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1. INTRODUCTION

Fractional calculus is the study of integrals and derivatives of arbitrary order which was a
natural outgrowth of conventional definitions of calculus integral and derivative. There are
several problems in the mathematics and its related real world applications wherein frac-
tional derivatives occupy an important place [1, 2, 13, 15, 18, 19, 26, 27]. Each conventional
fractional operator with its own special kernel can be used in a certain problem. In recent
years, fractional calculus is a topic that has played a crucial role in defining the complex
dynamics of the real world problems from various fields of science and engineering. An-
alyzing the uniqueness of solution of fractional ordinary and partial differential equations
can be performed by employing fractional integral inequalities [7, 8, 9, 20, 21, 28]. While,
on the other hand the role of elementary mathematical inequalities have been rediscovered
owing to their applications to different realms of mathematics and applied sciences [22]. In
fact, the development of mathematical inequalities is very closely related to the advances in
the theory of convex function. Convexity theory is an effective and powerful way to solve
a large number of problems from different branches of pure and applied mathematics. As
the development of the convex function is associated to many well known names of the
era, for instance, Jensen, Hardy, Ostrowski, Hadamard etc. [5, 6, 14, 25]. One of the most
celebrated and sparkled results on convex function is due to Hermite-Hadamard, later on
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called Hermite-Hadamard integral inequality. Due to its geometrical significance, these in-
equalities were either generalized, extended and refined by using elementary techniques of
analysis. The following inequality is well known as Simpson’s inequality which provides
an error bound for the Simpson’s rule.

Theorem 1.1. [12] Letf : [a1, a2] → R be a four times differentiable function on(a1, a2)
and‖f (4)‖∞ := supx∈(a1,a2) |f (4)|(x) < ∞, then the following inequality holds
∣∣∣∣
1
3

[
f(a1) + f(a2)

2
+ 2f

(
a1 + a2

2

)]
− 1

a2 − a1

∫ a2

a1

f(x)dx

∣∣∣∣ ≤
‖f (4)‖∞(a2 − a1)4

2880
.

The classical Simpson type inequality has attracted much attention since it is very re-
markable in the area of inequality application. For different convex functions, the Simp-
son’s inequality have been extended and refined by many authors such as [10, 4, 16].
Dragomir et al. proved the following recent developments on Simpson’s inequality for
which the remainder is expressed in terms of derivatives lower than the fourth.

Theorem 1.2. [10] Supposef : [a1, a2] → R is a differentiable mapping whose derivative
is continuous on(a1, a2) andf ′ ∈ L[a1, a2], then∣∣∣∣

1
3

[
f(a1) + f(a2)

2
+ 2f

(
a1 + a2

2

)]
− 1

a2 − a1

∫ a2

a1

f(x)dx

∣∣∣∣ ≤
a2 − a1

3
||f ′||1

provided that:‖f ′‖1 =
∫ a2

a1
|f ′(x)|dx < ∞.

The aim of this paper is to obtain a fractional integral identity for Mittag-Leffler type
convex function, consequently to derive some new Hermite-Hadamard type, trapezoidal
type, mid point type and Simpson type fractional integral inequalities to provide some
applications involving special means. This paper is organized in the following way. After
this Introduction, in Section 2 some basic concepts and assumptions are discussed. In
Section 3 some results relating to the topic are established, in Section 4 some applications
of the obtained results are given. Lastly, Section 5 is about conclusion of the current paper.

2. PRELIMINARIES AND ASSUMPTIONS

Definition 2.1. [15] The single-parameter Mittag-Leffler function and the two parameter
Mittag-Leffler function are defined, respectively, as:

Eα(x) :=
∞∑

k=0

xk

Γ(kα + 1)
; Eα,β(x) :=

∞∑

k=0

xk

Γ(kα + β)
, α, β > 0. (2. 1)

Definition 2.2. For α > 0, the logarithmic Mittag-Leffler mean of a given functionf(x)
on [a1, a2] is defined as:

LME(x) := ln
Eα(f(x)) + Eα(f(a1 + a2 − x))

2
, x ∈ [a1, a2]. (2. 2)

If f is differentiable on(a1, a2), then

LME′(x) :=
Eα,α(f(x))f ′(x)− Eα,α(f(a1 + a2 − x))f ′(a1 + a2 − x)

α[Eα(f(x)) + Eα(f(a1 + a2 − x))]
. (2. 3)
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Forα → 1, relations(2.2) and(2.3) will be degenerated to the following relations [17]

LE(x) := ln
exp(f(x)) + exp(f(a1 + a2 − x))

2
, x ∈ [a1, a2], (2. 4)

LE′(x) :=
exp(f(x))f ′(x)− exp(f(a1 + a2 − x))f ′(a1 + a2 − x)

exp(f(x)) + exp(f(a1 + a2 − x))]
. (2. 5)

Definition 2.3. [17] A functionf : [a1, a2] ⊆ R → R, is said to be single and double
parameter Mittag-Leffler type convex function, respectively, if the following inequalities
hold:

Eα(f(tx+(1− t)y)) ≤ tEα(f(x))+(1− t)Eα(f(y)), t ∈ [0, 1]; x, y ∈ [a1, a2], (2. 6)

Eα,β(f(tx + (1− t)y)) ≤ tEα,β(f(x)) + (1− t)Eα,β(f(y)), t∈ [0, 1]; x, y ∈ [a1, a2].
(2. 7)

It is remarkable to note that forα, β → 1, the Mittag-Leffler type convex functions
defined by Definition 2.3 will degenerate into classic exp-convex function consistently [17].

Definition 2.4. [11] Let I ⊆ (0,∞) be a real interval and0 6= p ∈ R. A function
f : I → R is said to bep−convex function, if

f((txp + (1− t)yp)
1
p ) ≤ tf(x) + (1− t)f(y),

provided thatx, y ∈ I and t ∈ [0, 1]. If the inequality is reversed, thef is said to be
p−concave function. The functionf is said to be(s, p)−convex if

f((txp + (1− t)yp)
1
p ) ≤ tsf(x) + (1− t)sf(y),

provided thatx, y ∈ I; t ∈ [0, 1] ands ∈ (0, 1]. In case of(s, p)−concave function, the
inequality sign is reversed.

Definition 2.5. [24] Let [a1, a2] be a finite interval on the real axis andf ∈ L[a1, a2]. The
right-hand side and the left-hand side Riemann-Liouville fractional integralsJ α

a1+f and
J α

a2−f of orderα > 0, respectively, are defined by:

(J α
a1+f

)
(x) =

1
Γ(α)

∫ x

a1

(x− t)α−1f(t)dt, x ∈ (a1, a2], (2. 8)

(J α
a2−f

)
(x) =

1
Γ(α)

∫ a2

x

(t− x)α−1f(t)dt, x ∈ [a1, a2), (2. 9)

provided thatL[a1, a2] is the space of all Lebesgue integrable functions on the compact
interval [a1, a2].

Definition 2.6. [24] The gamma function,Γ, beta function,B and the Hypergeometric
function,2F1, respectively, defined by:

Γ(x) :=
∫ ∞

0

e−ttxdt, x > 0; B(x, y) :=
Γ(x)Γ(y)
Γ(x + y)

=
∫ 1

0

tx−1(1− t)y−1dt, x, y > 0.

2F1(a1, a2; c, z) :=
1

B(a2, c−a2)

∫ 1

0

ta2−1(1−t)c−a2−1(1−zt)−a1dt, c > a2 > 0; |z|<1.
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Raina [23] introduced a class of functions defined by:

Fσ
ρ,λ(x) = F

σ(0),σ(1),...
ρ,λ (x) =

∞∑

k=0

σ(k)
Γ(ρk + λ)

xk, ρ, λ ∈ R+;x ∈ R, (2. 10)

where the coefficientsσ(k) ∈ R+, k ∈ N0 form a bounded sequence. By using(2.10)
Agarwal et al. and Raina [3, 23] defined, respectively, the left-side and right-sided frac-
tional integral operators:

(
Jσ

ρ,λ,a1+;wφ
)
(x) =

∫ x

a1

(x− t)λ−1Fσ
ρ,λ[w(x− t)ρ]φ(t)dt, x > a1. (2. 11)

(
Jσ

ρ,λ,a2−;wφ
)
(x) =

∫ a2

x

(t− x)λ−1Fσ
ρ,λ[w(t− x)ρ]φ(t)dt, x < a2, (2. 12)

wherew ∈ R andφ is a function such that the integrals on right hand sides exit. It is
easy to verify thatJσ

ρ,λ,a1+;wφ(x) andJσ
ρ,λ,a2−;wφ(x) are bounded integral operators on

L(a1, a2), provided thatM := Fσ
ρ,λ+1[w(a2 − a1)ρ] < ∞. In fact, forφ ∈ L(a1, a2), we

have
∥∥Jσ

ρ,λ,a1+;wφ
∥∥

1
≤ M(a2 − a1)λ‖φ‖1;

∥∥Jσ
ρ,λ,a2−;wφ

∥∥
1
≤ M(a2 − a1)λ‖φ‖1.

