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Abstract. In this paper, we introduce a new combined four-point ternary 
refinement scheme capable of generating both interpolating and approx-imating 
curves. The scheme is constructed by translating a quintic B-Spline refinement 
scheme to new positions using displacement vectors that incorporate four shape 
control parameters. We demonstrate that this combined scheme produces limit
curves with up to C4 continuity and al-so provides significant flexibility  in crafting 
smooth curves with reduced support size. Furthermore, we establish that various 
well-known inter-polatory and approximating refinement schemes are special 
cases of our proposed approach. Some key properties, including polynomial gener-
ation, reproduction, and support width, are examined. Additionally, we investigate 
the fractal generation characteristics of the refinement scheme, revealing that 
specific parameter choices enable effective construction of fractal curves. Through 
a series of numerical experiments, we validate that the limit  curves produced by 
our scheme accurately reflect the associ-ated control polygons, yielding more 
realistic results compared to existing methods.

AMS (MOS) Subject Classification Codes: 65D17; 65D10; 65D07; 65D05 
Key Words: Refinement scheme; combined ; continuity; shape-control; fractals.

1. INTRODUCTION

Computer Aided Geometric Design (CAGD) deals with the mathematical representa-
tion, animation and construction of curves and surfaces. Refinement is an essential tool 
for curve and surface modeling in CAGD. A refinement scheme constructs a curve from a 
polygon or a surface from a mesh by iteratively subdividing them according to specific 
subdivision rules. This recursive process yields a limiting curve or surface that achieves 
the smoothness required for various applications. In each iteration, the position of new 
vertices is estimated using the subdivision matrix, where each new vertex is calculated as 
a weight-ed sum of the vertices from the previous level.
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Refinement schemes can be divided into two types based on their application: interpolating 
and approximating schemes. Both types have distinct advantages. Interpolating schemes 
are constrained to pass through all initial control points, making them particularly useful in 
specific industrial applications. Founda-tional studies on interpolating refinement schemes 
can be found in [6, 5, 1]. On the other hand, approximating schemes facilitate intersection 
operations and generate curves with higher smoothness and continuity. Significant 
contributions on approximating schemes are detailed in [10, 7, 12]. Recent developments 
on stationary and non-stationary refinement schemes are highlighted in [2, 11, 25].

The concept of combining schemes was pioneered by Levin [13], who introduced a com-
bined refinement scheme for interpolating nets of curves in parametric form. Since then, 
several advancements have followed. Pan et al. [18] developed a C2-continuous combined 
refinement scheme. Novara and Romani [17] proposed a ternary combined scheme that en-
sures C3 continuity, whereas Rehan and Sabri [20] extended this idea to a ternary 4-point 
scheme with a shape parameter, allowing local control over curve behavior. Zhang et al.
[24] further enriched this direction by incorporating multiple shape parameters in a ternary 
combined 4-point scheme. 

In parallel, the connection between subdivision schemes and fractal geometry has drawn 
considerable attention. Fractal curves, characterized by self-similarity across scales, are 
instrumental in modeling naturally irregular objects such as coastlines, mountain terrains, 
and biological structures like blood vessels and bronchial trees. Subdivision schemes have 
been found to efficiently generate such fractal curves from discrete control points. Zheng et 
al. [26] explored the fractal behavior of binary 4-point and ternary 3-point interpolatory 
schemes. 

Peng et al. [19] extended this line of research by analyzing the fractal 
characteris-tics of ternary interpolatory and rational schemes, including the impact of 
shape parameters on fractal dimensions. Rehan and Siddiqi [21] analyzed the combined 
binary 6-point subdivision scheme with tension parameters. Yao et al. [23] examined 
the geometric properties of a quaternary 4-point interpolatory scheme.

1.1. Motivation and Contribution. The above literature reveals two important trends:

• Most combined refinement schemes incorporate at most one or two shape param-
eters, limiting their flexibility in achieving diverse curve shapes and geometric
properties.

• Research on the fractal characteristics of refinement schemes is predominantly fo-
cused on interpolatory schemes, with limited exploration of combined schemes in
this context.

