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1. INTRODUCTION

The notion of ideal was studied by many authors since it was introduced by Vaidyanathaswamy
in [24] and Kuratowski in [7]. Especially, after Natkaniec presented the set operator ¥ [13],
a lot of new sets were defined by using local function and the operator ¥. W-set [2], ¥ — C'
set [11], *¥-set [5] and U*-set [12] are examples of these sets.

In 2013, the local closure function and the operator ¥ were presented in [17]. Later,
Pavlovi¢ researched that under which cases local function and local closure function are
identical in [20]. Tung and Ozen Yildirim introduced an Jp-perfect set [22], a I'-dense-in-
itself set [22] and a U — C set [23] via local closure function and the operator W-. Yalaz
and Keskin Kaymakgi also defined a I' — J—open set and a pre—I" — J—open set in [26].

In topological spaces, the concepts of §-openness [25] and 6-closure of a set [25] were
introduced by Velicko. Caldas et al. studied the further properties of 6-closure and 6-
interior in [3]. In [17], Al-Omari and Noiri studied these concepts by comparing with the
local closure function in ideal topological spaces. On the other side, new types of semi
open sets were studied by means of #-interior and #-closure in topological spaces in [1].
Besides, there exist studies such as [15, 8, 9] involving new types of functions via semi
open and 6-open sets and their relations with each other. In addition to these studies, Tung
and Ozen Yildirim searched the relations between special sets in ideal topological spaces
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with -open and #-closed sets in [22, 23]. Especially, they proved that U — C sets are
the generalization of §-open sets in ideal topological spaces and the family of ¥ — C' sets
may not to be form a topology in [23]. Similarly, Yumak and Keskin Kaymakg¢1 presented
some special sets in soft ideal topological spaces and they researched relationships between
them in [27]. Parimala et al. defined nlag-closed sets in nano ideal topological spaces
and they also studied normality via these sets in [19]. Apart from these studies, Njamcul
and Pavlovi¢ studied the topology expansions using ideals in [14]. Al-Omari and Noiri
introduced W-operation on an m-space and an ideal m-space in [18].

In this study, we presented the concepts of I' — Up—set and pre—I' — Ur—set in ideal
topological space. We investigated the relationships of these new sets with previously
defined special sets in general and special cases. Furthermore, we searched whether the
families of I' — Wpr—sets and pre—I' — Ur—sets form topologies. Then, we obtained that
they may not form topologies in general. However, we have shown that these families are
supra-topologies under the condition c/(v) NJ = {@}. Finally, we found that if the ideal is
{0}, then the family of pre—I" — U —sets forms a topology, but the family of I' — U —sets
does not have to.

2. NOTATIONS AND PRELIMINARIES

In this paper, (W, v) represents a topological space and the interior and the closure
of a subset H of W are denoted by int(H) and cl(H) in a topological space (W, v),
respectively. P(W) represents the family of all subsets of W.

For (W,v) and H C W, clg(H) = {x € W : cl(E) N H # () foreach E € v(z)},
where v(z) = {E € v | x € E}, is called the f-closure of H [25]. The 6-interior of
H [6], denoted inty(H ), consists of those points  of H such that £ C cl(F) C H for
some open set E including x. Furthermore, W \ inty(H) = clg(W \ H) [3]. H is called
O-closed [25] if H = cly(H). If W \ H is -closed, then H is called §-open [25] and
vg = {H C W | H is6-open}. Besides, vy is a topology on W such that vy C wv.
Additionally, the union of all f-open subsets of H is inty(H) and so intg(H) is #-open
[25]. H is called regular 0-closed [1] if H = clg(inte(H)). H of W is called semi §-open
[1]1if H C cly(intg(H)). H is called 6-semiopen [4] if there exists a 6-open subset U of
W suchthat U C H C ¢l(U).

An ideal J [24, 7] on W is a nonempty collection of subsets of W satisfying the follow-
ing conditions:

()IfH e€Jand K C H,then K €7,

()If H €cJand K € J,then HUK € 7.