By settingλ → α; σ(0) → 1 andw → 0 in (2.11) and(2.12), respectively,(2.8) and
(2.9) are recaptured. Before starting the main results, we consider the following consider
the following notations to make the representation easier and more compact.

Ψµ
λ(a1, a2, p, κ; α) :=

p(λ+µ+Fσ
ρ,β+1[w(ap

2 − ap
1)

ρ]−1)
2(1− λ1)

ln
Eα(f(a1))+Eα(f(a2))

2
+

p

2(1− λ1)
{(1− λ)(LME ◦ g) (λ1a

p
1 + (1− λ1)(a

p
1 + ap

2 − κ))−
(µ− Fσ

ρ,β+1[w(ap
2 − ap

1)
ρ])(LME ◦ g) (λ1a

p
2 + (1− λ1)(a

p
1 + ap

2 − κ))}−

p

(
Jσ

ρ,β,[(1−λ1)(a
p
1−κ)+ap

2 ]+;
w(a

p
2−a

p
1)ρ

(1−λ1)ρ(κ−a
p
1)ρ

LME ◦ g

)
(ap

2)

2(1− λ1)1+β(κ− ap
1)β

+

p

(
Jσ

ρ,β,ap
1+;

w(a
p
2−a

p
1)ρ

(1−λ1)ρ(a
p
2−κ)ρ

LME ◦ g

)
((1− λ1)(a

p
2 − κ) + ap

1)

2(1− λ1)1+β(ap
2 − κ)β

. (2. 13)

For different choices of parameters in(2.13), we have some well known functionals for
Mittag-Leffler type convex functions. For instance,λ, µ, β, p, σ(0) → 1; w, λ1 → 0;
κ → ap

1+ap
2

2 , relation(2.13) reduces to following trapezoidal type functional

Ψ1
1

(
a1, a2, 1,

a1+a2

2
; α

)
:= ln

Eα(f(a1))+Eα(f(a2))
2

− 1
a2−a1

∫ a2

a1

LME(t)dt.

(2. 14)
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Forβ, p, σ(0) → 1; λ, µ,w, λ1 → 0; κ → ap+ap
2

2 , relation(2.13) reduces to following mid
point type functional

Ψ0
0

(
a1, a2, 1,

a1 + a2

2
;α

)
:= LME

(
a1 + a2

2

)
− 1

a2 − a1

∫ a2

a1

LME(t)dt. (2. 15)

Forβ, p, σ(0) → 1; w, λ1 → 0; κ → ap
1+ap

2
2 , λ, µ → 1

3 relation(2.13) reduces to following
Simpson’s type functional

Ψ
1
3
1
3

(
a1, a2, 1,

a1+a2

2
; α

)
:=

1
3

[
ln

Eα(f(a1))+Eα(f(a2))
2

+2LME

(
a1+a2

2

)]

− 1
a2 − a1

∫ a2

a1

LME(t)dt (2. 16)

G1(a1, a2, s, p, λ, µ, κ) :=
|1− λ|(ap

2 − κ)

2(s + 1) [ap
1 + (1− λ1)(a

p
2 − κ)]

p−1
p

{|LME′(a1)|Gs
s(a1, a2, p; 1; η4; 0)+(|LME′(a1)|λs

1+(1−λ1)s|LME′( p

√
ap
1 + ap

2−κ)|)

G0
s(a1, a2, p; 1; η4; 0)}+

|µ|(κ− ap
1)

2(s + 1)ap−1
2

{|LME′(a2)|G0
s(a1, a2, p; 1; 0; η5)

+ (|LME′(a2)|λs
1 + (1− λ1)s|LME′( p

√
ap
1 + ap

2 − κ)|)Gs
s(a1, a2, p; 1; 0; η5)}

(2. 17)

σ1(k) := σ(k)

[
ap
2 − κ

2 [ap
1 + (1− λ1)(a

p
2 − κ)]

p−1
p

{
|LME′(a1)|H1,s

0 (a1, a2, k, p; η4; 0)

+ (|LME′(a1)|λs
1 + (1− λ1)s|LME′( p

√
ap
1 + ap

2 − κ)|)Ls(a1, a2, k, p; η4; 0)}

+
κ− ap

1

2ap−1
2

× {|LME′(a2)|Ls(a1, a2, k, p; 0; η5)

+(|LME′(a2)|λs
1 + (1− λ1)s|LME′( p

√
ap
1 + ap

2 − κ)|)H1,s
0 (a1, a2, k, p; 0; η5)

}]

(2. 18)

σ2(k) :=





(ap
2 − κ) y

√
|LME′(a1)|y(1 + λs

1) + (1− λ1)s|LME′( p
√

ap
1 + ap

2 − κ)|y

2 y
√

s + 1
[

p
√

ap
1 + (1− λ1)(a

p
2 − κ)

]x(p−1)

× x

√
Hx,0

0 (a1, a2, k, p; η4; 0) + x

√
Hx,0

0 (a1, a2, k, p; 0; η5)×

(κ− ap
1)

y

√
|LME′(a2)|y(1 + λs

1) + (1− λ1)s|LME′( p
√

ap
1 + ap

2 − κ)|y

2 y
√

s + 1a
x(p−1)
2



σ(k)

(2. 19)



164 Sabir Hussain and Sobia Rafeeq

G2(a1, a2, s, p, λ, µ, κ) :=
|1− λ|(ap

2 − κ) x
√

G0
0(a1, a2, p;x; η4; 0)

2 y
√

s + 1
[

p
√

ap
1 + (1− λ1)(a

p
2 − κ)

]x(p−1)

× y

√
|LME′(a1)|y(1 + λs

1) + (1− λ1)s|LME′( p

√
ap
1 + ap

2 − κ)|y

+
|µ|(κ− ap

1)
x
√

G0
0(a1, a2, p; x; 0; η5)

2 y
√

s + 1a
x(p−1)
2

× y

√
|LME′(a2)|y(1 + λs

1) + (1− λ1)s|LME′( p

√
ap
1 + ap

2 − κ)|y (2. 20)

σ3(k) := σ(k)


 (ap

2 − κ){H1,0
0 (a1, a2, k, p; η4; 0)} x−1

x

2
[

p
√

ap
1 + (1− λ1)(a

p
2 − κ)

]p−1 {H1,s
0 (a1, a2, k, p; η4; 0)

× |LME′(a1)|x + {λs
1|LME′(a1)|x + (1− λ1)s|LME′( p

√
ap
1 + ap

2 − κ)|x}

H1,0
s (a1, a2, k, p; 0; η5)} 1

x +
(κ− ap

1){H1,0
0 (a1, a2, k, p; 0; η5)} x−1

x

2ap−1
2

× {Ls(a1, a2, k, p; 0; η5)|LME′(a2)|x + {λs
1|LME′(a2)|x

+(1− λ1)s|LME′( p

√
ap
1 + ap

2 − κ)|x}H1,s
0 (a1, a2, k, p; 0; η5)} 1

x

]
(2. 21)

G3(a1, a2, s, p, λ, µ, κ) :=
|1− λ|(ap

2 − κ){G0
0(a1, a2, p; 1; η4; 0)} x−1

x

2 x
√

s + 1
[

p
√

ap
1 + (1− λ1)(a

p
2 − κ)

]p−1

{Gs
s(a1, a2, p; 1; η4; 0)|LME′(a1)|x + {λs

1|LME′(a1)|x

+ (1− λ1)s|LME′( p

√
ap
1 + ap

2 − κ)|x}G0
s(a1, a2, p; 1; η4; 0)} 1

x

+
(κ− ap

1)|µ|{G0
0(a1, a2, p; 1; 0; η5)} x−1

x

2ap−1
2

x
√

s + 1
{G0

s(a1, a2, p; 1; 0; η5)|LME′(a2)|x

+ {λs
1|LME′(a2)|x + (1− λ1)s|LME′( p

√
ap
1 + ap

2 − κ)|x}
×Gs

s(a1, a2, p; 1; 0; η5)} 1
x (2. 22)

Hη1,η2
η3

(a1, a2, k, p; η4; η5) := B(η1β + η1kρ + η2 + 1, 1 + η3)×

2F1

(
η1

p− 1
p

, η1β + η1kρ + η2 + η3 + 1; η1β + η1kρ + η2 + η3 + 2, η4 + η5

)

(2. 23)

Gη2
η3

(a1, a2, p; η1; η4; η5) := 2F1

(
η1

p− 1
p

, η2 + 1; η3 + 2, η4 + η5

)
(2. 24)
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Lη2(a1, a2, k, p; η4; η5) := B(β + kρ + 1, 1 + η2)×

2F1

(
p−1

p
, β + kρ + 1;β + kρ + η2 + 2, η4 + η5

)
(2. 25)

