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Abstract. Making use of generalized Salagean derivative operator in this
paper, we define a unified class of starlike functions with negative coeffi-
cients and obtain subordination results, partial sums, integral transforms
for this class. Further integral means and square root transformation re-
sults are discussed.
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1. INTRODUCTION

Let S denote the class of functions of the form
fR) =2+ anz" (1. 1)
n=2

which are analytic and univalent in the open unit disk &/ = {z : |z| < 1}. Also, T denote
the subclass of S consisting functions of the form

f(z):z—Zanz", an >0 (1.2)
n=2

introduced and studied by Silverman [7]. We denote by S*(«) and K («) the subclasses of
S consisting of all functions which are, respectively starlike and convex functions of order

«. Thus,
2f'(z)
f(2)

39

S*(a)z{féS:Re( >>a,0<a<1,zeu}
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and .
K(a):{feS:Re(l—FZJJ:(S)) >a, 0<a<l, zel/l}.
For functions f € S givenby (1. 1) and g € S of the form g(z) = z + > b,2", we
n=2
define the Hadamard product (or Convolution ) of f and g by
(fx9)(z) =2+ anbn2", z€U. (1.3)
n=2

In 1977, Ruscheweyh [5] introduced and studied the class of prestarlike functions of order
«, which are the function f such that f * S, is a starlike function of order «, where

z
Salz) = A= 2)2i-a)

We also note that S, (z) can be written in the form

0<a<l, zecl. (1. 4)

Sa(2) =2+ Z Ch(a)z", (1.5)
n=2

where
n

[1(i —2a)
i=2
Ch(a) =1 n (1. 6)
Clearly, C,, () is decreasing in « and satisfies

oo ifa<

N|—=

lim Cp(a)=<¢ 1 if o =

n—oo

(1.7)

D=

0 ifa>
Denote by Dj" the Al-Oboudi operator [1] for m € Ngand 6 > 0 definedby DJ* : A — A,
D3f(z) = f(2); Dif(z) = (1—=0)f(2) +062f'(2) = Dsf(2); Dy f(2) = Ds(D§*~" f(2)).
Note that for f(z) givenby (1. 1),

N|—=

Dyf(z)=z+Y [14+(n—1)d"a,z", m €N (1. 8)
n=2
For § = 1, Dj" is Salagean operator [6] defined as:

Df(z) = f(z); D'f(z) =Df(z) = zf'(2) = 2+ Znanz"

n=2
D?f(z) = D(Df(2)) = z + i n2a, 2"
n=2
D™f(z) = D(D™ ' f(2)) =z + inmanz", m € Np. (1.9)
n=2

Making use of Al-Oboudi operator ( 1. 8 ), Salagean differential operator ( 1. 9 ) and
prestarlike function ( 1. 5 ), and motivated by Darus [2], Silverman and Silvia [10], we
define the following unified class of starlike function.
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Definition 1. Let D?fj (m, A, B) be the subclass of S consisting of functions f(z) of the
form ( 1. 2) and satisfying the analytic criterion

Z(Dg”f(z)*Sa)/ 1

Dy /()75
<@, zelU, (1.10)
z(D3 f(2)*Sa)’ 2(Dg" f(2)*Sa)’
2v(B — A) (W‘A) _B(W_l)

where 0 < A< 1,0< <1,

B sy A#0
- < ) 2(B=A)A ’
2(B—A)<7_{1 A=0.

forfixed —1 < A < B < land0 < B < 1. Wealsolet TD}” (m, A, B) = DY (m, A, B)N
T.

Now we obtain the coefficient bounds for the class TDf\Y’,’f (m, A, B).

Theorem 2. Let the function f(z) be defined by ( 1. 2 ), then it is in the class TDf\‘f(m, A, B)
if and only if

> @(a, B, X, 7.0,m,m, A, B)lan| < 267(1 - M) (B - A), (1. 11)
n=2
where
@(O{, ﬂa )‘7 v, 63 m,n, A7 B) = [267(37‘4)(n7>‘)+(1736)(n71)} [14’(77,71)5]"10"(0[)
(1. 12)

The proof of Theorem 2 is much akin to the proof of theorem on coefficient bounds
established in [4], so we omit the details.
Now we recall the following results which are very much needed for our study.

