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Abstract. Some new generalized two-dimensional non-linear double in-
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1. INTRODUCTION

The most desirable thing for researchers is to solve the problems explicitly. If it is not
possible then we try to reduce the complexity of the problem. The theory of inequalities
defines explicit bounds for some specific integral inequalities. Integral inequalities that
provide explicit bounds on unknown functions are very useful in the analysis of quantita-
tive as well as qualitative behavior of solutions of differential and integral equations. One
of the most popular inequalities in this direction is the Gronwall inequality [6]. Gronwall
inequality is an important tool for obtaining various estimates in the theory of ordinary
and stochastic differential equations. It also provides a comparison theorem that can be
used to prove the uniqueness of a solution to an initial value problem. The differential
form of this inequality was proven by Gronwall in 1919. The integral form was proven by
Richard Bellman in 1943 [2]. A nonlinear generalization of Gronwall-Bellman inequality
is known as Behari-Lasalle inequality. Other variants and generalizations can be found in
B. G. Pachpatte [10]. Gronwall-Bellman integral inequalities have a lot of contributions
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to analyzing the behavior of solutions of many differential and integral equations, for de-
tails see the papers [3, 4, 5, 8, 9, 11, 13, 17, 18, 19, 20]. Additionally, it can be used to
analyze the numerical modeling of biological systems like immune system and tumors, as
well as HIV infection of CD4+ T cells [16] . In recent years, an increasing number of
Gronwall-Bellman type integral inequalities, and generalizations have been discovered to
address difficulties encountered in differential equations. A lot of work has been done in
this direction [1, 12, 14, 15]. To discuss the abstract analysis of the solutions of certain
types of differential equations, Grownwall-Bellman and Pachpatte-type inequalities can
play a significant role. Such inequalities are deficient in analyzing the abstract analysis of
the solutions of some more types of differential equations. This gives us the motivation in
this direction.

2. MAIN RESULTS:

In what follows, R represents the set of real numbers; R+ the set of all non negative
real numbers; M1 := [r0, r6) and M2 := [t0, t6) are the subsets of R; ∆ := M1 ×M2

. C(X,Y ), the class of continuous functions defined on X to Y. DiA(y1, y2, · · · , yn)
:= Ayi(y1, y2, · · · , yn), where 1 ≤ i ≤ n, is the partial derivative of A with respect to
i−th variable.

Theorem 2.1. Let a, b, l, ei, fi, gi ∈ C(∆,R+) be such that a and b are non decreasing
functions in each variable; let γi ∈ C1(M1,M1) and δi ∈ C1(M2,M2) be non de-
creasing functions such that γi(ϖ) ≤ ϖ and δi(ψ) ≤ ψ; let η, ξ ∈ C(R+,R+) be non
decreasing functions such that η(ϖ) > 0, ξ(ϖ) > 0 for ϖ > 0 and

η(l(ϖ,ψ)) ≤ a(ϖ,ψ) + b(ϖ,ψ)
n∑
i=1

∫ γi(ϖ)

γi(ϖ0)

∫ δi(ψ)

δi(ψ0)

η(l(α, β))
{
ei(α, β)

(
ξ(l(α, β))

+

∫ α

γi(ϖ0)

∫ β

δi(ψ0)

fi(p, q)ξ(l(p, q))dqdp
)
+ gi(α, β)

}
dβdα (2. 1)

for (ϖ,ψ) ∈ ∆, then

l(ϖ,ψ) ≤ η−1
[
a(ϖ,ψ) exp

{
J−1

(
J(k(ϖ0, ψ)) + b(ϖ,ψ)B(ϖ,ψ)

)}]
(2. 2)

for (ϖ,ψ) ∈ [ϖ0, ϖ5) × [ψ0, ψ5) where J−1, η−1 are inverses of J , η respectively.
(ϖ5, ψ5) ∈ ∆ is chosen arbitrarily on the boundary of planar region ∆, provided that:

J(k(ϖ0, ψ)) + b(ϖ,ψ)B(ϖ,ψ) ∈ Dom(J−1); J(u) :=

∫ u

u0

ds

ξ(η−1(a exp(s)))
, u0 ≥ 0

a(ϖ,ψ) exp
{
J−1

(
J(k(ϖ0, ψ)) + b(ϖ,ψ)B(ϖ,ψ)

)}
∈ Dom(η−1)

k(ϖ0, ψ) := b(ϖ̄, ψ)

n∑
i=1

∫ γi(ϖ̄)

γi(ϖ0)

∫ δi(ψ)

δi(ψ0)

gi(α, β)dβdα

B(ϖ,ψ) :=
n∑
i=1

∫ γi(ϖ)

γi(ϖ0)

∫ δi(ψ)

δi(ψ0)

ei(α, β)
(
1 +

∫ α

γi(ϖ0)

∫ β

δi(ψ0)

fi(p, q)dqdp
)
dβdα.
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Proof. In the light of monotonicity of a and b, the inequality (2.1) can be written as

η(l(ϖ,ψ)) ≤ a(ϖ̄, ψ) + b(ϖ̄, ψ)
n∑
i=1

∫ γi(ϖ)

γi(ϖ0)

∫ δi(ψ)

δi(ψ0)

η(l(α, β))
{
ei(α, β)

(
ξ(l(α, β))

+

∫ α

γi(ϖ0)

∫ β

δi(ψ0)

fi(p, q)ξ(l(p, q))dqdp
)
+ gi(α, β)

}
dβdα, (2. 3)

for all (ϖ,ψ) ∈ [ϖ0, ϖ̄] × M2, ϖ̄ ≤ ϖ5. Right hand side of inequality (2.3) can be
denoted by z5(ϖ,ψ). Then, obviously z5(ϖ,ψ) > 0 and non decreasing function in each
variable such that z5(ϖ0, ψ) = a(ϖ̄, ψ). Then, (2.3) can be written as

l(ϖ,ψ) ≤ η−1(z5(ϖ,ψ)). (2. 4)

z5(ϖ,ψ) is non decreasing continuous function for all (ϖ,ψ) ∈ [ϖ0, ϖ̄]×M2 and

z5ϖ(ϖ,ψ) = b(ϖ̄, ψ)
n∑
i=1

∫ δi(ψ)

δi(ψ0)

η(l(γi(ϖ), β))
{
ei(γi(ϖ), β)

(
ξ(l(γi(ϖ), β))

+

∫ γi(ϖ)

γi(ϖ0)

∫ β

δi(ψ0)

fi(p, q)ξ(l(p, q))dqdp
)
+ gi(γi(ϖ), β)

}
dβγ

′

i(ϖ).

Monotonicity of η, l, γi(ϖ) ≤ ϖ and inequality (2.4), yield

z5ϖ(ϖ,ψ) ≤ b(ϖ̄, ψ)z5(ϖ,ψ)

n∑
i=1

∫ δi(ψ)

δi(ψ0)

{
ei(γi(ϖ), β)

(
ξ(η−1(z5(γi(ϖ), β)))

+

∫ γi(ϖ)

γi(ϖ0)

∫ β

δi(ψ0)

fi(p, q)ξ(η
−1(z5(p, q)))dqdp

)
+ gi(γi(ϖ), β)

}
dβγ

′

i(ϖ).

⇒ z5ϖ(ϖ,ψ)

z5(ϖ,ψ)
≤ b(ϖ̄, ψ)

n∑
i=1

∫ δi(ψ)

δi(ψ0)

{
ei(γi(ϖ), β)

(
ξ(η−1(z5(γi(ϖ), β)))

+

∫ γi(ϖ)

γi(ϖ0)

∫ β

δi(ψ0)

fi(p, q)ξ(η
−1(z5(p, q)))dqdp

)
+ gi(γi(ϖ), β)

}
dβγ

′

i(ϖ). (2. 5)

Taking ψ as fixed in (2.5) for all (ϖ,ψ) ∈ [ϖ0, ϖ̄]×M2, replace ϖ by s then integrating
from ϖ0 to ϖ with respect to s and making change of variable techniques, we have

log(z5(ϖ,ψ)) ≤ log(a(ϖ̄, ψ))+b(ϖ̄, ψ)
n∑
i=1

∫ γi(ϖ)

γi(ϖ0)

∫ δi(ψ)

δi(ψ0)

{
ei(α, β)

(
ξ(η−1(z5(α, β)))

+

∫ α

γi(ϖ0)

∫ β

δi(ψ0)

fi(p, q)ξ(η
−1(z5(p, q)))dqdp

)
+ gi(α, β)

}
dβdα.

