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Abstract.The aim of this paper is to introduce the notion of anti fuzzy
implicative ideals of BCK-algebras and to investigate their properties. We
give several characterizations of anti fuzzy implicative ideals. We also
introduce the notion of anti Cartesian product of anti fuzzy implicative
ideals, and then we study related properties.
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1. INTRODUCTION

The main problem in fuzzy mathematics is how to carry out the ordinary concepts to
the fuzzy case. The difficultylies in how to pick out the rational generalization from the
large number of available approaches. It is worth noting that fuzzy ideals are different
from ordinary ideals in the sense that one cannot say which BCK-algebra element belongs
to the fuzzy ideal under consideration and which one does not. The concept of fuzzy sets
was introduced by Zadeh [13]. Since then these ideas have been applied to other algebraic
structures such as semigroups, groups, rings, modules, vector spaces and topologies. In
1991, Xi [12] applied the concept of fuzzy sets to BCK -algebras which are introduced
by Imai and Iséki [5] . In [1], Biswas introduced the concept of anti fuzzy subgroups of
groups. Modifying his idea, in [4], S. M. Hong and Y. B. Jun applied the idea to BCK
-algebras. They introduced the notion of anti fuzzy ideals of BCK -algebras. In this paper,
we introduce the notion of anti fuzzy implicative ideal of BCK -algebras, and investigate
some related properties. We show that in an implicative BCK-algebra, a fuzzy subset is an
anti fuzzy ideal if and only if it is an anti fuzzy implicative ideal. We show that a fuzzy
subset of a BCK-algebra is a fuzzy implicative ideal if and only if the complement of this
fuzzy subset is an anti fuzzy implicative ideal. Moreover, we discuss the pre-image of anti
fuzzy implicative ideals. Finally, we introduce the notion of anti Cartesian product of anti
fuzzy implicative ideals, and then we characterize anti fuzzy implicative ideals by it .

2. PRELIMINARIES

In this section we cite the fundamental definitions that will be used in the sequel:
85
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Definition 1. [6] An algebra (X, , 0) of type (2,0) is called a BCK - algebra if it satisfies
the following axioms for all z,y,z € X :

(i) (2 % 9) % (2 % 9)) * (x5 ) = 0,
(id) (& % (2 5 ) £y = 0,
(#it) x x x = 0,
(1v)0*xx =0,
(Vxxy=0and y+*xz=0implyx =1y

We can define a partial ordering < on X by z < yifandonlyif x xy =0 .

Proposition 2. [6] In any BCK-algebra X , the following hold for all x,y,z € X :
() (xxy)xz=(xx2)x*y,

i)rxy <,

1it) x + 0 = x,

w)(w*z)*(y*xz) <z*y,

vk (zx(zxy)) =x*y,

(vi)x <y impliesxxz<yxz and zxy < z*x.

(
(
(
(

A BCK-algebra is said to be implicative if x(y x ) =z forall z,y € X (see[6,9]).

Definition 3. [8] A non-empty subset I of a BCK-algebra X is called an ideal of X if it
satisfies

(I)oel

(IL)zxxy € land yelimply x €1.

Definition 4. [8] A non-empty subset I of a BCK-algebra X is called an implicative ideal
of X if it satisfies (I1)and (I3)x € I whenever (zx (y*x))*xz € ITandz el forall
x,y, 2z € X.

Definition 5. [13] Let S be a non-empty set. A fuzzy subset A of S is a function A :S
— [0,1]. Let A be a fuzzy subset of S . Then for ¢ €[0,1], the t-level cut of A is the set
A = {z €S |A(x) >t} and the complement of A, denoted by A° is the fuzzy subset
ofS givenby A° (z) =1 — A(z) forall x € S .(see [2,3,7]).

Definition 6. [12] A fuzzy subset A of a BCK-algebra is called a fuzzy subalgebra of X if
Az xy) >min{A(x),A(y)} forall x,y € X.

