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Abstract. In this article, the functional equations of classical polyloga-
rithmic groups for higher weights have been introduced and their relations
with configuration of complexes have been defined via morphisms. Fur-
thermore, these functional equations and homomorphisms have been gen-
eralized and their proofs have also been given. Through the use of these
functional equations, the bi-complex form of the associated diagrams has
been shown.
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1. INTRODUCTION

Classical logarithmic functions have been studied for many years and have specially
been used in quantum electrodynamics, quantum statistics, series representations and many
other similar physical phenomena. The dilogarithmic form of such functions was de-
fined by Leibniz whereas the key element of Goncharov’s work was proposing a triple-
ratio for tri-logarithmic groups [4], then generalizing these groups asBn(F ) by framing
them as Goncharov’s complex. Further, remarkable contribution was to derive the func-
tional equations for weight 2 and 3 for bilogarithmic and trilogarithmic groupsB2(F ) and
B3(F ) [2–4]. Moreover, it was proved that the associative chain complexes are commuta-
tive (see [2]).
In the work of [14], the functional equation of weight 4 for the groupB4(F ) is introduced,
those were 9 terms relations. Khalid et al. [9, 10] introduced some extension and gener-
alization in the geometry of Grassmannian configuration and variant of Cathelineau chain

∗Correspondingauthor email:

243



244 Muhammad Khalid, Javed Khan and Azhar Iqbal

complexes. Khalid et al. [8, 11, 12] also extended the geometry of Goncharov classical
polylogarithmic group and configured the chain complex.
In this work, the generalization of these functional equations have been proven for weight
5,6 upto weight-n. Also, it is shown that the resultant diagrams are bi-complex. In short,
this work is generalization and the extension of Goncharov.

2. BASIC CONCEPTS ANDBACKGROUND

2.1. Generalized Grassmannian Configuration Chain Complex.Let consider the fol-
lowing generalized Grassmannian configuration chain complex (see [5–7,13])

Gn+5(n + 2) d //

p

²²

Gn+4(n + 2) d //

p

²²

Gn+3(n + 2)

p

²²
Gn+4(n + 1) d //

p

²²

Gn+3(n + 1) d //

p

²²

Gn+2(n + 1)

p

²²
Gn+3(n) d // Gn+2(n) d // Gn+1(n)

(A)

where the groupGn+1(n) be a free abelian group. It is generated by the configuration
of (n + 1)-vectors inn dimensional vector space. Following are two type of differential
morphisms.

d : (κ0, . . . , κn) 7→
n∑

i=0

(−1)i(κ0, ..., κ̂i, ..., κn) (2.1)

and

p : (κ0, . . . , κn) 7→
n∑

i=0

(−1)i(κi|κ0, . . . , κ̂i, . . . , κn) (2.2)

Lemma 2.2. The generalized diagramA is bi-complex, see[13].

Lemma 2.3. The generalized diagrameA is commutative, see[13].

2.4. Polylogarithmic Groups of Weight 1. Let consider aZ−module denoted byZ[P1
F ].

It is generated by symbol[x] ∈ P1
F [14]. We will useF as a field andF •• = F − {0, 1}

is a double punctured set. The polylogarithmic group for weight 1 is denoted byB(F ) is a
scissor congruence group [1] which is quotient group ofZ[F ••] and its subgroup generated
by the famous Abel’s famous five term relation,

[u]− [v] + [
v

u
]− [

1− v

1− u
] + [

1− v−1

1− u−1
]

whereu 6= v,u, v 6= 0, 1 (see [2])

2.4.1. Bloch Groups, the Bloch-Suslin complex and Generalized Goncharov’s Polyloga-
rithmic Complexes.
Weight 1. Consider the subgroup defined asR1(F ) ⊂ Z[P1

F ] generated by the relation
[uv]− [u]− [v] called the three term relation whereu, v ∈ F× such thatR1(F ) = B1(F ).
Defined the an isomorphismδ : B1(F ) → F×, [x] → x(see [2]). AlsoB1(F ) = F×
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Weight 2. Let the introduced subgroupR2(F ) ⊂ Z[P1
F ] (see [2]) generated by cross ratio

of five terms be defined as

4∑

i=0

(−1)i[r[κ0, ..., κ̂i, ..., κ4] (2.3)

where

r(κ0, ..., κ3) =
4(κ0, κ3)4(κ1, κ2)
4(κ0, κ2)4(κ1, κ3)

By introducing a mapδ2 : Z[P1
F /{0, 1,∞}] → ∧2F×, introduced as[u] → (1 −

u) ∧ u, it is also shown that the compositionδ2(R2(F )) = 0 (see [2]). Now, intro-
duced the group denoted byB2(F ). It is the quotient group of module and its subgroup
Z[P1

F /{0, 1,∞}]/R2(F ). Let us introduce the Bloch-Suslin complex

B2(F ) δ // ∧2F× .