⇒ z5(ϖ,ψ)≤ a(ϖ̄, ψ) exp
[
b(ϖ̄, ψ)

n∑
i=1

∫ γi(ϖ)

γi(ϖ0)

∫ δi(ψ)

δi(ψ0)

{
ei(α, β)

(
ξ(η−1(z5(α, β)))

+

∫ α

γi(ϖ0)

∫ β

δi(ψ0)

fi(p, q)ξ(η
−1(z5(p, q)))dqdp

)
+ gi(α, β)

}
dβdα

]
. (2. 6)



294 S. Hussain, S. Shahadat and S. Rafeeq

Consider

k(ϖ,ψ) := b(ϖ̄, ψ)

n∑
i=1

∫ γi(ϖ̄)

γi(ϖ0)

∫ δi(ψ)

δi(ψ0)

gi(α, β)dβdα+b(ϖ̄, ψ)

n∑
i=1

∫ γi(ϖ)

γi(ϖ0)

∫ δi(ψ)

δi(ψ0)

ei(α, β)

×
(
ξ(η−1(z5(α, β))) +

∫ α

γi(ϖ0)

∫ β

δi(ψ0)

fi(p, q)ξ(η
−1(z5(p, q)))dqdp

)
dβdα

Then, obviously k(ϖ,ψ) is continuous and non decreasing for all (ϖ,ψ) ∈ [ϖ0, ϖ̄] ×
[ψ0, ψ5),

⇒ z5(ϖ,ψ) ≤ a(ϖ̄, ψ) exp(k(ϖ,ψ)), (2. 7)

kϖ(ϖ,ψ) = b(ϖ̄, ψ)
n∑
i=1

∫ δi(ψ)

δi(ψ0)

ei(γi(ϖ), β)
(
ξ(η−1(z5(γi(ϖ), β)))

+

∫ γi(ϖ)

γi(ϖ0)

∫ β

δi(ψ0)

fi(p, q)ξ(η
−1(z5(p, q)))dqdp

)
dβγ

′

i(ϖ).

Monotonicity of ξ, η−1, z5; γi(ϖ) ≤ ϖ and δi(ψ) ≤ ψ, yield

kϖ(ϖ,ψ) ≤ b(ϖ̄, ψ)
n∑
i=1

∫ δi(ψ)

δi(ψ0)

ei(γi(ϖ), β)ξ(η−1(z5(γi(ϖ), ψ)))

×
(
1 +

∫ γi(ϖ)

γi(ϖ0)

∫ β

δi(ψ0)

fi(p, q)dqdp
)
dβγ

′

i(ϖ).

Equivalently,

kϖ(ϖ,ψ)

ξ(η−1(a(ϖ̄, ψ) exp k(ϖ,ψ)))
≤ b(ϖ̄, ψ)

n∑
i=1

∫ δi(ψ)

δi(ψ0)

ei(γi(ϖ), β)

×
(
1+

∫ γi(ϖ)

γi(ϖ0)

∫ β

δi(ψ0)

fi(p, q)dqdp
)
dβγ

′

i(ϖ). (2. 8)

Keeping ψ fixed in (2.8), setting ϖ → s and integrating with respect to s over [ϖ0, ϖ],
making change of variable technique and by using the definition of J , we have

J(k(ϖ,ψ)) ≤ J(k(ϖ0, ψ)) + b(ϖ̄, ψ)
n∑
i=1

∫ γi(ϖ)

γi(ϖ0)

∫ δi(ψ)

δi(ψ0)

ei(α, β)

×
(
1 +

∫ α

γi(ϖ0)

∫ β

δi(ψ0)

fi(p, q)dqdp
)
dβdα.

⇒ k(ϖ,ψ) ≤ J−1
{
J(k(ϖ0, ψ)) + b(ϖ̄, ψ)

n∑
i=1

∫ γi(ϖ)

γi(ϖ0)

∫ δi(ψ)

δi(ψ0)

ei(α, β)

×
(
1 +

∫ α

γi(ϖ0)

∫ β

δi(ψ0)

fi(p, q)dqdp
)
dβdα

}
. (2. 9)
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A combination of inequalities (2.4), (2.7) and (2.9), yields

l(ϖ,ψ)≤ η−1
[
a(ϖ̄, ψ) exp

{
J−1

(
J(k(ϖ0, ψ)) + b(ϖ̄, ψ)

n∑
i=1

∫ γi(ϖ)

γi(ϖ0)

∫ δi(ψ)

δi(ψ0)

ei(α, β)

×
(
1 +

∫ α

γi(ϖ0)

∫ β

δi(ψ0)

fi(p, q)dqdp
)
dβdα

)}]
. (2. 10)

Since ϖ̄ is arbitrary therefore this completes the proof. �

Theorem 2.2. Let a, b, l, ei, fi, gi, γi, δi, η and ξ be as defined in Theorem 2.1; let θλ ∈
C(R+,R+), 1 ≤ λ ≤ 2, be non decreasing functions with θλ(s) > 0 for s > 0 and

η(l(ϖ,ψ)) ≤ a(ϖ,ψ) + b(ϖ,ψ)
n∑
i=1

∫ γi(ϖ)

γi(ϖ0)

∫ δi(ψ)

δi(ψ0)

η(l(α, β))
{
ei(α, β)θ1(l(α, β))

×
(
ξ(l(α, β)) +

∫ α

γi(ϖ0)

∫ β

δi(ψ0)

fi(p, q)ξ(l(p, q))dqdp
)

+gi(α, β)θ2(log(l(α, β)))
}
dβdα, ∀ (ϖ,ψ) ∈ ∆. (2. 11)

• If θ1(u) ≥ θ2(log(u)), then

l(ϖ,ψ) ≤ η−1
[
a(ϖ,ψ) exp

{
J−1
1

(
G−1

1

(
G1(J1(k1(ϖ0, ψ))) + b(ϖ,ψ)B(ϖ,ψ)

))}]
(2. 12)

for (ϖ,ψ) ∈ [ϖ0, ϖ1)× [ψ0, ψ1).
• If θ1(u) < θ2(log(u)), then

l(ϖ,ψ) ≤ η−1
[
a(ϖ,ψ) exp

{
J−1
2

(
G−1

2

(
G2(J2(k2(ϖ0, ψ))) + b(ϖ,ψ)B(ϖ,ψ)

))}]
(2. 13)

for (ϖ,ψ) ∈ [ϖ0, ϖ2)× [ψ0, ψ2), provided that J−1
λ , G−1

λ and η−1 are the inverses of Jλ,
Gλ and η respectively; (ϖλ, ψλ) ∈ ∆ are chosen arbitrarily on the boundary of planar
region ∆, provided that:

Gλ(Jλ(kλ(ϖ0, ψ))) + b(ϖ,ψ)B(ϖ,ψ) ∈ Dom(G−1
λ )

G−1
λ

(
Gλ(Jλ(kλ(ϖ0, ψ))) + b(ϖ,ψ)B(ϖ,ψ)

)
∈ Dom(J−1

λ )

a(ϖ,ψ) exp
{
J−1
λ

(
G−1
λ

(
Gλ(Jτ (kλ(ϖ0, ψ))) + b(ϖ,ψ)B(ϖ,ψ)

))}
∈ Dom(η−1).
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kλ(ϖ0, ψ) := b(ϖ,ψ)
n∑
i=1

∫ γi(ϖ)

γi(ϖ0)

∫ δi(ψ)

δi(ψ0)

θλ
(
η−1 [a(α, β)

+b(α, β)
n∑
i=1

∫ γi(α)

γi(α0)

∫ δi(β)

δi(β0)

η(l(p, q))
{
ei(p, q)θ1(l(p, q))

×
(
ξ(l(p, q)) +

∫ p

γi(α0)

∫ q

δi(β0)

fi(m,n)ξ(l(m,n))dndm
)

+gi(p, q)θ2(log(l(p, q)))
}
dqdp

])
gi(α, β)dβdα.