Definition 3. (Subordination) For analytic functions g and h with g(0) = h(0), g is said
to be subordinate to h, denoted by g < h, if there exists an analytic function w such that
w(0) =0, Jw(z)| < 1land g(z) = h(w(z)), forall z € U.

Definition 4. [12](Subordinating Factor Sequence) A sequence {b,, }5° ; of complex num-
o0

bers is said to be a subordinating sequence if, whenever f(z) = > a,z™, a1 = 1is
n=1

regular, univalent and convex in U/, we have
(o)
ananz” < f(z), z€l. (1. 13)
n=1

Lemma 5. [12] The sequence {b, }5°, is a subordinating factor sequence if and only if

Re {1+2anz”}>0, zel. (1. 14)
n=1

2. SUBORDINATION RESULTS
Theorem 6. Let f € TDf\"’f (m, A, B) and g(z) be any function in the usual class of
convex functions K, then
(P(a7 /87 A) ’}/7 57 m7 27 A7 B)
2[26v(1 = A)(B — A) + ®(a, 3, A,7,6,m,2, A, B)

(f*9)(z) <g(z) Q2.1
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where )0 < v <1;k>0,0 <\ < land

[207(1 = X)(B —A) 4+ ®(«, 8, \,y,0,m,2, A, B)]
®(a7/67 )\’7767m7 27A’ B)

Re {f(2)} > — L zeU. (2.2

The constant factor srz-—— A‘?}gfgﬂg&gg’ffg 2 E) in (2. 1) cannot be replaced

by a larger number.

o0
Proof. Let f € TDO"’B(m A, B) and suppose that g(z) = z+ > by2" € K. Then
n=2

®(a, B,1,7,6,m,2, A, B)
32571~ N(B — A) + 8(a. 4\, 8,2, A, B 79

_ @(a,ﬁ,/\,’y,é,m,ZA,B) > n
T 22— N(B —A) + D(a, B, 07 0, 2 A B\ Eb

(2.3)

Thus, by Definition 4, the subordination result holds true if

(b(a7/87)\7fy767m72’A?B) >
2[287(1 = N)(B — A) + ®(a, B, \,7,6,m,2, 4, B) " _,

is a subordinating factor sequence, with a; = 1. In view of Lemma 5, this is equivalent to
the following inequality

s (e, B, \,v,0,m,2, A, B)
{ 2 B NB - A) B pA a2 A (70 e

2. 4)
By noting the fact that (I)(g[’j%(/\l’Zf)’?g’i’ﬁ)’B) is increasing function for n > 2 and in partic-

ular

(p(aaﬁaAa,%(S)’n%Q,AaB) < ¢)(aaﬁaAa’y»67m7n7AaB)
2809(1=N(B-4) ~ 2891 -N(B-4) '

n > 2,
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therefore, for |z| = r < 1, we have

D(a, B, N\, 7,8,m,2, A, B)
ke {1+[267(1— N (B — A) + ®(a, B, \,7,6,m,2, A, B)] Za" }
_ d(a, B,\,7,0,m,2, A, B)
—Re {1 2671 V(B — A) + B(a. 3. A\ y.6.m, 2, A, B)]

Z (I)(O[7 ﬁ7 )\7’77 67 m, 27 A7 B)anzn
n=2

+

[20v(1 = A)(B —A) 4+ ®(«, 8, \,7y,0,m,2, A, B)]

>1_ ¢(aaﬂaA7736am327AaB)
o [267(1_)‘)(B_A)+q)(a?/67>\a7767m727A)B)]r
1 [eS)
_ d A7, 0 A, B)an|r"
[Qﬁ’y(l—)\)(B—A)—&—(I)(a,ﬁ,)\,%é,mﬂ,A,B)}7;2‘ (Oé,ﬂ, 777 7m7n7 9 )CL ‘T
>1— q)(aaﬁa)‘a’Ya(Sam72>AaB)
=T RAA-NB - A+ (0, B A7,0,m, 2, A, B)]
i 25(1 - N)(B - 4) i
[257(1 - )\)(B - A) + (P(a767)‘7’77§am727AaB>}
>0, |z|=r<1,

where we have also made use of the assertion ( 1. 11 ) of Theorem 2. This evidently proves
the inequality ( 2. 4 ) and hence also the subordination result ( 2. 1) asserted by Theorem
6. The inequality ( 2. 2 ) follows from ( 2. 1) by taking

o0
— i J— n
g(z)—l_z—z+ Ezz e K.
n=

Next we consider the function

26v(1—-XN)(B—-A
o) 2AO=NB=A)
(I)((X7/67 )\7’}/767m7 2’ A7B)
where 0 < v <1, k> 0,0 < A< 1. Clearly F € TD?\"’fj(m,A,B). For this function (
2. 1 )becomes