Definition 7. [12] Let X be a BCK-algebra. A fuzzy subset A of X is called a fuzzy ideal
of X if

(F)A(0) 2 A(x),

(F3) A(z) >min {A(zxy),A(y)}, forallz,y € X.

Definition 8. [10] A fuzzy subset A of a BCK-algebra X is called a fuzzy implicative ideal
of X if it satisfies
(F1) and (F3) A(z) >min {A((zx (y*x))*x2),A(2)} forall z,y,z € X.

Definition 9. [4] A fuzzy subset A of a BCK-algebra X is called an anti fuzzy subalgebra
of X if
A(z*xy) < mazx {A(z),A(y)} forall z,y € X.

Definition 10. [4] A fuzzy subset A of aBCK-algebra X is called an anti fuzzy ideal of X
if

(A1) A(0) < A(x),

(A2) A(z) < max {A(xxy),A(y)}, forallz,y € X.
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Proposition 11. [4] Every anti fuzzy ideal of a BCK-algebra X is an anti fuzzy subalgebra
of X.

Definition 12. [4] Let A be a fuzzy subset of a BCK-algebra. Then for ¢ € [0, 1] the lower
t-level cut of A is the set
At ={zx e X|A(z) <t}

Definition 13. [4] Let A be a fuzzy subset of a BCK-algebra. The fuzzification of A?, ¢ €
[0, 1] is the fuzzy subset p4: of X defined by

Definition 14. [11] Let f:X — Y be a mapping of BCK-algebras and A be a fuzzy subset
of Y . The map A/ is the inverse image of A under f if A7 (v) = A(f (z))Vr € X.

3. ANTI FUZZY IMPLICATIVE IDEAL

Definition 15. A fuzzy subset A of a BCK-algebra X is called an anti fuzzy implicative
ideal of X if it satisfies
(A1) and (A3) A (z) <maz {A((z x (yxx))*2),A(2)} forall z,y,z € X.

Example 1. (1) Every constant function A : X — [0, 1] is an anti fuzzy implicative ideal
of X (2) Let X = {0, a,b, c} be a BCK-algebra with Cayley table as follows:

*x|0]al|bl|c

00|00
alal0|0]|a
b|bla|O0|b
cleclec|cl|O

Let to,t1 be such that to < ¢;. Define A: X — [0,1] by A(0) = A(a) = A(D) =
to and A (c) = t; Routine calculations give that A is an anti fuzzy implicative ideal.

Proposition 16. Every anti fuzzy implicative ideal of a BCK-algebra X is order preserv-
ing.

Proof. Let A be an anti fuzzy implicative ideal of a BCK-algebra X and let z,y € Xbe
such that < y Then
Az) < maz{A((x+ (= x2) v y), A ()},
= maz {A((x *y) * (z+2)) , A(y)}
=max{A0x(zx2)),A(y)},
=maz{A(0),A(y)} = A(y). O

Proposition 17. Every anti fuzzy implicative ideal of a BCK-algebra X is an anti fuzzy
ideal.

Proof. Let A be an anti fuzzy implicative ideal of a BCK -algebra X, so for all z,y, z €
X
A(z) <maz {A((z*(y*x))*2),A(2)},
Puttingin y =z,and z =y :
A2) < maz {A((w ) y), Ay}
=maz{A(z*y), Ay)}t. O

Combining Proposition 2.11 and 3.4 yields the following result.

Proposition 18. Every anti fuzzy implicative ideal of a BCK-algebra X is an anti fuzzy
subalgebra of X.
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Remark 19. An anti fuzzy ideal (subalgebra) of a BCK-algebra X may not be an anti
fuzzy implicative ideal of X as shown in the following example:

Example 2. Let X be the BCK-algebra in Example 3.2(2) and let tg t1 to € [0, 1] be such
that to t1t o Define A : X — A(0) = tg, A(a) = A(b) = t1 andA (¢) = ty Routine
calculations give that A is an anti fuzzy ideal (subalgebra) of X. but not an anti fuzzy
implicative ideal of X because
Aa) =t; > mazx {A((a* (bxa))x0),A(0)}
= maz {A(0),A(0)} = to.