Jλ(u) :=

∫ u

u0

ds

θλ(η−1(a exp(s)))
; Gλ(u) :=

∫ u

u0

ds

ξ(η−1(a exp(J−1
λ (s))))

, u0 ≥ 0.

Proof. In the light of monotonicity of a and b, the inequality (2.11) can be written as:

η(l(ϖ,ψ)) ≤ a(ϖ̄, ψ) + b(ϖ̄, ψ)
n∑
i=1

∫ γi(ϖ)

γi(ϖ0)

∫ δi(ψ)

δi(ψ0)

η(l(α, β))
{
ei(α, β)θ1(l(α, β))

×
(
ξ(l(α, β)) +

∫ α

γi(ϖ0)

∫ β

δi(ψ0)

fi(p, q)ξ(l(p, q))dqdp
)

+gi(α, β)θ2(log(l(α, β)))
}
dβdα (2. 14)

for all (ϖ,ψ) ∈ [ϖ0, ϖ̄] × M2, ϖ̄ ≤ ϖ1. Right hand side of inequality (2.14) can be
denoted by z1(ϖ,ψ). Then, obviously z1(ϖ,ψ) > 0 and non decreasing function in each
variable such that z1(ϖ0, ψ) = a(ϖ̄, ψ). Then (2.14) can be written as

l(ϖ,ψ) ≤ η−1(z1(ϖ,ψ)). (2. 15)

z1(ϖ,ψ) is continuous non decreasing function ∀(ϖ,ψ) ∈ [ϖ0, ϖ̄]×M2 and

z1ϖ(ϖ,ψ) = b(ϖ̄, ψ)
n∑
i=1

∫ δi(ψ)

δi(ψ0)

η(l(γi(ϖ), β))
{
ei(γi(ϖ), β)θ1(l(γi(ϖ), β))

×
(
ξ(l(γi(ϖ), β)) +

∫ γi(ϖ)

γi(ϖ0)

∫ β

δi(ψ0)

fi(p, q)ξ(l(p, q))dqdp
)

+gi(γi(ϖ), β)θ2(log(l(γi(ϖ), β)))
}
dβγ

′

i(ϖ).

Monotonicity of η, l, γi(ϖ) ≤ ϖ and inequality (2.15), yield

z1ϖ(ϖ,ψ)

z1(ϖ,ψ)
≤ b(ϖ̄, ψ)

n∑
i=1

∫ δi(ψ)

δi(ψ0)

{
ei(γi(ϖ), β)θ1(η

−1(z1(γi(ϖ), β)))

×
(
ξ(η−1(z1(γi(ϖ), β))) +

∫ γi(ϖ)

γi(ϖ0)

∫ β

δi(ψ0)

fi(p, q)ξ(η
−1(z1(p, q)))dqdp

)
+gi(γi(ϖ), β)θ2(log(η

−1(z1(γi(ϖ), β))))
}
dβγ

′

i(ϖ). (2. 16)

ψ can be kept as fixed in (2.16) for all (ϖ,ψ) ∈ [ϖ0, ϖ̄] × M2, replace ϖ by s then
integrating from ϖ0 to ϖ with respect to s and making change of variable techniques, we
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have

log(z1(ϖ,ψ)) ≤ log(a(ϖ̄, ψ))+b(ϖ̄, ψ)

n∑
i=1

∫ γi(ϖ)

γi(ϖ0)

∫ δi(ψ)

δi(ψ0)

{
ei(α, β)θ1(η

−1(z1(α, β)))

×
(
ξ(η−1(z1(α, β))) +

∫ α

γi(ϖ0)

∫ β

δi(ψ0)

fi(p, q)ξ(η
−1(z1(p, q)))dqdp

)
+gi(α, β)θ2(log(η

−1(z1(α, β))))
}
dβdα.

⇒ z1(ϖ,ψ) ≤ a(ϖ̄, ψ) exp
[
b(ϖ̄, ψ)

n∑
i=1

∫ γi(ϖ)

γi(ϖ0)

∫ δi(ψ)

δi(ψ0)

{
ei(α, β)θ1(η

−1(z1(α, β)))

×
(
ξ(η−1(z1(α, β))) +

∫ α

γi(ϖ0)

∫ β

δi(ψ0)

fi(p, q)ξ(η
−1(z1(p, q)))dqdp

)
+gi(α, β)θ2(log(η

−1(z1(α, β))))
}
dβdα

]
. (2. 17)

When θ1(u) ≥ θ2(log(u)), inequality (2.17) takes the form

z1(ϖ,ψ) ≤ a(ϖ̄, ψ) exp
[
b(ϖ̄, ψ)

n∑
i=1

∫ γi(ϖ)

γi(ϖ0)

∫ δi(ψ)

δi(ψ0)

θ1(η
−1(z1(α, β)))

×
{
ei(α, β)

(
ξ(η−1(z1(α, β)))

+

∫ α

γi(ϖ0)

∫ β

δi(ψ0)

fi(p, q)ξ(η
−1(z1(p, q)))dqdp

)
+ gi(α, β)

}
dβdα

]
. (2. 18)

Consider,

k1(ϖ,ψ) := b(ϖ̄, ψ)
n∑
i=1

∫ γi(ϖ)

γi(ϖ0)

∫ δi(ψ)

δi(ψ0)

θ1(η
−1(z1(α, β)))ei(α, β)

×
(
ξ(η−1(z1(α, β))) +

∫ α

γi(ϖ0)

∫ β

δi(ψ0)

fi(p, q)ξ(η
−1(z1(p, q)))dqdp

)
dβdα

+b(ϖ̄, ψ)
n∑
i=1

∫ γi(ϖ̄)

γi(ϖ0)

∫ δi(ψ)

δi(ψ0)

θ1(η
−1(z1(α, β)))gi(α, β)dβdα.

Obviously k1(ϖ,ψ) is continuous and non decreasing for all (ϖ,ψ) ∈ [ϖ0, ϖ̄]× [ψ0, ψ1),

⇒ z1(ϖ,ψ) ≤ a(ϖ̄, ψ) exp (k1(ϖ,ψ)). (2. 19)

k1ϖ(ϖ,ψ) = b(ϖ̄, ψ)
n∑
i=1

∫ δi(ψ)

δi(ψ0)

θ1(η
−1(z1(γi(ϖ), β)))ei(γi(ϖ), β)

×
(
ξ(η−1(z1(γi(ϖ), β))) +

∫ γi(ϖ)

γi(ϖ0)

∫ β

δi(ψ0)

fi(p, q)ξ(η
−1(z1(p, q)))dqdp

)
dβγ

′

i(ϖ).
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Monotonicity of θ1, η−1, z1 and γi(ϖ) ≤ ϖ yield

k1ϖ(ϖ,ψ)

θ1(η−1(z1(ϖ,ψ)))
≤ b(ϖ̄, ψ)

n∑
i=1

∫ δi(ψ)

δi(ψ0)

ei(γi(ϖ), β)ξ(η−1(z1(γi(ϖ), β)))

×
(
1 +

∫ γi(ϖ)

γi(ϖ0)

∫ β

δi(ψ0)

fi(p, q)dqdp
)
dβγ

′

i(ϖ).

