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Abstract. We demonstrated Hermite-Hadamard type results via r—convex
function class. The proofs of results are based on the identities which are
given in [16] and [3], established by Set et al. and Chun and Qi respec-
tively.
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1. INTRODUCTION AND PRELIMINARIES

Let us start this section by remembering how convex functions are defined, which have
a very important place in the theory of inequalities and in different disciplines of mathe-
matics.

Definition 1.1. A real valued function f : I C R — R is defined convex if the following
inequality holds for all 11, 1o € T and € € [0,1] :

€+ A =&p2) <Ef(pa) + (1= &) f(p2)-

Some results for convex functions and some generalizations of convex functions (e.g.
s—convex functions, h—convex functions and ¢—convex functions) can be found in [1],
(31, [4], [6], [8] and [13]-[17].

Many researchers are studying inequalities to achieve optimal boundaries and approaches.
Hermite-Hadamard inequality is valued as one of the most essential and remarkable in-
equalities. This inequality which is embodied below confers us upper and lower bounds for
the mean value of convex functions.
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Let f : [u1, u2] — R be a convex function. Then

pa + e 1 He fQua) + fp2)
f( ! )smm/ oy < L) > Te)

(1. 1)

M1
holds.

References [1]-[5], [7]-[14] and [18]-[20] can be examined for results that include this
aesthetic inequality.

Now, let us define r—convex functions which are another generalized version of convex
functions.

M, (1, po; &) is referred to power mean of order 7 of two positive numbers fi1, o is
defined by (See [5])

(i + (A =8uy)™, ifr#£0
Mr(/lhuz;f) =
s, if r = 0.

Definition 1.2. [5] A positive function f is r—convex on [, 7] if

fEpa+ (L= &puz) < My (f (1), fp2); €)
holds for all 111, ua € [p,n] and € € [0,1].

In [5], Gill et al. obtained the inequality in ( 1. 2).

Theorem 1.3. Suppose f is a positive r—convex function on [p1, fi2]. Then
1 H2
[ 2 < L) £ ). (1.2
H2 — 1 H1

Here L, is the generalized logarithmic mean of order r of positive numbers i1, o is de-
fined by

r+1 r+1

r_ K —H
7‘+1'W7 T#Oa_la M1 #M2
25 S 5 B —
LT(Mla,U/Q) = lnulln_ln—,uﬁl’ r= 07 K1 7& M2
pupe SRR, =l #
H1s H1 = 2.

There are some results for r—convex functions in the references [1], [2], [4], [5], [7],
[117, [12] and [18]-[20].

The principal objective of our study is to establish several new results via r-convexity.
To derive our results we consult the identities which are embodied below.

Lemma 1.4. [16] Let f : I C R — R be a twice differentiable function on 1°, where
pas e € I with py < po. If f € Llp, pal,

H2
12 im . fw)dp — f(ps) + (us _ “1;/‘2> £ ()
== M ! 2 1 B
B 2(/12_#1)/0 & (Eus + (1 —&)pr)de

M ' 2 ¢l _
+2(N2—M1)/0 Ef" €z + (1 — E)po)dE
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holds for all 3 € [u1, o] -

Lemma 1.5. [3] Let f : I C R — R be a third order differentiable function on 1°, where
pas pe € T with py < po. If f € L[Mhm]

f(u1)+f(u2) 1 _ p2—
H2 — H1 f( Jai 12

- a_m) / 01— )26 — )" (e + (1 — E)pa)dt

[ (n2) = f' ()]

holds.

2. INEQUALITIES FOR TWICE DIFFERENTIABLE r—CONVEX FUNCTIONS

In this section, we give results for twice differentiable »r—convex functions in the Theo-
rems 2.1-2.4.

Theorem 2.1. Let f : I C R — R be a twice differentiable function on I° such that
I € Lipy, p2] with py, pe € T and py < pg. If | f"|* is r—convex on [u1, 2], we obtain
the following inequality for all i3 € [y, po] and g > 1, % + % =1:

1 H2
[ )+ (- ) )| @
M2 = M1 Sy,
(/1'3 - M1)3 ( 1 >Tl’ [LT (‘f//(ul)r] |f//(,u/3)|11)]%
2(p2 — 1) \2p+1 ’
+ (/LQ - U3)3 ( 1 )Il’ [LT» (|f//(ﬂ3)|q ‘f/l(ﬂ2)|q)]% )
2(p2 — ) \2p+1 ’
Proof. We can write
1 K2 w1+ /12) / ’
dp — - 2.4
\W S [ = s+ (o= 222 )| @
( / 2 // 1— d
gty [ € s (1= ) e
( 2 //
+2/¢27—/ E N (Eps + (1 = Epua)| d€
via Lemma 1.4 and property of modulus. If we use Holder inequality in ( 2. 4 ) we obtain
1 K B+ M2> / ‘
dp — - 2.5
e Rt (CORe (Rt R I