η4 :=
(1− λ1)(a

p
2 − κ)

ap
1 + (1− λ1)(a

p
2 − κ)

; η5 :=
(1− λ1)(κ− ap

1)
ap
2

. (2. 26)

3. RESULTS

Lemma 3.1. Let Ip := [ap
1, a

p
2] ⊆ R+ for 0 6= p ∈ R with a1 < a2 and I◦p an interior

of Ip; let f : Ip → R be a differentiable function onI◦p . Moreover, ifλ, µ ∈ R, κ ∈ Ip,

λ1 ∈ [0, 1], ρ, β, ξ > 0 andg(ξ) = p
√

ξ, then

ap
2 − κ

2

∫ 1

0

{1− λ− tβFσ
ρ,β+1[w(ap

2 − ap
1)

ρtρ]}

× LME′
(

p

√
tap

1 + (1− t)(λ1a
p
1 + (1− λ1)(a

p
1 + ap

2 − κ))
)

×[tap
1+(1−t)(λ1a

p
1+(1−λ1)(a

p
1+ap

2−κ))]
1−p

p dt+
κ−ap

1

2

∫ 1

0

(µ−tβFσ
ρ,β+1[w(ap

2−ap
1)

ρtρ])

× LME′( p

√
(1− t)ap

2 + t(λ1a
p
2 + (1− λ1)(a

p
1 + ap

2 − κ)))

× [(1− t)ap
2 + t(λ1a

p
2 + (1− λ1)(a

p
1 + ap

2 − κ))]
1−p

p dt

=
p(λ + µ + Fσ

ρ,β+1[w(ap
2 − ap

1)
ρ]− 1)

2(1− λ1)
ln

Eα(f(a1)) + Eα(f(a2))
2

+

p

2(1− λ1)
{(1− λ)(LME ◦ g) (λ1a

p
1 + (1− λ1)(a

p
1 + ap

2 − κ))−
(µ− Fσ

ρ,β+1[w(ap
2 − ap

1)
ρ])(LME ◦ g) (λ1a

p
2 + (1− λ1)(a

p
1 + ap

2 − κ))}−

p

(
Jσ

ρ,β,[(1−λ1)(a
p
1−κ)+ap

2 ]+;
w(a

p
2−a

p
1)ρ

(1−λ1)ρ(κ−a
p
1)ρ

LME ◦ g

)
(ap

2)

2(1− λ1)1+β(κ− ap
1)β

+

p

(
Jσ

ρ,β,ap
1+;

w(a
p
2−a

p
1)ρ

(1−λ1)ρ(a
p
2−κ)ρ

LME ◦ g

)
((1− λ1)(a

p
2 − κ) + ap

1)

2(1− λ1)1+β(ap
2 − κ)β

. (3. 27)

Proof. Integrating by parts and changing variable yields the following:

I1 :=
∫ 1

0

{1− λ− tβFσ
ρ,β+1[w(ap

2 − ap
1)

ρtρ]}

×LME′
(

p

√
tap

1 + (1− t)(λ1a
p
1 + (1− λ1)(a

p
1 + ap

2 − κ))
)

×[tap
1 + (1− t)(λ1a

p
1 + (1− λ1)(a

p
1 + ap

2 − κ))]
1−p

p dt
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=
∣∣∣∣p

(LME ◦ g) (tap
1 + (1− t)(λ1a

p
1 + (1− λ1)(a

p
1 + ap

2 − κ)))
(1− λ1)(κ− ap

2)

×{1− λ− tβFσ
ρ,β+1[w(ap

2 − ap
1)

ρtρ]}∣∣1
0

+ p

∫ 1

0

tβ−1Fσ
ρ,β [w(ap

2 − ap
1)

ρtρ]

× (LME ◦ g) (tap
1 + (1− t)(λ1a

p
1 + (1− λ1)(a

p
1 + ap

2 − κ)))
(1− λ1)(κ− ap

2)
dt

= [(1− λ1)(κ− ap
2)]
−1{p(1− λ− Fσ

ρ,β+1[w(ap
2 − ap

1)
ρ])LME(a1)

+(λ− 1)p(LME ◦ g) (λ1a
p
1 + (1− λ1)(a

p
1 + ap

2 − κ))}

+
p

(1− λ1)(κ− ap
2)

∫ 1

0

tβ−1Fσ
ρ,β [w(ap

2 − ap
1)

ρtρ]

×(LME ◦ g) (tap
1 + (1− t)(λ1a

p
1 + (1− λ1)(a

p
1 + ap

2 − κ))) dt.

By setting,x = tap
1 + (1 − t)(λ1a

p
1 + (1 − λ1)(a

p
1 + ap

2 − κ)) so thatλ1a
p
1 + (1 −

λ1)(a
p
1 + ap

2 − κ) − x = t(1 − λ1)(a
p
2 − κ) ⇒ dt = − dx

(1−λ1)(a
p
2−κ)

and0 ≤ t ≤ 1 ⇔
(1− λ1)(a

p
2 − κ) + ap

1 ≤ x ≤ ap
1

I1 = [(1− λ1)(a
p
2 − κ)]−1{p(λ + Fσ

ρ,β+1[w(ap
2 − ap

1)
ρ]− 1)LME(a1)

+(1− λ)p(LME ◦ g) (λ1a
p
1 + (1− λ1)(a

p
1 + ap

2 − κ))}

− p

[(1− λ1)(a
p
2 − κ)]β+1

∫ (1−λ1)(a
p
2−κ)+ap

1

ap
1

(ap
1 + (1− λ1)(a

p
2 − κ)− x)β−1

×Fσ
ρ,β

[
w

{
(ap

2 − ap
1)((1− λ1)(a

p
2 − κ) + ap

1 − x)
(1− λ1)(a

p
2 − κ)

}ρ]
(LME ◦ g)(x)dx,

⇒ (1− λ1)(a
p
2 − κ)I1 = p(λ + Fσ

ρ,β+1[w(ap
2 − ap

1)
ρ]− 1)LME(a1)

+ (1− λ)pLME

(
p

√
λ1a

p
1 + (1− λ1)(a

p
1 + ap

2 − κ)
)

− p

[(1− λ1)(a
p
2 − κ)]β

∫ (1−λ1)(a
p
2−κ)+ap

1

ap
1

(ap
1 + (1− λ1)(a

p
2 − κ)− x)β−1

× Fσ
ρ,β

[
w

{
(ap

2 − ap
1)((1− λ1)(a

p
2 − κ) + ap

1 − x)
(1− λ1)(a

p
2 − κ)

}ρ]
(LME ◦ g) (x)dx.

Equivalently,

(1− λ1)(a
p
2 − κ)I1 = p(λ + Fσ

ρ,β+1[w(ap
2 − ap

1)
ρ]− 1)LME(a1)

+ (1− λ)p(LME ◦ g) (λ1a
p
1 + (1− λ1)(a

p
1 + ap

2 − κ))− p

[(1− λ1)(a
p
2 − κ)]β

×
(

Jσ

ρ,β,ap
1+;

w(a
p
2−a

p
1)ρ

(1−λ1)ρ(a
p
2−κ)ρ

LME ◦ g

)
((1− λ1)(a

p
2 − κ) + ap

1). (3. 28)
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Similarly, we have

I2 :=
∫ 1

0

(µ− tβFσ
ρ,β+1[w(ap

2 − ap
1)

ρtρ])

×LME′( p

√
(1− t)ap

2 + t(λ1a
p
2 + (1− λ1)(a

p
1 + ap

2 − κ)))dt

×[(1− t)ap
2 + t(λ1a

p
2 + (1− λ1)(a

p
1 + ap

2 − κ))]
1−p

p dt

= p[(1− λ1)(a
p
1 − κ)]−1|(µ− tβFσ

ρ,β+1[w(ap
2 − ap

1)
ρtρ])

×(LME ◦ g)((1− t)ap
2 + t(λ1a

p
2 + (1− λ1)(a

p
1 + ap

2 − κ)))|10 + p

∫ 1

0

tβ−1

×Fσ
ρ,β [w(ap

2 − ap
1)

ρtρ]
LME( p

√
(1− t)ap

2 + t(λ1a
p
2 + (1− λ1)(a

p
1 + ap

2 − κ)))
(1− λ1)(a

p
1 − κ)

dt

= p[(1− λ1)(κ− ap
1)]
−1{µLME(a2)− (µ− Fσ

ρ,β+1[w(ap
2 − ap

1)
ρ])

×(LME ◦ g)(λ1a
p
2 + (1− λ1)(a

p
1 + ap

2 − κ))}

− p

(1− λ1)(κ− ap
1)

∫ 1

0

tβ−1Fσ
ρ,β [w(ap

2 − ap
1)

ρtρ]

×(LME ◦ g)((1− t)ap
2 + t(λ1a

p
2 + (1− λ1)(a

p
1 + ap

2 − κ)))dt.

