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1. INTRODUCTION

The refinement scheme is an iterative procedure that refines a given set of control points
or mesh to accurately define smooth curves and surfaces. These techniques are extensively
used in wavelets, computer visions, computer aided geometric design and animation. Re-
finement schemes are mainly divided into two categories: interpolating and approximating.
For interpolating refinement schemes, original vertices are unaffected [1, 3]. For approxi-
mating refinement schemes, the original vertices are moved [4, 6].

The work on the approximating and interpolating schemes shows that the approximating
schemes produce smooth curves with higher orders, but they cannot generate curves with
diverse shapes. On the other hand, interpolating schemes can control the shape of the limit
curve but have low smoothness order. So, the researchers find interest in combining var-
ious approximating and interpolating schemes using specific parameter choices to make
it possible to create limit curves with both desired shape control and high smoothness or-
der. A combined scheme may be regarded as the approximating and interpolating one. A
combined scheme adjusts the shape according to the requirement without modifying the
appearance of a smooth curve.

Levin [7] was the first to propose a combined refinement scheme that specifically maps
the problem of interpolating nets of curves whose algorithm depends on the Catmull-Clark
refinement scheme. Pan et al. [9] worked on developing a ternary combined refinement
scheme that provides C? continuity. Rehan and Sabri [11] proposed the combined ternary
4-point refinement scheme. Novara and Romani [8] examined a combined ternary refine-
ment scheme involving three parameters. Zhang [19] introduced a combined approximat-
ing and interpolating ternary 4-point refinement scheme holding essential properties such
as support, polynomial generation and polynomial reproduction. The fractal property of the
scheme is also analyzed. Tariq et al. [14] proposed a unified class of combined refinement
scheme with two shape parameters, achieving optimal smoothness. They also introduced
a 3-point relaxed non-symmetric approximating stationary quaternary refinement scheme
with two parameters, generating C* continuous limit curves.

1.1. Fractal generation. A fractal is a dynamic structure with the same degree of distor-
tion at all scales or infinite patterns. In other words, a fractal is a shape that maintains
its appearance even when a component is infinitely magnified. The branching of trees,
the weathering of rocks, the movement of rivers, and the complex structure of the human
body are all examples of fractal patterns. Refinement scheme is an effective method for
efficiently generating fractal curves. Zheng et al. [17, 18] studied how certain refinement
schemes can create fractal patterns. They examined two types of refinement schemes: 4-
point binary and 3-point ternary interpolating and approximating schemes respectively. Yao
et al. [16] examined the quaternary 4-point scheme with their fractal generation property.
The previous work on fractals is available in [13, 15, 10].

1.2. Motivation and contribution. In the literature, lower-arity combined schemes have
been extensively studied, and higher-arity schemes have been relatively neglected. Higher-
arity schemes offer several advantages, including smooth limit functions with minimal sup-
port and faster convergence rates. Additionally, they can reduce computational cost as the
arity increases. The convergence rate of quinary scheme is faster than the convergence rate
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of lower arity counter parts. Because at each iteration the new sequence of newly inserted
control points has five times as many points as the previous sequence of old control points.
In other words, the computational cost decreases by increasing the arity of the scheme.
Despite these benefits, previous research has primarily focused on fractal generation using
interpolating and approximating schemes. The potential of combined schemes for fractal
generation remains unexplored. This paper addresses these gaps by investigating a com-
bined quinary refinement scheme with a symmetric mask. Inspired by the work of Zhang et
al. [8] on ternary combined schemes, we explore the use of a parameterized approximating
scheme to generate a combined scheme and stunning fractal curves.

The paper is structured as follows: In Section 2, some basic definitions and results are
recalled. Section 3 introduces the newly developed combined quinary refinement scheme
(CQs-scheme) with several sub-schemes. Sections 4 and 5 delve into the analysis of the
remarkable features C'Q)5-scheme like continuity, support, polynomial generation and re-
production. Section 6 presents the fractal generation property with pictorial presentation.
Section 7 explores the graphical efficiency and comparative analysis of the C'Q5-scheme.
Lastly, in Section 8 the conclusion of this work is presented.

2. NOTATIONS AND PRELIMINARIES

In this section, some vital results and definitions are reviewed to formulate the basis
of this paper. Initially, begin with the set of initial control points f* = f € R,i € Z.
Then, after kth refinement level newly generated control points f¥+1 = ff“,i € Z by
the quinary subdivision scheme can be defined as

k+1 ;
5t :Zwiff)jfkaezﬁ 2.1
JEL
where the collection w = w;, ¢ € Z is refereed as the mask of the scheme. When the geo-
metric rules of the scheme satisfy the conditions

E wsj = E Wsj+1 = E Wsjt2 = E Wsj+3 = E wsjra = 1. (2.2)
JEZ JEZ JEZ JEZ JEZ
Then, the scheme shows uniform convergence.

To analyze the essential features of the scheme like convergence and smoothness, the term
Laurent polynomial is introduced which is given by

w(z) = z:wlzZ 2.3)
iEZ

The term norm of the subdivision scheme is given by

1Sl = max$ Y |wsjip[,P=0,1,2,3,47, 2.4
JEZ
L\" [n.L]
_ n, R L
(5Sn> = max Z|wi+5f|.1—0,l,...,5 —15. (2.5)

%) JEZ
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Definition 2.1. Support of the scheme: If the shape of the curve alternate in a particular
area by moving a single point of the control polygon, then this area provides the support of
the scheme.

Definition 2.2. Basic Limit Function: The basic limit function of the refinement scheme
is the limit function of the C'Q5-scheme corresponds to the following data:

0 __ 17 t:O,
ﬂ“{a t£0. (2. 6)

Cardinal data is used for computing the basic limit function.

3. CONSTRUCTION OF THE SCHEME

This section details the development of a novel combined refinement scheme. We de-
duce our combined quinary refinement scheme by performing operations on the geometric
rules of the approximating scheme. For this purpose, we consider the quinary approximat-
ing subdivision scheme. We merge the displacement matrix and parameter matrix with the
approximating scheme to achieve a new combined quinary refinement scheme. Moving
fixed points to the new location based on displacement vectors yields the new points. The
presented scheme offers higher smoothness and modest support concerning the scheme in
[4].