An ideal topological space (W, v,7) is a topological space (W, v) with an ideal J on
W. By this way, (W, v, J) represents an ideal topological space in this paper. For H C W,
I'(H)(J,v)={x e W | HNcl(E) ¢ J forevery E € v(x)} is said to be the local closure
function [17] of H with respect to J and v in (W,v,J). Briefly, it is denoted by I'(H)
instead of I'(H)(J,v). In [17], an operator U : P(W) +— v is given as Up(H) = W \
I'(W\ H) and the topologies are defined on W as follows: 0 = {H CW : H C Up(H)},
oo ={H CW : H Cint(cl(¥r(H)))} such that vg C o C 0. H is called o-open [17]
(resp. og-open [17]), if H € o (resp. H € 0y). Furthermore, Noorie and Goyal defined a
67 -closed set [16] such that a subset H of W is said to be §7-closed if I'(H) C H.
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Definition 2.1. [22] A set H is called Jr-perfect (resp. Ly-perfect, Rp-perfect, Jp-dense,
I-dense-in-itself) if H = T'(H) (resp. H\T'(H) € 3, I'(H)\ H € 3, T'(H) = W,
H CT(H)) for H C W in (W,v,J). Moreover, H is called Cr-perfect if H is both
Lr-perfect and Rr-perfect.

Definition 2.2. [23] A set H is said to be a V1 — C set if H C cl(Yr(H)) for H C W in
(W,v,73). The family of all U1 — C sets in (W, v,T) is denoted by W (W, v, 7).

Lemma 2.3. [17] In (W, v,J) for H C W,
() if H € v, then cl(H) = clo(H).

(ii) if U € vg, then U NT(H) = UNT(U N H) C T(U N H).

Theorem 2.4. [17] Let H and K be subsets of W in (W, v,J). Then, the following prop-
erties hold:

(i) If H C K, thenT'(H) CT(K).

(i) If H C K, then Vr(H) C Up(K).

(i) T(H) = cl(T(H)) C clg(H) and T'(H) is closed.

(i) Yr(HNK)=Vp(H)NVp(K).

() IfH €73, thenT'(H) = 0.

(i) T'(0) = 0.

Theorem 2.5. [17] In (W, v,T), where cl(v) = {cl(U) : U € v}, cl(v) NT = {0} if and
only if W =T(W).

Theorem 2.6. [21] In (W,v,J) where cl(v) NT = {0}, Yr(H) C I'(H) for each subset
H of W,

Corollary 2.7. [171U C U (U) for each U € vy in (W, v, 7).
Corollary 2.8. [17, 1, 23] The following diagram is valid in an ideal topological space.
0-semiopen — semi 0-open
0-open —— o-open —— og-open —— VU — C' set <—— regular 0-closed
Remark 2.9. [22] In (W, v, J), the following diagram holds for H C W

I'-dense-in-it-self <—— Jp-dense

T

Jr-perfect —— Lp-perfect

]

67 -closed Rr-perfect Cr-perfect

T

0-closed
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Theorem 2.10. [23] In (W, v,T), intg(H) C Wr(H), foreach H C W.

Definition 2.11. [26] In (W,v,T), H is called aT' — J—open set if H C int(T'(H)) for
HCW.

Definition 2.12. [10] Let W be a nonempty set and v’ be a collection of subsets of W. If
W € v and V' is closed under arbitrary union, then v’ is called a supratopology on W.
(W, ') is called a supratopological space (or supraspace).

3. ' = Ur—SETS

Definition 3.1. A subset H of W is called aT' — Up—set if H C I'(Yp(H)) in (W, v, 7).
The family of all T' — Up—sets in (W, v,7J) is denoted by I' — W (W, v, 7).

Example 3.2. In the ideal topological space (R, Tp,Jy), where Jy is the ideal of finite
subsets of R (the set of all real numbers) and Tp is the usual topology on R, a set A =
{1, %, %, i, ..}isnotal' — Up—set, but B = (0,1)isa ' — Up—set.
Proposition 3.3. In (W,v,7J);

() if 3 = {0}, then "H isaT' — Wp—set iff H is semi 8-open” for H C W.

(i) if 3= P(W), thenT — Up(W,v,T3) = {0}

Proof. (i) LetJ = {0} and H C W. Theset Hisal — Ur—set
& H CT(Up(H)) = cg(Ir(H)) = clgW\NT(W\ H)) = clg(W \ clg(W\ H)) =
clo(integ(H)).
< H is semi 6-open.
(ii) The proof is obvious. O

Theorem 3.4. Hisal — Yp—setiff Yo (I'(W\ H)) CW\ H, for H C W in (W,v,7).