These gaps motivate the present work. We propose a novel family of combined refinement
schemes characterized by multiple shape parameters, enabling the generation of both inter-
polating and approximating limit curves. The proposed scheme not only subsumes various
existing schemes as special cases but also provides an efficient mechanism for generat-
ing fractal curves by appropriately choosing parameter values. This framework introduces
enhanced flexibility and control, making it a powerful tool for applications in geometric
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design, computer graphics, and fractal modeling.
The remainder of this paper is organized as follows: Section 2 introduces the necessary
preliminary definitions and notations used throughout the paper. In Section 3, we present
the construction of the proposed refinement scheme along with its parametric formulation.
Section 4 explores the theoretical properties of the scheme, including support, smooth-
ness, and polynomial generation and reproduction. In Section 5, we investigate the fractal
behavior of the scheme under specific parametric choices. Section 6 provides numerical
experiments to validate the performance and flexibility of the proposed scheme and section
7 concludes the paper with a summary of the main contributions.

2. NOTATIONS AND PRELIMINARIES

Initially, given a sequence of control pointsb0 = {b0i ∈ R}. Let bk = {bki ∈ R}i∈Z be
the set of control points at levelk(k ≥ 0, k ∈ Z) and satisfy these rules recursively:

bk+1
i =

∑

j∈Z

li−3jb
k
j , i ∈ Z. (2. 1)

L = {li}i∈Z be the subdivision mask andL(z) =
∑

i∈Z
liz

i, is known as the Laurent
polynomial.
A refinement schemeS is convergent if for every initial pointb0 = {b0i ∈ R}, there exist a
continuous functionp ∈ C(R) such that for every compact setI ⊆ R, it satisfies

lim
x→∞

max
i∈Z∩3kl

|bki − p(3−ki)| = 0,

andp 6= 0 for some initial datab0. The functionp defined as,p = S∞b0 is considered to
be a limit function of the refinement schemeS. For the convergent refinement schemeS,
the corresponding mask definitely satisfies

∑

i∈Z

l3i =
∑

i∈Z

l3i+1 =
∑

i∈Z

l3i+2 = 1. (2. 2)

Suppose a refinement schemeS with L = {li}i∈Z satisfies ( 2. 2 ), then there existsS1

(first order difference scheme ofS ) which satisfies

dbk = S1db
k−1,

where

bk = Skb0, dbk = {(dbk)i = 3k(bki+1 − bki )|i ∈ Z}.

The symbol ofS1 is

L(1)(z) =
3z2

1 + z + z2
L(z).

Further, ifSm is themth order difference scheme ofS with L(m) = {l(m)}i∈Z, then the
symbol ofSm is

L(m)(z) =

(

3z2

1 + z + z2

)

L(z).
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If there exist an integerM ≥ 1, such that

∥

∥

∥

∥

∥

(

1

3
Sm+1

)M
∥

∥

∥

∥

∥

∞

< 1,

then the schemeS isCm- continuous, where

∥

∥

∥

∥

∥

(

1

3
Sm+1

)M
∥

∥

∥

∥

∥

∞

=







max
∑

j∈Z

∣

∣

∣

∣

∣

(

1

3
l
(m+1)
3M j+i

)(M)
∣

∣

∣

∣

∣

: i = 0, 1, · · · , 3M − 1







.

3. CONSTRUCTION OF THET4- SCHEME

In this section, we present our combined four-point ternary refinement scheme. The
proposed scheme is constructed by directly adding the displacement vectors into the geo-
metric rules of quintic B-spline ternary refinement scheme withC2- convergence. The
matrix form of the refinement scheme is expressed as





b́k+1
3i

b́k+1
3i+1

b́k+1
3i+2



 =





1
243

50
243

47
81

50
243

1
243

0 7
81

14
27

10
27

2
81

0 2
81

10
27

14
27

7
81













bki−1

bki
bki+1

bki+2









. (3. 3)

Let∆bki−1, ∆bki , ∆bki+1, be the displacement vectors and represents the change in position
in control points. Letα, β, ν andλ (α, β, ν, λ ∈ R) be the shape parameters which control
the size and direction of the displacement vectors. By adding these shape parameters and
displacement vectors into ( 3. 3 ), we get





bk+1
3i

bk+1
3i+1

bk+1
3i+2



 =





b́k+1
3i

b́k+1
3i+1

b́k+1
3i+2



+





α β α

0 ν λ

0 λ ν









∆bki−1

∆bki
∆bki+1



 ,

where




∆bki−1

∆bki
∆bki+1



 =





−bki−2 + 2bki−1 − bki−1

−bki−1 + 2bki − bki+1

−bki + 2bki+1 − bki+2



 .