;’(‘;—“Li ( /O 1 Egpdf); ( /O s (- ) d§>;

+M ( / 15%); (/ s+ (1 @uz)ﬁdsf
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Since |f”|? is r—convex on |1, y2], we have

/01 " (€ps + (1= &) pa)|* dg < Ly (If" (p)l* 1" (13)]") (2. 6)
and .

|15 + = O < L (G 1 G @)
via the inequality in (1. 2 ). If weuse (2. 6 ) and (2. 7 ) in ( 2. 5) and if we calculate the
integrals in ( 2. 5 ), we obtain the inequality in ( 2. 3 ). O

Theorem 2.2. Let f : I C R — RY be a twice differentiable function on I° such that
f" € Lipy, po] with py,p2 € I and py < pe. If | f"'] is r—convex on [p1, po], we obtain
the following inequality for all p3 € [p1, po] andr > 1 :

‘Mz iul ;l fw)dp — f(ps) + (us = Ml;m) f’(us)’ 2.8)
r (p3 — Ul)3 + (2 — p13) "

w+1< I )“(”

¥ r Cm—mfﬂ@ﬂ+%—mfwmﬁ>
(1+7)(1+2r)(1 + 3r) p2 = 1 '

Proof. Using Lemma 1.4, property of modulus and r—convexity of | f”|, we have

1 H2
[ i )+ (- ) )| @9
H2 H1 N1
( / 2 // 1_ " T %d
Sy | €L )+ (= )17 Gu)l'] e
(7/ 2 // 1— 1" ri d
o 1" (ua)l + (1 =€) |f" (uz)|"] ™ de.
If the following inequality in (2.10) is taken into account in (2.9),
Z wi + ;)¢ < Z 2. 10)
for0 <e < 1,wi,wa,...;Wpm, 2 0 and W1,w2,._.., 2_0 we obtain
1 - H1+ Mz) / ‘
dp — : 3 — 2.11
e [ = )+ (= ) )| @
(MS — :ul)3 /1 241 on 2 1
P — v 1-¢&)~ d
2oy | €T )l + €= 15 )] e
(,u2 - MS)B /1 241 e 2 1y
Y —— T 1-¢)~ dg.
Pty | [ )+ €= 0} 7o) ] e

We have the required inequality in (2.8) with the calculations of the integrals in (2.11). [
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Theorem 2.3. Let f : I C R — RY be a twice differentiable function on I° such that
f" € Lipy, p2] with py, e € T and py < pg. If | f"|* is r—convex on [uy, 2], we obtain
the following inequality for all p3 € [p1, pe] andr > 1,q > 1, % + % =1:

1 He p1t+pe L,
‘m — fw)dp — f(ps) + <u3 - 2> f'(ps) (2.12)
< S () [l ) ) 17 )
2(up — ) (2p+1)7 \1H7

1

(a2 — )’ (1" )|+ 11" (2] 7]

Proof. If we use Lemma 1.4, property of modulus and Hoélder inequality we obtain the
inequality in (2.5). If we use r—convexity of | f”/|? , we can write

‘m i I /: fw)dp — f(us) + <M3 - “1;“2> f/(ﬂzs)‘ 2. 13)

M ( /0152%); ( / 1 )+ (= ) )] dg)é

p sl () 52pd5)‘1’ ([ terwor +a-o dg)é |
In (2.13), if we use the inequality in (2.10) we obtain

’M o P 1) + (o~ 22 ) f’(us)’ @ 14)

s ) (o) ([ fet 170l + 0= 7] )

E 1 1
(Mz—IlS)d(/lz >p(/1 1oy q Len q )q
o Pd v +(1 =87 d )
2y L €rde) ([ 1wl + (= ©F 1G] de
If we calculate the integrals in (2.14), we get the inequality in (2.12). g

Theorem 2.4. Under the assumptions of Theorem 2.3, we have the following inequality:

H2
‘uz i o) Fldn = fus) + <u3 - “1;”2> f/(ﬂ3)‘ 2. 15)
M1

(H3—#1)3 [ r
2(p — ) (p+ 17 Lar+r+1
(M2—M3)3 [ r
2z — ) (p+1)7 Lar+r+1

Here (3 is Euler Beta function.