Proof. Let H C W in (W, v, 7).
Hisal — Up—set & H C T(Up(H)) & W\ T(Tp(H)) = W\ T(W \T(W\ H)) =
Up(C(W\ H)) C W\ H. O

Theorem 3.5. In (W,v,J) where cl(v)NT = {0}, if H € J, then W\ H isa T’ — Wp—set.

Proof. Let H € Jin (W,v,J) where cl(v) N'T = {0}. Then I'(Up(W \ H)) = T'(W \
I'(H)) = T'(W) = W, from the Theorem 2.4 (v) and Theorem 2.5. It implies that W\ H C
N(Yr(W\ H))andso W\ Hisal — Ur—set. O

Example 3.6. In the ideal topological space (R, Tr, T ), where Tp is the co-finite topology
onR, cl(tp)NTy = {0}. As a consequence of the Theorem 3.5, R\ Ais a' — Up—set, for
every finite subset A of R in (R, 7r,Js). Therefore, every open set is also a I' — Ur—set
n (R7 TF, jf).

Remark 3.7. In (W, v,J) where cl(v) NJ = {0}, when W \ H isa ' — Up—set, H may
not be in J, for H C W. In general, the complement of an element of ideal may not be a
I' — Upr—set.

Example 3.8. Let W = {m,n,p,r},T = {0,{n},{r},{n,r}},¢ = {0,{n}} and v =
{0,{r},{m,p},{m,p, v}, W} In (W,v,7), cl(v) NT # {0} and {n} € T, but the
complement of {n} is not al' — Ur—set. Furthermore, the set {r} is a ' — Up—set, but
{m,n,p} & Lin (W,v, ) where cl(v) N €= {0}
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Theorem 3.9. In (W, v,J), al' — Ur—set is a U — C set.

Proof. Let H be al' — Wp—set in (W, v,TJ). Then, H C T'(Ur(H)) C clp(Yr(H)) =
cl(Yr(H)), from the Theorem 2.4 (iii) and Lemma 2.3 (i). As a result, H is a Yp — C
set. U

Remark 3.10. In an ideal topological space, a Vr — C set may not be al' — Up—set.
Example 3.11. In (R, P(R),Jy), Risa ¥ — C set, but it is not aI' — Up—set.

Proposition 3.12. In an ideal topological space (W, P(W),J¢), T'(H) = 0, for each
subset H of W. As a result, I' — Up(W,P(W),J¢) = {0} and ¥r(W,P(W),Ts) =
P(W).

Proof. The proof is obvious. g

Theorem 3.13. Let a subset H of W be a U — C set in (W, v,TJ) where cl(v)NT = {0}.
If Ur(H) is closed, then H is aT — Wp—set.

Proof. Assume that H € Up(W,v,J) and Ur(H) is ¢ losed in (W,v,J) where cl(v) N

= {0}. From the hypothesis, H C cl(¥r(H)) = Ur(H). Then, by the Theorem
2.6, H C T'(H) and by the Theorem 2.4 (i), I'(H) C I'(Ur(H)). As aresult, H is a
I' — Ur—set. O

Theorem 3.14. In an ideal topological space (W,v,{0}), for H CW, H isal' —VUp—set
iff HisaVr — C set.

Proof. The proof is obvious by the Theorem 3.9 and the Lemma 2.3 (i). ]

Corollary 3.15. In an ideal topological space (W,v,{0}), for H C W, the following
diagram is valid.

I' — U — set <— semi 0-open <— VU — C set
Proof. The proof is clear by the Proposition 3.3 (i) and the Theorem 3.14. O

Theorem 3.16. Let cl(v) NT = {0} and H C W in (W, v, 7).
(@) If H is a o-open set,
(@) If H is a 0-open set,
(iii) If H is a semi 6-open set,
(iv) If H is a regular 0-closed set,
(v) If H is a 0-semiopen set,
(vi) If W\ H is an Jr-perfect set,
then Hisal — Ur—set.