Equivalently,

k1ϖ(ϖ,ψ)

θ1(η−1(a(ϖ̄, ψ) exp k1(ϖ,ψ)))

≤ b(ϖ̄, ψ)

n∑
i=1

∫ δi(ψ)

δi(ψ0)

ei(γi(ϖ), β)ξ(η−1(z1(γi(ϖ), β)))

×
(
1 +

∫ γi(ϖ)

γi(ϖ0)

∫ β

δi(ψ0)

fi(p, q)dqdp
)
dβγ

′

i(ϖ). (2. 20)

Keeping ψ fixed in (2.20) , setting ϖ → s and integrating with respect to s over [ϖ0, ϖ],
making change of variable technique and by using the definition of J1, we have

J1(k1(ϖ,ψ)) ≤ J1(k1(ϖ0, ψ)) + b(ϖ̄, ψ)
n∑
i=1

∫ γi(ϖ)

γi(ϖ0)

∫ δi(ψ)

δi(ψ0)

ei(α, β)ξ(η
−1(z1(α, β)))

×
(
1 +

∫ α

γi(ϖ0)

∫ β

δi(ψ0)

fi(p, q)dqdp
)
dβdα. (2. 21)

Denote the right hand side of inequality (2.21) by z2(ϖ,ψ). Then, obviously z2(ϖ,ψ) > 0
and non decreasing function in each variable such that z2(ϖ0, ψ) = J1(k1(ϖ0, ψ)). Then,
(2.21) is equivalent to

k1(ϖ,ψ) ≤ J−1
1 (z2(ϖ,ψ)). (2. 22)

Since z2(ϖ,ψ) is continuous non decreasing function, so

z2ϖ(ϖ,ψ) = b(ϖ̄, ψ)

n∑
i=1

∫ δi(ψ)

δi(ψ0)

ei(γi(ϖ), β)ξ(η−1(z1(γi(ϖ), β)))

×
(
1 +

∫ γi(ϖ)

γi(ϖ0)

∫ β

δi(ψ0)

fi(p, q)dqdp
)
dβγ

′

i(ϖ).

Equivalently,

z2ϖ(ϖ,ψ)

ξ(η−1(a(ϖ̄, ψ) exp(J−1
1 (z2(ϖ,ψ)))))

≤ b(ϖ̄, ψ)

n∑
i=1

∫ δi(ψ)

δi(ψ0)

ei(γi(ϖ), β)

×
(
1 +

∫ γi(ϖ)

γi(ϖ0)

∫ β

δi(ψ0)

fi(p, q)dqdp
)
dβγ

′

i(ϖ). (2. 23)

Keeping ψ fixed in (2.23) for all (ϖ,ψ) ∈ [ϖ0, ϖ̄] ×M2, replace ϖ by s and integrating
with respect to s over [ϖ0, ϖ], making change of variable technique and using the definition
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of G1, we have

G1(z2(ϖ,ψ)) ≤ G1(z2(ϖ0, ψ)) + b(ϖ̄, ψ)
n∑
i=1

∫ γi(ϖ)

γi(ϖ0)

∫ δi(ψ)

δi(ψ0)

ei(α, β)

×
(
1 +

∫ α

γi(ϖ0)

∫ β

δi(ψ0)

fi(p, q)dqdp
)
dβdα

≤ G1(J1(k1(ϖ0, ψ))) + b(ϖ̄, ψ)
n∑
i=1

∫ γi(ϖ)

γi(ϖ0)

∫ δi(ψ)

δi(ψ0)

ei(α, β)

×
(
1 +

∫ α

γi(ϖ0)

∫ β

δi(ψ0)

fi(p, q)dqdp
)
dβdα.

⇒ z2(ϖ,ψ) ≤ G−1
1

{
G1(J1(k1(ϖ0, ψ))) + b(ϖ̄, ψ)

n∑
i=1

∫ γi(ϖ)

γi(ϖ0)

∫ δi(ψ)

δi(ψ0)

ei(α, β)

×
(
1 +

∫ α

γi(ϖ0)

∫ β

δi(ψ0)

fi(p, q)dqdp
)
dβdα

}
. (2. 24)

A combination of inequalities (2.15),(2.19),(2.22) and (2.24) yields:

l(ϖ,ψ)

≤ η−1
[
a(ϖ̄, ψ) exp

{
J−1
1

(
G−1

1

(
G1(J1(k1(ϖ0, ψ)))+b(ϖ̄, ψ)

n∑
i=1

∫ γi(ϖ)

γi(ϖ0)

∫ δi(ψ)

δi(ψ0)

ei(α, β)

×
(
1 +

∫ α

γi(ϖ0)

∫ β

δi(ψ0)

fi(p, q)dqdp
)
dβdα

))}]
. (2. 25)

Since ϖ̄ is arbitrary, this completes the proof.
When θ1(u) < θ2(log(u)), inequality (2.17) becomes

z1(ϖ,ψ) ≤ a(ϖ̄, ψ) exp

[
b(ϖ̄, ψ)

n∑
i=1

∫ γi(ϖ)

γi(ϖ0)

∫ δi(ψ)

δi(ψ0)

θ2(log(η
−1(z1(α, β)))) {ei(α, β)

×
(
ξ(η−1(z1(α, β))) +

∫ α

γi(ϖ0)

∫ β

δi(ψ0)

fi(p, q)ξ(η
−1(z1(p, q)))dqdp

)
+gi(α, β)} dβdα] . (2. 26)

Consider,

k2(ϖ,ψ) = b(ϖ̄, ψ)
n∑
i=1

∫ γi(ϖ)

γi(ϖ0)

∫ δi(ψ)

δi(ψ0)

θ2(log(η
−1(z1(α, β))))ei(α, β)

×
(
ξ(η−1(z1(α, β))) +

∫ α

γi(ϖ0)

∫ β

δi(ψ0)

fi(p, q)ξ(η
−1(z1(p, q)))dqdp

)
dβdα

+b(ϖ̄, ψ)
n∑
i=1

∫ γi(ϖ̄)

γi(ϖ0)

∫ δi(ψ)

δi(ψ0)

gi(α, β)θ2(log(η
−1(z1(α, β))))dβdα.
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Then,

k2(ϖ0, ψ) := b(ϖ̄, ψ)
n∑
i=1

∫ γi(ϖ̄)

γi(ϖ0)

∫ δi(ψ)

δi(ψ0)

gi(α, β)θ2(log(η
−1(z1(α, β))))dβdα.

Obviously k2(ϖ,ψ) is continuous and non decreasing for all (ϖ,ψ) ∈ [ϖ0, ϖ̄]× [ψ0, ψ2),

⇒ z1(ϖ,ψ) ≤ a(ϖ̄, ψ) exp (k2(ϖ,ψ)). (2. 27)

k2ϖ(ϖ,ψ) = b(ϖ̄, ψ)
n∑
i=1

∫ δi(ψ)

δi(ψ0)

θ2(log(η
−1(z1(γi(ϖ), β))))ei(γi(ϖ), β)

×
(
ξ(η−1(z1(γi(ϖ), β))) +

∫ γi(ϖ)

γi(ϖ0)

∫ β

δi(ψ0)

fi(p, q)ξ(η
−1(z1(p, q)))dqdp

)
dβγ

′

i(ϖ).

Monotonicity of θ2, η−1, z1 and γi(ϖ) ≤ ϖ, yield

k2ϖ(ϖ,ψ)

θ2(η−1(a(ϖ̄, ψ) exp k2(ϖ,ψ)))
≤ b(ϖ̄, ψ)

n∑
i=1

∫ δi(ψ)

δi(ψ0)

ei(γi(ϖ), β)ξ(η−1(z1(γi(ϖ), β)))

×
(
1 +

∫ γi(ϖ)

γi(ϖ0)

∫ β

δi(ψ0)

fi(p, q)dqdp
)
dβγ

′

i(ϖ). (2. 28)

Similarly to the above process from (2.21) to (2.25) ∀ (ϖ,ψ) ∈ [ϖ0, ϖ2)×[ψ0, ψ2) where
(ϖ2, ψ2) ∈ ∆ are chosen arbitrary, we get the required result (2.13). �

Theorem 2.3. Let a, b, l, ei, fi, gi, γi, δi, η and ξ be defined as in Theorem 2.1; let L,M ∈
C(∆×R+, R+) and v > w be such that:

0 ≤ L(ϖ,ψ, v)− L(ϖ,ψ,w) ≤M(ϖ,ψ,w)(v − w).