Proposition 20. If X is implicative BCK -algebra, then every anti fuzzy ideal of X is an
anti fuzzy implicative ideal of X.

Proof. Let A be an anti fuzzy ideal of an implicative BCK-al gebra X , so forall z,z € X :
A(z) <max {A(zx2z),A(2)},

Since X is an implicative, then =  (y * ) = x forall z,y € X . Hence
A(z) <max{A((zx (yxx))*2),A(2)},

This shows that A is an anti fuzzy implicative ideal of X. O

By applying Proposition 17 and 20 , we have

Theorem 21. If X is an implicative BCK-algebra, then a fuzzy subset A of X is an anti
fuzzy ideal of X if and only if it is an anti fuzzy implicative ideal of X.

Proposition 22. A fuzzy subset A of a BCK-algebra X is a fuzzy implicative ideal of X if
and only if its complement A€ is an anti fuzzy implicative ideal of X.

Proof. Let A be a fuzzy implicative ideal of a BCK-algebra X, and letz,y, z € X . Then
A0)=1-A(0)<1—-A(z)=A°(z) and
A(z)=1—-A(x) <1—-min{A((z*x (y*xx)) x2),A(2)},
=1-—min{l—A°((z*(y*xz))*x2),1—A°(2)},
=max {A° ((x x (yxx)) * 2),A°(2)}.
So, A€ is an anti fuzzy implicative ideal of X . Now let A€ is an anti fuzzy implicative ideal
of X,andletz,y,2 € X. Then

A0)=1—A°(0)>1=A°(z) = A(z) and
A(z) —1A° (z) < 1—maz {A° ((z* (y*x)) *x 2), A (2)},
=1l-maz{l—A((zx(yxx))*x2)1 — A(2)},

=min{A((x*(y*z))*x2),A(2)}.
Thus, A is a fuzzy implicative ideal of X. (]

Theorem 23. Let A be an anti fuzzy implicative ideal of a BCK-algebra X. Then the set
Xa={zeX |[A(z)=A(0) },
is an implicative ideal of X.
Proof. Clearly 0 € X . Letx,y,z € X4 besuchthat (z % (x*xy))*xz € X andz € X 4.
Then
A((z*x(y*x))*x2)=A(2) = A(0).
It follows that
A(z) <maz{A((z*(y*x))*z),A(2)}
=maz {A(0),A(0)} = A(0).
Combining Definition 15(A;), we get A (z) = A (0) and hencex € X . O

Theorem 24. Let A be a fuzzy subset A of a BCK-algebra X. Then A is an anti fuzzy
implicative ideal of X if and only if for each t € [0,1] ,t > A(0), the lowert t-level cut A*
is an implicative ideal of X.
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Proof. Let A be an anti fuzzy implicative ideal of X and lett € [0,1] witht > A (0).
Clearly0 € At. Letx,y,z € X be such that (z % (y*x2)) x 2 € Al and 2 € A® .Then
Aws (yra))s2) <t A() <t
hence

A(x) <max{A((zx(yxx))*x2)A(z)} <t.
And so z € A . Hence A® is an implicative ideal of X.
Conversely, let A® is an implicative ideal of X, we first show A(0) < A (z) forall z € X.
If not, then there exists zo € X such that A (0);A (z) . Puttingt o = 3 {4 (0) + A (z0)}
then 0 < A (x9)it 0 jA(0) < 1. Hence zg € A%, so that A # &. But A® is an
implicative ideal of X. Thus 0 € A , or A(0) < ¢, a contradiction. Hence A (0) <
A (z) forall z € X . Now we prove thatA () < max {A ((z * (y*)) * 2), A(z)} for all
x,y,z € X. If not, then there exists zy,y o, 2 o € X , such that

A(z) > max {A((zo * (yo * x0)) * 20), A (20)},
Taking so = 5 {A (z0) + maz {((zxo * (yo * z0)) * 20) , A (20)}};

then sy < A (o) and
0 <max {A((zo* (yo * o)) * 20) }j s0 < 1.