Proof. Letcl(v)NT = {0} and H C W in (W, v, 7).

(i) Let H be a o-open set. By the Theorem 2.6, H C Vr(H) C I'(H). Then, H C
I'(H) CT(Vr(H)), from the Theorem 2.4 (i). Finally, H isaI' — Up—set.

(ii) It is obvious from the Corollary 2.8 and (i).

(iii) Let H be a semi #-open set. As inty(H) is 6-open, intg(H) C Ur(inty(H)) C
I (inty(H)), from the Corollary 2.7 and the Theorem 2.6. On the other hand, inte(H) C
Ur(H) and hence by the Theorem 2.4 (i), T'(inty(H)) C I'(¥r(H)). If we combine these
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results, intg(H) C T'(Up(H)). Since intg(H) is open, clg(intg(H)) = cl(intg(H)) C
c(T(¥r(H))), by the Lemma 2.3 (i). From the hypothesis and the Theorem 2.4 (iii),
H Ccly(inty(H)) CT(Yr(H)).

(iv)-(v) They are obvious from the Corollary 2.8 and (iii).

(vi) If W \ H is an Jp-perfect set, then H = Wp(H). Thus, H is o-open and hence
from (i), H isal' — Up—set. g

Remark 3.17. In (W,v,J) where cl(v) N'J # {0}, the above requirements may not be
true. Furthermore, even if cl(v) N'J = {(}, the inverses of the above requirements may not
be true.

Example 3.18. Let W = {m,n,p,r},T = {0, {n},{r}, {n,r}},¢ = {0,{m}} and v =
{0, {r},{m,p}, {m,p, 7}, W} In (W,v,7), cl(v) NT # {0} and W is 0-open (and so
o-open and ay-open), but it is not a T' — Wp—set. In (W, v, £) where cl(v) N = {0}, the
set H={n,p}isal — Wr—set, but it is neither a o-open set nor 6-open set.

Example 3.19. Let W = {m,n,p,r,q,s},I = P({n,p,r,q,s}) and

v=A{0,{m},{s}, {m, s}, {n, s}, {m,n,s}, W} In (W,v,T), cl(v) NT # {0} and W is
0-semiopen (resp. semi 0-open, regular 6-closed), but it is not a I' — W —set. Furthermore,
the complement of W is an Jr-perfect set, but W is not a I' — U —set.

Example 3.20. Let W = {m,n,p,r},T = {0,{p}} and

v = A0, {r}, {m,p},{m,p,r}, W} In (W,v,73), cl(v)NT = {0} and a set H =
{m,n,r} is a T — Ur—set, but it is not a semi 6-open set (resp. 0-semiopen, regular
0-closed). Moreover, W \ H is not an Jp-perfect set.

Remark 3.21. In (W,v,J) where cl(v)NT # {0}, aI' —Wp—set may not be a semi 0-open
set. Consequently, ' — W —sets and semi 0-open sets may not be coincide in general.

Example 3.22. Let W = {m,n,p,r,q,s},T = P({n,p,r,q,s}) and
v =A{0,{m},{s},{m, s}, {n,s},{m,n,s}, W}. In (W,v,T) where cl(v) N T # {0}, the
set H={m} isal — Wr—set, but it is not a semi 0-open set.

Theorem 3.23. In (W,v,7), if a subset H of W is both o-open and Jr-perfect, then it is
al — Wp—set.

Proof. Assume that H is a o-open and Jr-perfect set in (W, v, J). By the Theorem 2.4 (i),
H =T(H) C T(Up(H)). O
Corollary 3.24. In (W, v,7J), if a subset H of W is both 0-open and Jr-perfect, then it is
al — Wp—set.

Proof. By the Theorem 3.23 and the Corollary 2.8, it is obvious. g

Remark 3.25. In an ideal topological space, an Jp-perfect set may not be al' — U —set.
As a similar, a I' — Wr—set may not be an Jr-perfect set.

Example 3.26. Let W = {m,n,p,r},T = {0, {n}} and
v =A{0,{r},{m,p},{m,p,r}, W} In (W,v,T), the set H = {m,p} isa ' — ¥r—ser,

but it is not an Jr-perfect set.
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Theorem 3.27. In (W, v,J), if a subset H of W is both o-open and T' — J—open, then H
isal’ — Up—set.

