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Abstract. We provide sufficient convergence conditions for the
Secant method for approximating a locally unique solution of an
operator equation in a Banach space. The main hypothesis is a
type of gamma condition first introduced in [9] for the study of
Newton’s method. Our sufficient convergence condition reduces to
the one obtained in [12] for Newton’s method although in general
it can be weaker. A numerical example is also provided.
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1. INTRODUCTION

In this study we are concerned with the problem of approximating a locally
unique solution z* of the equation

F(z) =0, (1. 1)
where F' is a Fréchet-differentiable operator mapping a convex subset D of a Banach
space X into a Banach space Y.

The most popular methods for generating sequences approximating =* are un-
doubtedly Newton’s method

Yni1 =Yn — F'(yn) 'Fyn) (n>0), (yo € D), (1. 2)
and the Secant method
Tpt1 = Tp — [mn,l,xn]_lF(xn) (n>0), (x_1,20 € D). (1. 3)

The advantages and disadvantages of using the Secant method over Newton’s
method are well known [1]-[14].
Here, F'(z), [z,y] € L(X,Y) the space of bounded linear operators, by [z,y] we
mean [z,y; F], and the divided difference of order one at (z,y) satisfying

[z, 4](x —y) = F(z) = F(y) (1. 4)
for all z,y € D with x # y [4], [6], [9].
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There is an extensive literature on methods (1.2) and (1.3). A survey of such
results can be found in [1]-]9], [14], and the references there.

It turns out that so far there are two ways of studying method (1.2): Newton—
Kantorovich-type local and semilocal convergence results depending on a domain
containing the initial guess z and Lipschitz conditions on F'(z) [4], [6], [9]; Smale-
type theorems that require information only at zy and the analyticity of F' [11]-[14].

Moreover, Wang [12] introduced the weaker than Smale’s gamma ~-condition
and successfully applied it to Newton and Newton-type methods. Yakoubson [14]
extended Smale’s work for the Secant method using a strong analyticity assumption
on operator F'.

The results mentioned above are based on the assumption that the sequence

F'(20) "' F™ (x0)
n!

‘ (n>2), (1. 5)

is bounded above by

_1
n—1

F'(20) P F™ (x)
n!

~v(F, xo) = sup
k>2

(1. 6)

However, this kind of assumption may not be reasonable. Particularly, for some
concrete and special operators appearing in connection with the Durand—Kerner
method, it is really so [8].

Here we provide a convergence analysis for the Secant method using an even
weaker version of Wang’s gamma condition (see (2.1)). It turns out that even in the
special case when method (1.3) reduces to (1.2) our error bounds on the distances
|Znt1 — znll, |xn — x*| are finer than the ones in [12] and the information on the
location of the solution z* at least as precise. Note also that these advantages
are obtained under the same computational cost. Numerical examples are also
provided.

2. SEMILOCAL CONVERGENCE ANALYSIS OF METHOD (1.3)

Let zg € X and r > 0. We denote by U(zo,r) = {z € X: ||z — zo|| <7}
We introduce the (vo,7) condition:

Definition 2.1. Suppose:
0<v <. (2. 1)

We say I satisfies the gamma (79,7) condition at zo € D in U(xg,r) C D if
operator F is Fréchet-differentiable at x = xqg, F'(z0) " € L(Y, X) such that for all

r< (1—@)%, z,y,w € Ulzo,)

1F" (20) ™" ([, y] — [y, w])
/ / 2y[tfle —yl + (A — t)|ly — w|]dsdt
[1—=~lls(te + (1 = t)y) + (1 = s)(ty + (1 = hw) — zo||]*’
(2. 2)
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and
1F" (o) ™" ([, y] — F'(x0)) |
2y0llzo — tx — (1 — t)y||dsdt
: / /

[1 = syo0llzo —tx — (1 —t)y||]?