η(l(ϖ,ψ)) ≤ a(ϖ,ψ) + b(ϖ,ψ)

n∑
i=1

∫ γi(ϖ)

γi(ϖ0)

∫ δi(ψ)

δi(ψ0)

η(l(α, β))
{
ei(α, β)

×
(
ξ(l(α, β)) +

∫ α

γi(ϖ0)

∫ β

δi(ψ0)

fi(p, q)ξ(l(p, q))dqdp
)

+gi(α, β)L(α, β, ξ(l(α, β)))
}
dβdα (2. 29)

for (ϖ,ψ) ∈ ∆, then

l(ϖ,ψ)≤ η−1
[
a(ϖ,ψ) exp

{
J−1
(
J(k3(ϖ0, ψ))+b(ϖ,ψ)

(
B(ϖ,ψ)+D(ϖ,ψ)

))}]
(2. 30)

for all (ϖ,ψ) ∈ [ϖ0, ϖ3) × [ψ0, ψ3) provided that J−1, η−1 are inverse of J , η respec-
tively. (ϖ3, ψ3) ∈ ∆ is chosen arbitrarily on the boundary of planar region ∆ provided
that:

J(k3(ϖ0, ψ)) + b(ϖ,ψ)
(
B(ϖ,ψ) +D(ϖ,ψ)

)
∈ Dom(J−1)

a(ϖ,ψ) exp
{
J−1

(
J(k3(ϖ0, ψ)) + b(ϖ,ψ)

(
B(ϖ,ψ) +D(ϖ,ψ)

))}
∈ Dom(η−1).
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k3(ϖ0, ψ) := b(ϖ,ψ)
n∑
i=1

∫ γi(ϖ)

γi(ϖ0)

∫ δi(ψ)

δi(ψ0)

gi(α, β)L(α, β, 0)dβdα.

D(ϖ,ψ) :=
n∑
i=1

∫ γi(ϖ)

γi(ϖ0)

∫ δi(ψ)

δi(ψ0)

gi(α, β)M(α, β, 0)dβdα.

Proof. In the light of monotonicity of a and b, the inequality (2.29) can be written as

η(l(ϖ,ψ)) ≤ a(ϖ̄, ψ) + b(ϖ̄, ψ)
n∑
i=1

∫ γi(ϖ)

γi(ϖ0)

∫ δi(ψ)

δi(ψ0)

η(l(α, β))
{
ei(α, β)

×
(
ξ(l(α, β)) +

∫ α

γi(ϖ0)

∫ β

δi(ψ0)

fi(p, q)ξ(l(p, q))dqdp
)

+gi(α, β)L(α, β, ξ(l(α, β)))
}
dβdα (2. 31)

for all (ϖ,ψ) ∈ [ϖ0, ϖ̄] × M2, ϖ̄ ≤ ϖ3. Right hand side of inequality (2.31) can be
denoted by z3(ϖ,ψ). Then, obviously z3(ϖ,ψ) > 0 and non decreasing function in each
variable such that z3(ϖ0, ψ) = a(ϖ̄, ψ). Then (2.31) can be written as

l(ϖ,ψ) ≤ η−1(z3(ϖ,ψ)). (2. 32)

z3(ϖ,ψ) is continuous non decreasing function ∀(ϖ,ψ) ∈ [ϖ0, ϖ̄]×M2 and

z3ϖ(ϖ,ψ) = b(ϖ̄, ψ)
n∑
i=1

∫ δi(ψ)

δi(ψ0)

η(l(γi(ϖ), β))
{
ei(γi(ϖ), β)

×
(
ξ(l(γi(ϖ), β)) +

∫ γi(ϖ)

γi(ϖ0)

∫ β

δi(ψ0)

fi(p, q)ξ(l(p, q))dqdp
)

+gi(γi(ϖ), β)L(γi(ϖ), β, ξ(l(γi(ϖ), β)))
}
dβγ

′

i(ϖ).

Then, by monotonicity of η and l, and inequality (2.32)

z3ϖ(ϖ,ψ)

z3(ϖ,ψ)
≤ b(ϖ̄, ψ)

n∑
i=1

∫ δi(ψ)

δi(ψ0)

{
ei(γi(ϖ), β)

×
(
ξ(η−1(z3(γi(ϖ), β))) +

∫ γi(ϖ)

γi(ϖ0)

∫ β

δi(ψ0)

fi(p, q)ξ(η
−1(z3(p, q)))dqdp

)
+gi(γi(ϖ), β)L(γi(ϖ), β, ξ(η−1(z3(γi(ϖ), β))))

}
dβγ

′

i(ϖ). (2. 33)

ψ can be kept as fixed in (2.33) for all (ϖ,ψ) ∈ [ϖ0, ϖ̄] × M2, replace ϖ by s then
integrating from ϖ0 to ϖ with respect to s and making change of variable techniques, we
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have

log(z3(ϖ,ψ)) ≤ log(a(ϖ̄, ψ)) + b(ϖ̄, ψ)
n∑
i=1

∫ γi(ϖ)

γi(ϖ0)

∫ δi(ψ)

δi(ψ0)

{
ei(α, β)

×
(
ξ(η−1(z3(α, β))) +

∫ α

γi(ϖ0)

∫ β

δi(ψ0)

fi(p, q)ξ(η
−1(z3(p, q)))dqdp

)
+gi(α, β)L(α, β, ξ(η

−1(z3(α, β))))
}
dβdα.

⇒ z3(ϖ,ψ) ≤ a(ϖ̄, ψ) exp
[
b(ϖ̄, ψ)

n∑
i=1

∫ γi(ϖ)

γi(ϖ0)

∫ δi(ψ)

δi(ψ0)

{
ei(α, β)

×
(
ξ(η−1(z3(α, β))) +

∫ α

γi(ϖ0)

∫ β

δi(ψ0)

fi(p, q)ξ(η
−1(z3(p, q)))dqdp

)
+gi(α, β)L(α, β, ξ(η

−1(z3(α, β))))
}
dβdα

]
.

Here ξ, η and z3 are non decreasing functions, also by using the condition of continuity of
L

z3(ϖ,ψ) ≤ a(ϖ̄, ψ) exp
[
b(ϖ̄, ψ)

n∑
i=1

∫ γi(ϖ)

γi(ϖ0)

∫ δi(ψ)

δi(ψ0)

{
ei(α, β)

×
(
ξ(η−1(z3(α, β))) +

∫ α

γi(ϖ0)

∫ β

δi(ψ0)

fi(p, q)ξ(η
−1(z3(p, q)))dqdp

)
+gi(α, β)(M(α, β, 0)ξ(η−1(z3(α, β))) + L(α, β, 0))

}
dβdα

]
. (2. 34)

Consider,

k3(ϖ,ψ) = b(ϖ̄, ψ)
n∑
i=1

∫ γi(ϖ)

γi(ϖ0)

∫ δi(ψ)

δi(ψ0)

{
ei(α, β)

×
(
ξ(η−1(z3(α, β))) +

∫ α

γi(ϖ0)

∫ β

δi(ψ0)

fi(p, q)ξ(η
−1(z3(p, q)))dqdp

)
+gi(α, β)M(α, β, 0)ξ(η−1(z3(α, β)))

}
dβdα

+b(ϖ̄, ψ)

n∑
i=1

∫ γiϖ̄)

γi(ϖ0)

∫ δi(ψ)

δi(ψ0)

gi(α, β)L(α, β, 0)dβdα.

Obviously k3(ϖ,ψ) is continuous and non decreasing for all (ϖ,ψ) ∈ [ϖ0, ϖ̄] ×
[ψ0, ψ3),

z3(ϖ,ψ) ≤ a(ϖ̄, ψ) exp (k3(ϖ,ψ)). (2. 35)
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k3ϖ(ϖ,ψ) ≤ b(ϖ̄, ψ)
n∑
i=1

∫ δi(ψ)

δi(ψ0)

{
ei(γi(ϖ), β)

×
(
ξ(η−1(z3(γi(ϖ), β))) +

∫ γi(ϖ)

γi(ϖ0)

∫ β

δi(ψ0)

fi(p, q)ξ(η
−1(z3(p, q)))dqdp

)
+gi(γi(ϖ), β)M(γi(ϖ), β, 0)ξ(η−1(z3(γi(ϖ), β)))

}
dβγ

′

i(ϖ).