@(OZ7/87 >\’7757m7 27A7B) F( ) Z
22671 — N (B — A) + (e, B, N7, 0m, 2, A, B)] ) T 1—2
It is easily verified that
. q)(a757)‘u7767m727AﬂB) ]‘
R F =_-
mm{ ¢ (2[267(1—A)(B—A)+<I>(a,ﬁ, N s Ay ) y 2EU

This shows that the constant 57— A;I)((g’_ﬁ;";ﬂg (ZL;?? ’WBg 25 cannot be replaced by

any larger one. U

3. PARTIAL SUMS

Following the earlier works by Silverman [8] and Silvia [11] on partial sums of analytic
functions, we consider in this section partial sums of functions in the class D;\’f (m, A, B)
and obtain sharp lower bounds for the ratios of real part of f(z) to f,(z) and f'(z) to

fr(2)-
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Theorem 7. Let f(z) € Df’\‘f(m, A, B). Define the partial sums f1(z) and fi(z), by

k
fi(z) = z; and fr(z) =2z + Zanz", (k € N/1). 3.1
n=2

Suppose also that

o0
> dnlan| <1,
n=2

where
_269(B=A)(n =N+ (1 - BB)(n— 1[I + (n—1)d]"Cpn ()
dy = . (3.2)
267(1 = A)(B — 4)
Then f € TDi’ff(m, A, B). Furthermore,
f(2) } 1
Re >1-— zeUkeEN (3.3
{f k(2) d 41
and
fi(2) } di+1
Re > . (3.4)
{ f(z) 1+dit
Proof. For the coefficients d,, given by ( 3. 2) it is not difficult to verify that
dpt1 > dy > 1. (3.5
Therefore we have
k o] 00
D anl +dipr Y lan < dnlan| <1 (3.6)
n=2 n=k+1 n=2
by using the hypothesis ( 3. 2 ). By setting
f(2) ( 1 ) }
z) = d — 1=
91(2) . {fk(z) dr1+1
des1 Y apz™ !
- 14 n:kk+1 (3 7)
1+ > apznt
n=2
and applying ( 3. 6 ), we find that
dey1 Yo lan
g1(2) — 1’ < n=k+1
gi(z)+1] — k 0
1@ 222 % fan| —dis 5 o]
n=2 n=k+1
< 1, zel, (3. 8)
which readily yields the assertion ( 3. 3 ) of Theorem 7. In order to see that
Skt
flz) =2+ 3.9

di 1
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. _ i /k f(z) _ z* _ 1
gives sharp result, we observe that for z = re that ) = 1+ i 1 T as

z — 17. Similarly, if we take

T (2) dg+1 }
z) = (1+d —
wo) = (ra {55 - 1
(1+dis1) > anz™ !
- 1 oc"=k+1 (3. 10)
14+ > apz™ !
n=2
and making use of ( 3. 6 ), we can deduce that
oo (14 dis) 5 lanl
g2 ‘< n=Fk+1 3. 11)
92(2) + k &,
2-25 lan| — (1 —dry1) Y. lan]
n=2 n=k+1

which leads us immediately to the assertion ( 3. 4 ) of Theorem 7.
The bound in ( 3. 4 ) is sharp for each k € N with the extremal function f(z) given by
(3. 9). The proof of the Theorem 7, is thus complete. (]

Theorem 8. If f(z) of the form ( 1. 1 ) satisfies the condition ( 1. 11 ), then
/
Re{f,(z)}>1—k+1 3. 12)

fe(z)) — drg1’

9(z) = dk+{};((§‘<1‘2:>}

k41 n— n—
1+ () E Nanz + E nanpz
n=k+1 n=2

Proof. By setting

k
14+ > napz"1
n=2
d o0
k41 Z nanzn—l

k+1
n=k+1

14+ > napzn1!

