534, 512, 514 },
{821,522, 523, 524, 532, 33, 534, 513, 514 }, {31, 514, 513, 513, 524, 523, 522, 533, 532 },
{531, 514,513, 512, 524, 523, 522, 534, 832}, {831, 514, 513, 513, 522, 523, 524, 533, 534},
{531, 512,513, 514, 532, 533, 534, 522, 523}, {831, 512, 513, 514, 532, 533, 534, 522, 524},
{831,512, 513, 514, 532, 533, 534, 523, 524 }, {531, 524, 523, 522, 534, 533, 532, 512, 513 },

{s31, s24, 523, 522, 34, 533, 532, 512, 14}, {831, S24, $23, 522, 34, 533, 532, 513, S14} -
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