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Abstract.: Previously we have extended the notion of tangent complex
of first order to second order and proposed various morphisms in order to
connect the tangent complex to well known Grassmannian complex. Now
we are motivated to find similar constructions and maps for order greater
than 2. Therefore in this paper we present the maps and other ingredients
for the tangent complex of order three in dialogarithmic settings. This
work will play a key role in the generalization of these constructions.
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1. INTRODUCTION

Siddiqui initiated the formation of tangent complex for the first order using geometric
configurations(se§l?], [13] ). He introduced a groupB,(F) called tangent group of
first order and constructed cross ratio, Seigel’s identity for cross ratio and its associated
determinant o2 x 2. On the basis of these ingredients he proposed the maps; . and
0, to relate the tangent complex and Suslin’s Grassmannian compleKl@ed13]). We
extended these constructions by introducing a similar gbe@(F) but of second order
[9], [11]. Using the map,. we established second ordered tangent complex and presented
the mapsrg .. andr; .2 between this newly establish complex and Suslin’s Grassmannian
complex. The commutativity of resulting figure is also proved in the same work.

Naturally we are motivated to extend these constructions up to a general order. To do
this the study of only first two orders are not enough as they do not reflect any specific
pattern. So the study of next order is essential after which we can extract the required goal.
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276 S. Hussain and R. Siddiqui

In the first section we define the gro[ﬁBﬁ(F) called third ordered tangent group and
determinantA(\r{,\fJf) associated to it. This group also satisfies functional equations of
dialogarithmic which are mentioned {$2.2). After the construction of cross ratio and its
identity we give a map,: in equation (3) to construct dialogarithmic tangential complex .
Our proposed map%€3 andni .s enable us to the formation of commutative diagram (F).
In the last section we demonstrate proof of the commutativity of (F)(see theorem (3.2))

2. NOTATIONS AND PRELIMINARIES

2.1. Tangent Group of order 3 in weight 2. Let F[&]4 be a truncated polynomial ring
over an arbitrary fieldr then we call th%-moduIeTBg(F) a tangent group of order 3 if it
is generated bys; s, 87, S”’] € Z[F[&]4] and quotient by the expression [1].

erer e
_<1—t.(1—t)’ (1—t)” (14)’”}
1-s'\1-s/’\1=-5s) "\1-5s

s1-1) (s(1-1) (s(1-1)" (s(1-1)\"
+<t(1—s)’(t(1_s)) ’(t(l—s)) ’(t(l—s)) ] st#0,1,s#t (2.1)

where(s; s,5’,5"] = [s+ Se+S'e’> + §”£% - [g] ands, §,S",8” € F.
The expres;ion@é) L) (B (E) (323) and(f523)" are defined in [12] and
[9].which are given as

(E)/: st - st (1—t)' _(@-9s-d-9t

s £ ' \1-s (1- 972 '
1-1)) td-t)s -sl-9t
(i(l—s;)z( e (2.2
and
(E)"=szt”—stS’—sSt’+t(s’)2_ (1—t)”: A
s s " \1-s 1-9%
1-1)Y’ B
{a=s) =say 29
where
A=(1-9(1-1)s" —(1-9%" - (1-9)st + (1-t)(s)?
and

B =(t')?S’ - tt”s’ + 2tt”S® — 2(t')?S — tt”’s+ (')%s+ tst's —ts't’
+1388" —t3(8)? - 38" — t?s¢’ + t3(8)? + 129"

Other terms are given as under

(t)/// 3 t//’ 3 s’ (t)//_ sll(t)/_ S///(t)
s/ s s\s s \s s \s
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1-t\" s (1-t) & [(1-t
(1-3) _(1—3)(1—s)+(1—s)(1—s)

s (1—t)” s”

Ta-sl1=s) “a-y
and

s1-1)\"  C

(t(l—S)) - S(1-1)3
where

C =(t')?S® —tt”s® + 2tt”s? — 2(t')3S? — tt”’s+ (t')?s + tst' s —ts't’
+3sg —t3(8)? - 138" — 258" + t3(S)2 + 128"

2.2. Relations in TBg(F). Functional equation for an algebraic structure is the useful re-
lations satisfied by the elements of the structure [8], [10] . Only three such relations are
known for the groupl Bg(F) known as inversion, two term and five term functional equa-
tions of TB3(F) which are given as under (see [2], [14], [14], [12] and [11]).