Given the set of initial control points f© = {fo € R}nﬂ Let fk = {fk}d n“ be the

set of control points at level k (k > 0,k € Z), and f* = { ff}l:it satisfy the followmg
rules respectively. Then, the 3-point quinary approximating subdivision scheme presented

in [4] is given by

%ill ( + ) f1+<1—§ —2uo>ff+(uo+%) k1
Jfg}jl (uo + 3 ) k4 (32— 2uo) fE +(uo+25) iy (3.7
fSiTrl (uo + 25) k 1T (ﬁ —2u0)f + (Uo + 25) z'kiu,

fézié = Uofllil (7 - 2“‘0)ka (’LLO + ) i1

The matrix form of the scheme is given by

rk+1 2
/i 2 ug + £ 5 — 2uy Uo
_5it1 Ug + 235 % —2up  up+ % filil
L = m+% % mow+% B I (3. 8)
71 © k
Ji?c?ill U + 25 —2up ug+ o5 il
f5i+2 Ug 5 — 2ug Ug + 5
k+1 k1
Y e, o do 0
5i 1 - 51 do ¢co O
F = 5i+1 R F = 5i+1 R P = agp bo ag s and
k-+1 Fk+1
fdz+1 Jiszi% 0 cclo do
fdz+2 fsitva 0 do co
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Aff
Q=| Aff

A 1k+1
Here, ag, bo, co, do (ag, bo, co,do € R) represent the shape parameters which control the
size and direction of the displacements Vectors The displacement vectors A f k 1 AfF and
Affiy represent —(ff o = 2ff  + fF), —(ffy —2fF + fly) and —(fF —2fF + fE)
respectively. These displacement vectors represent the change in the position of the points.
Now, the relation F' = F' + P() is employed in the development of the combined scheme
as follows:

5;}:2 f%iz cg dg O .
foz 1 do €o 0 Afi—l
fk-‘rl — k+1 + ao bO ao Afk ,
faita i) 0 co do Aff
-f5z+2 fslﬁrlz 0 do co
i it e N
= + | aAfE 1+b0Af +a’0Afz+1
o) Ji OASE + doAS
5 it doAfF + oA Sl

Hence, the geometric rules of the newly generated combined refinement scheme named as
CQs-scheme is given by

B = —coff o+ (2 +uo +2c0 — do) fEy + (2 — 2up — co + 2do) fF

- +(U0k— dO)fszrlv s
sic1 = —dofiio+ (25 +ug — co + 2do) f{ ) + (38 — 2u0 + 2co — do) fF
+(25 +up — )fz+1a
e = —agfF o+ (£ +uo +2a0 — bo) fF | + (52 — 2ug — 2a + 2bo) fF
+(20 + o + 2a9 — bO)fH—l aofz+2,
fiii =G ?f uo — o) fFy + (35 — 2ug + 2co — do) fF + (55 + uo — co + 2dp)
H—l dOff—&-%
féczilz = (uo — do) ik—l + (% —2up —co + 2d0)fik ( +uo + 2¢c — do)fz—l—l
_Cofik-i-Q'

The corresponding Laurent polynomial of the C'Q5-scheme is as follows:

w(z) = —ao(zlo + 2710) — do(zg + 279) - 00(28 + 278) + (ug — dp) (27 + 277) +
1 _ 3 _ 6
(25 + up co> (25 +27%) + (25+u0+2a0b0> (2° +27%) + (25+

2 3
ug — ¢o + 2dp) (24 + 2’74) + <5 + ug + 2¢o — d()) (23 + Z73) + (5 — 2uy

18 19
—co +2do) (22 +272) + (25 — 2ug + 2¢9 — do) (z4+27H+ (25 — 2uyg

—2ag + 2bg) .



The Role of Combined Quinary Refinement Scheme in Geometric Modeling 485

Remark 1:- If (ag,bo) = (0,u + =), then the CQs-scheme turns into an interpolating
refinement scheme (/Q5-scheme).

et = —cofF o+ (2 +uo +2c0 — do) fF | + (2 — 2up — co + 2do) fF

+(u0 - dO)fz+17
s = —dofF o + (35 + uo — co + 2do) fF) + (38 — 2ug + 2co — do) fF
+(uo + 55 — c0) fii,

s =1 (3.9)

FERL = (3 +uo — co) fE 4 + (38 — 2uo + 2c0 — do) fF + (55 + 1o — co
+2d0)fz+l dofFe,

fski_;_lQ = ( ug — do) i—1 + (% - 2UO — Cp + 2d0)flk + (% + Ug + 200 dO)fz+1
700f,£k+2.

k'+1

3.1. Sub-schemes of the C'()5-scheme. Considering the different values of parameters,
CQ5-scheme generates several sub-schemes. Table 1 illustrates the four different numerical
sub-schemes of the C'Q5-scheme. The type of the scheme (App. or int.) indicates whether
it is approximating or interpolating.
° C’Q5-scheme is a b-point approximating scheme. The parameters for the scheme
are ((l(), b(),C(),do, Uo) = ( 35, gé, 275, 1 0)

k+1 _ fk 1 k: +58 k k

51—2 T 25 i+1

k+1 _ _fk 49 k fk k

5i—1 25 5 i+1

k+1 _ fk _ 11 fk _ 12 ¢k k
51 T 25 25 5Ji+1 i+20
fk-‘rl _ k fk k _ fk

51+1 - 25 25 i+1 i+2
fats=- =k - !

oz+2 - 25 7.+1 25Ji4+2"

o CQg4-scheme is a 4-point interpolating scheme. The parameters for the scheme are
2 13 _1
(a’Ov bOa Co, d07 UO) = (07 _?57 5159 _g)

E+1 _ 1
5;;;12 = fk +2fk 1+17
+1 _ 3 k 23 ¢k k
i1 = —5tica —1 + 25f i+l
k-‘rl _ f
= fF
fk+1 _ 9 fk 3 k
%Lj_rll - 25 k [ k z+1 i+2
fsiva = — + 2f 2
e (C'(QQ5-scheme is a 5-point approximating scheme. The parameters for the scheme
- 6 108 27 4
are (ao, bo, co, do, ug) = (—ﬁ» 1957 125° 1257 1)
k+1 233
5it2_ 125fk +1 kl_*fk"‘i29 zk+17
k+1 _ 4 fh 42 — 102 ¢k | 103
it T 125 i 35 -1 15 ky 125 z+1> 6
fk+1 112053f 21%2 kl + 125f 7,+1 + 125Ji+2»
f‘l)f-tll _ 13 k B ﬁé 233 Zk+1 + 12275 2k+27
fsiva = 15 fi- f + 125 Jit1 — 125 Jive-

° C’Q4-scheme is a 4-point interpolating scheme. The parameters for the scheme are
(a0, bo, co, do, up) = (0, 2, —w1, — 2= +wy,0). The parameter w; in this scheme
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TABLE 1. Sub-schemes of the C'Q)s-scheme along with their respective type.