Proof. Assume that H is a o-open and I' — J—open set in (W, v,TJ). Then, I'(H)
I'(Ur(H)), from the Theorem 2.4 (i). Since H is I' — J—open, H C int(I'(H))
I(Vr(H)).
Theorem 3.28. In (W, v,J), if H is both a T'-dense-in-itself set and 0-open set, then H is
al' — Wp—set.

Proof. Let H be a I'-dense-in-itself set and 6-open set in (W, v, J). Then, H C U (H), by
the Corollary 2.7. It implies that H C I'(H) C I'(V(H)), from the Theorem 2.4 (i). O

Theorem 3.29. In (W,v,7J), if a subset H of W is a T'-dense-in-itself set and W \ H is an
Jr-perfect set, then H isal' — Wp—set.

Proof. For H C W, let H be a I'-dense-in-itself set and W \ H be an Jp-perfect set in
(W,v,7). Then, Up(H) = H andso H C I'(¥p(H)). O

iNniN

Remark 3.30. In an ideal topological space, a T'-dense-in-itself set may not be a I' —
Ur—set.

Example 3.31. Let W = {m,n,p,r},T = {0,{n},{r},{n,r}} and
v=A{0,{r},{m,p},{m,p,r}, W}. In (W,v,T), the set H = {m} is a I-dense-in-itself
set, but it is not a I’ — U —set.

Theorem 3.32. In (W, v,J) where cl(v) NT = {0}, if a subset H of W is a T’ — ¥p—ser,
then H is a I'-dense-in-itself set.

Proof. Assume that H is a I' — Wp—set in (W, v,J) where cl(v) N J = {0}. Then,
H CT(Vr(H)) Ccg(Yr(H)) = cl(Pp(H)) from the Lemma 2.3 (i). By the Theorem
2.6, H C cl(T'(H)) =T(H) and so H is a I'-dense-in-itself set. O
Remark 3.33. In (W, v,J) where cl(v) NT = {0}, a I'-dense-in-itself set may not be a
I' — Ur—set.

Example 3.34. Let W = {m,n,p,r},T = {0, {n}} and

v=A{0,{r},{m,p},{m,p,r}, W}. In (W,v,T) where cl(v)NT = {0}, the set H = {m}
is a I'-dense-in-itself set, but it is not a I' — W —set.

Theorem 3.35. Let H C W in (W, v,J). If H isa I’ — Yp—set and Y1 (H) is closed,
then H is o-open and so og-open.

Proof. Let H be aI' — Wp—set and Wp(H) be closed in (W, v,J). Then, by the The-
orem 2.4 (iii), H C I(Up(H)) C clg(Yr(H)). It implies that H C clp(Yp(H)) =
c(Vr(H)) = Up(H), from the Lemma 2.3 (i). Finally, H is o-open and so og-open. [J

Remark 3.36. In (W,v,7), although Ur(H) is closed and H is o-open (or oy-open), a
subset H of W may not be al' — Up—set.

Example 3.37. Let W = {m,n,p,r},T = {0,{n},{r}, {n,r}} and
v=A{0,{r},{m,p},{m,p,r}, W}. In (W,v,7T), the set H = {m,p,r} is c-open (and so
oo-open) and Vr(H) is closed, but it is not a T' — U —set.



626 AN. Tung, S. Ozen Yildirim

4. PRE—I' — Y—SETS

Definition 4.1. A subset H of W is called a pre—T" — Wr—set if H C int(T'(Ur(H))) in
(W,v,3). The family of all pre—T" — Ur—sets in (W, v, T) is denoted by T' — U (W, v, J).

Example 4.2. In the ideal topological space (R, p,J.), where 3. is the ideal of countable
subsets of R, a set Q (the set of rational numbers) is not a pre—T' — Up—set, but R \ Q is
a pre—1' — Up—set.

Proposition 4.3. In (W, v,7);
@) if 3 = {0}, then T' — W (W,v,3) = o0
(i) if 3= P(W), then T — (W, v,73) = {0}.