(1) (st b, t3]3 = (1 — 5, —tg, —tp, —t3]3

_(4.213
(2) (sityta, t3]3 = <% —t;l — Sefu) Sétl) ]2

Equation ( 2. 1) represents the five term relatioﬁﬁ;(F).

2.3. Cross-Ratio. In [9] cross ratio has been constructed for second order tangential set-
tings so we use here the similar technique to extend it to third order. For more details see
[3], [4], [5] and [6].

Let A§[€]4 represents an affine space over the turncated ring of polynoffia)s and

(Vg - --» V) belongs taCa(A} ;) then we obtain

(ZEo AV Vpa e HE Lo AWV, Vp)a &)
(Z0 AV V3)a s HE o A(V;, vy}
whereA(v;, v]f) is 2 x 2 determinant (Sef9]).

From now we use a short hai\y, to denote the tuplev, ..., Vv;,) of Cn(AEMM) and
(V'v}) to denoteA(v;, v;). Now we reform the above ratio into simpler fow He + I+
J&® where the unknowns G, H and | represen(t§s), r-(Vos) andr2(Vos) respectively.
Values of first two of these coefficients are calculate@@inand[13] respectively. In the
same way we can evaluate "J"rgf(Vgz) as follows

TR

ASANDE
(Vov2)(V1Vs)
) (AIRALR
"e:(Vo) (Vov2)(V1Va)
where{(Vivi) (ViViles = Zo(V Vs (VinVi)e

{(vova) (ViV3)le2

(Vov2)(V1V3)
{(VoV5) (V1 V5))es

(Vov2)(v1V3)

rs(Vos) = —1:(Vo3)

—1(Vos) (2.4)
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Lemma 2.4. If Vo3 be an element <ﬁ:4(A§[8]4) then
{(VoV1) (VaVa)les = {(VoV2) (ViVa)tes — {(VoV3)(VaVo)}e
with v =32 ovised 1 Vo=V (V) = TR oV V))ue
and (vrv]k)r:" = (Vis Vj,£3) + (Vi,a, Vj,sz) + (Vi,szs Vj,s) + (Vi,£3s VJ)
Proof. We can deduce the proof directly from the result of Lemma 4.1([l1&}) by setting
n=3. |

3. RESULTS

3.1. Dilogarathmic Tangential Complexes. We use the map (3) to establish the dialoga-
rithmic tangent complex of order 3 as follows

2
)
TBY(F) > FoF e /\ F
whereTBg(F) is defined earlier to be tangent group. Now for a field of characteristic zero
the m—dimensional tuplegv;, . . -+ Vim_1) 9€Nerates a free commutative grdD.p(AE[s]A)
over the affine spacﬁ’é[sh. Furthermore, we can form the analogue of Grassmannian
complex as

ol CS(AIZ:[E]4) - C4(A|2:[ ) —-° CS(Aé[e])

&la
where o
d:(V,....V) — Z(—l)i(v*,...,\”/f,...,%),
i=0

Our aim is to connect this analogue of Grassmannian sub- complex and the third order
complex in tanential settings. The result of connection of both complexes gives the diagram
below.

d d
C5(Al2:[€]4) e C4(A|2:[€]4) —— CS(A;Z:[SM) (F)
063 13
BS
TBYF) ——> Fo F*® \2F

hered,s is a map which behaves like

3
O ((SJ t1, to, t3]g) ={3—;3 - (% - %J } ®(1-9
3t3 3t ti
+{1-5_((1—3)2 B (1—s)3)}®s

3t3 3tit, t? 3t3 3tito t?
*{?‘(?‘EJ}A{l_s‘((l_s)z‘(1_3)3J} (3-9)

where (St t3]3 € TB3(F); stuthtzeFa#0,1
To minimize the complication we express the mdp, asz? , = #' + 72

0,e2
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ﬂl(Vaz) — Zzl(_l)i{(s((vikviil)é _ (\fik\fik+1)52(\rikvr+l)e) + (vikvi:l)se)@ (ViVi+2) }

= (ViVis1) (Vivis1)? (ivie1)® | (VisaVis2)
i mod 3
3. 6)
AN O (") SN (VAo I (V) F (A
2/v7* | _|Q||+15_ i i+1/e2\Y Vit /e 1 Vi+1/ €
Ve _IZ.;( Y {u (ViVis1) (Vivis1)? (Vivis1)®
(V;k Vi*+2)e3 2 (Vi*vi*+2)e2 (Vi*vi*+2)e (VI’L Vi*+2)35 . ;
[3 Wi T We? (o) )} ' mod 3 (.7
7% (Vo) = (1(Voa); (Vo). Fee(Via), Fes(Via)] (3.8)

The map8r(2) 3 and;rf . are to be checked whether these are well defined or not. The second

map is actually a cross ratio which we have defined earlier and hence it is well defined. We
only investigate fowg 2 in the following lemma .