n=2

di, =
k-:ll > klan|
n=k+1

k d 00 ’
2-23 klas| = 55 X2 Klas|
n=k+1

n=2

IA

(3.13)

Now

if
k o'}

dr41
> nlanl+ 25 3 i 6. 14)
n= n=k+1
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k
since the left hand side of ( 3. 14 ) is bounded above by " d,|a,]| if

n=2
k ) dk;
+1
D (dn —n)lan] + D dn— ol >0, 3. 15)
n=2 n=k+1
and the proof is complete. The result is sharp for the extremal function f(z) = z +
Z:k+1 . 0
Ck+1
Theorem 9. If f(z) of the form (1.1) satisfies the condition ( 1. 11 ) then
f;Q(Z)} dp11
Re > . 3. 16
{f’(z) T k+1+di ( )
Proof. By setting

g(z) = [(n+1)+ dgy1] {f,;(z)

B dr+1 }
') k+14di
(1 + i’“jll) > napz" !
n=k+1
k

14+ > nazzn1!

n=2
and making use of ( 3. 15 ), we deduce that

= 1—

d o0
ooy (8,5
<

n=k+1

<1,
< - = <
22 22n|an|—<1—l— E) S nlal

n=k+1
which leads us immediately to the assertion of the Theorem 9.

4. INTEGRAL TRANSFORM OF THE CLASS TD?’f(m, A, B)
For f € A we define the integral transform

e = [un! ) g,

t

where 1(t) is a real valued, non-negative weight function normalized so that |, 01 u(t)dt =

1. Since special cases of p(t) are particularly interesting such as p(t) = (14¢)t, ¢ > —1,
for which V,, is known as the Bernardi operator, and

5 6—1
wu(t) = (CFJE;)) t¢ (log 1) ,c>—=1, >0

which gives the Komatu operator.

First we show that the class TDf\“’f(m, A, B) is closed under V,,(f).

Theorem 10. Let f € TDY(m, A, B). Then V,,(f) € TD$') (m, A, B).



Subordination Properties for Certain Subclasses of Prestarlike Functions

47

Proof. By definition, we have

1
Vu(f)(2) 5/ 1)° 1t (log )~ <Z—Za 2 1) dt
0

_15—10_’_16' 1c nyn—1
:()F(E;))Tlffﬁ /t (logt (z—ZCLZt )

T

A simple calculation gives

We need to prove that

c- q)(a7/87)‘a7767m>n3A7B) c+1 J
< 1. )
7;2 26’7(1 - )\)(B — A) c+n an <1 4. 1)

On the other hand by Theorem 2, f(z) € TDi’f;(m, A, B) if and only if

- é(a7ﬂ7 )\7/.)/7 6’m7n3 A7 B)
a, <1.
> 26v(1 = A)(B - A)

Hence C_tl < 1. Therefore (4. 1) holds and the proof is complete.
The above theorem yields the following two special cases.

n=2

Theorem 11. If f(z) is starlike of order «y then V,, f () is also starlike of order cv.

Theorem 12. If f(z) is convex of order ~y then V,, f(z) is also convex of order .

Theorem 13. Let f € TDY 5(m A, B). Then V,, f(2) is starlike of order 0 < & < 1 in
|z| < Ry, where

Rl = inf

n

(c—i— n)5 (1-8®(c, B, A\, y,0,m,n, A, B)
c+1 (n—=&)(267v(1 = N\)(B - A))

Proof. It is sufficient to prove
z2(Vu(£)(2))'
Vu(f)(2)

For the left hand side of (4. 2 ) we have

—1'<1—5. 4.2)

o 5
AlNE) 1’ = U (c+71z> anz""

Va(H)(z) RS (gii)‘sanzn_l

n=2

00 5
> (1=n) (£2) fanl 2"

n=2

&S é
1= 3 (&) laal 2

n=




48 N. Magesh’, M.K BalajiZ and R.Sattanathan®

The last expression is less than 1 — £ since,

ne1 c+n 5(1—f)@(a,@)\,'y,&mm,A,B)
i <(c+1> (n— 6261 - (B - 4))

Therefore, the proof is complete.

