PunjabUniversity Journal of Mathematics (2022),54(10),659-664
https://doi.org/10.52280/pujm.2022.541003

Implementation of Numerical Integration Simpson 3/8 Rule to Develop a
Numerical Simpson lIterative Method for Solving Non-Linear Equations

Umair Khalid QuresHi

! Department of Business Administration,
Shaheed Benazir Bhutto University, Sanghar, Sindh, Pakistan.
I Email: umair.khalidsng@sbbusba.edu.pk (Corresponding Author)

Received:25 January2021/ Accepted:24 October,2022/ Publishedonline: 31 October, 2022

Abstract: This research paper has developed a numerical iterative method
by using Simpson 3/8 rule for solving non-linear equations, which equa-
tions are studied in different sciences and engineering fields. The devel-
oped technique has quadratic converge. This paper reflects the idea and
more better results from the work of the authors of [7-8]. Examples are
given to show that the proposed iterative method is better than compared
methods. Our developed method is compared with the Newton Raphson
method and the Trapezoidal method. C++/MATLAB was used to compute
the numerical results. It can be observed from the results that the simp-
son iterative method is better than the Newton Raphson method, and the
Trapezoidal method in terms of iteration and accuracy perception.
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1. INTRODUCTION

Integration has numerous applications in the field of science and engineering, and it is
an influential tool to estimating the area under the curve and convert derivative into the
integral function given as

/ f(z)dz (1. 1)

Indeed, there are situations where analytical techniques have failed to obtain the required
results; in such cases, we move towards numerical techniques. A numerical technique for
solving the integration is known as quadrature rule. Quadrature rule is a procedure for
determining the area under the curve of f(x) using Newton-Cotes method [1-2]. Newton
cotes method was invented by Newton and Cotes and it is also knowns as quadrature rules.
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Quadrature rules have five elementary rules for resolving numerical integration i.e. trape-
zoidal rule, simpson 1/3rd rule, simpson 3/8th rule, booles rule and weddles rule [3-4].
Later, researchers are trying to establish various methods for resolving nonlinear equations
by quadrature type concept [5-7]. Similarly, this paper has suggested a numerical iteration
method for solving nonlinear equations. The idea of the proposed iteration method comes
from [7] and [8] given by

_ _ 2f(wn)
S [P ES [ Coey ) ¢2
Tpil = Tp 4 (n) (1. 3)

(@) +2f" (@0 + f(zn)) + f (20 + 2f (20))

Both ((1.2) and (1. 3)) iteration methods are based on the trapezoidal quadrature rule and
numerical techniques. In the same way, the proposed numerical iteration method depends
on the simpson 3/8th rule and numerical techniques. The developed numerical iteration
method was assessed against the newton raphson method and the trapezoidal method [8-
9]. The numerical results demonstrate that the proposed method is better than the existing
second order iterated methods in terms of the accuracy of the iterations in solving non-
linear equations.

2. PROPOSEDMETHODOLOGY

This section established a numerical method for solving the nonlinear equation of the
form f(x)=0 where x is real, using the simpson 3/8th rule. Let the simpson 3/8th rule for a
function f(x)=0 and n = 3, be given by

[ pd = S fa0) +37() + 31 (aa) + S @. 4
Assuming that the derivativg () is instead integrated, then:
| rei =S @) s @) 3@ @) @)
Therefore, the above integration can be written as:
F@) = feo) + 1 o) + 30 0) 3 (w2 + fa)] (2.6)

Since n = 3, then h by simpson rule, can be written as:
T — Ty

h =
3

2. 7)

h substituted in Eq. (2.1) gives:

f(@) = f(zo) +

T —x,

[f (o) + 3f (1) + 3f' (x2) + f'(x3)] (2.8)
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To solve the equation f(x)=0, we are solving Eq. (2.2) for X, obtaining:

8f(xo)
(@) + 3f'(w1) + 3/ (22) + f'(3)

The basic numerical technique is that= x, + h, o = z, + 2h, ©3 = z, + 3h, which
is used in Eqg. 2.9, to get:

2.9)

T=x,—

8/ (o)
—z, — 2.10
S P e T o R T PR T Ry P T B
From reference [12], h=f(x); using this in Eq. 2.10, we have:
T =1, — 8f(xo) 2. 11)

f'(@o) + 31" (w0 + f(20)) + 3f"(wo + 2f (20)) + f'(w0 + 3 (20))

Where xo is an initial guess, and which is near to the root 'x’ of f(x)=0. Therefore, in
general Eg.2.11, gives the iteration scheme in Eq.(2.12):

8f<33n)

F/(@n) +3f"(@n + f(20)) + 3f (20 + 2f (20)) + f'(zn +3f(24))
2. 12)

Tn+l1 = Tp —

Hence, Eq. 2.12 is a numerical iterated method for solving nonlinear equations f(x)=0.

3. CONVERGENCE ANALYSIS
This section gives the key results of this paper. It can be observed in this section that the
proposed method has quadratic convergence.