/0 [1—yollzo — tog_1 — (1 — )] 2 — 1. (2. 3)

Example 2.2. Let us provide a class of operators that satisfies both (2.2) and

(2.3). For simplicity, we set 7o = v, and assume F' is twice Fréchet-differentiable
on U(x,r) satisfying:

/ —1 o1 27
IF/ o) F @) S =y o (2. 4)

Note that condition (2.4) used in [12] requires the existence of the second Fréchet-
derivative, whereas we only require the existence of the first derivative. It is known
that v(F, zo) <~ [11], [13], [14], which is the y-motivation for our study. Moreover,
assume divided difference [z, y] is given by

1
hw%:A<Ww+dxfwMt (2. 5)

for all z,y € U(zg,7) C D, which holds in many interesting cases [7], [8]. Then
using (2.4), we can have in turn:

[y, w])(y — w)]|

|F" (x0) " ([, 9] —
//F” (tz + (1 —t)y) + (1 — s)(ty + (1 — t)w]ds

-w@y>wlw@uﬂﬁ@ww

// 2y(tllz —yll+ (A =)y — wl)|ly — w|[dsdt
[1=lls(tz + (1 =t)y) + (1 = s)(ty + (1 — hw) — zo|]]*’
(2. 6)

IN

which justifies condition (2.2). Moreover using again (2.4) we can obtain

nﬂww%uwFﬁ@%ﬂkh@lﬁhﬂm+uwwﬁmMﬁH

F’ YTLE[(1 — s)xg

+ s(te + (1 = t)y)]fxo —ty — (1 — t)x]dsdtH

< /1 /1 29||wg — tz — (1 — t)y||dsdt‘ 7 @27
~Jo [1 = syllwo —tz — (1 - t)y|]?

which justifies condition (2.3).
It is convenient for us to define scalar function f, and scalar sequences {r,}, {s.},
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{tn}, for some o >0, a >0, b> 0 by

«a t? 1
) = Sty b 2. 8)
r.1 = —a, ro=0, rp =>4,
Tpntl = Tn—
ot 29[t(rp—1 — rn—2) + (L = t)(rp — rn—1)]dsdt
R e srm sty e T e o
x (1-— t)rn]*Q}g(rn_l, Tn) (T — Tp—1)dt (n > 1), (2.9
s.1 = —a, s0=0, s; =0,
snt1 = Sn— f(sn)g(sn-1,8n) (n=>0), (2. 10)
and
t.1 = —a, ty=0,
th —tn—1

tn+1 = tn - mf(tn)7 (2 11)

where, function ¢ is given by:
1-— 1— 2\ 1
g(r,s) = (1= 50r)(1 = 705) for all r,s € [0, (1 - £) —) (2. 12)
2(1 = or)(1 = 708) — 1 2 /%

We need the following lemma on majorizing sequence {t,}.

Lemma 2.3. Assume: -
+ 2ary
=b <3-2v2. 2. 13
a=byg < V2 (2. 13)
Then sequence {t,} generated by (2.11) is monotonically increasing and converges
to the smallest root

It a—/(1+a)?-8a

t* 2. 14
= (2 14)
of equation f(t) =0, with the largest root being
1 V(1 2-8
por = Lot VL + @)t~ 8 (2. 15)
4y
Moreover, the following estimate holds for
Lottt b
- 17715*) qo = - ql_qt***b)
and p,, be the Fibonacci sequence:
en(t™ —t*),  a<3—-2V2
t—t, = (n>0), (2. 16)
ht, a=3-2V2,
where,
Pn—2 Pn-—1
;) q1
€n = T Ppn2 Pni> (2 17)
Yg—q
and

YPn—1 Pn—1 Pn—2
= . 2. 18
1—’yt*+t*—b+ t* ( )

n
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Proof. We shall show estimates:
tr < tk+1, (2 19)
and
tr < t* (2. 20)

hold true for all k£ > 0. Estimates (2.19) and (2.20) hold true by the initial condi-
tions for kK = 0. Let us assume that they hold true for Kk =0,1,...,n—1forn > 1
a fixed natural number.

In view of the induction hypotheses and (2.11), we can obtain in turn for [s, ] =

[s,; f:
=ty = " —tp1 + [taasta1, f]7T (F(Eao1) = F(E7))
= [tn—%tn—l]_l([tn—%tn—l] - [tn—h t*])(t* —tn-1)
= —tnoostn 1)t =t )t = th2)[ta_1,tn_o,t*], (2. 21)
where by [s,t,u] we mean [s,t,u; f] the divided difference of order two of scalar

function f at the points s, ¢ and u.
It follows that there exist By € (t,—2,tn—1), and 8 € (tn—_o,t*)

tr—2,tn—1] = f'(Bo) <O (2. 22)
and .
[tn—1,tn_2,t"] = fT(ﬂ) >0, (2. 23)
since
-1 < f(t) <0, (2. 24)
and
£ = (1_2#)3 >0, (2. 25)
for t € [0, (1 — g)%), which together with (2.21) imply (2.20) for n = k.
Using (2.11) we can write
bt — tn = (8" = to)[tn—1, ) ' [t*, 1) > O, (2. 26)

which implies (2.19) for n = k. That completes the induction for estimates (2.19)
and (2.20). It follows that sequence {t,} converges to t*.
In view of (2.14), (2.15) and (2.21), we can easily see that

t — i =ty tF—thq
> — tn-i—l [ A T
— & (2 0). (2. 27)