Parameter Point | Proposed scheme | Type
(a07 bO? €o, dOa UO) = (%7 %a %‘7 17 0) 5_p0int C:Q5-scheme App
(ao, bo, co, do,ug) = (0, —122—5, %2,72, —%) 4—p0int QQ4-scheme Int.
(a0ab0a00ad07u0) = <_&’ %a 1257 _125?1) 5_p0]nt CjQ5-SCl’l€I’I’l€ App
(ao, bo, co, do, ug) = (0, 2%, —w1, —% + w1,0) | 4-point CQy4-scheme Int.

is a free parameter that can be chosen to improve the accuracy of the scheme.

fff:ztlQ_w fk2+( 3W1) 2k 1 ( 25 +3w1)fik+(28;5_w1)f'ﬁ>la

fith = (-3 +w1)f122 (=2 +3w) fE g+ (B = 3w fF + (& +wi)fh,
e :f!g
Foi = G Fw)fFy + (32 —3wi) fF + (~+3w1) Hﬁ(% +wi)fFo,

(
fécz——il-é (2§ wl)fz’]il + (72715 + 3w1)f1‘k ( gwl)ferl + wlfik+2'

3.2. The geometrical interpretation of parameters. fit% fitl = frtl ¢ 5’?111’ f g’fﬁlz

are the points of the quinary approximating refinement scheme presented in ( 3. 7). These
points are moved to the new positions fi;"L, fErL gkl fflfl and féjfg according to
the displacement CoOAfF |+ doAfF, doAFF | + coAff, aoAfF L+ boAfF+ agAfE .
coAfF + doAfE * 1 and doA f; kot coAfE ‘1 respectively to obtain a new combined quinary
refinement scheme We use an example to illustrate the geometric description of the system
to make it intelligible.

Assume fF ,, fF . fF, fk | and fF,, indicates the control points at the kth level of refine-
ment.

Step 1 : f7:1", is provided by quinary approximating scheme with f% | = (uo+ ) fF | +
(35 — 2u0) ff + (uo + 55) fF1-

Step2: AfFisa Vector whose size is equal to the length of the diagonal of the parallelo-
gram OF fk_ : fFfE. | with its direction pointing to fF.

Step3: AfF fpisa vector whose size is equal to the length of the diagonal of the parallel-
ogram OF, , fk fk Z+2 with its direction to fF, ;.

Step 4 : Relocate f52 ') in accordance with the displacement coA f; k- doAfE A

The new positions of f&h, frl fEF! and fE1} may be obtained in the same way.
When (ag, by) = (0,ug + 3¢ ), the limit curve interpolates the vertices of the beginning
polygon. When some are specified, limit curves get closer to the relevant polygons while
the remaining parameters are reduced.

4. CONTINUITY OF THE C'Q5-scheme

Laurent polynomial method is an effective method to demonstrate the smoothness of the
scheme. To find the continuity of the scheme we utilize the Laurent polynomial method.
The straightforward implementation of continuity and the determination of parameter val-
ues are attained with the assistance of the mathematical tool called Maple.
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Theorem 4.1. Consider the scheme specified in ( 3. 9 ). Then,
(i) C° limit curve is produced when

+

2
ag, bo, co, do, ug € {ao, bo, co, do, uo € R,max{—ao| + ‘ (25 +ag —bo + Co)

3 4
’(25—a0+b0—00+d0>’+|(a0_d0)|7(—Co+d0)|+’(25+2co_2d0>’+

1
’(25—Co+d0>

(ii) C limit curve is produced when

1
,2|(UO+Co—d0)|+‘<5—2U0—200+2d0>‘} <1};

1
ao,bo,CO,do,uO S {ao,bo,CO,do,uO c ]R,max{—5ao| =+ ‘ (5 — 5bg + 10¢o — 5d0> ‘ +

1
‘(—5&0 — 5cog + 10d0)‘ ,2 |(10a0 — 5d0)| + ‘ (5 + 10bg — 1000) R |(5UO + 10cy — 10d0)|

1
+ ‘ (5 — bug — 10¢y + ].Od()) ’} < 1;

(iii) C? limit curve is produced when

ao, bo, co, do, uo € {ao, bo, co, do, up € R,b = —2ag + do + co, max {|—25a9| +
(2510 + 25a0 — 100dy + 75¢0)|, |(T5a0 — 25do)| + |(—T5ao + 75do — 25¢0)],
(1 = 50ug + 100do — 100¢0)|} < 1};

(iv) C3 limit curve is produced when

1 1
ao, bo, co, do, uo € {ao, bo, co, do,up € R, by = T3 2a0 + 3dg, co = 12 + 2do,
4
U0 = or 2dg, max {125|agl, |(500aq — 125dp)|, |(1 — 750aq + 250dy)|} < 1}.

Proof. The scheme ( 3. 9 ) in the form of parameter w can be written as

5:%12 = Wfsfz':_z + w73fz"’:_1 + W2fiz + W?fzg_p

5]@1:11 = W79fz;2 + W74fz;1 + Wlfik"’ Wﬁfz'-]sf-u i

5 = Wflofi_z + W75f7;_1 + Wofi + W5fi+1 + Wlqu;+27 4. 10)
féﬁll =w_gfF +w i fF+waff, +wofl,,

f;fg =w_rff twoff+ w3fik+1 + WSfﬁ-?

Here,

wo:%—Zuo—an—FQbo, w1=w—1=%—2uo+200_d0a
WQ:w,QZ%—2U0—00+2d0, W3:UJ,3:%+U0+200—d0,
W4:w_4=%+uo—60+2d0, w5:w_5=%+uo+2ao—bo7
w6:w76:%+u0_00a w7:w,7:u0—d0,wg:w78:—007
Wy =w_g = —dy, wWig=w_19= —0ag.
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The CQs-scheme satisfies the necessary condition of the basic sum rules for its conver-
gence.