Thus we have sg (A ((zo * (yo * Zo)) * 20) and sg (A (29). Which imply that
(w0 * (yo * o)) * zgep®0 and z9 € A% But A®0is an implicative ideal of X . Thus
2o € A% or A (xg) < so This is a contradiction, ending the proof. O

Theorem 25. If A is an anti fuzzy implicative ideal of a BCK-algebra X. Then p ¢ is also
an anti fuzzy implicative ideal of X where t € [0,1],t,> A(0).

Proof. From Theorem 24, it is sufficient to show that (u4¢)® is an implicative ideal of
X,where s € [0,1] and s > p4e (0). Clearly, 0 = (ua¢) Let z,y,2 € X be such that
(x*(y*x))*2 € (nae)’ and 2 € (pae)’,
hence
par ((zx (y*x))xz) <s ,
and
pae (z) < s.Weclaimthat © € (puat)or pae () < s. If (z* (y*x))*z €
At and z € A?, then x € A? because A’ is an implicative ideal of X . Hence.
par (z) = A(z)
< maz {A((z+(y o)) +2), A )},
= maz {pac ((x* (yxx)) *2),pmae (2)} < s.
and so z € (pa)’ If (x* (yxx)) 2 ¢ Al or 2 € A?, then pae ((x* (yxz))*2) =0
or gyt (z) = 0 then clearly p4: () < s, and so z € (uat)® . Therefore (p4¢)® is an
implicative ideal of X. (]

Theorem 26. Theorem 3.13. Let f :X — Y be a homomorphism of BCK-algebras.
If A is an anti fuzzy implicative ideal of Y , then A7 is an anti fuzzy implicative ideal of X.

Proof.  Since A is an anti fuzzy implicative ideal of Y, then A (0') < A (f (x)) forany
r € X, andso, AF (0) = A(f(0)) = A(0) < A(f(x)) = Af (z). Forany z,y,z € X,

we have:
Al (x) = A(f () <mazx {A((f (x) = (f (y) * [ (2))) * f (2)), A(f (2))},
=maxz {A((f (2) * (f (yxz))) * f (2)), A(f (2))},
=max {A((f (zx(y*2))* f(2)), Af (2)},
=maz {A(f ((x*(y=2))x2)), A(f (2))},
= max {Af (x* (y*xx))*2), AT (z)}

This completes the proof. (]
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Theorem 27. Theorem 3.14. Let f : X — Y be an epimorphism of BCK-algebras.
If AT is an anti fuzzy implicative ideal of X , then A is an anti fuzzy implicative ideal of Y .

Proof. Lety € Y , there exists z € X such that f (x) = y. Then
Aly) = A(f (x)) = AT (z) > AT (0) = A(0).
Let 2/,y’,2’ € Y . Then there exist x,y,z € X . such that f () = 2/, f (y) = ¢’ and
f(z) = 2. It follows that
A(a") = A(f (z)) = AT (z) Smaz {A ((x* (y*2)) *2) , A (2)},
z
}

=maz {A(f ((z (y*w))*Z) JA(f(2)}
=max {A((f (z) = (f (y*x))*f(Z)),A(f(Z))},
=maz {A((f () * (f (y) = f (2))) * [ (2)), A(f (2))},
=maz {A((z' * (y' x2')) x 2), A(2)} .