Proof. Tn (W, v,7),

(i) suppose that 7 = {0} and H C W. int(cl(Vr(H))) = int(clg(¥r(H))) =
int(I'(¥r(H))) from the Lemma 2.3 (i). Therefore, H is a pre—I' — Yp—set < H is
a og-open set.

(ii) the proof is obvious. g

Theorem 4.4. In (W, v,7), T’ — Up(W,v,3) C T — Up(W, v, 7).

Proof. The proof is obvious. O
Corollary 4.5. In (W, v,3), T — Up(W,v,3) C Up(W,v,7).

Proof. From the Theorem 4.4 and the Theorem 3.9, it is obvious. O
Theorem 4.6. In (W, v,7J), I — Ur(W,v,3) C .

Proof. Let H € =W (W, v,3)in (W,v,J). Then, A C int(T'(Wr(H))) C int(clg(¥r(H))),
from the Theorem 2.4 (iii). By the Lemma 2.3 (i), H C int(cly(¥r(H))) = int(cl(Yr(H)))
and so H € oy. O

Remark 4.7. In an ideal topological space, neither a cg-open set nor a I' — Ur—set
may be a pre—T" — U —set. Moreover, neither a Vr — C' set nor a c-open set may be a
pre—1" — Ur—set.

Example 4.8. Let W = {m,n,p,r},T = {0,{n},{r},{n,r}},£ = {0,{p}} and v =
{0,{r},{m,p},{m,p,r}, W} In (W,v,T), the set A = {r} is both o-open and oy-open,
but it is not a pre—I' — Wr—set. Furthermore, in (W,v,3J), the set B = {m,n,p} is a
' — Ur—set, but it is not a pre—T — Wr—set. In (W, v, {), the set C = {m,n}isa ¥r—C
set, but it is not a pre—I" — Up—set.

Theorem 4.9. For H C W, in (W, v,J) where cl(v) NT = {0},
(i) if H is a o-open set,
(@) if H is a 6-open set,
(i) if W \ H is an Jp-perfect set,
then H is a pre—1" — Ur—set.

Proof. Let H C W in (W, v,J) where cl(v) N'J = {0}.

(i) Let H be a o-open set. Then, H C U (H) C I'(H) from the Theorem 2.6. Thus,
Ur(H)CT(H) CT(Yr(H))and so H C int(Vr(H)) = Ur(H) Cint(T(Yr(H))).
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(ii) The proof is obvious from (i) and the Corollary 2.8.
(iii) Let W'\ H be an Jp-perfect set. Then, H = ¥ (H ) and so H is a pre—[' — U —set
from (i). O

Remark 4.10. In (W,v,J) where cl(v) N T = {0}, a pre—T — Wr—set may not be a
0-open set.

Example 4.11. Let W = {m,n,p,r},T = {0,{p}} and
v = {0,{r},{m,p},{m,p,r}, W}. In (W,v,T) where cl(v) N T = {0}, the set H =
{m,n,r} is a pre—T" — Wr—set, but it is not a H-open set.

Theorem 4.12. In (W, v,7), if a subset H of W is both -open and I' — J—open, then it
is a pre—T' — Up—set.

Proof. Suppose that H is a o-open and I' — J—open set in (W, v,J). Then, I'(H) C
I'(Vr(H)) and hence H C int(I'(H)) C int(T'(Vr(H))). O

Theorem 4.13. In an ideal topological space (W,v,{0}), for H C W, if H is both an
open set and a U — C set, then it is a pre—1" — Up—set.

Proof. Suppose that H € v and H isa Wp—C'setin (W, v, {0}). Then, H C cl(¥p(H)) =
clo(Ur(H)) =T(¥r(H)). Therefore, H C int(T'(¥r(H))). O

Corollary 4.14. In an ideal topological space (W,v,{0}), for H C W, if H is both an
open set and a regular 0-closed set, then H is a pre—T" — U —set.

Proof. By the Corollary 2.8 and the Theorem 4.13, it is obvious. (|

Theorem 4.15. In (W, v,J), for H C W, if H is both an open set and a T — WU —set, then
itis a pre—1" — Up—set.

Proof. The proof is obvious. O

Corollary 4.16. In (W,v,7), for H C W, if H is both a 0-open set and a T' — Ur—set,
then it is a pre—T' — Up—set.