Y wsigp =1, r=0,...,4. (4. 11)
i€Z
The generating function of the CQ)5-scheme exhibits the following sequence of coefficients.
w = {w}iez = { o, W10, W9, W_8,...,W8,W9, W10, - - }
The Laurent polynomial of ( 4. 10 ) can be written as

w(z) = wo102 04w gz % Fw gz ¥ +w sz +w_ gz Ctw sz P Fw_ gzt

+w_3zf‘3 + w_2272 + w_lzfl + wozo + wlzl + w222 + w323 + w4z4

5 6 7 8 9 10
+w5z2” +wgz” + wrz' +wgz® + wgz” + wigz .

Now, use the formula

w™(2)

5z
(n—1)
<1—|—Z—|—22+z3+z4)w (2)

524 (n)
- <1+Z+Z2+Z3+24) w(z)v 4. 12)

where z € C\0.
(i) Fixn=1in (4. 12 ), we have

1 1 524 ;
—w® = = :E 2 = —
£ (2) 5<1+z—|—z2+z3+z4>w(z) 72", i 6,...,10,

after simplification, we have

-6 =70 = —Go, MN-5=719=ao—do, 7N_4=1n8=—co+do,
n-3=mn7=co—do+Uy, N-2="7"= 2—15—co+d0, N1 =15 = %—i—ao—bo—l—co,
Mo = M4 = %—a0+b0—60+d07 m ="mn3 = %+2CO—2d0, N2 = %—211,0—200—|—2d0.
When

2
ag, bo, co, do, ug € {ao, bo, co, do, ug € R,max{a0| + ‘ < +ag — b+ Co> +

25

3 4
](25—ao+bo—cO+do)\+|<ao—do>|7<—co+do>|+](25+2co—2do)\+

1 1
’(%—Co+do> 72|(UO+Co—d0)|+‘(5—2’11,0—200—"-2610)‘}<1},
we have
s, = Lax STl lii=-225 < 1.
5 o 5 P Sitj

The scheme ( 4. 10 ) has C° continuity.
(#) Fixn =2in (4. 12 ), we have

1 1 524 2
5% () 5<1+z+z2+z3+z4) w(z) Z"’Z’ t=-2..,10
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after simplification, we have

n-2 =mo = —5ag, n-1=mn9 =10ag — 5do, 1o =ns = —Sag — 5co + 10dy,

m =mnr = —bug + 10co — 10dy, 12 = ne = + — 5ug — 10y + 10dy, 13 = 5 =
£ = 5bg + 10cg — 5do, s = £ + 10by — 10cq.

When

1
ao, bo, co, do, uo € {ag, bo, co, do, uo € IR,UHE%X{E)@M + ‘ (5 — Bbo + 10cp — 5d0) ‘ +

1
‘(—5&0 — bcg + 10d0)‘ ,2 |(10a0 - 5d0)| + ‘ (5 + 10by — 1060)

1
’( — bug — 10cy + 10d0) ’} <1,

| (uo + 10co — 10do)| +

5

we have

1
=S
5.

1
- 5max{2|w§?+j|;j:—z,...,z} < 1.

i€z

The scheme ( 4. 10 ) has C* continuity.
(i4i) Fixn=3in (4. 12 ),ifb=—2a+c+d

1 1 524 3
Z0® - = w _—E ;2 i =2,...,1

after simplification, we have

N2 = Mo = —25ag, M3 =1y = Tdag — 25dy, 14 =ng = —Tdag — T5dy — 25¢y,
N5 = N7 = 25ug + 25a¢9 — 100dy + 75cy, ng = 1 — 50ug + 100dy — 100c¢.

When

ao, bo, o, do, uo € {ao, bo, co, do, uo € R, by = —2ag + co + do, max {|—25a0| +
|(25UO + 25a9 — 100d, + 7560)‘ s ‘(750,0 — 25do)| |(—75a0 + 75dy — 25CO)| s
I(1 = 50ug + 100dy — 100¢0)|} < 1},

we have

1
=S
5.

1
= 5max{2|wé§lj|:j:—2,...,2} < 1.

i€z

The scheme ( 4. 10 ) has C? continuity.
(iv) Fixn =4in(4. 12), ifbo = — 15 — 2ao +3do, co = 2do — 13z, and ug = 2= — 2do,

1 1 5z4 *
Zw® = = =Y i | —
£ (2) 5<1+z+z2+z3+z4) w(z) n;2", i=6,...,10,

after simplification, we have
Ne = 1Mo = —125@0, Nt ="mNg = 500@0 — 125d0, Ny =18 = 1-— 750(10 + 250d0.
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(a) C° limit curve (b) C! limit curve
(¢) C?limitcurve (d) C? limit curve
FIGURE 1. Curves with variations in continuity orders. The black solid

lines and black boxes represent the initial control polygon and the control
points respectively.

When
ao, bo, co, do, ug € {ag, bo, co, do, ug € R, by = o5~ 2ag + 3do,
1 4
Co 195 + 2dy, ug 195 do,max{ 5|a0|,|(500a0 5d0)|,
|(1 — 750aqg + 250d())‘} < ].},
we have
Ls _ ! W olij=-2,...,2p <1
5400 = pmax ;|w5i+j|.]——,..., < 1.
Hence, the CQs-scheme has C® continuity. g

The behavior of the CQs-scheme on various continuity orders with the same control
polygon is explained in detail in Figure 1. Table 2 provides sufficient conditions for the
continuity of the C'Qs5-scheme. Specifically, the condition requires that the maximum of
the expressions is less than 1.

5. PROPERTIES OF THE CQ5-scheme

In this section, some remarkable properties of the combined scheme such as support,
polynomial generation, polynomial reproduction and approximation order are discussed.

5.1. Support of the C'Q5-scheme. Support width measures how far one vertex is exten-
sively affected by its neighboring points. For this purpose, it is necessary to assess the
vertices at the far left and far right of the CQ5-scheme. Upon completing the k-steps of
subdivision, we measure the gap between the leftmost and rightmost vertices.

Lemma 5.2. By applying the C'Q)5-scheme on the data

0 __ ]-7 t:()v
ft{o, ££0 .

The non-zero points after first refinement step are f1, fq, flas. .., fa, fa, fio, the non-
zero points after second refinement step are f2q0, 259, f2sss - -+ » [os, foo, f& and the
non-zero points after third refinement step are f> 310, 23005 f2308: - - - » [508> F3095 [510-

Theorem 5.3. The basic limit function 1) of the CQs-scheme has support size 5 which

suggests that it disappears outside of the designated interval [—g, %}
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TABLE 2. Parameter values and respective continuity order.