Monotonicity of ξ, η−1, z3, inequality (2.35) and γi(ϖ) ≤ ϖ, yield

k3ϖ(ϖ,ψ)

ξ(η−1(a(ϖ̄, ψ) exp k3(ϖ,ψ)))
≤ b(ϖ̄, ψ)

n∑
i=1

∫ δi(ψ)

δi(ψ0)

{
ei(γi(ϖ), β)

×
(
1+

∫ γi(ϖ)

γi(ϖ0)

∫ β

δi(ψ0)

fi(p, q)dqdp
)
+ gi(γi(ϖ), β)M(γi(ϖ), β, 0)

}
dβγ

′

i(ϖ). (2. 36)

Keeping ψ fixed in (2.36), setting ϖ by s and integrating with respect to s over [ϖ0, ϖ],
making change of variable technique and by using the definition of J , we have

J(k3(ϖ,ψ)) ≤ J(k3(ϖ0, ψ)) + b(ϖ̄, ψ)
n∑
i=1

∫ γi(ϖ)

γi(ϖ0)

∫ δi(ψ)

δi(ψ0)

{
ei(α, β)

×
(
1 +

∫ α

γi(ϖ0)

∫ β

δi(ψ0)

fi(p, q)dqdp
)
+ gi(α, β)M(α, β, 0)

}
dβdα.

⇒ k3(ϖ,ψ) ≤ J−1
[
J(k3(ϖ0, ψ)) + b(ϖ̄, ψ)

n∑
i=1

∫ γi(ϖ)

γi(ϖ0)

∫ δi(ψ)

δi(ψ0)

{
ei(α, β)

×
(
1 +

∫ α

γi(ϖ0)

∫ β

δi(ψ0)

fi(p, q)dqdp
)
+ gi(α, β)M(α, β, 0)

}
dβdα

]
. (2. 37)

A combination of inequalities (2.32),(2.35) and (2.37) yields:

l(ϖ,ψ) ≤ η−1
[
a(ϖ̄, ψ) exp

{
J−1

(
J(k3(ϖ0, ψ)) + b(ϖ̄, ψ)

n∑
i=1

∫ γi(ϖ)

γi(ϖ0)

∫ δi(ψ)

δi(ψ0)

{ei(α, β)

×
(
1 +

∫ α

γi(ϖ0)

∫ β

δi(ψ0)

fi(p, q)dqdp
)
+ gi(α, β)M(α, β, 0)

}
dβdα

)}]
. (2. 38)

Since ϖ̄ is arbitrary therefore this completes the proof. �

Corollary 2.4. Let a, b, l, ei, fi, gi, γi, δi and ξ be defined as in Theorem 2.1. Moreover, if
m is a positive constant such that:

lm(ϖ,ψ) ≤ a(ϖ,ψ) + b(ϖ,ψ)

n∑
i=1

∫ γi(ϖ)

γi(ϖ0)

∫ δi(ψ)

δi(ψ0)

lm(α, β)
{
ei(α, β)

×
(
ξ(l(α, β)) +

∫ α

γi(ϖ0)

∫ β

δi(ψ0)

fi(p, q)ξ(l(p, q))dqdp
)
+ gi(α, β)

}
dβdα (2. 39)
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for (ϖ,ψ) ∈ ∆. Then,

l(ϖ,ψ) ≤ a
1
m (ϖ,ψ) exp

[ 1
m
J−1
4

{
J4(k4(ϖ0, ψ)) + b(ϖ,ψ)B(ϖ,ψ)

}]
(2. 40)

for (ϖ,ψ) ∈ [ϖ0, ϖ4) × [ψ0, ψ4) provided that J−1
4 is the inverses of J4. (ϖ4, ψ4) ∈ ∆

is chosen arbitrarily on the boundary of planar region ∆ such that:

J4(k4(ϖ0, ψ)) + b(ϖ,ψ)B(ϖ,ψ) ∈ Dom(J−1
4 ).

k4(ϖ0, ψ) :=b(ϖ,ψ)
n∑
i=1

∫ γi(ϖ)

γi(ϖ0)

∫ δi(ψ)

δi(ψ0)

gi(α, β)dβdα; J4(u) :=

∫ u

u0

ds

ξ(a
1
m exp( 1

ms))
, u0≥0.

Proof. By inequality (2.39), we have

lm(ϖ,ψ) ≤ a(ϖ̄, ψ) + b(ϖ̄, ψ)
n∑
i=1

∫ γi(ϖ)

γi(ϖ0)

∫ δi(ψ)

δi(ψ0)

lm(α, β)
{
ei(α, β)

×
(
ξ(l(α, β)) +

∫ α

γi(ϖ0)

∫ β

δi(ψ0)

fi(p, q)ξ(l(p, q))dqdp
)
+ gi(α, β)

}
dβdα (2. 41)

for all (ϖ,ψ) ∈ [ϖ0, ϖ̄] × M2, ϖ̄ ≤ ϖ4. Right hand side of inequality (2.41) can be
denoted by z4(ϖ,ψ). Then, obviously z4(ϖ,ψ) > 0 and non decreasing function in each
variable such that z4(ϖ0, ψ) = a(ϖ̄, ψ). Then (2.41) can be written as

l(ϖ,ψ) ≤ z
1
m
4 (ϖ,ψ)). (2. 42)

z4(ϖ,ψ) is a continuous non decreasing function ∀ (ϖ,ψ) ∈ [ϖ0, ϖ̄]×M2 and

z4ϖ(ϖ,ψ) = b(ϖ̄, ψ)

n∑
i=1

∫ δi(ψ)

δi(ψ0)

lm(γi(ϖ), β)
{
ei(γi(ϖ), β)

(
ξ(l(γi(ϖ), β))

+

∫ γi(ϖ)

γi(ϖ0)

∫ β

δi(ψ0)

fi(p, q)ξ(l(p, q))dqdp
)
+ gi(γi(ϖ), β)

}
dβγ

′

i(ϖ).

Then, by monotonicity of l, condition γi(ϖ) ≤ ϖ and inequality (2.42)

z4ϖ(ϖ,ψ)

z4(ϖ,ψ)
≤ b(ϖ̄, ψ)

n∑
i=1

∫ δi(ψ)

δi(ψ0)

{
ei(γi(ϖ), β)

(
ξ(z

1
m
4 (γi(ϖ), β))

+

∫ γi(ϖ)

γi(ϖ0)

∫ β

δi(ψ0)

fi(p, q)ξ(z
1
m
4 (p, q))dqdp

)
+ gi(γi(ϖ), β)

}
dβγ

′

i(ϖ). (2. 43)

Taking ψ as fixed in (2.43) for all (ϖ,ψ) ∈ [ϖ0, ϖ̄]×M2, replace ϖ by s then integrating
from ϖ0 to ϖ with respect to s and making change of variable techniques, we have

log(z4(ϖ,ψ))−log(z4(ϖ0, ψ)) ≤ b(ϖ̄, ψ)

n∑
i=1

∫ γi(ϖ)

γi(ϖ0)

∫ δi(ψ)

δi(ψ0)

{
ei(α, β)

(
ξ(z

1
m
4 (α, β))

+

∫ α

γi(ϖ0)

∫ β

δi(ψ0)

fi(p, q)ξ(z
1
m
4 (p, q))dqdp

)
+ gi(α, β)

}
dβdα.



Gronwall-Bellman and Pachpatte type integral with applications inequalities 305

⇒ z4(ϖ,ψ) ≤ a(ϖ̄, ψ) exp
[
b(ϖ̄, ψ)

n∑
i=1

∫ γi(ϖ)

γi(ϖ0)

∫ δi(ψ)

δi(ψ0)

{
ei(α, β)

(
ξ(z

1
m
4 (α, β))

+

∫ α

γi(ϖ0)

∫ β

δi(ψ0)

fi(p, q)ξ(z
1
m
4 (p, q))dqdp

)
+ gi(α, β)

}
dβdα

]
. (2. 44)

Consider,

k4(ϖ,ψ) := b(ϖ̄, ψ)
n∑
i=1

∫ γi(ϖ̄)

γi(ϖ0)

∫ δi(ψ)

δi(ψ0)

gi(α, β)dβdα+ b(ϖ̄, ψ)
n∑
i=1

∫ γi(ϖ)

γi(ϖ0)

∫ δi(ψ)

δi(ψ0)

ei(α, β)

×
(
ξ(z

1
m
4 (α, β)) +

∫ α

γi(ϖ0)

∫ β

δi(ψ0)

fi(p, q)ξ(z
1
m
4 (p, q))dqdp

)
dβdα.