Using the fact that f(z) is convex if and only if z f'(z) is starlike, we obtain the follow-
ing.

Theorem 14. Let f € T’Df\‘f(m, A, B). Then V,, f(z) is convex of order 0 < £ < 1 in
|z| < Ra, where

Rg = inf

n

(c—|—n>6 (1-8P(c, B, A, 7,0, m,n, A, B) o
c+1) n(n—&)28y(1-AN(B-A4)

Motivated by Silverman [9] in the following section we obtain integral means inequality
for the class TD?\_’,f(m7 A, B).

5. INTEGRAL MEANS
In 1925, Littlewood [3] proved the following subordination theorem.

Lemma 15. If the functions f and g are analytic in U with g < f, then for n > 0, and

0<r<l,
2m

27
/‘g(rewﬂndﬁg/|f(7’ei9)|nd9. 5. 1
0 0

Applying Lemma 15 and Lemma 2, we prove the following result.

Theorem 16. Suppose f € TDK‘:Q?(m,A,B), n>0,0<A<1,0<y<1,k>0and
f2(2) is defined by

o 1—7 2
f2(2)_z q)(aaﬁvAa’yvdvm»QaAaB)z ’

where ®(cv, 3, X\, 7,6, m,n, A, B) is defined in Theorem 2. Then for z = re’®, 0 < r < 1,
we have

2 o
Jiseraos [inera 5.2
0 0
Proof. For f(z) =z — iO:Q |an|2™, (5. 2) is equivalent to proving that
W e o 269(1 = (B - 4) |"
0/1;::2@”,2"1 d@go/‘l 7¢(A,7,k,2) 2| do.

By Lemma 15, it suffices to show that

- _ 267(1 = N)(B - 4)
=2 el e g A S e A B
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Setting

_ - n—1_ 1 _ 2ﬁ7(1 B )‘)(B B A)
=2 lal =1 G G Ny am 2 4.5 ) G-

From 5.3 and (1. 11 ), we obtain

_ - (I)(a76a)‘7’776amanaA7B) n—1
‘w(z”‘,; (- NB-4)

ozﬁ,/\v,émnAB)
<4 Z = o
20y(1 = A)(B - A)
< |z|.
This completes the proof of the Theorem 16 by the Theorem 2. (]

6. SQUARE ROOT TRANSFORMATION

Definition 17. If f € Sand h(z) = \/f(22),thenh € Sand h(z) = 2+ Y 2122771,
n=2
|z| < 1. The function & is called a square-root transformation of f.

Theorem 18. If f € TDa’ﬁ(m A,B),20v(1-A\)(B—-A) < ®(a, B, \,7,6,m,2, A, B)
and h be the square root tmnsformanon of f, then

20y(1 = A)(B - A) 20y(1 = MN)(B - A)
T\/l TS A smaAE) < M T\/l F Ba B0 m % AB)

6.1)

with equality for

_ 2001 =N(B-4) _
f(z)=2— @(a,ﬁ,)\,%é,m,Q,A,B)z i (2| = ). (6.2)

Proof. In the view of [4, Theorem 3.1], we have

a2 NB-A)

260(1-NB-4)
®(a, 3, A,7,6,m,2,A, B) :

(P(O[7ﬁ7 )‘777 67m7 2u A7 B)
6. 3)

L fED <+

Using this inequality in the definition we find
h(z)] = VIf(z?)]

- \/ 291 -N(B-4A)
- O(a, B, \,7,6,m,2, A, B)

_ \/ 2601 =N(B=4) (6. 4)

O(a, B, \,v,0,m,2, A, B)
Since, 20v(1 — A\)(B — 4) < ®(«, B3, \,7y,0,m,2, A, B) and r = |z] < 1, we have

291 =NB=4) |, 2B(1-NB-4)
Q(a’/@’A77?5’m’27A7B) B ¢(aﬂﬂ?)\”}/’5’m72?A’B)

1-— >0 6.5)
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and hence,
h(2)] = VIf(z?)]
s 2o 26000-NB-4)
- D(a, B, A\, v,0,m,2, A, B)
= nfi-3 (iﬂg(i;?(j ; i? I 6. 6)
It can be seen that the result follows from ( 6. 4 ) and ( 6. 6). U
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