Thus, the combined4-point ternary refinement scheme (T4-scheme) can be generated as































bk+1
3i =

(

1
243

− α
)

bki−2 +
(

50
243

+ 2α− β
)

bki−1 +
(

47
81

− 2α+ 2β
)

bki

+
(

50
243

+ 2α− β
)

bki+1 +
(

1
243

− α
)

bki+2,

bk+1
3i+1 =

(

7
81

− ν
)

bki−1 +
(

14
27

+ 2ν − λ
)

bki +
(

10
27

− ν + 2λ
)

bki+1 +
(

2
81

− λ
)

bki+2,

bk+1
3i+2 =

(

2
81

− λ
)

bki−1 +
(

10
27

− ν + 2λ
)

bki +
(

14
27

+ 2ν − λ
)

bki+1 +
(

7
81

− ν
)

bki+2.

(3. 4)
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Consequently, the Laurent polynomial of theT4-schemeis expressed as

L(z) =

(

1

243
− α

)

(z6 + z
−6) +

(

2

81
− λ

)

(z5 + z
−5) +

(

7

81
− ν

)

(z4 + z
−4) +

(

50

243
+

2α− β) (z3 + z
−3) +

(

10

27
− ν + 2λ

)

(z2 + z
−2) +

(

14

27
+ 2ν − λ

)

(z + z
−1) +

(

47

81
− 2α+ 2β

)

. (3. 5)

3.1. Special cases of theT4-scheme.TheT4-schemeinvolves four independent param-
eters. The provided scheme has many existing ternary schemes with defined parameters.
Here we enlist some special cases of theT4-scheme.

• The scheme given in [9] become the special case of theT4-scheme, for(α, β, ν, λ) =
( 1
243 ,

52
243 − 1

9α,
7
81 ,

2
81 ).

• The scheme given in [16] become the special case of theT4-scheme, for(α, β, ν, λ) =
( 1
243 ,

1
9 (

25
27 − 1

4α),
1
9 (

7
9 − 1

4α),
2
81 ).

• The scheme given in [22] become the special case of theT4-scheme, for(α, β, ν, λ) =
( 1
243 + µ, 52

243 − 2µ, 4
27 ,

2
27 ).

• The scheme given in [18] become the special case of theT4-scheme, for(α, β, ν, λ) =
( 1
243 ,

16
243 − 1

27α,
4
27 − β(1 − α), 2

27 − β(1 − α)).
• The scheme given in [17] become the special case of theT4-scheme, for(α, β, ν, λ) =
( 1
243 ,

25
243 + α, 7

81 − β, 2
81 − γ).

Table 1 summarizes the special cases of theT4-scheme.

4. PROPERTIES OF THET4- SCHEME

In this section, we investigate some significant properties of theT4-scheme, including
continuity, support, polynomial generation/reproduction, and approximating order.

4.1. Continuity analysis. We analyze continuity of theT4-scheme. For refinement schemes,
continuity analysis is essential question. The smoothness of the scheme depends on the
continuity of the scheme.

Theorem 4.2. TheT4-schemedefined by ( 3. 4 ) produces up toC4- limit curve. Then,
(i) it producesC0-limit curve when

α, β, λ, ν ∈ {α, β, ν, λ ∈ R,max{
∣

∣

∣

∣

1

243
− α

∣

∣

∣

∣

+

∣

∣

∣

∣

10

81
+ α− β + ν

∣

∣

∣

∣

+

∣

∣

∣

∣

5

27
− α+ β − ν + λ

∣

∣

∣

∣

+

∣

∣

∣

∣

5

243
− α− λ

∣

∣

∣

∣

, 2

∣

∣

∣

∣

5

81
− ν + λ

∣

∣

∣

∣

+

∣

∣

∣

∣

17

81
+ 2ν − 2λ

∣

∣

∣

∣

} < 1};

(ii) it producesC1-limit curve when

α, β, ν, λ ∈ {α, β, ν, λ ∈ R, ν = 0,max{
∣

∣

∣

∣

1

81
− 3α

∣

∣

∣

∣

+

∣

∣

∣

∣

16

81
− 3β − 3λ

∣

∣

∣

∣

+

∣

∣

∣

∣

10

81
− 3α+ 6λ

∣

∣

∣

∣

,

2

∣

∣

∣

∣

4

81
+ 6α− 3λ

∣

∣

∣

∣

+

∣

∣

∣

∣

19

81
+ 6β

∣

∣

∣

∣

} < 1};
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(iii) it producesC2-limit curve when