Parameter values Continuity
ao, by, co, do, uo € {ao, bo, co, do, uo € R,
max{|—ao| + | (55 + ao — bo + o) | + |(ao — do)|
+ (5% — a0 +bo — co +do) |, [(—co + do)|
—l—’(% + 2¢p —2d0)| + |(% —Co+d0) ,2|(U0+Co —do)‘
+|(%—2U0—200+2d0)|}<1} CO
ao,bo,CQ,do,UO S {ao,bo,CO,do,UQ eR,
max{|—5ao| + | (3 — 5bo + 10co — 5d0)’ + [(—5ag — Beg + 10dp) ],
2|(10ag — 5do)| + | (£ + 10by — 10co) |, |(5ug + 10co — 10dy)|
+| (£ = 5ug — 10co + 10do) |} < 1} ot
ao,bo,CO,do,UQ S {ao,bo,CQ,do,uO eR,
bo = —2ag + ¢o + do,max{\—25a0| + |(25’U,Q + 25aqg + 7hcy — 100d0)|,
[(7T5aq — 25do)| + 2 |(—75a0 — 25¢o + 75dp)] ,

|(1 — 50ug + 100dy — 100¢o)|} < 1} C?
ao, bo, co, do, uo € {ao, bo, co, do, ug € R,
by = _ﬁlg) — 2ag + 3dy, co = —ﬁlg) + 2do, up = % — 2do,
max{125|ao |, | (500a0 — 125do)|, |(1 — 750a0 + 250do)|} < 1} c3

Proof.  To identify the support size, we calculate the gap between the leftmost and rightmost
non-zero vertices.

Since
t
Fk:{M:VtEZ}, (5.13)
so that
t k
P o =f, VteZ (5. 14)
With the aid of Lemma 5.2 and by substituting k = 0 and i = —2,—-1,0,1,2 in ( 4.

10 ), the leftmost and rightmost non-zero vertices after first refinement step by mean of (
5. 14 ) are f1,y = 1 [_Tlo] and fi, = 9 [15—0} respectively. Similarly, after the second
refinement step, by mean of Lemma 5.2, (4. 10 ) and ( 5. 14 ), the leftmost and rightmost
non-zero vertices are f%g, = 1 [%} and f2, = 1 [%} respectively and so
on. After the k-step refinement the obtained leftmost and rightmost non-zero vertices are
fEwo=19 M} and ff = [M%E—W} respectively. Since, 1 of

the scheme ( 3. 9 ) is symmetric. So, the difference between the leftmost and rightmost



492 Pakeeza Ashraf, Kaneez Fatima, Robina Bashir

FIGURE 2. Comparison of the CQs-scheme for the basis function at

parametric values ag = 0,by = %,co = %,do = —&,uo = —32—5
(purple), ag = g2=,bo = 35,0 = 125, do = Theg,Uo = gz (blue),
ag = Tgm’bo = —%,co = —ﬁ,do = —ﬁ,uo = % (green),
and ay = —%,bo = —%,co = 71475,d0 = f;’ﬁ,uo = é (red).

non-zero vertices at the k-step refinement is given by

d =

5k 5k

1 1 1

w01 1
=~ D0l ).

[10(1+5+...+5’€1) —10(14+54...+51)

The support width of the C'Qs-scheme when k approaches to infinity is given by

k—1
. 20 1 1 20 1
JL“;O[5 (”5*'*51«—1)} —5<Z5¢> =0

=0

Hence, the support width is 5, which implies that it disappears outside the designated
interval [—%7 %} O

Figure 2 elaborates the behavior of the basic function on different values of parameters
for CQ5-scheme.

5.4. Polynomial generation. Here, we discuss the generation of polynomials and its de-
gree. Polynomial generation is a process of creating mathematical expressions known as
polynomials that allows for the creation and manipulation of geometric shapes. The gener-
ation degree of a refinement scheme reveals the highest degree of polynomial functions that
the scheme can accurately generate. To generate the C™-continuous limit curve, polyno-
mial generation of degree n is required. The polynomial generation property of the scheme
can be obtained by using the symbol w(z). The CQ5-scheme can produce polynomials up
to degree d if and only if

2 3 4\ d+1
w(z):<1+z+z5+z +Z> 5i(2), z€C\0

2 3 4
Hm%’ where £(z)

Here, 0;(2), i = 1,2, 3, 4 are Laurent polynomials and k(z) =
is known as smoothing factor.
Table 3 presents a relationship between specific parameter values, the resulting degenera-

tion of a symbol (denoted by x(z)), and generation degree (G).
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TABLE 3. The relationship between parameter values, degeneration of
symbol and generation degree.

Parameter values Degeneration of symbol | G4
{ao, bo, co, dp, ug € R} w(z) = k(2)%62(2) 1
{(ZQ, bo, co, do,ug € R : bg = —2a¢ + dy + Co} w(z) = I{(Z)Ség(z) 2
{ao,bo,CO,do,UQ eER:by = —%5 — 2ag + 3do,
co =2dy — th=,uo = 15 — 2do} w(z) = K(2)*4(2) 3

5.5. Polynomial reproduction and approximation order. Here, we discuss the degree
of polynomial reproduction of the C'Q)5-scheme and approximation order. Polynomial re-
production refers to produce the polynomials of certain degree. The feature of polynomial
reproduction is useful since every convergent refinement scheme with approximation order
n + 1 may reproduce polynomials of degree n.

w'(1)

Definition 5.6. ([2]). For any refinement scheme, denoted by T = ==, the corresponding

parametric shift and the data f* for n € k to the parameter values are:

k

n

ko k_ k=1 _ T
*x0+5k with x5 = x; Tk

Theorem 5.7. ([2]). A convergent refinement scheme S with any arity m > 2 reproduces
polynomials of degree d > 1 with respect to the parametrization in ( 5. 15 ) if and only if

(5. 15)

xT

Nk
Zj’“me:(T Z) L i=0,1,2,....m—1, fork=1,2,....d,  (5.16)
jez m
where
!
1
;=D (5.17)
m

In the case of a CQ5-scheme (where m=5), the ( 5. 16 ) takes the following form as

> jenitws; = )"
Yienitwsj1 = (T57)
Yienitwsire = (552),
Y jenitwsita = (752)
ez itwsira = (T57)

fork=1,...,n.

Theorem 5.8. The C'Q5-scheme reproduces linear polynomials.