Lemma 3.2. The maprg . defined above is free of vector’s length.

Proof. From the equations(3. 6 ) and ( 3. 7 ) we have

: g 3
ﬂg’e‘g(véz) :Z(_l)i{(q(vi*vi:l)é Q(Viivitrl)g(vi*vitrl)e + (V|*V|*+1) E) (ViVi42) }
i=0

T (ViVis1)? (ivis1)® ) (VisaViso)
i {3(\rikvik+1)s3 _ Q(Vr\';k+1)ez(vr\';k+1)e (vikvi:l)ge)
MiVis) (ViVier)? (ViVis1)®
Q(Vikvik+2)e3 (Vikvik+2)52(vikvik+2)e (vikvik+2)35 3.9
T (Vivis2) (ViVis2)? C (WViso)® } (3.9)

The expansion o;frge3 shows that it contain three types of expressigﬁé @ and

L] u3
w Here we chosp € F* then we may have

(pU)53 _ ,O(U)SB _ (u)a3

pu ou u

Similarly

(pU)g _ (U)g and (pU)EZ(pV)g _ (U)SZ(V)E
(u® w3 (euW)(pv) uv
This shows if we change the length of a vector (ptothe value of these expressions
remain unchanged. So we can conclude that thezrﬁl?sps well-defined.

mi
Theorem 3.3. Commutation holds for the diagra(f) of complexes. i.e.

2 _ 12 2
ﬂ0,€3 od= 663 ° ﬂ-l,e3
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Proof. In (3) we have already describé@ which seems to be lengthy enough and may
create complication in our calculations . To avoid such situation we d'ﬁjgmto two

simpler mapsr; ando-,

633 =01+ 0. (3. 10)

This implies

2 2 2 2
0% 0 Ml =010M s +020M s (3.11)

where

o1((S ta, ta, t3]3)

3ty (3ut, B 3t 3ty t2
{2 fea-a {5 -alglles om

3 3
s = {T-( -5} {2 - (5]} 0w

and

Ifwe puts=r(vo,...,Vv3) ;1 = r(V,...,V3) s ta = ra(Vg, ..., V3)
and t3 =ras(vp, ..., Vv3). Then we get

0'107Ti63 (V63)

3t (3t t 3ty 3ut £
i i || EURE TR F S e R ERCED

&4 t
Here we calculate the value & — (% - @1) and3 — (% - @) .

£ (r(Vi\®
$ ( r(Vos))

O () (V) ()R (Va2 (Vive)e . (Veva)Z (ViVa)e
T (ova)® | (Viva)R (Wova)® (Vve)® T (Vova)? (Vava) (Vova)? (Vava)
VoVa)e (V32 (VoVi)e (ViVa)2 (VaV)Z (VoVa)e  (VaVi)e (VoV)?
(Vovs) (Viv2)2  ~ (Vovz) (Vivs)2  ~(Vova)2 (ova) (Vova) (Vovz)?
VoVa)? (Viva)e . (VoV)e (V)2 (Vavp)e (VV3)2  _ (Vv3)? (ViV3)e

C T(Vova)? (Viva)  (Vova) (Viva)? T (Vovz) (Viv2)2 T (Vov2)? (Vivp)
M (VR AV (i) (Vovh)e (V5)e (Vovo)e
T(viva) (Viva)2 T T (Viva)2 (Vive)  (Vova) (Vava) (Vovo)

(VoVa)e (ViVo)e (ViVa)e  (VoVa)e (ViVa)e (VoVo)e . ~(ViVa)e (ViV3)e (VoVa)e

- (Vova) (Viv2) (Viva) (Vova) (Viva) (Vova) (V1vs) (viv2) (Von()3

15)
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% _ (rs(Vés)rez(ng) )2

¢ r(Vos)

_ (ov3)e (VoV3)ee  (VoV)e (ViVp)ee  (VoVg)ee (ViVp)e  (VoVg)e (VoVp)e2

© (Vova) (Vova)  (Vova) (Vave)  (Vova) (Vavo)  (Vova) (Vova)