Hence A is an anti fuzzy implicative ideal of Y. |

4. ANTI CARTESIAN PRODUCT OF ANTI FUZZY IMPLICATIVE IDEALS

Definition 28. Let A and p be the fuzzy subsets in a set X. The anti Cartesian product
AXp: X x X —[0, 1] is defined by (A x p) (z,y) = maz {\(z),n(y)} forall
z,y € X.

Theorem 29. If \ and i are anti fuzzy implicative ideals of a BCK-algebra X, then \ x
is an anti fuzzy implicative ideal of X x X.

Proof. Letz, 2’ € X

(A x 12) (0,0) = maz {A(0),2(0)}

< maz {A(2), 1 (2)} = (0 x p) (2,2)
For any (x,2'), (y,y'),(z,2") € X x X we have
z’) =

(A p) (=, maz {A (x) , i ( )}

)
< maz {maz {\(x * (y +)) * 2). A (2)} maz {2y’ a7)) 2 )7%(2’)}}

)

— maz {maz (A (z+ (y*2)) * 2), u (2 (y *2)) ')} ,maa {A(z) . (2)})
=maz {(A x p) ((z,2") * ((4y,9") * (z,27))) * (2,27)), (A x p) (2,27)}.
Hence A x p is an anti fuzzy implicative ideal of X x X (]

Theorem 30. Let A and p be fuzzy subsets in a BCK-algebra X such that \ X y is an anti
Sfuzzy implicative ideal of X x X Then:

(1) either X () > A (0) or p(x) < pu(0) forallx € X ;

(7) if A () > A (0) for all x € X ,then either X (x) > p (0) or p(z) > 1 (0);

(4i2) if u (x) > w(0) for all x € X, then either X (x) > A (0) or u(z) > X (0).

Proof. (i) Suppose that A (z);A (0) and p (y) ; p (0) for some z,y € X. Then
(A 1) (, ) = max {\ (.1 (1)} § max {7 (0), 1 (0)} = (A, 1) (0,0)
This is a contradiction and we obtain (7).
(1) Assume that there exist z,y € X such that A (x)ju (0) and p (x)j w (0). Then
(A x 1) (0,0) = max {A(0), 1 (0)} = 12 (0):
It follows that
(A x p) (z,y) =max {A(z), n(y)} i p(0) = (A xp)(0,0),
which is a contradiction. Hence (i7) holds.
(¢2%) Similar to (7). ([l
Theorem 31. Let A and p be fuzzy subsets in a BCK-algebra X such that \ X y is an anti

Sfuzzy implicative ideal of X x X. Then either p or X is an anti fuzzy implicative ideal of
X.
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Proof. By Theorem 30(3), without loss of generality we assume that p () > u (0) for all
x € X. From (i47) it follows that either A () > A (0) or u(z) > A(0).If u(z) > A(0)
forall x € X, then (A x u) (0,2) = maz {\(0),u(z)} = p(x). Let (z,2), (y,v'),
(2,2') € X x X, since A x g is an anti fuzzy implicative ideal of X x X.We have
(A ) (2, 27) < maw {(Ax ) (((2,27) * (y,4) = (@,27)) * (2, 2)) (A x ) (2,2}
—maz (A x ) (@ (y*2) * 2, (@ * (o +2)) % ), (3 x ) (2, 7)),

Puttingr = y = z = 0, then

(') = O 1) (0,27) < maw {0 x 1) (0, (& + (3 "))  2'), (A x ) (0, )}
maz {maz {1 (0), p ((2 (y' *2')) x 2")} ,maz {A(0), 1 (2)}},
maz {pu ((¢" = (y' = 2')) = 2) ,u () }.
This proves that p is an anti fuzzy implicative ideal of X. The second part is similar. This
completes the proof. O

5. CONCLUSION

We discussed the notion of anti fuzzy implicative ideals of BCK-algebras and gave
several characterizations. Also, we introduced the notion of anti cartesian product of anti
fuzzy implicative ideals. Our defintions probably can be applied in other kinds of anti
ideals of BCK-algebras.
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