Proof. Since vy C v and by the Theorem 4.15, it is obvious. O

Corollary 4.17. In (W, v,7), if a subset H of W is both 6-open and Jr-perfect, then it is
a pre—I' — Up—set.

Proof. 1t is clear by the Corollary 3.24 and the Corollary 4.16. g

Corollary 4.18. Let H C W in (W,v,J). If H is a pre—T' — Ur—set and Vr(H) is
closed, then H is o-open and hence oy-open.

Proof. By the Theorem 3.35 and the Theorem 4.4, the proof is clear. ]

Remark 4.19. In (W, v, 3), although Vr(H) is closed and H is o-open, a subset H of W
may not be a pre—I" — Up—set.

Example 4.20. In (W,v,3J) in the Example 4.8, the set B = {m,n,p} is o-open and
Ur(A) is closed, but it is not a pre—T" — Up—set.
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Theorem 4.21. In (W, v,J), for H C W, if H is a pre—T — Ur—set and Vr(H) is a
67 -closed set, then H is a o-open set.

Proof. Let H be a pre—I" — Ur—set and Ur(H) be a §7-closed set in (W,v,J). Then,
H Cint(T(Yr(H))) CT(Yr(H)) C Ur(H). As aresult, H is a o-open set. O

Corollary 4.22. In (W,v,3), for H C W, if H is a pre—T' — Ur—set and Vr(H) is
0-closed, then H € o.

Proof. The proof is obvious from the Remark 2.9 and the Theorem 4.21. O

Theorem 4.23. Let H C W in (W, v, J) where cl(v)NT = {0}. If H is a pre—T'— ¥ —ser,
then it is I'-dense-in-itself.

Proof. Let H be a pre—I' — Ur—set in (W, v,J) where cl(v) N T = {@}. Then, H C
int(T(r(H))) € T(Ur(H)) C cly(r(H)) = cl(Wr(H)) C el(T(H)) = T(H). O

Remark 4.24. In (W, v, J) where cl(v) NT = {0}, a I'-dense-in-itself set may not be a
pre—1" — Ur—set.

Example 4.25. In (W, v,7) in the Example 4.11, the set C = {m, p} is [-dense-in-itself,
but it is not a pre—1" — U —set.

Corollary 4.26. The following diagram is valid in an ideal topological space.

0-semiopen —— > semi 0-open

| T

0-open — o-open ——— > 0g-open
pre — ' —Vp —set —— 1" — U — set

Proof. 1t is clear from the Corollary 2.8, the Theorem 3.9, the Theorem 4.6, and the Theo-
rem 4.4. O

Corollary 4.27. The following diagram is valid in (W, v,J) where cl(v) N T = {0}.

0-semiopen

|

0-open — o-open —pre — ' — Up — set —— 1" — U — set

|

0g-open —— > U — C set

Proof. By the Corollary 4.26, the Theorem 4.9 and the Theorem 3.16, it is clear. O

U — C set <—— regular 0-closed

semi 0-open <—— regular 0-closed
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5. FURTHER PROPERTIES OF I' — W—SETS AND PRE—I"' — W—SETS
Theorem 5.1. The set W is a pre—T — Wr—set in (W, v, ) where cl(v) NT = {0}

Proof. Let cl(v) N T = {0} in (W, v, T). Then, int(T'(Tp(W))) = int(T(W)) = W by
the Theorem 2.5. 0

Corollary 5.2. The set W isa ' — Ur—set in (W, v,T) where cl(v) N T = {0}.
Proof. By the Theorem 5.1 and the Theorem 4.4, the proof is clear. g

Remark 5.3. In (W, v, J) where cl(v)NT # {0}, the set W may not be aI'— W —set and a
pre—1'— VU —set. Inthe Example 3.18, W is neither a I’ — Vp—set nor a pre—I"' — U —set
in (W, v,3) where cl(v) N T # {0}.

Theorem 5.4. If {H,, : o € A} is a collection of nonempty I' =W —sets, then | ), Hao €
L —Up(W,v,7) in (W,v,7).