~ (Vov)e Mva)ee  (Vova)e (Viva)e  (VoVgle (VoVa)e  (ViVo)e (ViVp)er
(ovs) (vavs)  (vovs) (viva)  (Vovs) (Vov2) ~ (Viv2) (vaVv2)
(VoVo)e (VoVp)ee  (ViVg)e (VV)e  (ViVp)e (VoVp)ee  (ViVo)e (ViVg)e
(Vov2) (Vov2) (V1vs) (V1vs) (V1iv2) (vov2) (V1v2) (V1v3)

(Ve (B

(Vivp)e (V1V3)e

(VoVp)e (ViV3)e

(VoVp)e (ViV3)e

(Viv2) (Vov2)
(VeVa)? (ViV3)e

(V1iv2) (vava)
(VoV5)? (V3Va)e

(Vov2) (v1v3)
(VoV3)e (V3V3)?

(Vov2) (vava)
(ViV5)e (V;V5)2

(Vova)? (vav)

(Vo) (Vo¥p)e

(VoV2)? (V1Va)
(VoVs)e (V5V3)2

(Vovs) (viv2)?

(Vo) (ViV3)e

(Vov2) (viva)?
(VoVa)e (ViV3)2

 (Vova)? (Vovo)
(VV5)e (Viv5)2

(Vova) (Vov2)2  (Vova)? (vavs)
(VaV5)Z (V;V5)e _ (Vpvp)e (v;v5)?

(Vovs) (V1vs)?
(V)2 (VyV5)e

 (Vova) (Vav2)?

(Vov2)? (v1V2)

(V1va) (v1v2)?

(V1v3)? (V1V2)

(oVo)! (Ve (Vova)e (VV)e (VoVo)e . (VgVa)e (VV)e (ViVs)e

T (ov2)? (vava)® T (Vova) (Vav) (Vovo) (Vova) (Vavz) (Vava)
(VEVE)e (VIVE)e (VoVa)e . (ViVE)e (ViV5)e (VEV)e

(Vova) (vaiva) (Vova2) (viva) (vavo) (Vova)

(3. 16)

3~ (ole  (iVple  (pVode  (ViVgle  (VoVo)e (VoVo)e  , (Viva)e (ViV3)e
(V1v2) (Vovo) (v1va)

s (Vova) (Vov2) (Vov2) (V1vs) (vavs)
(VoVa)e (ViVo)ee  (VoVa)e (ViVo)e  (VoVa)e (VoVo)er  (VoVa)e (ViVa)e

(ova) (Vivo) — (Vova) (vavo)  (Vova) (Vova)  (Vova) (Vava)
_ (VEVQ)EZ (VIVE)E (VE)V;)EZ (VBVZ)E (\fi\f;)e (VZ)V;)eZ _ (\q\f;)e (\/1\/;)62

(Vova) (viva)  (Vova) (Vov2) (Vav2) (Vava)

(Viv2) (vov2)
C(o)e (Vo)e  (ViVh)e (Vivg)e | (VoV)e (ViV3)er . (VoV5)ez (V1V3)e
(Viv2) (vov2) (V1v2) (V1vs) (Vov2) (Vavs) (Vov2) (V1vs)
B (VeV3)? (ViV3)e ~ (pVo)e (ViVa)2  (VeVa)e (VaVa)2  (Vova)e (ViV3)?
(Vov2)? (Vivs)  (Vov2) (Vava)®  (Vova) (Vov2)? ~ (Vovs) (Vava)?
(VaVy)2 (ViVy)e  (ViV3)? (ViV3)e B (Vevy)3 B (v;vy)? _ (VoV3)e (ViVp)e (VoVa)e
(ov2)? (vav2) — (viva)? (Viva)  (Vovo)®  (Vava)®  (Vova) (Vava) (Vovo)
~ (Vov)e (ViVa)e (ViVa)e  (VoVg)e (ViVa)e (VoVa)e | (ViVa)e (ViVH)e (VoVa)e (3. 17)
(Vovs) (vive) (viva)  (Vova) (Viva) (Vov2)  (Vava) (Vava) (Vovz) '
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From equations (3. 15), (3. 16)and (3. 17 ) we get

3 (3ut,
S ¢ s
_ 3( (V:)V:;)e?’ (V?LV;)ES _ (v(k)v;)e3 _ (V;V;)é (V?JV;)E (VSV;)EZ (V;_vg)s (Vi\fé)ez