α, β, ν, λ ∈ {α, β, ν, λ ∈ R, β = λ+ ν − 2α,max{
∣

∣

∣

∣

1

9
+ 27α− 9λ

∣

∣

∣

∣

+

∣

∣

∣

∣

2

9
− 27α− 9ν + 27λ

∣

∣

∣

∣

,

2

∣

∣

∣

∣

1

27
− 9α

∣

∣

∣

∣

+

∣

∣

∣

∣

7

27
+ 18α+ 18ν − 36λ

∣

∣

∣

∣

} < 1};

(iv) it producesC3-limit curve when

α, β, ν, λ ∈ {α, β, ν, λ ∈ R, β = 3λ− 2α, ν = 2λ,max{
∣

∣

∣

∣

1

9
− 27α

∣

∣

∣

∣

+

∣

∣

∣

∣

2

9
+ 108α − 27λ

∣

∣

∣

∣

,

∣

∣

∣

∣

1

3
− 162α + 54λ

∣

∣

∣

∣

} < 1};

(v) it producesC4-limit curve when

α, β, ν, λ ∈ {α, β, ν, λ ∈ R,−
2

243
< α <

1

243
, β = 7α, ν = 6α, λ = 3α}.

Proof. The Laurent polynomial plays a fundamental role in evaluating the continuity of the
limit curve. The Laurent polynomial of the scheme is expressed as

L(z) =

(

1

243
− α

)

(z6 + z
−6) +

(

2

81
− λ

)

(z5 + z
−5) +

(

7

81
− ν

)

(z4 + z
−4) +

(

50

243
+

2α− β) (z3 + z
−3) +

(

10

27
− ν + 2λ

)

(z2 + z
−2) +

(

14

27
+ 2ν − λ

)

(z + z
−1) +

(

47

81
− 2α+ 2β

)

.

As we know that

L
(m)(z) =

(

3z2

1 + z + z2

)

L
(m−1)(z) =

(

3z2

1 + z + z2

)m

L(z), z ∈ C\0. (4. 6)

(i) If we putm = 1 in ( 4. 6 ), then we get

1

3
L(1)(z) =

1

3

(

3z2

1 + z + z2

)

L(z) =

6
∑

i=−4

ϑiz
i,

where ϑ−4 = ϑ6 = 1
243 − α, ϑ−3 = ϑ5 = 5

243 + α − λ, ϑ−2 = ϑ4 = 5
81 − ν + λ,

ϑ−1 = ϑ3 = 10
81 + α− β + ν, ϑ0 = ϑ2 = 5

27 − α+ β − ν + λ, ϑ1 = 17
81 + 2ν − 2λ.

when

α, β, λ, ν ∈ {α, β, ν, λ ∈ R,max{
∣

∣

∣

∣

1

243
− α

∣

∣

∣

∣

+

∣

∣

∣

∣

10

81
+ α− β + ν

∣

∣

∣

∣

+

∣

∣

∣

∣

5

27
− α+ β − ν + λ

∣

∣

∣

∣

+

∣

∣

∣

∣

5

243
− α− λ

∣

∣

∣

∣

, 2

∣

∣

∣

∣

5

81
− ν + λ

∣

∣

∣

∣

+

∣

∣

∣

∣

17

81
+ 2ν − 2λ

∣

∣

∣

∣

} < 1};

we obtain
∥

∥

∥

∥

1

3
S1

∥

∥

∥

∥

∞

=
1

3
max

{

∑

|l
(1)
3i+j | : j = 0, 1, 2

}

< 1.
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As we observe from
∥

∥

1
3S1

∥

∥

∞
< 1, the scheme isC0 continuous.