Clearly, if & < 3 — 2v/2, then t* # t**. Tt then follows from (2.28) that the first
part of estimate (2.16) holds true. Otherwise, set A, = y(t* —t,,) and g, = V2.
It then follows from (2.21) that

'Y(t* —tn) (" —tn-1)

£ — b = n > 0), 2. 28
T =2t ) (=t =) 70 (2. 28)
from which it follows that
AnAp—
Ani1 = ! (n>0), (2. 29)

/\n—l + /\n + \/iAn—l/\n
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and Lo
nHn—1
n = n 2 0 5 2. 30
Hint1 Mn—1 + Hn + Mn—1Hn ( ) ( )

or
Loz Pty (> 0), (2. 31)
Mo Ho M1

by the definition of the Fibonacci sequence (p_2 =1, p_1 = 0, Ppt1 = Pn + Pn—1

(n > —1)). It then follows by the definition of \,, that the second part of estimate

(2.16) also holds true.

That completes the proof of Lemma 2.3.

Corollary 2.4. If.
(a) a < 3 —2v/2, then for alln >0

DPn Kk * 1 n
* 1’5 *k * 7 —1 V5 <1+ﬁ)
0<t: —t, < ) < q 2 ) 2. 32
q—qé’"( ) q—qo (457) (2. 32)
(b) a=3—2V2, then for alln > 1
t*—b 2 \"!
0<t*—t, < < VBt —b) | —— . 2. 33
- Pn—1 ( )(1+\/5> ( )

Proof. The result follows immediately from estimate (2.16) and the fact that
5(1 5\"
f( + f) (n > 0). (2. 34)

>
Pn="5\"2
Remark 2.5. (a) For F = f, D = (—oo, %), v =19, and X =Y =R, x,, becomes
t, and z* is t*. That is estimate (2.16) is sharp. Note also that f satisfies (2.5).
(b) In the special case when z_; = xg condition (2.13) reduces to Wang’s [12]
sufficient convergence condition for Newton’s method

a=by<3-2V2 (2. 35)

(c) If we set X =Y = R, then it can easily be seen that condition (2.5) is
satisfied. Other examples which satisfy (2.5) can be found in [7], [8].

Using induction on n it follows immediately from the definitions of sequences
{rn}, {sn}, {tn} that the following relationship holds between them:

Lemma 2.6. If vo <, and (2.13) holds true, then

Tn < Sp <t (n>1), (2. 36)
0 < 7Tpp1—7n < Spg1 — Sp <tpy1 —tn (n>1), (2. 37)
0 < rm—r,<s" —s,<t"—t, (n>-1), (2. 38)
and
< st <t (2. 39)
where, r* = nhﬂn;o Tn, and s* = nlingo Sn-

Note that if 9 = 7y (2.37)—(2.40) hold true as equalities.

Remark 2.6. In view of (2.37)—(2.40), one hopes that sequences {r,} and {sy}
may converge under conditions weaker than (2.14). Such conditions already exist
in the literature. We refer the reader to [5, 4, 6] where we provided sufficient
convergence conditions for sequences more general than {r,} and {s,}.
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However, we do not pursue this here. Instead we provide the main semilocal
convergence theorem for the Secant method (1.3), under the (v¢,~) condition:

Theorem 2.7. Let operator F satisfy the (yo,7) condition at xg € D in

Ul zo RCARY cD
( ’( 2)%) 7

let x_1,20 € D with ||xg —z_1|| < a, and

[ -1, 20] ' F(z0)|| <. (2. 40)

Furthere, assume condition (2.13) holds true.
Then, sequence {x,} generated by Secant method (1.3) is well defined, remains in

Ul(xg,r*) for alln > 0, and converges to a unique solution z* of equation F(x) =0
in U(xg,r*).
Moreover, the following estimates hold for alln > —1

||.13”+1 - xn” < Tn+l — Tn, (2 41)
and
(e I e (2. 42)