Proof.  To prove this theorem, we take the differential of ( 3. 9 ) with respect to z and set
z =1, we obtain w'(z) = 1. Thus, T = WT(U = L. By putting the values of T in ( 5. 18 ),
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_ o _ 1 _ 20 . _ 4
(a) ap=0,bp = 775,c0 = 57, (b) ao——ﬁ,bo——mvgo——m7

— __1 _ _ _ 3 —
do = — 55+ Uo do = — 355, U0 = 135

&l

FIGURE 3. Visual inspection of polynomial reproduction for CQs-
scheme. Colored lines show the resulting curves.

we have
(=2)%w_10 + (—1)Fw 5 + (0)Fwo + (1Fws + (2)wio = ()"
(—2)Fw_g + (=1)*w_y4 + (0)*w; + (1) Fwes + (2)Fwi; = (;g)kv
(—2)Fw_s + (—1)Fw_g + (0)Fws + (DFwr + (2)Fwiz = (—2)",
(—2)*w_7 + (—=1)*w_2 + (0) w3 + (1)*ws + (2)*wiz = (*%)k )
(—2)*w_g + (—1)Fw_1 + (0)Fws + (1)*wy + (2)kwis = (—22)",

The system is valid for k = 1. Hence, the CQ5-scheme reproduces the degree 1 polynomial.
No more reproduction of the system exists. O

Corollary 5.9. The C'Qs5-scheme provided in ( 3. 9 ) has approximation order 2.

Figure 3 illustrates the graphical behavior of the C'(Q5-scheme for linear polynomials.

6. FRACTAL PROPERTY

Intricate fractal curves can be produced from the given set of parameters. For ease, we
examine this property by adjusting the values of parameters ag = 0, by = ug + 2%, do=0
and ug = % in (3. 9). Then, we get an interpolating refinement scheme depending
only on parameter cy. The parameter ¢ in fractal curve generation significantly impacts
the range within which the scheme can produce fractals.

%:11—12 = _ggfzk—z + (k15765 + 27080) P+ (k% _HCO)fik + % i1, 0< i}; 5kn,
sic1 = (358 — co)fiiy + (555 + 2c0) fi* + (55 — co) fir, 0 <@ < 5%n,
L= fE 0 <i<5Fn, (6. 18)

k+1 _ (11 k 78 k 36 k . k
S ol L i O N
f5i+2 = ﬁfi—l + (ﬁ —co)fi + (ﬁ + 260)fi+1 - COfi+2' 0<i<5%n.

The geometric rules in ( 6. 18 ) can be written as follows

k+1 : .
5],:t12 = aOfik—Q + alfz'k—l + O‘2fik + O‘Sfik+1a
5;:1 = 044fik—1 + 0‘5f1'k + aﬁfik-&-la

A (6. 19)

5
lit+1 k k k
fskii% =agfi 1 tasfi +aafi,
k k k k
fara = asfly +aoff +aifl +aoffis.
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Here
56 63 6
a0 =—C, =5 +2¢9, 2= o5 ~ 0 8= Tom
36 78 11
a4:ﬁ—co, aszﬁ—i—?cm agzﬁ—co.

The five edge vectors between f{ and f{ after k-step subdivision are obtained as follows:
Vi=fi—fo. Sk=fa—fi, Re=1Ffs—fo, Li=fi—fs, Tp=fs—fa
Firstly, assume that
Ug=fi—f-1, Wik=fo—f-1, Zp=fo—f-2, My=fi—f-2 Np=f3—f3.
From ( 6. 19 ), we obtain
Uy =Vi + Wi, Zy =5+ M.

Now, we find the solutions of edge vectors V., Sk, Rk, Ly and T}, as follows:
First of all, consider the vector Uy

1
Ukpr = fi™ = 21" = Upa = 2 U,

the general solution of Uy, is given by

k
1
Up = birk = (5> , where by =Uy=f>— fJ. (6. 20)
Now, consider the edge vector V1
Vigr = i — f5H = —agUy — (1 — a5) Vi,
47 11
Vg1 — (125 + 260) Vi = <—125 + 200) Uy, (6.21)

Substitute the value of Uy, from ( 6. 20 ) in ( 6. 21 ), the solution of V}, is given as

1 1
Vi = dyrh 4+ dor¥,  where dy = f) — )+ 5b1 and dy = —ibl. (6. 22)

Consider the vector Si41

Spa1 = fatt — fF = —(az — a)Ux — (—ag — as)Vi + apSk,
S ——S—i—i— U+i— Vi (6. 23)
k+1 = —Cook o5 Co k 25 Co ks .
from (6. 20 ) and ( 6. 22 ), we get
1 3
Sk+1 + oSk = <25 — Co) (b17"i€) 4+ (25 — Co) (dﬂ‘lg =+ dg’r‘]f), (6. 24)

by splitting ( 6. 24 ) into two parts and after simplification, we obtain the general solution
of (6. 23 ) in the following form

S = el(—co)k + egr’f + 637"157 (6. 25)
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where
e = €0_g0_ 1 3125¢3(by + da — 1) + (105051 + 800dz + 1000) — (47by + 141ds + 75)
! 2Ty (=1 + 5¢0) (47 + 125¢0)
e o 1 (2560 — 1)b1 + (2560 — 3)d2
> 7 5 5co — 1 ’
—5(25¢9 — 3)
€3 = —————.
47 4+ 125¢
Consider the vector Zx41
Zip1 = [y = 55 = a0 Zk + (a1 — as) Uy, (6. 26)
the corresponding non-homogeneous equation is
50
Zk+1 = —COZk + (125 + 200) Uk (6 27)

by using ( 6. 20 ) in ( 6. 27 ), the general solution of Zj can be written as
Z = gip5 + gary, where g1 =65 €%, —2b and gy =2b;.  (6.28)

Similarly, the non-homogeneous equations and corresponding solutions for the other edge
vectors can be determined as:
for edge vector Ry,

63 6

Uk + == 2. (6. 29)

Rt = 195 125

The general solution of (6.29) is

63 6 6
Rk- = th’]f + hgpg, where h1 = ﬁbl + %92 and h2 = _ﬁ

For edge vector Ly, the non-homogeneous equation is

g1-

4 1
i = | — Vit (0= — — coUk. :
k+1 <25 + 3Co> &+ (25 Co) Sk — coUg (6. 30)

The solution of (6. 30) is
Ly, = L} + Lk + Ipf,

where
4 1
L = <5 + 560) ds + (5 - 500) es — Heobe,
5(—1+ 25¢p)
I = ——=
2 AT +250c, >
1
I; = — 1 .
3 ( 25 | ) “

For edge vector Tj1

11 36
Thy1 = <_125 + Co) Sk + (125 — Co) Vi. (6.31)

)
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The solution of ( 6. 31 ) is determined as:

Ty, = j1p¥ + jart + jars,

where
11
= (12500 _1> v
Jo = (-;; + 500) e + (;)(5; - 500) da,
. —11 4 25¢g —36 + 125¢g
3= (47+250c0>e3_< 47 + 250¢q >d1'
7

Theorem 6.1. Forc € (—
fractal curves.