The morphismδ is given asδ : [u]2 → (1− u) ∧ u
Weight 3. As formalized in [2]

r3(κ0, ..., κ6) = Alt6
4(κ0, κ1, κ3)4(κ1, κ2, κ4)4(κ2, κ0, κ5)
4(κ0, κ1, κ4)4(κ1, κ2, κ5)4(κ2, κ0, κ3)

,

it is also called the seven term relation. Let consider a subgroupR3(F ) ∈ Z[P1
F ] [2] is

defined as

R3(F ) =
6∑

i=0

(−1)ir3(κ0, ..., κ̂i, ..., κ6) (2.4)

which is a seven term relation of the triple ratio. Goncharov definedB3(F ) as quotient
subgroupZ[P1

F ]/R3(F ), then the Goncharov’s polylogarithmic chain complex for weight
3 is given by

B3(F ) δ // B2(F )⊗ F× δ // ∧3F×

Therefore the functional equations ofB3(F ) are seven terms relation.
Weight 4. Suppose

r4(κ0, ..., κ7) = Alt8
4(κ0, κ1, κ2, κ4)4(κ1, κ2, κ3, κ5)4(κ2, κ3, κ0, κ6)4(κ3, κ0, κ1, κ7)
4(κ0, κ1, κ2, κ5)4(κ1, κ2, κ3, κ6)4(κ2, κ3, κ0, κ7)4(κ3, κ0, κ1, κ4)

and

R4(F ) =
8∑

i=0

(−1)ir4(κ0, ..., κ̂i, ..., κ8), (2.5)

it is also known as a nine term relation. Now by defining the Bloch group for weight
4 denoted byB4(F ) which is quotient subgroup asZ[P1

F ]/R4(F ). Hence, functional
equations ofB4(F ) is a 9 term relation in which total numbers of terms are9(7!) = 45360
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Weight 5. By introducing

r5(κ0, ..., κ9) = Alt10
4(κ0, κ1, κ2, κ3, κ5)4(κ1, κ2, κ3, κ4, κ6)4(κ2, κ3, κ4, κ0, κ7)
4(κ0, κ1, κ2, κ3, κ6)4(κ1, κ2, κ3, κ4, κ7)4(κ2, κ3, κ4, κ0, κ8)

.

4(κ3, κ4, κ0, κ1, κ8)4(κ4, κ0, κ1, κ2, κ9)
4(κ3, κ4, κ0, κ1, κ9)4(κ4, κ0, κ1, κ2, κ5)

(2.6)

and also

R5(F ) =
10∑

i=0

(−1)ir5(κ0, ..., κ̂i, ..., κ10). (2.7)

The above relation is an eleven term relation. So defineB5(F ) = Z[P1
F ]/R5(F ). There-

fore, functional equations ofB5(F ) is an eleven term relation in which total number of
terms are11(9!) = 3991680
Weight 6. Similarly, if it has 12 points then

r6 = Alt12
4(κ0, κ1, κ2, κ3, κ4, κ6)4(κ1, κ2, κ3, κ4, κ5, κ7)4(κ2, κ3, κ4, κ5, κ0, κ8)
4(κ0, κ1, κ2, κ3, κ4, κ7)4(κ1, κ2, κ3, κ4, κ5, κ8)4(κ2, κ3, κ4, κ5, κ0, κ9)

.

4(κ3, κ4, κ5, κ0, κ1, κ9)4(κ4, κ5, κ0, κ1, κ2, κ10)4(κ5, κ0, κ1, κ2, κ3, κ11)
4(κ3, κ4, κ5, κ0, κ1, κ10)4(κ4, κ5, κ0, κ1, κ2, κ11)4(κ5, κ0, κ1, κ2, κ3, κ6)

(2.8)

and also

R6(F ) =
13∑

i=0

(−1)ir6(κ0, ..., κ12) (2.9)

The above relation is a thirteen term relation.. So, by definingB6(F ) which is factor
subgroup defined asZ[P1

F ]/R6(F ), functional equations ofB6(F ) is 13 term relation in
which total number of terms are13(11!) = 518918400
Weight n. Goncharov defined generalized complex forBn(F ) = Z[P1