Obviously k4(ϖ,ψ) is continuous and non decreasing function for all (ϖ,ψ) ∈ [ϖ0, ϖ̄]×
[ψ0, ψ4), inequality (2.44) can be written as

z
1
m
4 (ϖ,ψ) ≤ a

1
m (ϖ̄, ψ) exp

( 1

m
k4(ϖ,ψ)

)
. (2. 45)

k4ϖ(ϖ,ψ) = b(ϖ̄, ψ)
n∑
i=1

∫ δi(ψ)

δi(ψ0)

ei(γi(ϖ), β)
(
ξ(z

1
m
4 (γi(ϖ), β))

+

∫ γi(ϖ)

γi(ϖ0)

∫ β

δi(ψ0)

fi(p, q)ξ(z
1
m
4 (p, q))dqdp

)
dβγ

′

i(ϖ).

Monotonicity of ξ and z4 yield

k4ϖ(ϖ,ψ) ≤ b(ϖ̄, ψ)
n∑
i=1

∫ δi(ψ)

δi(ψ0)

ei(γi(ϖ), β)ξ(z
1
m
4 (γi(ϖ), β))

×
(
1 +

∫ γi(ϖ)

γi(ϖ0)

∫ β

δi(ψ0)

fi(p, q)dqdp
)
dβγ

′

i(ϖ).

Equivalently,

k4ϖ(ϖ,ψ)

ξ(a
1
m (ϖ̄, ψ) exp( 1

mk4(ϖ,ψ)))
≤ b(ϖ̄, ψ)

n∑
i=1

∫ δi(ψ)

δi(ψ0)

ei(γi(ϖ), β)

×
(
1 +

∫ γi(ϖ)

γi(ϖ0)

∫ β

δi(ψ0)

fi(p, q)dqdp
)
dβγ

′

i(ϖ). (2. 46)

Keeping ψ fixed in (2.46) , setting ϖ → s and integrating with respect to s over [ϖ0, ϖ],
making change of variable techniques and by using the definition of J4(u), we have

J4(k4(ϖ,ψ)) ≤ J4(k4(ϖ0, ψ)) + b(ϖ̄, ψ)

n∑
i=1

∫ γi(ϖ)

γi(ϖ0)

∫ δi(ψ)

δi(ψ0)

ei(α, β)

×
(
1 +

∫ α

γi(ϖ0)

∫ β

δi(ψ0)

fi(p, q)dqdp
)
dβdα.
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k4(ϖ,ψ) ≤ J−1
4

{
J4(k4(ϖ0, ψ)) + b(ϖ̄, ψ)

n∑
i=1

∫ γi(ϖ)

γi(ϖ0)

∫ δi(ψ)

δi(ψ0)

ei(α, β)

×
(
1 +

∫ α

γi(ϖ0)

∫ β

δi(ψ0)

fi(p, q)dqdp
)
dβdα

}
. (2. 47)

A combination of inequalities (2.42), (2.45) and (2.47), yields:

l(ϖ,ψ) ≤ a
1
m (ϖ̄, ψ) exp

[ 1
m
J−1
4

{
J4(k4(ϖ0, ψ))+b(ϖ̄, ψ)

n∑
i=1

∫ γi(ϖ)

γi(ϖ0)

∫ δi(ψ)

δi(ψ0)

ei(α, β)

×
(
1 +

∫ α

γi(ϖ0)

∫ β

δi(ψ0)

fi(p, q)dqdp
)
dβdα

}]
. (2. 48)

Since ϖ̄ is arbitrary therefore this completes the proof. �

Remark 2.5. • For fi ≡ 0, 1 ≤ i ≤ n, Theorem 2.1 reduces to [7, Theorem 2.3]
• For fi ≡ 0, 1 ≤ i ≤ n, Corollary 1 reduces to [7, Corollary 2.4]

3. APPLICATIONS

In this section, the boundedness of partial integro-differential equations would be achieved
by the help of achieved inequalities, with various retarded arguments, of the forms

∂

∂ψ
(zp−1(ϖ,ψ)zϖ(ϖ,ψ))=F [ϖ,ψ, z(ϖ−α1(ϖ), ψ−β1(ψ)), ..., z(ϖ−αn(ϖ), ψ−βn(ψ)),∫ ϖ

ϖ0

∫ ψ

ψ0

Q(ϖ,ψ, σ, τ, z(ϖ−α1(ϖ), ψ−β1(ψ)), ..., z(ϖ−αn(ϖ), ψ−βn(ψ)))dσdτ ]

(3. 49)

and

D2(D1η(z(ϖ,ψ))) = F [ϖ,ψ, z(ϖ−α1(ϖ), ψ−β1(ψ)), ..., z(ϖ−αn(ϖ), ψ−βn(ψ)),∫ ϖ

ϖ0

∫ ψ

ψ0

Q(ϖ,ψ, σ, τ, z(ϖ−α1(ϖ), ψ−β1(ψ)), ..., z(ϖ−αn(ϖ), ψ−βn(ψ)))dσdτ ],

(3. 50)

with the given initial boundary conditions

z(ϖ,ψ0) = a1(ϖ), z(ϖ0, ψ) = a2(ψ), a1(ϖ0) = a2(ψ0) = 0, (3. 51)

where F ∈ C(∆ × Rn+1,R), Q ∈ C(∆ × ∆ × Rn,R), a1 ∈ C1(M1,R), a2 ∈
C1(M2,R) and αi ∈ C1(M1,R), βi ∈ C1(M2,R) are nonincreasing such that ϖ −
αi(ϖ) ≥ 0, ϖ − αi(ϖ) ∈ C1(M1,M1), ψ − βi(ψ) ≥ 0, ψ − βi(ψ) ∈ C1(M2,M2),
α′
i(ϖ) < 1, β′

i(ψ) < 1 and αi(ϖ0) = βi(ψ0) = 0, 1 ≤ i ≤ n for (ϖ,ψ) ∈ ∆;
let η ∈ C1(R,R) be an increasing function suchlike η(|l|) ≤ |η(l)|; let η(a(ϖ,ψ)) =
η(a1(ϖ)) + η(a2(ψ)) and

Mi = max
ϖ∈M1

1

1− α′
i(ϖ)

; Ni = max
ψ∈M2

1

1− β′
i(ψ)

, 1 ≤ i ≤ n. (3. 52)

The following theorem concerns with a boundedness of the solution of (3.50).
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Theorem 3.1. Suppose that F : ∆×Rn+1 → R is a continuous function for which there
exist nonnegative continuous functions ei(ϖ,ψ), fi(ϖ,ψ) and gi(ϖ,ψ) for (ϖ,ψ) ∈ ∆
such that:{

|F (ϖ,ψ, l1, ..., ln, j)|≤ b(ϖ,ψ)
∑n
i=1 η(|li|)[ei(ϖ,ψ)ξ(|li|)+ |j| +gi(ϖ,ψ)].

|Q(ϖ,ψ, v1, v2, l1, l2, ..., ln)|≤ fi(v1, v2)ξ(|li|).
(3. 53)

If z(ϖ,ψ) with the conditions (3.51) is a solution of (3.50), then

|z(ϖ,ψ)|≤η−1[|η(a(ϖ,ψ))|exp[J−1
[J(k(ϖ0, ψ)) +b(ϖ,ψ)

n∑
i=1

∫ γi(ϖ)

γi(ϖ0)

∫ δi(ψ)

δi(ψ0)

ei(p, q)×

(1 +

∫ p

γi(ϖ0)

∫ q

δi(ψ0)

f i(m,n)dndm)dqdp]]], (3. 54)

provided that:
ei(u, v)=MiNiei(u+ αi(α), v + βi(β)),

f i(u, v)=M
2
i N

2
i fi(u+ αi(σ), v + βi(τ)),

k(ϖ0,ψ)=b(ϖ,ψ)
∑n
i=1

∫ γi(ϖ)

γi(ϖ0)

∫ δi(ψ)
δi(ψ0)

gi(p, q)dqdp,

gi(u, v)=MiNigi(u+ αi(α), v + βi(β)).