(ii) By substitutingm = 2 in ( 4. 6 ) , if ν = 0, we get

1

3
L(2)(z) =

1

3

(

3z2

1 + z + z2

)2

L(z) =

6
∑

i=−2

ϑiz
i. (4. 7)

whereϑ−2 = ϑ6 = 1
81 − 3α, ϑ−1 = ϑ5 = 4

81 + 6α − 3λ, ϑ0 = ϑ4 = 10
81 − 3α + 6λ,

ϑ1 = ϑ3 = 16
81 − 3β − 3λ, ϑ2 = 19

81 + 6β.
when

α, β, ν, λ ∈ {α, β, ν, λ ∈ R, ν = 0,max{
∣

∣

∣

∣

1

81
− 3α

∣

∣

∣

∣

+

∣

∣

∣

∣

16

81
− 3β − 3λ

∣

∣

∣

∣

+

∣

∣

∣

∣

10

81
− 3α+ 6λ

∣

∣

∣

∣

,

2

∣

∣

∣

∣

4

81
+ 6α− 3λ

∣

∣

∣

∣

+

∣

∣

∣

∣

19

81
+ 6β

∣

∣

∣

∣

} < 1};

we obtain
∥

∥

∥

∥

1

3
S2

∥

∥

∥

∥

∞

=
1

3
max

{

∑

|l
(2)
3i+j | : j = 0, 1, 2

}

< 1.

As we see
∥

∥

1
3S2

∥

∥

∞
< 1 ,then the scheme isC1 continuous.

(iii) By settingm = 3 in ( 4. 6 ) , if β = λ+ ν − 2α , we have

1

3
L(3)(z) =

1

3

(

3z2

1 + z + z2

)3

L(z) =

6
∑

i=0

ϑiz
i. (4. 8)

whereϑ0 = ϑ6 = 1
27 − 9α, ϑ1 = ϑ5 = 1

9 + 27α− 9λ, ϑ2 = ϑ4 = 2
9 − 27α− 9ν + 27λ,

ϑ3 = 7
27 + 18α+ 18ν − 36λ.

when

α, β, ν, λ ∈ {α, β, ν, λ ∈ R, β = λ+ ν − 2α,max{
∣

∣

∣

∣

1

9
+ 27α− 9λ

∣

∣

∣

∣

+

∣

∣

∣

∣

2

9
− 27α− 9ν + 27λ

∣

∣

∣

∣

,

2

∣

∣

∣

∣

1

27
− 9α

∣

∣

∣

∣

+

∣

∣

∣

∣

7

27
+ 18α+ 18ν − 36λ

∣

∣

∣

∣

} < 1};

we obtain
∥

∥

∥

∥

1

3
S3

∥

∥

∥

∥

∞

=
1

3
max

{

∑

|l
(3)
3i+j | : j = 0, 1, 2

}

< 1.

As we see
∥

∥

1
3S3

∥

∥

∞
< 1 , then the scheme isC2 continuous.

(iv) By puttingm = 4 in ( 4. 6 ) , if β = 3λ− 2α, ν = 2λ , we have

1

3
L(4)(z) =

1

3

(

3z2

1 + z + z2

)4

L(z) =

6
∑

i=2

ϑiz
i. (4. 9)

whereϑ2 = ϑ6 = 1
9 − 27α, ϑ3 = ϑ5 = 2

9 + 108α− 27λ, ϑ4 = 1
3 − 162α+ 54λ.

when

α, β, ν, λ ∈ {α, β, ν, λ ∈ R, β = 3λ− 2α, ν = 2λ,max{
∣

∣

∣

∣

1

9
− 27α

∣

∣

∣

∣

+

∣

∣

∣

∣

2

9
+ 108α − 27λ

∣

∣

∣

∣

,

∣

∣

∣

∣

1

3
− 162α + 54λ

∣

∣

∣

∣

} < 1};
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we obtain
∥

∥

∥

∥

1

3
S4

∥

∥

∥

∥

∞

=
1

3
max

{

∑

|l
(4)
3i+j | : j = 0, 1, 2

}

< 1.

As we observe that
∥

∥

1
3S4

∥

∥

∞
< 1, then the scheme isC3 continuous.

(v) After substitutingm = 5 in ( 4. 6 ) , if β = 7α, λ = 3α, ν = 6α ,
we have

1

3
L(5)(z) =

1

3

(

3z2

1 + z + z2

)5

L(z) =

6
∑

i=4

ϑiz
i. (4. 10)

whereϑ4 = ϑ6 = 1
3 − 81α, ϑ5 = 1

3 + 162α.
when

α, β, ν, λ ∈ {α, β, ν, λ ∈ R,−
2

243
< α <

1

243
, β = 7α, ν = 6α, λ = 3α}.

We obtain
∥

∥

∥

∥

1

3
S5

∥

∥

∥

∥

∞

=
1

3
max

{

∑

|l
(5)
3i+j | : j = 0, 1, 2

}

< 1.