F ]/Rn(F ), where
the subgroupRn(F ) is kernel of the homomorphismδn : Z[P1

F ] → Bn−1(F )⊗F×. Here,
it is introduced as

rn(κ0,..., κ2n−1) = Alt2n
4(κ0, κ1, ..., κn)4(κ0, κ2, ..., κn+1)...4(κ0, ..., κ2n−1)
4(κ0, κ1, ..., κn+1)4(κ0, κ2, ..., κn+2)...4(κ0, ..., κn)

(2.10)

Now let’s define

Rn(F ) =
2n∑

i=0

(−1)irn(κ0, ..., κ̂i, ..., κ2n) (2.11)

It is 2n + 1 terms relation of the cross ratio of2n points asBn(F ) is factor group of
Z[P1

F ]/Rn(F ) andRn(F ), therefore the generalized functional equations ofBn(F ) are
(2n + 1)(2n− 1)! terms forn ≥ 3
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Weight Group Defining Functional Equation

1 B1(F ) 3 terms relation= 3 terms

2 B2(F ) 5 terms relations= 5 terms

3 B3(F ) 7 terms relations= 7(5)!= 840 terms

4 B4(F ) 9 terms relations= 9(7)!= 45360 terms

5 B5(F ) 11 terms relation=11(9)!= 3991680 terms

6 B6(F ) 13 terms relation=13(11)!= 518918400 terms
...

...
...

n Bn(F ) (2n+1) terms relations= (2n+1)(2n-1)! terms

3. BI-COMPLEX RELATION BETWEEN GRASSMANNIAN AND CLASSICAL

POLYLOGARITHMIC GROUPS.

Goncharov proved that complexes between Grassmannian and classical polylogarithmic
are bi-complex up to weight 3 given as

3.1. Weight 2.

G6(3) d //

p

²²

G5(3) d //

p

²²

G4(3)

p

²²
G5(2) d // G4(2) d //

f2
1

²²

G3(2)

B2(F )

(B)

where

f2
1 (κ0, κ1, κ2, κ3) =

[4(κ0, κ3)4(κ1, κ2)
4(κ0, κ2)4(κ1, κ3)

]
2

(3.12)

Lemma 3.2. The generalized diagramB is a bi complex, therefore

f2
1 ◦ p = 0 (3.13)

Proof. For proof see [13] ¤
3.3. Weight 3.

G8(4) d //

p

²²

G7(4) d //

p

²²

G6(4)

p

²²
G7(3) d // G6(3) d //

f3
2

²²

G5(3)

B3(F )

(C)
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f3
2 (κ0, ...κ5) =

1
15

Alt6

[4(κ0, κ1, κ3)4(κ1, κ2, κ4)4(κ2, κ0, κ5)
4(κ0, κ1, κ4)4(κ1, κ2, κ5)4(κ2, κ0, κ3)

]
3

(3.14)

Lemma 3.4. The generalized diagramC is a bi complex, therefore

f3
2 ◦ p = 0 (3.15)

Proof. For proof, see [13] ¤
3.5. Weight 4. Now, by connecting Grassmannian complex and Bloch group in weight 4
it is given as

G10(5) d //

p

²²

G9(5) d //

p

²²

G8(5)

p

²²
G9(4) d // G8(4) d //

f4
3

²²

G7(4)

B4(F )

(D)

f4
3 (κ0, ...κ7) =

1
56

Alt8

[4(κ0, κ1, κ2, κ4)4(κ1, κ2, κ3, κ5)...4(κ0, κ1, κ3, κ7)
4(κ0, κ1, κ2, κ5)4(κ1, κ2, κ3, κ6)...4(κ0, κ1, κ3, κ4)

]
4

(3.16)

Lemma 3.6. The generalized diagramD is a bi complex, therefore

f4
3 ◦ p = 0 (3.17)

Proof. let take nine points(κ0, ..., κ8) ∈ G9(5), now use morphismp then

p(κ0, ..., κ8) =
8∑

i=0

(−1)i(κ0, ..., κ̂i, ...κ8) (3.18)

then

f4
3 ◦ p =

8∑

i=0

(−1)i 1
56

Alt8

[4(κ0, κ1, κ2, κ4)4(κ1, κ2, κ3, κ5)...4(κ0, κ1, κ3, κ7)
4(κ0, κ1, κ2, κ5)4(κ1, κ2, κ3, κ6)...4(κ0, κ1, κ3, κ4)

]
4

(3.19)

It is 9 terms relation belongs toB4(F ) and equal to zero, thereforef4
3 ◦ p = 0 ¤

3.7. Weight 5.

G12(6) d //

p

²²

G11(6) d //

p

²²

G10(6)

p

²²
G11(45) d // G10(5) d //

f5
4

²²

G9(5)

B5(F )