By setting,y = (1−t)ap
2+t(λ1a

p
2+(1−λ1)(a

p
1+ap

2−κ)) so thatap
2−y = t(1−λ1)(κ−ap

1)
⇒ dt = dy

(1−λ1)(a
p
1−κ)

and0 ≤ t ≤ 1 ⇔ (1− λ1)(a
p
1 − κ) + ap

2 ≥ y ≥ ap
2

(1− λ1)(κ− ap
1)I2 = p[µLME(a2)− (µ− Fσ

ρ,β+1[w(ap
2 − ap

1)
ρ])

× (LME ◦ g) (λ1a
p
2 + (1− λ1)(a

p
1 + ap

2 − κ))]− p

[(1− λ1)(κ− ap
1)]β

×
∫ ap

2

(1−λ1)(a
p
1−κ)+ap

2

(ap
2 − y)β−1Fσ

ρ,β

[
w

{
(ap

2 − ap
1)(a

p
2 − y)

(1− λ1)(κ− ap
1)

}ρ]
(LME ◦ g) (y)dy.

Equivalently,

(1− λ1)(κ− ap
1)I2 = p[µLME(a2)− (µ− Fσ

ρ,β+1[w(ap
2 − ap

1)
ρ])

× (LME ◦ g) (λ1a
p
2 + (1− λ1)(a

p
1 + ap

2 − κ))]

− p

[(1− λ1)(κ− ap
1)]β

(
Jσ

ρ,β,[(1−λ1)(a
p
1−κ)+ap

2 ]+;
w(a

p
2−a

p
1)ρ

(1−λ1)ρ(κ−a
p
1)ρ

LME ◦ g

)
(ap

2).

(3. 29)



168 Sabir Hussain and Sobia Rafeeq

Addition of (3.28) and(3.29), yields the following:

(1− λ1)[(a
p
2 − κ)I1 + (κ− ap

1)I2] = p(λ + Fσ
ρ,β+1[w(ap

2 − ap
1)

ρ]− 1)LME(a1)

+ (1− λ)p(LME ◦ g) (λ1a
p
1 + (1− λ1)(a

p
1 + ap

2 − κ)) + pµLME(a2)

− p(µ− Fσ
ρ,β+1[w(ap

2 − ap
1)

ρ])(LME ◦ g) (λ1a
p
2 + (1− λ1)(a

p
1 + ap

2 − κ))]

− p

[(1− λ1)(κ− ap
1)]β

(
Jσ

ρ,β,[(1−λ1)(a
p
1−κ)+ap

2 ]+;
w(a

p
2−a

p
1)ρ

(1−λ1)ρ(κ−a
p
1)ρ

LME ◦ g

)
(ap

2)

− p

[(1− λ1)(a
p
2 − κ)]β

(
Jσ

ρ,β,ap
1+;

w(a
p
2−a

p
1)ρ

(1−λ1)ρ(a
p
2−κ)ρ

LME ◦ g

)
((1− λ1)(a

p
2 − κ) + ap

1).

This completes the proof. ¤

Theorem 3.2. Let f : Ip ⊆ R+ → R be a differentiable function onI◦p , interior of Ip,

such that|LME′| is (s, p)−convex for0 6= p ∈ R andρ, β > 0; let g(ξ) = p
√

ξ, ξ > 0
and(s, λ1) ∈ (0, 1]× [0, 1], then

|Ψµ
λ(a1, a2, p, κ; α)| ≤ Fσ1

ρ,β+1[|w|(ap
2 − ap

1)
ρ] + G1(a1, a2, s, p, λ, µ, κ). (3. 30)

Proof. By relation(2.13), using the property of absolute, the following holds:

|Ψµ
λ(a1, a2, p, κ; α)| ≤ (ap

2 − κ)|I1|+ (κ− ap
1)|I2|

2
. (3. 31)

By (s, p)−convexity of|LME′|

|I1| = |
∫ 1

0

{1− λ− tβFσ
ρ,β+1[w(ap

2 − ap
1)

ρtρ]}

×LME′
(

p

√
tap

1 + (1− t)(λ1a
p
1 + (1− λ1)(a

p
1 + ap

2 − κ))
)

×[tap
1 + (1− t)(λ1a

p
1 + (1− λ1)(a

p
1 + ap

2 − κ))]
1−p

p dt|

≤
∫ 1

0

{|1− λ|+ tβFσ
ρ,β+1[|w|(ap

2 − ap
1)

ρtρ]}

×|LME′
(

p

√
tap

1 + (1− t)(λ1a
p
1 + (1− λ1)(a

p
1 + ap

2 − κ))
)
|

×[tap
1 + (1− t)(λ1a

p
1 + (1− λ1)(a

p
1 + ap

2 − κ))]
1−p

p dt

=
∫ 1

0

{
∞∑

k=0

σ(k)|w|k(ap
2 − ap

1)
kρ

Γ(ρk + β + 1)
tβ+ρk + |1− λ|}

×|LME′
(

p

√
tap

1 + (1− t)(λ1a
p
1 + (1− λ1)(a

p
1 + ap

2 − κ))
)
|

×[tap
1 + (1− t)(λ1a

p
1 + (1− λ1)(a

p
1 + ap

2 − κ))]
1−p

p dt
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≤ [ap
1 + (1− λ1)(a

p
2 − κ)]

1−p
p

∫ 1

0

{ ∞∑

k=0

σ(k)|w|k(ap
2 − ap

1)
kρ

Γ(ρk + β + 1)
tβ+ρk + |1− λ|

}

×[|LME′(a1)|{ts + (1− t)sλs
1}+ (1− t)s(1− λ1)s|LME′( p

√
ap
1 + ap

2 − κ)|]

×
[
1− t

(1− λ1)(a
p
2 − κ)

ap
1 + (1− λ1)(a

p
2 − κ)

] 1−p
p

dt

=
∞∑

k=0

σ(k)|w|k(ap
2 − ap

1)
kρ

[ap
1 + (1− λ1)(a

p
2 − κ)]

p−1
p Γ(ρk + β + 1)

∫ 1

0

tβ+ρk ×

[|LME′(a1)|{ts + (1− t)sλs
1}+ (1− t)s(1− λ1)sLME′( p

√
ap
1 + ap

2 − κ)]

×
[
1− t

(1− λ1)(a
p
2 − κ)

ap
1 + (1− λ1)(a

p
2 − κ)

] 1−p
p

dt +
|1− λ|

[ap
1 + (1− λ1)(a

p
2 − κ)]

p−1
p

×
∫ 1

0

[|LME′(a1)|{ts + (1− t)sλs
1}+ (1− t)s(1−λ1)sLME′( p

√
ap
1+ap

2−κ)]

×
[
1− t

(1− λ1)(a
p
2 − κ)

ap
1 + (1− λ1)(a

p
2 − κ)

] 1−p
p

dt

=
∞∑

k=0

σ(k)|w|k(ap
2 − ap

1)
kρ

[ap
1 + (1−λ1)(a

p
2−κ)]

p−1
p Γ(ρk+β+1)

{|LME′(a1)|B(β+ρk+s+1, 1)

×2F1

(
p− 1

p
, β + ρk + s + 1; β + ρk + s + 2,

(1− λ1)(a
p
2 − κ)

ap
1 + (1− λ1)(a

p
2 − κ)

)

+(|LME′(a1)|λs
1 + (1− λ1)s|LME′( p

√
ap
1 + ap

2 − κ)|)B(β + ρk + 1, s + 1)

× 2F1

(
p− 1

p
, β + ρk + 1; β + ρk + s + 2,

(1− λ1)(a
p
2 − κ)

ap
1 + (1− λ1)(a

p
2 − κ)

)}

+
|1− λ|

[ap
1 + (1− λ1)(a

p
2 − κ)]

p−1
p

{|LME′(a1)|B(s + 1, 1)

×2F1

(
p− 1

p
, s + 1; s + 2,

(1− λ1)(a
p
2 − κ)

ap
1 + (1− λ1)(a

p
2 − κ)

)

+(|LME′(a1)|λs
1 + (1− λ1)s|LME′( p

√
ap
1 + ap

2 − κ)|)B(1, s + 1)

× 2F1

(
p− 1

p
, 1; s + 2,

(1− λ1)(a
p
2 − κ)

ap
1 + (1− λ1)(a

p
2 − κ)

)}
. (3. 32)
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Again by(s, p)−convexity of|LME′|

|I2| = |
∫ 1

0

(µ− tβFσ
ρ,β+1[w(ap

2 − ap
1)

ρtρ])

×LME′( p

√
(1− t)ap

2 + t(λ1a
p
2 + (1− λ1)(a

p
1 + ap

2 − κ)))dt

×[(1− t)ap
2 + t(λ1a

p
2 + (1− λ1)(a

p
1 + ap

2 − κ))]
1−p

p dt|

≤
∫ 1

0

{|µ|+ tβFσ
ρ,β+1[|w|(ap

2 − ap
1)