As we see
∥

∥

1
3S5

∥

∥

∞
< 1, then the scheme isC4-continuous. WhenL(6)(z) is evaluated,

we do not obtain the Laurent polynomial. Hence, this indicates that theT4-schemeis C4-
continuous. �

Table 2 shows the relationship between the continuity orders of limit curves and varia-
tion of parameters.

Experiment 4.3. In this experiment, we analyze limiting curves with the same control
polygon while varying the continuity orders. The values of parameters are chosen from
the respective continuity ranges. Figure 1(a) illustratesC1 limiting curve forα = − 1

27 ,
β = 1

23 , λ = − 1
81 and ν = 0 . Figure 1(b) illustratesC2 limiting curve forα = − 1

69 ,
β = − 5033

104880 , λ = − 3
80 and ν = − 3

76 . Figure 1(c) illustratesC3 limiting curve for
α = − 1

69 , β = − 503
4071 , λ = − 3

59 and ν = − 6
59 . Furthermore, Figure 1(d) illustratesC4

limiting curve forα = − 1
99 , β = − 32

297 , λ = − 38
891 andν = − 76

891 .

4.4. Support of the T4-scheme. Support of a refinement scheme measures the effect by
moving a single vertex from its location on its neighboring points. The support size of a
scheme indicates the influence of local control on the limiting curves. Practically, smaller
support size is more ideal in the applications of refinement schemes. Let us evaluate the
basis function for determining the support size. We representβ as the limit function which
comes from the initial data

δ0i =

{

1, i = 0,
0, i 6= 0 .

(4. 11)

β is usually called the basic limit function of the scheme.

Theorem 4.5. The support size of the basic limit function of theT4-schemeis [−3, 3].
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Proof. To determine the support size ofβ, we calculate the gap between the leftmost and
rightmost non-zero vertices. Whenk = 0, with the help of ( 3. 4 ) and ( 4. 11 ), we get
b1
−6, b

1
−5, . . . ,b15, b16, as sequence of non-zero vertices.

By observing this, we define a setGk =
{

i
3k

: ∀ i ∈ Z
}

, whereβ
(

i
3k

)

= bki , ∀ i ∈ Z. We
also determine that after the first refinement step, the non-zero leftmost vertex isβ

(

− 6
3

)

=

b1
−6, and the rightmost vertex isβ

(

6
3

)

= b16.

Similarly, after the second refinement step, the non-zero leftmost vertex isβ
(

− 6(1+3)
32

)

=

b2
−6(1+3), and the rightmost vertex isβ

(

6(1+3)
32

)

= b26(1+3).

Continuing this procedure, after thek-th refinement step the leftmost vertex isβ
(

− 6(1+3+...+3k−1)
3k

)

=

bk
−6(1+3+...+3k−1), and the rightmost isβ

(

6(1+3+...+3k−1)
3k

)

= bk6(1+3+...+3k−1). Thus the

support size ofβ is

lim
k→∞

[

6(1 + 3 + . . .+ 3k−1)

3k
− −6(1 + 3 + . . .+ 3k−1)

3k

]

= lim
k→∞

[

12

(

1

3
+

1

32
+ . . .+

1

3k−1

)]

= 12

( 1
3

1− 1
3

)

= 6.

Sinceβ of theT4-schemeis symmetric, so it is clear that support region is[−3, 3] . �

Figure 2 presents comparison among the graphs of basic limit functions generated by the
T4-schemefor different values of parameters. The red solid curve is produced forα = 0,
β = 4

27 , λ = 4
81 , ν = 9

81 . Similarly, the solid green and blue curves are produced for
α = − 1

85 , β = − 274
2295 , λ = − 328

6885 , ν = − 656
6885 andα = − 1

140 , β = − 47
540 , λ = − 383

11340 ,
ν = − 383

5670 respectively.

Experiment 4.6. In this experiment, we graphically analyze the local control property of
theT4-scheme. For this purpose we consider control polygon of a cone. In Figure 3(a), we
generate limit by theT4-schemeat parametric valuesα = − 1

83 , β = − 272
2241 , λ = − 326

6723 ,
ν = − 652

6723 and Figure 3(b) shows that if one point is moved from its initial place only a
small portion of the curve shows an impact while the other curve remains the same.