; J(u) :=

∫ u

u0

ds

ξ(η−1(|η(a)|exp(s)))
, u0≥0,

Proof. The solution z(ϖ,ψ) of the problem (3.50) with (3.51) satisfies the following in-
tegral equation

η(z(ϖ,ψ))

= η(a(ϖ,ψ))+

∫ ϖ

ϖ0

∫ ψ

ψ0

F [l,m, z(l−α1(l),m−β1(m)), ...,z(l−αn(l),m−βn(m)),∫ l

ϖ0

∫ m

ψ0

Q(l,m, σ, τ, z(l − α1(l),m− β1(m)), ...,

z(l − αn(l),m− βn(m)))dσdτ ]dmdl. (3. 55)

By properties of modulus and condition (3.53), equation (3.55) takes the form

|η(z(ϖ,ψ))|

≤|η(a(ϖ,ψ))|+
∫ ϖ

ϖ0

∫ ψ

ψ0

|F [l,m, z(l−α1(l),m−β1(m)), ..., z(l−αn(l),m−βn(m)),∫ l

ϖ0

∫ m

ψ0

Q(l,m, σ, τ, z(l − α1(l),m− β1(m)), ...,

z(l − αn(l),m− βn(m)))dσdτ ]| dmdl

≤|η(a(ϖ,ψ))| +b(ϖ,ψ)
∫ ϖ

ϖ0

∫ ψ

ψ0

n∑
i=1

η(|z(α− αi(α), β − βi(β))|).[ei(α, β)

ξ(|z(α−αi(α), β−βi(β))|)+
∫ α

ϖ0

∫ β

ψ0

fi(σ, τ)ξ(|z(σ − αi(σ), τ − βi(τ))|)dτdσ

+gi(α, β)]dβdα
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=|η(a(ϖ,ψ))| +b(ϖ,ψ)
n∑
i=1

∫ ϖ

ϖ0

∫ ψ

ψ0

[η(|z(α− αi(α), β − βi(β))|).(ei(α, β)×

ξ(|z(α− αi(α), β − βi(β))|) +
∫ α

ϖ0

∫ β

ψ0

fi(σ, τ)ξ(|z(σ − αi(σ), τ − βi(τ))|)dτdσ)

+gi(α, β)η(|z(α− αi(α), β − βi(β))|)]dβdα

≤|η(a(ϖ,ψ))| +b(ϖ,ψ)
n∑
i=1

MiNi

∫ γi(ϖ)

γi(ϖ0)

∫ δi(ψ)

δi(ψ0)

[η(|z(γi(α), δi(β))|)

×(ei(γi(α) + αi(α), δi(β) + βi(β))ξ(|z(γi(α), δi(β))|)

+

∫ γi(α)

γi(ϖ0)

∫ δi(β)

δi(ψ0)

MiNifi(γi(σ)+αi(σ), δi(τ) + βi(τ))ξ(|z(γi(σ), δi(τ))|)dδi(τ)dγi(σ))

+gi(γi(α) + αi(α), δi(β) + βi(β))η(|z(γi(α), δi(β))|)]dδi(β)dγi(α)
⇒|η(z(ϖ,ψ))|

≤|η(a(ϖ,ψ))| +b(ϖ,ψ)
n∑
i=1

∫ γi(ϖ)

γi(ϖ0)

∫ δi(ψ)

δi(ψ0)

[η(|z(p, q)|).(ei(p, q)

×ξ(|z(p, q)|) +
∫ p

γi(ϖ0)

∫ q

δ(ψ0)

f i(m,n)ξ(|z(m,n)|)dndm)

+gi(p, q)η(|z(p, q)|)]dqdp. (3. 56)

Now an expeditious application of the inequality given in Theorem 2.1 to (3.56) provide
the desired result (3.54). �

Theorem 3.2. Suppose that F : ∆×Rn+1 → R is a continuous function for which there
exist non-negative continuous functions ei(ϖ,ψ), fi(ϖ,ψ) and gi(ϖ,ψ) for (ϖ,ψ) ∈ ∆
such that: |F (ϖ,ψ, l1, ..., ln, j)|≤

∑n
i=1 |li|p [ei(ϖ,ψ)ξ(|li|)+ |j | +gi(ϖ,ψ)].

|Q(ϖ,ψ, v1, v2, l1, l2, ..., ln)|≤ fi(v1, v2)ξ(|li|).
|ap1(ϖ) + ap2(ψ) |≤ ϖ.

(3. 57)

If z(ϖ,ψ) with the condition (3.51) is a solution of (3.49), then

z(ϖ,ψ) ≤ ϖ
1
p exp

[
1

p
J̃−1
4

[
J̃4(k̃4(ϖ0, ψ)) + p

n∑
i=1

∫ γi(ϖ)

γi(ϖ0)

∫ δi(ψ)

δi(ψ0)

ẽi(s, q)

×

(
1 +

∫ s

γi(ϖ0)

∫ q

δi(ψ0)

f̃i(m,n)dndm

)
dqds

]]
, (3. 58)

provided that:
ẽi(u, v) =MiNiei(u+ αi(α), v + βi(β))

f̃i(u, v) =M2
i N

2
i fi(u+ αi(σ), v + βi(τ))

k̃(ϖ0,ψ)= b(ϖ,ψ)
∑n
i=1

∫ γi(ϖ)

γi(ϖ0)

∫ δi(ψ)
δi(ψ0)

g̃i(s, q)dqds

g̃i(u, v) =MiNigi(u+ αi(α), v + βi(β)).

; J̃4(u) :=

∫ u

u0

ds

ξ(ϖ
1
p exp(1ps))

,u0≥0.
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Proof. It is easy to see that the solution z(ϖ,ψ) of the problem (3.49) with (3.51) satisfies
the following integral equation:

zp(ϖ,ψ) = ap1(ϖ) + ap2(ψ) + p

∫ ϖ

ϖ0

∫ ψ

ψ0

F [l,m, z(l − α1(l),m− β1(m)), ...,

z(l − αn(l),m− βn(m)),

∫ l

ϖ0

∫ m

ψ0

Q(l,m, σ, τ, z(l − α1(l),m− β1(m)), ...,

z(l − αn(l),m− βn(m)))dσdτ ]dmdl. (3. 59)

By modulus properties and condition (3.57), equation (3.59) has the form

|zp(ϖ,ψ)|

≤ ϖ + p

∫ ϖ

ϖ0

∫ ψ

ψ0

|F [l,m, z(l − α1(l),m− β1(m)), ..., z(l − αn(l),m− βn(m)),∫ l

ϖ0

∫ m

ψ0

Q(l,m, σ, τ, z(l−α1(l),m−β1(m)), ..., z(l−αn(l),m−βn(m)))dσdτ ]| dmdl

≤ ϖ+p

∫ ϖ

ϖ0

∫ ψ

ψ0

n∑
i=1

[|z(l−αi(l),m−βi(m))|p .[ei(l,m)ξ(|z(l−αi(l),m−βi(m))|)

+

∫ l

ϖ0

∫ m

ψ0

fi(σ, τ)ξ(|z(σ − αi(σ), τ − βi(τ))|)dτdσ]

+gi(l,m) |z(l − αi(l),m− βi(m))|p]dmdl

≤ ϖ+p
n∑
i=1

MiNi

∫ γi(ϖ)

γi(ϖ0)

∫ δi(ψ)

δi(ψ0)

[|z(γi(α), δi(β))|p .[ei(γi(α) + αi(α), βi(β) + δi(β))

ξ(|z(γi(α), δi(β))|) +
∫ γi(α)

γi(ϖ0)

∫ δi(β)

δi(ϖ0)

MiNifi(αi(σ) + γi(σ), βi(τ) + δi(τ))

ξ(|z(γi(σ), δi(τ))|)dδi(τ)dγi(σ)] + gi(γi(α) + αi(α), βi(β) + δi(β))

|z(γi(α), δi(β))|p]dδi(β)dγi(α)

≤ ϖ + p
n∑
i=1

∫ γi(ϖ)

γi(ϖ0)

∫ δi(ψ)

δi(ψ0)

|z(s, q)|p .[ẽi(s, q)(ξ(|z(s, q)|)

+

∫ s

γi(ϖ0)

∫ q

δi(ψ0)

f̃i(m,n)ξ(|z(m,n)|)dndm) + g̃i(s, q)]dqds. (3. 60)

Now an immediate application of the inequality given in Corollary 2.4 to (3.60) yields the
desired result (3.58). �
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