1

)6 (14 0+ 1) 7l

<

)5 (14 1o+ 1) 17l
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Proof. 1If we use Lemma 1.4, property of modulus and Holder inequality we obtain

12 im :2 f)dp — f(ps) + (us - ”1;”2) f'(us) (2. 16)
i —sol (JClépdf); (}ﬁlfqlf”(5u3+—(1-f)ﬂlﬂng);
+&ﬁ;ﬁ2?(AlﬁmQ;(1feuwgw+wl—@ﬂaq@)é
We can write
[ 00— s+ (o= ) ) o
< Zﬁ;ﬁi(A¥MQ;(Alﬂéu%mW+u—oiwmmﬂqu
+§fj;"ﬁ2?(Jﬁlfpdf>; (ffq[é|f"<u3>Q+<1-—s>i|f~<u2>|q}d,g>é

via r—convexity of | f”’| and the inequality in (2.10). If we calculate the integrals in (2.17),

we obtain the inequality in (2.15). O
Remark 2.5. In the Theorems 2.1-2.4 one can obtain some results for special values of 3.
It is left to the interested reader.

3. INEQUALITIES FOR THIRD ORDER DIFFERENTIABLE »—CONVEX FUNCTIONS

In this section, two theorems are given for third-order differentiable »—convex functions.

Theorem 3.1. Let f : I C R — R™ be a third order differentiable function on I° such
that f""' € Llu1, uo] with p, pe € I and py < po. If | f"'] is r—convex on 1, ua] , we
obtain the following inequality for r > 1 :

3. 18)
f(u1) + f(u2) 1 Hz s — 1 /
‘ 2 T /m Flpdp — =5 [f(p2) = f (ﬂl)]’
(u2 — p1)’ 2 L+6r\ ., .
= 12(1+2r2)(1+3r)(1+47=) ( 22+1> " () + [ £ (p2)] -

Proof. 1If we use Lemma 1.5, property of modulus and r—convexity of | f"’| we can write

VWQ;f@ﬂ_ L™ i — P2 ) — ()

3.19)
P2 = p Sy, 12 (

1
G

(IUQ — Hl)g : _ _ m r _ " ™
< | [Tea-o-29) [l Gl + (- 91 ('] de
0

@]

3=

* /1 E1 - =D [E]f"(n)l" + Q= O [f" (u2)]']
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In (3.19), if we use the inequality in (2.10) we obtain

f(ul)—i_f(w) 1 re M2 — 1y /
‘ 2 T ), F)dp — =5 [ (12) = ' ()]

(3. 20)

Si

3 % ) )
(NZ 12,Ul) [/0 5(1 _ 5)(1 _ 25) [é‘; |f///(ﬂl)| + (1 _ g); |f///(‘u2)|} de

+ / E(1=€)(26 = 1) [¢7 1" ()| + (1= )7 /" (u2)]] de] :

Further we have
1

/ T o - 2e)de

0

1
A E(1— &) H 26 — 1)de 3. 21)

2r? +12r3
245 (1 + 2r) (1 + 3r) (1 + 47)

and
/E E(1— &)V (1 - 26)de (3.22)
0

1
- / €UHH (1 £)(26 — 1)de
2 T'2

n 2r2 41273
(T4+2r)(1+3r)(1+4r) 24451 +2r)(1 + 3r)(1 +4r)
If the equations in (3.21) and (3.22) are used in (3.20), we get the inequality in (3.18). U

Theorem 3.2. Let f : I C R — R be a third order differentiable function on I° such
that f"" € Lluy, p2] with py, ps € I and py < po. If | f"'|* is r—convex on [uy, 2], we
obtain the following inequality forr > 1 and q > 1, % + % =1:

’f(ul) +flp2) 1 re p2 —
2

f(p)du —

M2 — H1 Sy, 12 [f (/LQ) - f (Nl)]’ (3.23)

—u)? ] r4r a 1
< (12 12:“1) <pi1> <B <q+17 + Tq+1)> Hf”/(,lll”q"'|fm(,u2)|q]q )

Proof. 1f we use Lemma 1.5, property of modulus, 7—convexity of | f””/|? and the inequality
in (2.10) we can write

Hon) + 1) _ ’ ! — Fwydn = BB (a2) = /)

(3.24)

1
s

W (/01 2¢ — 117 df); (/01 EL =T [ENf" ()" + (L= &) [ (n2)|"'] dg)é
2 1

ba Tt ([ apae)” ([ (a0t 10— 17 o)) df)é .
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With the help of calculations of the integrals in (3.24), we get the required inequality in
(3.23). ]
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