Proof. Let {H, : a € A} be a collection of nonempty I' — Ur—sets in (W, v,J). Then,
Ur(Ha) € ¥r(Ugen Hao) and so T(Vr(Hy)) € T(Wr(Uyen Ha)), for each a € A.
Since Hy isal' — Wp—set, H, C I'(Wr(Ha)) € T'(Yr(Upen Ha)). foreach a € AL Tt
implies that (J,cn Ha € T'(Yr(Upen Ha))- O

Theorem 5.5.. If {H, : « € A} is a collection of nonempty pre—T" — Wr—sets, then
Uaea Ho € T = ¥ (W, v,7) in (W,v,7).

Proof. The proof is obvious. g

Corollary 5.6. In (W,v,3) where cl(v) N3 = {0}, both T — Up(W,v,3) and T —
U (W, v,J) form a supratopology on W.

Proof. From the Theorem 5.1, the Corollary 5.2, the Theorem 5.4, and the Theorem 5.5, it
is clear. O

Remark 5.7. The intersection of two T' — Ur—sets need not be aT' — Ur—set in (W, v, 7).
Even though 3 = {0}, the intersection of two I' — Wp—sets need not be a ' — Wp—set. As
a result, the collection T — W (W, v, J) may not be a topology on W.

Example 5.8. Let W = {m,n,p,r},T = {0,{p}},¢ = {0} and
v =A{0,{r}, {m,p}, {m,p,r}, W} In both (W,v,T) and (W,v,£); the set H = {n,r}
and the set K = {m,n,p} areT — Ur—sets, but H N K isnotaT — Ur—set.

Remark 5.9. When J = {0}, then T — Up(W,v,J) = 0y is a topology on W from the
Proposition 4.3 (i). Therefore, if 3 = {()}, the intersection of two pre—T' — Ur—sets is a
pre—T — Ur—setin (W, v,7T).

On the other hand, when 3 = {0}, I’ — Up(W,v,J3) = Up(W,v,J) = {H C W |
H is semi 0-open} may not be a topology on W by the Corollary 3.15 and the Example
5.8.

Remark 5.10. In (W, v,3), a subset of aT' — Wr—set need not be a ' — Ur—set. In the
Example 3.2, A C Band Bisal' — Up—set, but A is not a ' — Up—set. Therefore,
I' — Wr—sets do not have a heredity property.
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Remark 5.11. A subset of a pre—I" — U —set may not be a pre—I" — Ur—set in an ideal
topological space. For example, in (W,v,J) where W = {m,n,p,r},J = {0, {p}} and
v={0,{r},{m,p},{m,p,r}, W}, the set {m,n,r} is a pre—T' — Ur—set, but {m,n} is
not a pre—I" — Ur—set.

Theorem 5.12. The closure of al' — Wr—set is also a ' — Wp—set in an ideal topological
space.

Proof. Let Hbeal — Up—setin (W,v,J). Wehave H C T'(¥p(H)) C T'(Ur(cl(H))).
Then, by the Theorem 2.4 (iii), c/(H) C T(¥r(cl(H))). O

Remark 5.13. Although a set is not a I' — Wr—set, the closure of a set may be a I' —
Wr—set. Furthermore, the closure of a pre—1" — Wr—set may not be a pre—1' — Ur—set
in an ideal topological space. For example, in (W,v,J) where W = {m,n,p,r},T =
{0, {n},{r},{n,r}} and v = {0, {r}, {m,p},{m,p,r}, W}, the set {m} isnota T —
Ur—set, the closure of {m} is a T — Ur—set. Moreover, {m, p} is a pre—T' — U —set, but
its closure {m,n,p} is not a pre—T" — Wp—set.

Theorem 5.14. If H isa ' — Wr—set and U is 0-open, then U N H isa ' — Up—set in
(W, v, 7).

Proof. Let H be aT' — Wr—set and U be a #-open set in (W, v,TJ). Then, U N H
UNDL(Yr(H)) CT(UNYr(H)), from the Lemma 2.3 (ii). By the Corollary 2.7, UNH
L(@r(U)NVp(H)) =T(¥r (U N H)).

oimininN

6. CONCLUSION

This paper is based on new types of sets called I' — Up—sets and pre—I" — Up—sets
in ideal topological spaces via local closure function. Their relations are investigated with
existing some special sets in the literature and the reverse requirements are explained with
counter examples. The fundamental properties of these sets are researched.
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