Furthermore, if there exists R € (r*, (1 — 4) 'yLo] satisfying

/1[1 — YR+ (1 —t)r*)]2dt = 2, (2. 43)
0

then the solution x* is unique in U(zo, R).
Proof. We shall show:
lzkt1 — zkl| < rgs1 — 7k, (2. 44)

and

Uxpir,m™ —rpy1) CU(xp, 7™ —13) (2. 45)
hold for all & > —_1

For every z € U(x1,7* —11)
e = zoll < I =l + oy — zoll €7 i+ my =" — 7y

implies z € U(xg,r* — ). We also have that (2.41) holds, and

1 = @ol| = [[[z—1, 20] " F (o) = b.

Therefore (2.45) and (2.46) hold for k¥ = —1,0. Let us assume z1,Z3,...,z) are
well defined and (2.45), (2.46) hold true for n = 0,1,...,k — 1, where k > 1 is a
fixed natural number.

We shall establish the existence of [x_1, 2] ™! which will also imply that x4
is well defined. Using condition (2.3) for x = z;_1 and y = xy, and the induction
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hypotheses we obtain

1F" (20) =" (F" (20) — [wk—1, 2]
/1 /1 270l|lxo — txpn—1 — (1 — t)zk||dsdt

[1—svollzo — ter—1 — (1 —t)a][]?

1
_ / 1= ol — tan1 — (1 — )aw|]~2dt — 1
0

IN

1
/ [1—yo(re +t(re_1 —ry))] 2dt — 1
_ ’ 1 I
(1 =70re—1)(1 = v0r) (I —0r*)?
It follows from (2.46) and the Banach Lemma on invertible operators [5], [9] that

[wx_1,2%) "1 exists, and
1
1-— -1
l ((1 —707k-1)(1 = Y07k) )1

_ (1 —~yorr—1)(1 —vors) ( )
T 21 —ore)(d —or) — 1 VR TR
(2. 47)

—1<1. (2. 46)

—1

-1, 21] = F' (o)

IN

In view of (1.3), condition (2.2) for = xj_9, y = T_1, and w = x}, gives:

[F' (z0) " F ()|l = |F' (x0) ™" ([2h—2, k1] — [xh—1, 7)) (zh1 — 1) |
29[tlwg—2 — wp—1ll + (1 = Ollzr—1 — @plll|zx — zp—1]|dsdt
= / / = 7|| (t2n 2+ (1= Dzr 1) + (1— ) (Fons + (1 )zn) — 20|
Tk 1 —te_ 2) + (1 — t)(?"k — kal)](’l"k — ?"kfl)dsdt
= / / [ = ys(trn s+ (1—Ore 1) —7(1—8)(trn_1 + (1 — Oral®
= h(ry— 1,7"1@) (2. 48)
By (1.3), (2.10), (2.47) and (2.48) we get:
2k —2ell < -1, ze] T F (o) | I1F (20) ™' F () |
< g(rk—1,76)h(rk—1,7T%) = TE+1 — Tk, (2. 49)

which shows (2.45) for all k£ > —1.
We also have that for every z € U(zgy1,2* — rrp1) we get

12 =zl < [lz = wpqall + [opr — 2l <77 = regr + e — e =77 — 7
That is,
z € Uxg, ™ — i), (2. 50)

which implies (2.46). The induction for (2.45) and (2.46) is now complete.

Lemma 2.6 imply that sequence {z,} is Cauchy (since {r,} is Cauchy (since
{rn} is a Cauchy sequence) in a Banach space X and as such it converges to some
x* € Uz, r*) (since U(zg,r*) is a closed set). By letting n — oo in (1.3) (or
k — oo in (2.48)) we obtain F'(z*) = 0.

We shall show uniqueness of the solution z* first in U(xg,r*). Let y* be a
solution of equation F(z) = 0 in U(xg,7*). Set L = [x*,y*]. In view of (2.3), we
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get
1F" (20) ™ (F" (o) — L)

| =0tz =+ 0 =0l —zolp e -1 (25

IN

< /1[1 —yo(tr* 4+ (1 —t)r*)] 2dt — 1
0
= (1-9yr)?-1<1L (2. 52)

It follows from (2.52) and the Banach Lemma on invertible operators that L~1
exists. Thus from the identity

F(z*) = F(y*) = [z, y"](z" = y"), (2. 53)
we deduce z* = y*.
IfRe (r, (1- )%} satisfies (2.44) and y* is a solution of equation F(z) =0
in U(zg, R), then as in (2.51) we get

1
| F' (z0) " [F' (z0) — L]|| </O [1—y(tR+ (1 —t)r*]2dt — 1 =1. (2. 54)

Hence, again we deduce z* = y*.
That completes the proof of the theorem.