ρtρ]}

×|LME′
(

p

√
(1− t)ap

2 + t(λ1a
p
2 + (1− λ1)(a

p
1 + ap

2 − κ))
)
|

×[(1− t)ap
2 + t(λ1a

p
2 + (1− λ1)(a

p
1 + ap

2 − κ))]
1−p

p dt

=
∫ 1

0

{
∞∑

k=0

σ(k)|w|k(ap
2 − ap

1)
kρ

Γ(ρk + β + 1)
tβ+ρk + |µ|}

×|LME′
(

p

√
(1− t)ap

2 + t(λ1a
p
2 + (1− λ1)(a

p
1 + ap

2 − κ))
)
|

×[(1− t)ap
2 + t(λ1a

p
2 + (1− λ1)(a

p
1 + ap

2 − κ))]
1−p

p dt

≤ a1−p
2

∫ 1

0

{ ∞∑

k=0

σ(k)|w|k(ap
2 − ap

1)
kρ

Γ(ρk + β + 1)
tβ+ρk + |µ|

}

×[|LME′(a2)|(1− t)s + tsλs
1|LME′(a2)|+ ts(1− λ1)s

×|LME′( p

√
ap
1 + ap

2 − κ)|]
[
1− t

(1− λ1)(κ− ap
1)

ap
2

] 1−p
p

dt

=
∞∑

k=0

σ(k)|w|k(ap
2 − ap

1)
kρ

ap−1
2 Γ(ρk + β + 1)

∫ 1

0

tβ+ρk[|LME′(a2)|(1− t)s

+ts{λs
1|LME′(a2)|+ (1− λ1)s|LME′( p

√
ap
1 + ap

2 − κ)|}]

×
[
1− t

(1− λ1)(κ− ap
1)

ap
2

] 1−p
p

dt +
|µ|

ap−1
2

∫ 1

0

[|LME′(a2)|(1− t)s

+ts{λs
1|LME′(a2)|+ (1− λ1)s|LME′( p

√
ap
1 + ap

2 − κ)|}]

×
[
1− t

(1− λ1)(κ− ap
1)

ap
2

] 1−p
p

dt

=
∞∑

k=0

σ(k)|w|k(ap
2 − ap

1)
kρ

ap−1
2 Γ(ρk + β + 1)

{|LME′(a2)|B(β + ρk + 1, 1 + s)

×2F1

(
p− 1

p
, β + ρk + 1; β + ρk + s + 2,

(1− λ1)(κ− ap
1)

ap
2

)

+(|LME′(a2)|λs
1 + (1− λ1)s|LME′( p

√
ap
1 + ap

2 − κ)|)B(β + ρk + s + 1, 1)

×2F1

(
p− 1

p
, β + ρk + s + 1; β + ρk + s + 2,

(1− λ1)(κ− ap
1)

ap
2

)
}

+
|µ|

ap−1
2

{|LME′(a2)|B(1, 1 + s)2F1

(
p− 1

p
, 1; s + 2,

(1− λ1)(κ− ap
1)

ap
2

)

+(|LME′(a2)|λs
1 + (1− λ1)s|LME′( p

√
ap
1 + ap

2 − κ)|)B(1 + s, 1)

×2F1

(
p− 1

p
, s + 1; s + 2,

(1− λ1)(κ− ap
1)

ap
2

)
}. (3. 33)
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Combining the inequalities(3.31), (3.32), (3.33), then using the defining(2.17), (2.18),
(2.23)− (2.26) and(2.10) yields the desired inequality(3.30). ¤

Following result provides trapezoidal type inequality for Mittag-Leffler type convex
functions.

Corollary 3.3. Let f : I1 ⊆ R+ → R be a differentiable function onI◦1 , interior of I1,
such that|LME′| is s−convex fors ∈ (0, 1], then

∣∣∣∣Ψ1
1

(
a1, a2, 1,

a1 + a2

2
;α

)∣∣∣∣ ≤
[{

H1,s
0 (a1, a2, 0, 1; η4; 0)− Ls (a1, a2, 0, 1; 0; η5)

}

×(s + 1) + G0
s (a1, a2, 0, 1; 1; 0; η5)

] (a2 − a1)|LME′(a1)|
4(s + 1)

(3. 34)

provided thatΨ1
1

(
a1, a2, 1, a1+a2

2 ; α
)

and |LME′(x)| are, respectively, defined by(2.14)
and(2.3).

Proof. The proof directly follows from Theorem 3.2 forλ, µ, β, p, σ(0) → 1; w, λ1 → 0;
κ → ap

1+ap
2

2 . ¤

Theorem 3.4. Let f : I ⊆ R+ → R be a differentiable function onI◦, interior of I,
a1, a2 ∈ I◦ with a1 < a2 such that|LME′|y is (s, p)−convex forR 3 p 6= 0 and
ρ, β > 0; let g(ξ) = p

√
ξ, ξ > 0, (s, λ1) ∈ (0, 1]× [0, 1] andy > 1 be such thaty = x

x−1 ,
then

|Ψµ
λ(a1, a2, p, κ; α)| ≤ Fσ2

ρ,β+1[|w|(ap
2 − ap

1)
ρ] + G2(a1, a2, s, p, λ, µ, κ). (3. 35)

Proof. By Holder’s inequality and(s, p)−convexity of|LME′|y

|I1| = |
∫ 1

0

{1− λ− tβFσ
ρ,β+1[w(ap

2 − ap
1)

ρtρ]}

×LME′
(

p

√
tap

1 + (1− t)(λ1a
p
1 + (1− λ1)(a

p
1 + ap

2 − κ))
)

×[tap
1 + (1− t)(λ1a

p
1 + (1− λ1)(a

p
1 + ap

2 − κ))]
1−p

p dt|

≤
∫ 1

0

{
∞∑

k=0

σ(k)|w|k(ap
2 − ap

1)
kρ

Γ(ρk + β + 1)
tβ+ρk + |1− λ|}

×|LME′
(

p

√
tap

1 + (1− t)(λ1a
p
1 + (1− λ1)(a

p
1 + ap

2 − κ))
)
|

×[tap
1 + (1− t)(λ1a

p
1 + (1− λ1)(a

p
1 + ap

2 − κ))]
1−p

p dt
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≤ {
∞∑

k=0

σ(k)|w|k(ap
2 − ap

1)
kρ

Γ(ρk + β + 1)

× x

√∫ 1

0

tx(β+ρk)[tap
1 + (1− t)(λ1a

p
1 + (1− λ1)(a

p
1 + ap

2 − κ))]x
1−p

p dt

+|1− λ| x

√∫ 1

0

[tap
1 + (1− t)(λ1a

p
1 + (1− λ1)(a

p
1 + ap

2 − κ))]x
1−p

p dt}

× y

√∫ 1

0

|LME′
(

p

√
tap

1 + (1− t)(λ1a
p
1 + (1− λ1)(a

p
1 + ap

2 − κ))
)
|ydt

≤ {
∞∑

k=0

σ(k)|w|k(ap
2 − ap

1)
kρ

Γ(ρk + β + 1)

× x

√∫ 1

0

tx(β+ρk)[tap
1 + (1− t)(λ1a

p
1 + (1− λ1)(a

p
1 + ap

2 − κ))]x
1−p

p dt

+|1− λ| x

√∫ 1

0

[tap
1 + (1− t)(λ1a

p
1 + (1− λ1)(a

p
1 + ap

2 − κ))]x
1−p

p dt}

×{
∫ 1

0

[|LME′(a1)|y{ts + (1− t)sλs
1}+ (1− t)s(1− λ1)s

×|LME′( p

√
ap
1 + ap

2 − κ)|y]dt} 1
y

= {
∞∑

k=0

σ(k)|w|k(ap
2 − ap

1)
kρ

Γ(ρk + β + 1)
[

p
√

ap
1 + (1− λ1)(a

p
2 − κ)

]x(p−1)

× x

√√√√∫ 1

0

tx(β+ρk)

[
1− t

(1− λ1)(a
p
2 − κ)

ap
1 + (1− λ1)(a

p
2 − κ)

]x 1−p
p

dt

+
|1− λ| x

√
∫ 1

0

[
1− t

(1−λ1)(a
p
2−κ)

ap
1+(1−λ1)(a

p
2−κ)

]x 1−p
p

dt

[
p
√

ap
1 + (1− λ1)(a

p
2 − κ)

]x(p−1)
}{

∫ 1

0

[|LME′(a1)|y

{ts + (1− t)sλs
1}+ (1− t)s(1− λ1)s|LME′( p

√
ap
1 + ap

2 − κ)|y]dt} 1
y

=





∞∑

k=0

σ(k)|w|k(ap
2 − ap

1)
kρ x

√
B(xβ + xkρ + 1, 1)

Γ(ρk + β + 1)
[

p
√

ap
1 + (1− λ1)(a

p
2 − κ)

]x(p−1)
×

x

√
2F1

(
x

p− 1
p

, xβ + xkρ + 1; xβ + xkρ + 2,
(1− λ1)(a

p
2 − κ)

ap
1 + (1− λ1)(a

p
2 − κ)