(Vovs) (Vavo) (Vovz2) (V1v3) (Vov2) (Vov2) (V1vs) (v1v3)

) (e (). (v;v;)fz) A AP U S GO N
(Vova) (Vova)  (vava) (Vave) | (Vova)®  (viv2)®  (Vov2)®  (vavs)®
similarly
3t; 3t t2
1-s (1-92 (1-93

_ ((VSVZ)£3 + (VIV;,):; _ (v(*)V;_).93 _ (VZ\@EB _ (VSV;)gZ (VBV;)S _ (VEVE)EZ (V;_V;)e
T\ (Vov2)  (ava)  (Vova)  (vava)  (Vovo) (Vov2)  (vava) (Vava)
(VoVi)ez (VoVi)e  (VaVa)e2 (VEV;)E) (Vov)d  (va)d  (vpvp)E  (vavg)?

(Vov1) (Vova) ¥ (V2v3) (V2V3) (Vov2)®  (v1ve)® - Vovi)3 - (Vava)®
(3.19)

Substitute the value of (16) in (12) we obtain the resultrgfo nf (V). Similarly we
evaluate the value o o nf 2(Vge)- And thus addition of both these we acquire the
following conclusion for the map? o 72 ,(V¢,).

0% o 1% 5(Via)

_ { ((Vé\fé)é . (Vo) (pVo)e  (ViVp)es N (VoVa)e (VoVs)e2 . (ViV3)e (V1V3)e2
(Vova)  (viv2)  (vov2)  (viva)  (Vov2) (Vov2)  (vava) (Vava)
~ (Vov)e (Vov3)e  (ViV3)e (‘fi‘fﬁ)ez) . (A AT B (VpV5)? B (Vivé)f}

(ova) (Vova)  (viva) (vava) | (Vova)®  (vav2)®  (Vov2)®  (vava)®
(Vo, V1) (V2, V3) N {3( (VoV)e2 N (Vivgdes  (VoVides  (VaVg)es  (VoVo)er (VoVa)e

(Vo, V2) (v, V3) (Vov2) (v1v3) (vov1) (Vav3) (Vov2) (vova2)

C (Ve (ViV5)e  (VoVidee (VoVD)e | (VaVg)e2 (VE\G)E) (Vovs)d  (viv)? ~ (Vevy)3
(viva) (vavs)  (vovi) (Vovi)  (vava) (Vava) | (vov2)®  (vaiva)®  wvovi)®
_ (‘fﬁ‘fé)f} (Vo, V3) (1, V2)
(Vov3)3 (Vo, V2)(V1, Va)

(3. 20)

Next we move to evaluate the other siderg 2 0 d(Vgy) . Since we have

73 2 0 d(Vgg) = 7t o d(Vg) + 7% 0 d(Vio) 3. 21)
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Applying the definitions ofr!, 72 and 'd" we obtain

— 2 (LM VEDes (V) (VM)

1, LA _1\i i’ i+l 12 i+17e2\T10 Vit /e
g d(VOS) AIt(OlZS){ IZ(;( 1) {(3 (Vi,Vi+l) 3 (Vi,Vi+l)2

(Vik7 Vi*+1)35 (Vi s Vi+2) . ;

" (i, Vi1)® )® (Vis1, Vi+2)}}’ | mod 3 (8.22)

Furthermore we use the faqm? = p®Qg- p®r in the expansion of inner sum. This gives

us total 18 terms which can further be classified into the terms(%l%@v , W2 ®vand

u2
(E—lg ® v. Now if we expand through the sum of alternation then total number of terms will

be raised up to ninety. After cancellations and simplifications we acquire an expression
identical with (18).

mi
The above result allows us to conclude the following.
Corollary 3.4. For the mapd’ the below chains.
d s 2
0.&
Ca(Ad,),) = Ca(AL,,) —> FoF e /\F
and
2
3 d' 2 ﬂl,s3
Co(Afr,) = CalAf(,) — TB2A(F)
are complexes whe{u, . . ., Uy) = Z{L‘O(—l)‘(ug, R l], S U
Proof. We only have to exhibit? ,od' =77 ;0d =0. O

4. CONCLUSION

Basically our aim was to determine whether there exist maps between Grassmannian
complex and third order tangent complex of weight 2 or not and from the work above we
can conclude that there exist marrfﬁs andni . Which connects commutatively both the
complexes mentioned earlier. Also this result allow us to do such constructions for higher
order tangent complexes and finally we can generalize this notion.
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