Proof
Using Taylor series, we expanflz,,), f'(zn), f'(zn + f(2n)), f(xn + 2f(z,)) and
f'(xz, + 3f(x,)) only up to second order terms about a point ‘a‘, leading to the following:

f(zn) = f/(a)(en + 06721) (3.13)
Or
f(xn) = f'(a)(1 + 2cey) (3. 14)

Or
f(@n + f(xn)) = f(a)(L+ f(zn) +2(en + flan))(1+ f/(zn))c) (3. 15)

Eq. 3.13 and Eq. 3.14 substituted in Eq. 3.15, gives:
f'(xn + f(20) = f(a)(A + f'(a) + 2ce, + 6ce, f'(a) + 2ce, f%(a)) (3. 16)

Now,

f(@n +2f(zn)) = f(a)[(en +2f(2n)) + clen + Qf(xn))Z] (3.17)
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Taking derivative,

f'(@n +2f(2n)) = f(@)[(1+ 21 (2n)) + 2¢(en + 2 (zn)) (1 + 2 (2n))] (3. 18)

Substituting Eq. 3.13 and Eg. 3.14 in Eq. 3.18, we get Eq. 3.19:
(@0 +2f(x)) = f'(a)(1 +2f (a) + 2ce, + 12ce, f'(a) + Scen f?(a)) (3. 19)

Finaly,
f'(@n +3f () = f'(@)[(en + 3f(xn)) + cen + 3f(24))?] (3. 20)

Taking derivative,

f'@n +3f(xn)) = f(@)[(1+3f"(xn)) + 2¢(en + 3f (wn)) (1 +3f"(xn))] (3. 21)

Substituting Eqg. 3.13 and Eq. 3.14 in Eq. 3.21, we get Eq. 3.22:
f(@n +3f(2n)) = f'(a)[1 4+ 3f'(a) + 2cen(1 4 6f'(a))] (3. 22)

N

Notec = 2];,,((‘2)

From Eq. 3.14, Eq. 3.15, Eq. 3.16, Eq.3.19 and Eq.3.22, we have:
f'(@n) 31 (@n+f(2n))+3f (@n+2f (@n))+f (@n+3f (2n)) = 8f'(a)(14+4/3f'(a)+cen(2433/4f'(a))

(3. 23)
Now using Eq. 3.13 and Eq. 3.23 in the developed method, we get
_ 8enf'(a)(1 + ceyp)
S T S+ A3 (@) + e+ 33/ @) O Y
or
ent1 = €n — en(1+cen)(1+4/3f (a) + cen(2 4 33/4f (a)) ™" (3. 25)
or
ent1 = €n — en(l+ce,)(1 —4/3f'(a) — cen(2 + 33/4f'(a)) (3. 26)
To simplify eq.(3.26), we get
eni1 = —4/3e,f (a) + ce2 (1 +37/3f(a)) (3.27)

Finally, f(x)=0 used in Eq. 3.1 then the result put in Eq. 3.27, yields Eq. 3.28, we get
ent1 = —4/3e2 f"(a) + ce2(1 +37/3f(a)) (3. 28)

or
ent1 = ep[=4/3f"(a) + (1 +37/3f'(a))] 3. 29)



Implementation of Numerical Integration Simpson 3/8 Rule to Develop a Numerical Simpson Iterative Method 663

Hence, Eq. 3.29 confirms the assertion that the proposed Simpson Iteration method
converges quadratically.

4. NUMERICAL RESULTS

In this part, the developed Simpson iterated method is comparing with Newton Raphson
Method and Trapezoidal method. The results of proposed numerical method are examined
by C++ with stopping criteria in computer programming as:

|Tnt1 — Zn| < € where e > 10'9, (4. 30)

Furthermore, the proposed Simpson iteration method is applied with five physical prob-
lems, such as

a) sin®z —22+1=0

b) 2z —Ilnz —7=0

)

c)r?—e* =0
d)22% -5z —-2=0
e)e  —cost =0

C++/MATLAB is used to compute the numerical results. The results obtained from the
proposed iterative method were compared with not only the Newton Raphson method but
also Trapezoidal method. The results are presented in Table 1

Table 1: Results obtained by the proposed, Newton Raphson, and Trapezoidal methods

Functions Initial guess Method Iterations Root AE
sinfx—x?4+1=0 x=1 Newton Raphson Method 2.22045e-016

~1

Trapezoidal method 6 1.40449 2.22045-016
Simpson iterated method 6 2.220452-016
x2—e*=0 Xg =2 Newton Raphson Method 6 1.01070e-010
Trapezoidal method 5 0.703467 | 1.39852e-008
Simpson iterated method 5 2.290492-008
e™ —cosx =0 xp =4 Newton Raphson Method 4 1.237672-008
Trapezoidal method 4 4.72129 1.89182e-013
Simpson iterated method 4 6.19140e-011
2x2 —5x—2=0 xp=10 Newton Raphson Method 6 5.55112e-017
Trapezoidal method 6 0.35079 5.97350e-010
Simpson iterated method 6 4.99600e-016
2x —Ilnx —7=20 X =6 Newton Raphson Method 5 8.88178e-016
Trapezoidal method 8 4.219906 | 8.881782-016

5

8.88178e-016

Simpson iterated method

5. CONCLUSION

This article has proposed a Simpson iterative method for solving non-linear equations.
The proposed iterative method is derived from the Simpson 3/8 quadrature rule. It has
been proved that the proposed method has quadratic convergence. Furthermore. It can be
observed from the results that the proposed method is better in terms of accuracy and num-
ber of iterations as compared to Newton Raphson method and the Trapezoidal method but
proposed new method in each iteration is a little expansive than Newton-Raphson method.
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