)

+
|1− λ| x

√
2F1

(
xp−1

p , 1; 2,
(1−λ1)(a

p
2−κ)

ap
1+(1−λ1)(a

p
2−κ)

)

[
p
√

ap
1 + (1− λ1)(a

p
2 − κ)

]x(p−1)





× y

√
|LME′(a1)|y(1 + λs

1) + (1− λ1)s|LME′( p
√

ap
1 + ap

2 − κ)|y
s + 1

. (3. 36)
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Again by Holder’s inequality and(s, p)−convexity of|LME′|y

|I2| = |
∫ 1

0

(µ− tβFσ
ρ,β+1[w(ap

2 − ap
1)

ρtρ])

×LME′( p

√
(1− t)ap

2 + t(λ1a
p
2 + (1− λ1)(a

p
1 + ap

2 − κ)))

×[(1− t)ap
2 + t(λ1a

p
2 + (1− λ1)(a

p
1 + ap

2 − κ))]
1−p

p dt|

≤
∫ 1

0

{|µ|+ tβFσ
ρ,β+1[|w|(ap

2 − ap
1)

ρtρ]}

×|LME′( p

√
(1− t)ap

2 + t(λ1a
p
2 + (1− λ1)(a

p
1 + ap

2 − κ)))|
×[(1− t)ap

2 + t(λ1a
p
2 + (1− λ1)(a

p
1 + ap

2 − κ))]
1−p

p dt

=
∫ 1

0

{
∞∑

k=0

σ(k)|w|k(ap
2 − ap

1)
kρ

Γ(ρk + β + 1)
tβ+ρk + |µ|}

×|LME′( p

√
(1− t)ap

2 + t(λ1a
p
2 + (1− λ1)(a

p
1 + ap

2 − κ)))|
×[(1− t)ap

2 + t(λ1a
p
2 + (1− λ1)(a

p
1 + ap

2 − κ))]
1−p

p dt

≤ {
∞∑

k=0

σ(k)|w|k(ap
2 − ap

1)
kρ

Γ(ρk + β + 1)

× x

√∫ 1

0

tx(β+ρk)[(1− t)ap
2 + t(λ1a

p
2 + (1− λ1)(a

p
1 + ap

2 − κ))]x
1−p

p dt

+|µ| x

√∫ 1

0

[(1− t)ap
2 + t(λ1a

p
2 + (1− λ1)(a

p
1 + ap

2 − κ))]x
1−p

p dt}

× y

√∫ 1

0

|LME′( p

√
(1− t)ap

2 + t(λ1a
p
2 + (1− λ1)(a

p
1 + ap

2 − κ)))|ydt

≤ {
∞∑

k=0

σ(k)|w|k(ap
2 − ap

1)
kρ

Γ(ρk + β + 1)

× x

√∫ 1

0

tx(β+ρk)[(1− t)ap
2 + t(λ1a

p
2 + (1− λ1)(a

p
1 + ap

2 − κ))]x
1−p

p dt

+|µ| x

√∫ 1

0

[(1− t)ap
2 + t(λ1a

p
2 + (1− λ1)(a

p
1 + ap

2 − κ))]x
1−p

p dt}

×{
∫ 1

0

[|LME′(a2)|y(1− t)s + ts

×|LME′( p

√
λ1a

p
2 + (1− λ1)(a

p
1 + ap

2 − κ))|ydt]} 1
y
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≤ {
∞∑

k=0

σ(k)|w|k(ap
2 − ap

1)
kρ

Γ(ρk + β + 1)

× x

√∫ 1

0

tx(β+ρk)[(1− t)ap
2 + t(λ1a

p
2 + (1− λ1)(a

p
1 + ap

2 − κ))]x
1−p

p dt

+|µ| x

√∫ 1

0

[(1− t)ap
2 + t(λ1a

p
2 + (1− λ1)(a

p
1 + ap

2 − κ))]x
1−p

p dt}

×{
∫ 1

0

[|LME′(a2)|y{tsλs
1 + (1− t)s}

+ts(1− λ1)s|LME′( p

√
ap
1 + ap

2 − κ)|y]dt} 1
y

= {
∞∑

k=0

σ(k)|w|k(ap
2 − ap

1)
kρ

Γ(ρk + β + 1)ax(p−1)
2

×

x

√√√√∫ 1

0

tx(β+ρk)

[
1− t

(1− λ1)(κ− ap
1)

ap
2

]x 1−p
p

dt

+
|µ|

a
x(p−1)
2

x

√√√√∫ 1

0

[
1− t

(1− λ1)(κ− ap
1)

ap
2

]x 1−p
p

dt}{
∫ 1

0

[|LME′(a2)|y

×{tsλs
1 + (1− t)s}+ ts(1− λ1)s|LME′( p

√
ap
1 + ap

2 − κ)|y]dt} 1
y

=

{ ∞∑

k=0

σ(k)|w|k(ap
2 − ap

1)
kρ x

√
B(xβ + xkρ + 1, 1)

Γ(ρk + β + 1)ax(p−1)
2

×

x

√
2F1

(
x

p− 1
p

, xβ + xkρ + 1; xβ + xkρ + 2,
(1− λ1)(κ− ap

1)
ap
2

)

+
|µ| x

√
2F1

(
xp−1

p , 1; 2,
(1−λ1)(κ−ap

1)

ap
2

)

a
x(p−1)
2





× y

√
|LME′(a2)|y(1 + λs

1) + (1− λ1)s|LME′( p
√

ap
1 + ap

2 − κ)|y
s + 1

. (3. 37)

Combining the inequalities(3.31), (3.36)-(3.37), then using the defining(2.19), (2.20),
(2.23), (2.24), (2.26) and(2.10) yields the desired inequality(3.35). ¤

Following result provides some mid point type inequality for Mittag-Leffler type convex
functions.
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Corollary 3.5. Let f : I1 ⊆ R+ → R be a differentiable function onI◦1 , interior of I1,
such that|LME′|y is s−convex fory > 1 such thaty = x

x−1 ands ∈ (0, 1], then

∣∣∣∣Ψ0
0

(
a1, a2, 1,

a1 + a2

2
;α

)∣∣∣∣ ≤
(a2 − a1)|LME′(a1)|

4 y
√

s + 1

[
x

√
Hx,0

0 (a1, a2, 0, 1; η4; 0)

+ x

√
Hx,0

0 (a1, a2, 0, 1; 0; η5) + x

√
G0

0(a1, a2, 1;x; η4; 0)
]

(3. 38)

provided thatΨ0
0

(
a1, a2, 1, a1+a2

2 ; α
)

and |LME′(x)| are, respectively, defined by(2.15)
and(2.3).

Proof. The proof directly follows from Theorem 3.4 forβ, p, σ(0) → 1; λ, µ,w, λ1 → 0;
κ → ap

1+ap
2

2 . ¤

Theorem 3.6. Let f : I ⊆ R+ → R be a differentiable function onI◦, interior of I,
a1, a2 ∈ I◦ with a1 < a2 such that|LME′|x is (s, p)−convex forR 3 p 6= 0 ρ, β > 0,
x ≥ 1; let g(ξ) = p

√
ξ, ξ > 0 and(s, λ1) ∈ (0, 1]× [0, 1], then

|Ψµ
λ(a1, a2, p, κ; α)| ≤ Fσ3

ρ,β+1[|w|(ap
2 − ap

1)
ρ] + G3(a1, a2, s, p, λ, µ, κ). (3. 39)

Proof. By (s, p)−convexity of|LME′|x and power-mean inequality which is

∫ b

a

|f(x)g(x)|dx ≤
(∫ b

a

|f(x)|dx

) x−1
x

(∫ b

a

|f(x)||g(x)|xdx

) 1
x

,

|I1| = |
∫ 1

0

{1− λ− tβFσ
ρ,β+1[w(ap

2 − ap
1)

ρtρ]}

×LME′
(

p

√
tap

1 + (1− t)(λ1a
p
1 + (1− λ1)(a

p
1 + ap

2 − κ))
)

×[tap
1 + (1− t)(λ1a

p
1 + (1− λ1)(a

p
1 + ap

2 − κ))]
1−p

p dt|

≤
∫ 1

0

{|1− λ|+ tβFσ
ρ,β+1[|w|(ap

2 − ap
1)

ρtρ]}

×|LME′
(

p

√
tap

1 + (1− t)(λ1a
p
1 + (1− λ1)(a

p
1 + ap

2 − κ))
)
|

×[tap
1 + (1− t)(λ1a

p
1 + (1− λ1)(a

p
1 + ap

2 − κ))]
1−p

p dt

=
∫ 1

0

{
∞∑

k=0

σ(k)|w|k(ap
2 − ap

1)
kρ

Γ(ρk + β + 1)
tβ+ρk + |1− λ|}

×|LME′
(

p

√
tap

1 + (1− t)(λ1a
p
1 + (1− λ1)(a

p
1 + ap

2 − κ))
)
|

×[tap
1 + (1− t)(λ1a

p
1 + (1− λ1)(a

p
1 + ap

2 − κ))]
1−p

p dt
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≤
∞∑

k=0

σ(k)|w|k(ap
2 − ap

1)
kρ

Γ(ρk + β + 1)