25 —%) the limit curves produced by the scheme ( 6. 18 ) are
Proof. The edge vectors between f§ — [} after k-step refinement can be expressed as
Yo = ff = [0 = 01407 + 0047t + 03,475,

where 0.4 #0,s=1,2,3,andt =1,2,3,...,5".
When ——& < co < —1%, we have |ra| < |r1| and |r2| < |p1].

Let Y} = min |Y/[|, we get
= 47
, 1
SV > 58 =58 |o1i(—co)® + (g)ko’z,t +gp t 2¢0)* 31| = oo(k — o0).
t=1

So, the limit curves of the interpolating refinement scheme are fractal curves for cy €
71

(=35 —3)- O
6.2. Graphical presentation of fractals. In this section, variety of fractal curves is pro-
duced by the CQ5-scheme. The performance of the scheme is evaluated for various values
of parameter ¢y within the range — % < < —%. Additionally, when one or more param-
eters are provided, the fractal characteristic can be further investigated. The results display
the excellent performance for generating stunning fractals by the C'Q5-scheme.

Example 6.3. In this example, the fractals produced by the C'Q5-scheme at
(ao, bo, co, do, ug)=(0, %15,00,0, &) for ¢y = 7%0 and ¢y = f% is shown in Figures
4(a) and 4(c). Figures 4(b) and 4(d) are with zoom-in on a small part of these fractals to
highlight their self-similarity. These images indicate that the smaller details of the fractal

look like the larger structure repeated recursively at different scales.

Example 6.4. In this example, the fractal generation ability of the C'Q5-scheme to generate
intricate fractals curves, as demonstrated in Figure 5 for parametric values

(ao, bo, co, do, ug)=(0, %15, — 11710’ 0, &) on the sketch of tree at different refinement levels
is visualized. This representation identifies that the scheme produces dense fractals even at
low iteration levels, showcasing the potential for creating complex patterns with minimal

computational effort.
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(a) co=—15  (b) Amplifying element
(c) co=—155 (d) Amplifying element

FIGURE 4. Fractals generation under the specific range of parameter
co with their amplifying element.

(a) First refinement level (b) Second refinement level (¢) Third refinement level

FIGURE 5. Fractals generation under the parameter values

(ao,bo,co,do,uo):(Q%,—%,07%) on different iteration lev-
els.

FIGURE 6. Fractals generation for appropriate choices of

) _ 12 4 1 2
parameters. (a) (ao,bo,co,do,up) = (0, 155, =355 35> 35)
19 11 7
(b) (a07b07007d07u0) = (Oaﬁa_io7m7_%) and (c)

(a0, bo, co, do,ug) = (0, 55, — 105+ To5> —

1
3
y 155 — 1000 Too» —5g) @t second refinement
level.

Example 6.5. In this example, the fractal curves for suitable selection of parameters are

observed. Figure 6(a) showcase the fractal curves for ag = 0,by = —%, co = —%, do =
—%,uo = %, Figure 6(b) showcase the fractal curves for ag = 0,by = %700 =
—22—5, do = 0,ug = &, and Figure 6(c) represents the fractal curves for ag = 0,by =
%700 = —f—o,do = 1(1)*0,160 = —% on same refinement level. These fractal images

showcase a variety of shapes, from web-like to organic and chaotic, influenced by specific
parameter values. So, by carefully manipulating the parameters, we can achieve a wide
variety of complex and aesthetically pleasing fractal structures.

Example 6.6. In this example, we display the comparison of fractal curves produced
by the C'Q5-scheme with the existing schemes. Figure 7(a) showcases the fractal curves
produced by the binary interpolating scheme [17] for w = 0.2. Figure 7(b) showcases the
fractal curves produced by the ternary interpolating scheme [10] for o = 0.00792. Figure
7(c) represents the fractal curves produced by the quaternary interpolating scheme [16] for

w = —% . Figure 7(d) showcases the fractal curves produced by our proposed scheme
cp = —%. All of these images are designed at the second iteration level. This visual

comparison demonstrates that the combined scheme generates stunning fractals faster than
the existing schemes at less computational cost.
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FIGURE 7. Comparison of fractal curves with existing schemes after
two iterations: (a) Binary scheme [17] for w = 0.2 (b) Ternary scheme
[10] for o = 0.00792 (c) Quaternary scheme [16] for w = —% and (d)

our proposed scheme for co = — %.

7. GRAPHICAL EFFICIENCY AND COMPARATIVE ANALYSIS

A control polygon is a series of points that provides a simple and intuitive way to ma-
nipulate the shape by adjusting the positions of its points. In this section, we illustrate the
graphical behavior of the scheme C'Q5-scheme on several polygons. The beauty of the
CQs-scheme is that it is a combined scheme, which offers the greatest flexibility in gener-
ating C? and C3 interpolating and approximating limit curves respectively. Therefore, we
demonstrate that for appropriate choices of parameters ag, b, co, do, uo the resulting limit
curves display interproximal behavior.

Example 7.1. In this example, the deformation in the candy sketch by disturbing a single
control point is visualized. The control points for the sketch of candy in Figure 8(a) are
(9,12),(10,13), (11, 13),(11,12), (12,12), (12,11), (13,11),(13,10), (12,9), (10,9),
(107 7)a (97 5)7 (7a 4)’ (57 4)a (5’ 2)7 (4a 1)7 (37 1); (37 2)7 (2a 2)7 (27 3)7 (17 S)a (17 4)7 (2a 5)7
(4,5),(4,7),(5,9),(7,10),(9,10) and (9, 12) respectively. The another sketch is drawn
in Figure 8(b) by displacing the point from (5,9) to (5,13). From these models, we con-
clude that if a single point is disturbed from its original position only a small portion of the
curve is deformed while the rest remains the same.

Example 7.2. In this example, the behavior of the C'Q5-scheme on different refine-
ment levels is observed. To observe how the scheme governs the resulting curves for
(ao, bo, co, do, ug) = (—ﬁ, —%, —%, —&, é) on different refinement levels for
the sketch of the doll can be viewed in Figure 9. Our finding reveal that for a lower level of

rendering the model looks best which reduces the computational cost.