Remark 2.8. In view of Lemma 2.6 {s,}, s* or {¢,}, t* can replace {r,}, r*
respectively in Theorem 2.7. Note that we could have used easier {t,}, t* in The-
orem 2.7 but we wanted to leave the results as uncluttered as possible using the
finer possible majorizing sequence {r,}.

We now complete this study with numerical examples.

Example 2.9. Let X =Y =R, yo=7=a>0,D = [O, %), and define function

f on D by
Ho1-t4 2L 2. 55
fO=1-t+ (2. 55)
We shall use the Secant method (1.3) to find the smallest positive zero of equation
f(t) = 0. Let t_y = —.000001, and t; = 0. Using (2.17) we can have for a =
1(3—2v2) = .0857864 = ap and o = 3(3 — 2v/2) = .1286797 = «; the following
table:
Table 1: Numerical Values for t* — ¢,
n (7)) (6731
0] 1.119 1.232
1[1.188x 107! [2.322x 107!
2 [ 1.522 x 1072 | 5.891 x 102
32618 x107* [4.362%x 1073
4 15.937x 1077 |9.145 x 107°
52324 x 107 | 1.463 x 1077

Example 2.10. Let X =
interval [0, 1], with norm

lv = max |v(s)], D=T(0,1),

0<s<1

AER, K(s,t)

C'0,1], the space of all functions v, continuous on the
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a continuous function of two variables s,t € [0,1], and h(s) a continuous function
on [0, 1]. Consider nonlinear integral equation

v(s) = )\v(s)/o K (s, t)v(t)dt + h(s). (2. 56)

Equations like (2.56) appear in connection with radiative transfer, neutron trans-
port, and in the kinetic theory of gasses [2], [3], [10].
In order for us to solve equation (2.56), we define operator T' on D by

1
T(v(s)) = )\U(s)/ K(s,t)o(t)dt + h(s) — z(s). (2. 57)
0
Let us consider some special cases of interest:

Case 1 (Chandrasekhar’s equation [2], [3], [10]). Set A = I, K(s,t) = Pt
s+t #0, and h(s) = 1. Choose vy(s) = 1, and v_1(s) = 1.0000001. Let us also

denote by & an upper bound on ||T"(vo(s))~||. That is,

IT" (vo(s)) | < . (2. 58)
We can have:
17" (vo(5)) ™' T (wo ()| < ST (vo(s))]| < 6[A|In2 =1, (2. 59)
and )
1" < 5 < .
I < 2] g | [ ] < 2ime (2. 60)
since,
bos
max / dt‘ =In2. (2. 61)
0<s<1| )y s+t
Condition (2.4) certainly holds if
25|\ In2 < 2.

Hence, we can set 7 = §|A\|In2. Using the choices above we get
b=~y =.265197108.
Hypothesis (2.13) is satisfied, since
o = 070329508 < 3.2v/2 = .17157287.

Hence, the conclusions of Theorem 2.7 can apply, since any solution v*(s) of equa-
tion F'(v(s)) = 0, satisfies (2.56).

Case 2. Let D = U(0,1 — ¢) for some ¢ € [0,1), set h(s) = v3(s) —c+ 1, and
vo(s) = 1. As above it can easily be seen that we can set for

d = max /1K(s,t)dt‘ < 00:
0<s<1| J,
b=[1—c+dA\]s, v=1I[2-c+d]s, (2. 62)
and
Yo = %[3 — ¢+ 2d|M|]6. (2. 63)

In view of (2.62), and (2.63) we have:
Yo < foralld,d,A € Rand ce€l0,1). (2. 64)
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It also follows from the above choices of b and « that for v_1, ¢ close enough to vy,
1 respectively, and A sufficiently small condition (2.13) holds true. That is as in
Case 1, the conclusions of Theorem 2.7 apply. Note however that in this case finer
sequence {s,} than {t,} can be used as a majorizing sequence for Secant method
(1.3) (see also Lemma 2.6).
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