×{
∫ 1

0

tβ+ρk[tap
1 + (1− t)(λ1a

p
1 + (1− λ1)(a

p
1 + ap

2 − κ))]
1−p

p dt} x−1
x

×{
∫ 1

0

tβ+ρk[tap
1 + (1− t)(λ1a

p
1 + (1− λ1)(a

p
1 + ap

2 − κ))]
1−p

p ×

|LME′
(

p

√
tap

1 + (1− t)(λ1a
p
1 + (1− λ1)(a

p
1 + ap

2 − κ))
)
|xdt} 1

x

+|1− λ|{
∫ 1

0

[tap
1 + (1− t)(λ1a

p
1 + (1− λ1)(a

p
1 + ap

2 − κ))]
1−p

p dt} x−1
x

×{
∫ 1

0

[tap
1 + (1− t)(λ1a

p
1 + (1− λ1)(a

p
1 + ap

2 − κ))]
1−p

p ×

|LME′
(

p

√
tap

1 + (1− t)(λ1a
p
1 + (1− λ1)(a

p
1 + ap

2 − κ))
)
|xdt} 1

x

≤
∞∑

k=0

σ(k)|w|k(ap
2 − ap

1)
kρ

Γ(ρk + β + 1)

×{
∫ 1

0

tβ+ρk[tap
1 + (1− t)(λ1a

p
1 + (1− λ1)(a

p
1 + ap

2 − κ))]
1−p

p dt} x−1
x

×{
∫ 1

0

tβ+ρk[tap
1 + (1− t)(λ1a

p
1 + (1− λ1)(a

p
1 + ap

2 − κ))]
1−p

p

×[ts|LME′(a1)|x + (1− t)s{λs
1|LME′(a1)|x

+(1− λ1)s|LME′( p

√
ap
1 + ap

2 − κ)|x}]dt} 1
x

+|1− λ|{
∫ 1

0

[tap
1 + (1− t)(λ1a

p
1 + (1− λ1)(a

p
1 + ap

2 − κ))]
1−p

p dt} x−1
x

×{
∫ 1

0

[tap
1 + (1− t)(λ1a

p
1 + (1− λ1)(a

p
1 + ap

2 − κ))]
1−p

p ×

[ts|LME′(a1)|x+(1−t)s{λs
1|LME′(a1)|x+(1−λ1)s|LME′( p

√
ap
1+ap

2−κ)|x}]dt} 1
x

=
∞∑

k=0

σ(k)|w|k(ap
2 − ap

1)
kρ

Γ(ρk + β + 1)
[

p
√

ap
1 + (1− λ1)(a

p
2 − κ)

]p−1

×{
∫ 1

0

tβ+ρk

[
1− t

(1− λ1)(a
p
2 − κ)

ap
1 + (1− λ1)(a

p
2 − κ)

] 1−p
p

dt} x−1
x

×{
∫ 1

0

[tβ+ρk+s|LME′(a1)|x + tβ+ρk(1− t)s{λs
1|LME′(a1)|x

+(1− λ1)s|LME′( p

√
ap
1+ap

2−κ)|x}]
[
1−t

(1− λ1)(a
p
2 − κ)

ap
1+(1−λ1)(a

p
2−κ)

] 1−p
p

dt} 1
x

+
|1−λ|{∫ 1

0

[
1−t

(1−λ1)(a
p
2−κ)

ap
1+(1−λ1)(a

p
2−κ)

] 1−p
p

dt} x−1
x

[
p
√

ap
1 + (1− λ1)(a

p
2 − κ)

]p−1 {
∫ 1

0

[
1−t

(1− λ1)(a
p
2 − κ)

ap
1+(1−λ1)(a

p
2−κ)

] 1−p
p

×[ts|LME′(a1)|x + (1− t)s{λs
1|LME′(a1)|x

+(1− λ1)s|LME′( p

√
ap
1 + ap

2 − κ)|x}]dt} 1
x
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=
∞∑

k=0

σ(k)|w|k(ap
2 − ap

1)
kρ

Γ(ρk + β + 1)
[

p
√

ap
1 + (1− λ1)(a

p
2 − κ)

]p−1 {B(β + kρ + 1, 1)

×2F1

(
p− 1

p
, β + kρ + 1; β + kρ + 2,

(1− λ1)(a
p
2 − κ)

ap
1 + (1− λ1)(a

p
2 − κ)

)
} x−1

x

×{2F1

(
p− 1

p
, β + kρ + s + 1; β + kρ + s + 2,

(1− λ1)(a
p
2 − κ)

ap
1 + (1− λ1)(a

p
2 − κ)

)

×B(β + kρ + s + 1, 1)|LME′(a1)|x + {λs
1|LME′(a1)|x

+(1− λ1)s|LME′( p

√
ap
1 + ap

2 − κ)|x}

×2F1

(
p− 1

p
, β + kρ + s + 1; β + kρ + s + 2,

(1− λ1)(a
p
2 − κ)

ap
1 + (1− λ1)(a

p
2 − κ)

)

×B(β + kρ + 1, 1 + s)} 1
x

+
|1− λ|{2F1

(
p−1

p , 1; 2,
(1−λ1)(a

p
2−κ)

ap
1+(1−λ1)(a

p
2−κ)

)
} x−1

x

[
p
√

ap
1 + (1− λ1)(a

p
2 − κ)

]p−1

×{2F1

(
p− 1

p
, s + 1; s + 2,

(1− λ1)(a
p
2 − κ)

ap
1 + (1− λ1)(a

p
2 − κ)

)

×B(s + 1, 1)|LME′(a1)|x

+{λs
1|LME′(a1)|x + (1− λ1)s|LME′( p

√
ap
1 + ap

2 − κ)|x} ×

2F1

(
p− 1

p
, 1; s + 2,

(1− λ1)(a
p
2 − κ)

ap
1 + (1− λ1)(a

p
2 − κ)

)
B(1, s + 1)} 1

x . (3. 40)

Again by(s, p)−convexity of|LME′|x and power-mean inequality:

|I2| = |
∫ 1

0

{µ− tβFσ
ρ,β+1[w(ap

2 − ap
1)

ρtρ]}

×LME′
(

p

√
(1− t)ap

2 + t(λ1a
p
2 + (1− λ1)(a

p
1 + ap

2 − κ))
)

×[(1− t)ap
2 + t(λ1a

p
2 + (1− λ1)(a

p
1 + ap

2 − κ))]
1−p

p dt|

≤
∫ 1

0

{|µ|+ tβFσ
ρ,β+1[|w|(ap

2 − ap
1)

ρtρ]}

×|LME′
(

p

√
(1− t)ap

2 + t(λ1a
p
2 + (1− λ1)(a

p
1 + ap

2 − κ))
)
|

×[(1− t)ap
2 + t(λ1a

p
2 + (1− λ1)(a

p
1 + ap

2 − κ))]
1−p

p dt
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=
∫ 1

0

{
∞∑

k=0

σ(k)|w|k(ap
2 − ap

1)
kρ

Γ(ρk + β + 1)
tβ+ρk + |µ|}

×|LME′
(

p

√
(1− t)ap

2 + t(λ1a
p
2 + (1− λ1)(a

p
1 + ap

2 − κ))
)
|

×[(1− t)ap
2 + t(λ1a

p
2 + (1− λ1)(a

p
1 + ap

2 − κ))]
1−p

p dt

≤
∞∑

k=0

σ(k)|w|k(ap
2 − ap

1)
kρ

Γ(ρk + β + 1)

×{
∫ 1

0

tβ+ρk[(1− t)ap
2 + t(λ1a

p
2 + (1− λ1)(a

p
1 + ap

2 − κ))]
1−p

p dt} x−1
x

×{
∫ 1

0

tβ+ρk[(1− t)ap
2 + t(λ1a

p
2 + (1− λ1)(a

p
1 + ap

2 − κ))]
1−p

p

×|LME′
(

p

√
(1− t)ap

2 + t(λ1a
p
2 + (1− λ1)(a

p
1 + ap

2 − κ))
)
|xdt} 1

x

+|µ|{
∫ 1

0

[(1− t)ap
2 + t(λ1a

p
2 + (1− λ1)(a

p
1 + ap

2 − κ))]
1−p

p dt} x−1
x

×{
∫ 1

0

[(1− t)ap
2 + t(λ1a

p
2 + (1− λ1)(a

p
1 + ap

2 − κ))]
1−p

p

×|LME′
(

p

√
(1− t)ap

2 + t(λ1a
p
2 + (1− λ1)(a

p
1 + ap

2 − κ))
)
|xdt} 1

x

≤
∞∑

k=0

σ(k)|w|k(ap
2 − ap

1)
kρ

Γ(ρk + β + 1)