Example 7.3. In this example, the behavior of the C'Q5-scheme for a suitable selection of
parameters with C® convergence is considered to generate resulting curves. The resulting

. _ 1 _ 3913 _
curves are formed for the parameter values: ag = 518 b02 = 7562875, co = 2375,
do = 950’ Up = 23739 (blue), @0 = 500’ bo :7 ~ 875> CO g75-do = 350’ Uup = 875 (red)
a0 = 625’ bo = 250° o = 625’ do = 355> U0 = 625 (green) and ag = 0, by = 175’

co = 27, do = 62,, Uy = —3¢ 2 (purple) on the sketch of fish in the Figure 10(a) with
their amplifying element shown in the Figure 10(b).

Example 7.4. In this example, we visualize the combined behavior of the C'Q5-scheme

for suitable selection of parameters. The behavior of the C'Q5-scheme at ag = —3—%5,

_ 29 _ 4 _ 3 _ 7 4 _ 3 _ 0y
bo = |750° o = —135- do = T g Uo = 12553(red), o = 575 by = 250° ¢ = i75°
do = 7755 U0 = 875 (blue), ap = 5375, bo = — 37550 Co = 475’ do = — 7755, U0 = 3373
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(a) (b)

FIGURE 8. Local control after second subdivision level.

(a) First refinement level (b) Second refinement level (¢) Third refinement level

FIGURE 9. Tree sketch on different refinement levels. The dotted lines
and the solid boxed represent the control polygon and control points re-
spectively.

(a) Comparison (b) Amplifying element

FIGURE 10. Efficiency of the CQs5-scheme for different values of pa-

. /1 3913 14 1 71

rameters: (a) (ao,bo,co,do, u0)=(g45+ — 552875+ — 3375 950 2375)
1 3 271 53

(red), (a0, bo, co, do, u0)=(75007 8757 8757 350" 875) (blue),

_(2 3 2 7 '3

(a0, bo, co, do, u0)=(555 > 350 695 250 695 (green), and
111 1 2 .

(ao,bo, co, do, u0)=(0, 155, 55, — 535+ —35) (purple) on second it-

eration level with their amplifying factor (b).

(a) Comparison (b) Amplifying element

FIGURE 11. Efficiency of the CQs-scheme for different values of pa-
3 "1

. _ 1 29 4
rameters: (a) (ao,bo, co,do,u0)=(—57z, =755 — 795> — 555+ T95)
d b d (4 3 2 17 11 bl
(re )! (G'Oa 0, €0, 07“0)_(875, 550° 1757 1750° 875) ( ue),
53 4 1

3 7
(a0, bo, co, do, u0)=(5375 — 3755+ — 775> — 7500 3375)  (mavy),  and
11 2 . .
(ao,bo, co, do, u0)=(0, 155, 55, — a5+ — 35 ) (Purple) on second iteration
level with their amplifying factor (b).

_ _ 11 _ 1 _ 1 _ 2 . .
(navy) and ag = 0, bp = 75z, co = 357, do = —gz5> Uo = —3z (purple) is shown in

the sketch of the chicken in Figure 11(a) with their amplifying element which is shown in
Figure 11(b).

7.5. Comparison with existing schemes. This section compares the C'QQ5-scheme with
the existing old ones and brand new schemes. The comparative analysis involves an in-
terpolating and approximating scheme and existing combined schemes. The beauty of the
CQs-scheme is that it offers the highest flexibility in generating smoother shapes according
to the requirements with less computational cost than the existing scheme. The resulting
curves are observed on second refinement levels.
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(a) Limit curve of [7]  (b) Limit curve of [19]  (d) Limit curve of CQs-scheme

FIGURE 12. Comparison with the existing interpolating and approxi-
mating schemes.

(a) Limit curve of [7] (b) Limit curve of [19]
(¢) Limit curve of [14] (d) Limit curve of C'Qs5-scheme

FIGURE 13. Comparison with the existing combined scheme.

TABLE 4. Comparison of C'(Q)5-scheme with existing schemes.

Scheme Type Continuity | Support size
Ghaffar et al. [4] Approximating 2 3.5
Siddiqi and Younis [12] | Approximating 2 3.6
Tariq et al. [14] Combined 3 4.6
CQs5-scheme Combined 3 5

Example 7.6. In this example, we present a comparative analysis of the C'Q5-scheme
with the recently existing interpolating and approximating scheme. For the suitable values
.of parameters ag = %, by = %, co = %75 do = %, Uy = 81% th(? CQs5-scheme tl.ll‘nS
into a new approximating scheme. So, for these suitable parameter choices, the comparison
of the C'Q5-scheme with the binary approximating scheme [7] for w = 1 and ternary

scheme [19] for u = é is presented in Figure 12.

Example 7.7. In this example, we present a comparative analysis of the CQ5-scheme with
the recently existing combined scheme. For the suitable values of parameters ay = 84;5,
bo = 525, Co = 125 do = 1o Uo = = the CQs5-scheme turns into a new approximating
scheme. So, for these suitable parameter choices, the comparison of the C'Q5-scheme with
the combined binary scheme [7] for « = 0.7531 and S = 0, combined ternary scheme
[19] for d = —% and with the combined quaternary scheme [14] for« = 0 and 8 = 2 is

presented in Figure 13.

Table 4 presents a comparison of the proposed scheme with some existing schemes.

8. CONCLUSIONS

This study presents a 5-point combined quinary refining scheme and conducts a full ex-
amination of its features. The scheme attains C® convergence while maintaining a compact

support [—2, 2] than the three-point approximating quinary refinement scheme. Fractal
curves corresponding to the scheme are conducted and illustrated. The parameter cq for
fractal curve production has a range of —% < ¢y < —%. Moreover, the application of

fractal curves produced by the C'(Q5-scheme demonstrates its capacity to generate dense
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fractal depths, opens new possibilities for artistic expression and scientific visualization.
Additionally, numerical examples of the proposed scheme illustrate the fact that the pa-
rameters selection significantly impacts the curve shape. Alternative parameters tend to
produce inwardly shrinking curves, while positive parameters lead to outward expansion.
This flexibility allows designers to fine-tune the appearance of their models according to
their requirements by choosing appropriate parameters. These comprehensive analysis col-
lectively contribute to the better understanding of the proposed scheme.
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