(E)

f5
4 (κ0, ..., κ9) =

1
210

Alt10

[4(κ0, κ1, κ2, κ3, κ5)...4(κ0, κ1, κ2, κ4, κ9)
4(κ0, κ1, κ2, κ3, κ6)...4(κ0, κ1, κ2, κ4, κ5)

]
5

(3.20)



Generalized Functional Equations of Polylogarithmic Groups 249

Lemma 3.8. The generalized diagramE is a bi complex, therefore

f5
4 ◦ p = 0 (3.21)

Proof. let take eleven points(κ0, ..., κ10) ∈ G11(6), then

p(κ0, ..., κ10) =
10∑

i=0

(−1)i(κ0, ..., κ̂i, ...κ10) (3.22)

then

f5
4 ◦ p =

10∑

i=0

(−1)i 1
210

Alt10

[4(κ0, κ1, κ2, κ3, κ5)...4(κ0, κ1, κ2, κ4, κ9)
4(κ0, κ1, κ2, κ3, κ6)...4(κ0, κ1, κ2, κ4, κ5)

]
5

(3.23)

It is 11 terms relation functional equation∈ B5(F ) and equal to zero, thereforef5
4 ◦ p =

0 ¤

3.9. Weight 6.

G14(7) d //

p

²²

G13(7) d //

p

²²

G12(7)

p

²²
G13(6) d // G12(6) d //

f6
5

²²

G11(6)

B6(F )

(F)

f6
5 (κ0, ..., κ11) =

1
792

Alt12

[4(κ0, κ1, κ2, κ3, κ4, κ6)...4(κ0, κ1, κ2, κ3, κ5, κ11

4(κ0, κ1, κ2, κ3, κ4, κ7)...4(κ0, κ1, κ2, κ3, κ5, κ6)

]
6

(3.24)

Lemma 3.10. The generalized diagramF is a bi complex, therefore

f6
5 ◦ p = 0 (3.25)

Proof. let (κ0, ..., κ12) ∈ G13(7), then

p(κ0, ..., κ12) =
12∑

i=0

(−1)i(κ0, ..., κ̂i, ...κ12) (3.26)

f6
5 ◦ p =

12∑

i=0

(−1)i 1
792

Alt12

[4(κ0, κ1, κ2, κ3, κ4, κ6)...4(κ0, κ1, κ2, κ3, κ5, κ11)
4(κ0, κ1, κ2, κ3, κ4, κ7)...4(κ0, κ1, κ2, κ3, κ5, κ6)

]
6

(3.27)

It is 13 terms relation∈ B6(F ) and equal to zero. Sof6
5 ◦ p = 0 ¤
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3.11. Weight n.

G2n+2(n + 1) d //

p

²²

G2n+1(n + 1) d //

p

²²

G2n(n + 1)

p

²²
G2n+1(n) d // G2n(n) d //

fn
n−1

²²

G2n−1(n)

Bn(F )

(G)

fn
n−1 =

1
2nCn+1

Alt2n

[4(κ0, κ1, ..., κn)4(κ0, κ2, ..., κn+1)...4(κ0, ..., κ2n−1)
4(κ0, κ1, ..., κn+1)4(κ0, κ2, ..., κn+2)...4(κ0, ..., κn)

]
n

(3.28)
wheren ≥ 3

Theorem 3.12. The generalized diagramG is a bi complex therefore

fn
n−1 ◦ p = 0 (3.29)

Proof. let (κ0, ..., κ2n) ∈ G2n+1(n + 1) apply mapp we get

p(κ0, ..., κ2n) =
2n∑

i=0

(−1)i(κ0, ..., κ̂i, ...κ2n) (3.30)

fn
n−1 ◦ p =
2n∑

i=0

(−1)i 1
2nCn+1

Alt2n

[4(κ0, κ1, ..., κn)4(κ0, κ2, ..., κn+1)...4(κ0, ..., κ2n−1)
4(κ0, κ1, ..., κn+1)4(κ0, κ2, ..., κn+2)...4(κ0, ..., κn)

]
n

(3.31)

It is (2n + 1) terms relation∈ Bn(F ) and equal to zero, thereforefn
n−1 ◦ p = 0 ¤

4. CONCLUSION

In this research work, generalized functional equations of classical polylogarithmic
groupBn(F ) are introduced. Upto weightn = 4, the functional equations have been
derived by other researchers, in this work it is extended upto any weightn ∈ N .
This work has also generalized bi-complex form of Grassmannian configuration and clas-
sical polylogarithmic group chain complexes. Classical polylogarithmic groups have many
differential forms like tangential and infinitesimal therefore these generalized functional
equations will help other researchers to introduce functional equations of differential form
of polylogarithmic groups.
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