×{
∫ 1

0

tβ+ρk[(1− t)ap
2 + t(λ1a

p
2 + (1− λ1)(a

p
1 + ap

2 − κ))]
1−p

p dt} x−1
x

×{
∫ 1

0

tβ+ρk[(1− t)ap
2 + t(λ1a

p
2 + (1− λ1)(a

p
1 + ap

2 − κ))]
1−p

p ×

[(1−t)s|LME′(a2)|x+ts{λs
1|LME′(a2)|x+(1−λ1)s|LME′( p

√
ap
1+ap

2−κ)|x}]dt} 1
x

+|µ|{
∫ 1

0

[(1− t)ap
2 + t(λ1a

p
2 + (1− λ1)(a

p
1 + ap

2 − κ))]
1−p

p dt} x−1
x

×{
∫ 1

0

[(1− t)ap
2 + t(λ1a

p
2 + (1− λ1)(a

p
1 + ap

2 − κ))]
1−p

p

×[(1− t)s|LME′(a2)|x + ts{λs
1|LME′(a2)|x

+(1− λ1)s|LME′( p

√
ap
1 + ap

2 − κ)|x}]dt} 1
x
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=
∞∑

k=0

σ(k)|w|k(ap
2 − ap

1)
kρ{∫ 1

0
tβ+ρk

[
1− t

(1−λ1)(κ−ap
1)

ap
2

] 1−p
p

dt} x−1
x

Γ(ρk + β + 1)ap−1
2

×{
∫ 1

0

[tβ+ρk(1− t)s|LME′(a2)|x + tβ+ρk+s{λs
1|LME′(a2)|x

+(1− λ1)s|LME′( p

√
ap
1 + ap

2 − κ)|x}]
[
1− t

(1− λ1)(κ− ap
1)

ap
2

] 1−p
p

dt} 1
x

+
|µ|{∫ 1

0

[
1−t

(1−λ1)(κ−ap
1)

ap
2

] 1−p
p

dt} x−1
x

ap−1
2

{
∫ 1

0

[
1−t

(1− λ1)(a
p
2 − κ)

ap
1+(1−λ1)(a

p
2−κ)

] 1−p
p

×[(1− t)s|LME′(a2)|x + ts{λs
1|LME′(a2)|x

+(1− λ1)s|LME′( p

√
ap
1 + ap

2 − κ)|x}]dt} 1
x

=
∞∑

k=0

σ(k)|w|k(ap
2 − ap

1)
kρ

Γ(ρk + β + 1)ap−1
2

{B(β + kρ + 1, 1)

×2F1

(
p− 1

p
, β + kρ + 1; β + kρ + 2,

(1− λ1)(κ− ap
1)

ap
2

)
} x−1

x

×{2F1

(
p− 1

p
, β + kρ + 1; β + kρ + s + 2,

(1− λ1)(κ− ap
1)

ap
2

)

×B(β + kρ + 1, 1 + s)|LME′(a2)|x

+{λs
1|LME′(a2)|x + (1− λ1)s|LME′( p

√
ap
1 + ap

2 − κ)|x} ×

2F1

(
p− 1

p
, β + kρ + s + 1; β + kρ + s + 2,

(1− λ1)(k − ap
1)

ap
2

)

×B(β + kρ + s + 1, 1)} 1
x +

|µ|{2F1

(
p−1

p , 1; 2,
(1−λ1)(κ−ap

1)

ap
2

)
} x−1

x

ap−1
2

×{2F1

(
p− 1

p
, 1; s + 2,

(1− λ1)(κ− ap
1)

ap
2

)
B(1, s + 1)|LME′(a2)|x

+{λs
1|LME′(a2)|x + (1− λ1)s|LME′( p

√
ap
1 + ap

2 − κ)|x} ×

2F1

(
p− 1

p
, 1 + s; s + 2,

(1− λ1)(κ− ap
1)

ap
2

)
B(1 + s, 1)} 1

x . (3. 41)

Combining the inequalities(3.31) and (3.40)-(3.41), then using the defining(2.21) −
(2.24), (2.26) and(2.10) yields the desired inequality(3.39). ¤

Following result provides Simpson type inequality for Mittag-Leffler type convex func-
tions.
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Corollary 3.7. Let f : I1 ⊆ R+ → R be a differentiable function onI◦1 , interior of I1,
such that|LME′|x is s−convex forx ≥ 1 ands ∈ (0, 1], then

∣∣∣∣Ψ
1
3
1
3

(
a1, a2, 1,

a1 + a2

2
;α

)∣∣∣∣ ≤
(a2 − a1)|LME′(a1)|

12 x
√

s + 1

×
{

3 x
√

s + 1
[

x

√
H1,s

0 (a1, a2, 0, 1; η4; 0)[H1,0
0 (a1, a2, 0, 1; η4; 0)]x−1

+ x

√
[H1,0

0 (a1, a2, 0, 1; 0; η5)]x−1Ls(a1, a2, 0, 1; 0; η5)]+

2 x

√
Gs

s(a1, a2, 1; 1; η4; 0)[G0
0(a1, a2, 1; 1; η4; 0)]x−1

+ x

√
[G0

0(a1, a2, 1; 1; 0; η5)]x−1G0
s(a1, a2, 1; 1; 0; η5)

]}
, (3. 42)

provided thatΨ
1
3
1
3

(
a1, a2, 1, a1+a2

2 ;α
)

and|LME′(x)| are, respectively, defined by(2.16)
and(2.3).

Proof. The proof directly follows from Theorem 3.6 forβ, p, σ(0) → 1; w, λ1 → 0;
λ, µ → 1

3 ; κ → ap
1+ap

2
2 . ¤

Remark 3.8. For other choices of the parameters in above Theorems, some more results
can be derived which are being omitted.

4. APPLICATIONS

Let a1, a2 ∈ R+, set of positive reals, then the some following means are

A(a1, a2) :=
a1 + a2

2
; G(a1, a2) :=

√
a1a2; LP (a1, a2) :=

a2 ln a2 − a1 ln a1

a2 − a1
.

Consider,f(x) = ln
(

1
x

)
= − ln x. Then, obviously,f(x) is exp-convex and in this case

(2.2) reduces toLME
(

a1+a2
2

)
= f

(
a1+a2

2

)
and

∫ a2

a1

LME(t)dt =
∫ a2

a1

[
ln

(
a1 + a2

2

)
− ln t− ln(a1 + a2 − t)

]
dt

= (a2 − a1) ln
(

a1 + a2

2

)
− a2 ln a2 + a1 ln a1 − a1 + a2

−a2 ln a1 + a1 ln a2 +
∫ a2

a1

[
1− a1 + a2

a1 + a2 − t

]
dt

= (a2 − a1) ln
(

a1 + a2

2

)
− 2[a2 ln a2 − a1 ln a1] + 2(a2 − a1)

= (a2 − a1)[ln A(a1, a2)− 2LP (a1, a2) + 2]

ln
Eα(f(a1)) + Eα(f(a2))

2
= ln

(
a1 + a2

2a1a2

)
= ln A(a1, a2)− 2 lnG(a1, a2).

Ls(a1, a2, 0, 1; 0; η5) =
1

(s + 2)(s + 1)
; H1,s

0 (a1, a2, 0, 1; η4; 0) =
1

s + 2
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Hx,0
0 (a1, a2, 0, 1; η4; 0) = Hx,0

0 (a1, a2, 0, 1; 0; η5) =
1

x + 1
; H1,0

0 (a1, a2, 0, 1; 0; η5) =
1
2

G0
0(a1, a2, 1;x; η4; 0) = G0

0(a1, a2, 1; 1; 0; η5) = Gs
s(a1, a2, 1; 1; η4; 0)

= G0
s(a1, a2, 1; 1; 0; η5) = 1.

In the light of the above discussion, some consequences of the inequalities(3.34), (3.38)
and(3.42) are the followings:

|LP (a1, a2)− ln G(a1, a2)− 1| ≤ (a2 − a1)2

4a1a2(s + 2)

|LP (a1, a2)− lnA(a1, a2)− 1| ≤ (a2 − a1)2[2 + x
√

x + 1]
8a1a2

x
√

x + 1 y
√

s + 1

|3LP (a1, a2)−3−lnG(a1, a2)−2 lnA(a1, a2)|≤ 3 x
√

2(a2−a1)2

16a1a2

[
1 + x

√
s + 1

x
√

(s+1)(s+2)
+

6
x
√

2

]
.

5. CONCLUSION

This research work was carried out using the new defined concept of Mittag Leffler
type convexity, generalizing already defined notion so called as exponential type convexity.
New multi-parameters fractional integral identity has been proved. As a result, new unified
fractional portmanteau versions of Hermite-Hadamard type, trapezoidal type, mid point
type and Simpson type inequalities are emerged. Furthermore, some applications to special
means have been discussed of the derived results.
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