4.7. Polynomial generation property. Polynomial generation degree of a refinement scheme
indicates the highest degree of polynomials that the scheme can generate. To produceCm-
continuous limit curves, polynomial generation ofm-th order is an essential condition. A
polynomial of degreed can be produced by the non-singular refinement scheme if and only
if

L (z) =

(

1 + z + z2

3

)d+1

κ(z), z ∈ C\0. (4. 12)

Here,γ(z) =
(

1+z+z2

3

)

is the smoothing factor.κ(z) is the Laurent polynomial with

κ(1) = 3 and does not contain the smoothing factor [15]. Table 3 shows the relationship
between the variation of parameters, degeneration of symbol and polynomial generation
degree.
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4.8. Polynomial reproduction property and approximating order. The polynomial re-
production property is important as it indicates that a scheme that can reproduced polyno-
mials up to the degreed possesses an approximation order ofd+ 1.

Definition 4.9. ([4]) For a ternary refinement scheme , we denote the parametric shift by
τ = L′(1)

3 , and attach the datapkn for n, k ∈ Z to the parameter values as

xk
n = xk

0 +
n

3k
with xk

0 = xk−1
0 −

τ

3k
. (4. 13)

Theorem 4.10. ([4]). A convergent refinement schemeS with any aritym ≥ 2 reproduces
polynomials of degreed ≥ 1 with respect to the parametrization in ( 4. 13 ) if and only if

∑

j∈Z

jkLmj+i =

(

τ − i

m

)k

, i = 0, 1, 2, . . . ,m− 1, for k = 1, 2, 3, . . . , d, (4. 14)

where

τ =
L′(1)

m
.

Theorem 4.11.([8]). A convergent refinement scheme that reproduces polynomialPn has
an approximation order ofn+ 1. In the case of aT4-scheme(wherem = 3), the ( 4. 14 )
takes the form as























∑

j∈Z
jkL3j =

(

τ
3

)k
,

∑

j∈Z
jkL3j+1 =

(

τ−1
3

)k
,

∑

j∈Z
jkL3j+2 =

(

τ−2
3

)k
,

(4. 15)

for k = 1, . . . , d, andτ = l′(1)
3 .

Theorem 4.12.TheT4-schemehas linear polynomial reproduction.

Proof. The Laurent polynomial of theT4-schemeis

L(z) =

(

1

243
− α

)

(z6 + z
−6) +

(

2

81
− λ

)

(z5 + z
−5) +

(

7

81
− ν

)

(z4 + z
−4)

+

(

50

243
+ 2α− β

)

(z3 + z
−3) +

(

10

27
− ν + 2λ

)

(z2 + z
−2) +

(

14

27
+ 2ν − λ

)

(z + z
−1) +

(

47

81
− 2α+ 2β

)

. (4. 16)

After differentiating ( 4. 16 ) and then evaluating atz = 1, leads us toL
′

(1) = 0 and
τ = 0. By simplifying the ( 4. 15 ) forτ = 0, we obtain the system as given below



















(−2)kl−6 + (−1)kl−3 + (1)kl3 + (2)kl6 = 0,

(−2)kl−5 + (−1)kl−2 + (1)kl4 =
(

− 1
3

)k
,

(−2)kl−4 + (−1)kl−1 + (1)kl5 =
(

− 2
3

)k
.

(4. 17)

�

Corollary 4.13. TheT4-schemehas approximation order 2.
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4.14. Graphical depiction of polynomial reproduction. We graphically evaluate the poly-
nomial reproduction of theT4-schemewith different parametric values. TheT4-scheme
generates a linear polynomial. So it generates limit curves for linear polynomials as given
below:

Experiment 4.15. In this experiment, we investigate the polynomial reproduction property
of theT4-scheme. Thus, we consider a linear polynomialy(x) = 2x + 3. Figure 4 (a)-
(c) show that linear behavior for different choices of parameters by settingα = − 1

95 ,
β = − 284

2565 , λ = − 338
7695 , ν = − 676

7695 (Blue) ,α = − 1
90 , β = − 31

270 , λ = − 37
810 , ν = − 37

405

(Red) andα = − 1
105 , β = − 14

135 , λ = − 116
2835 , ν = − 232

2835 (Green) respectively.

5. FRACTAL PROPERTY

In this section, we examine the fractal property of the scheme for specific values of
the parameters(α, β, ν) =

(

1
243 ,

52
243 ,

7
81

)

which reduces the scheme to a dependence on
parameterλ. Assume thatbki and bkj be arbitrary fixed point two control points, where
k ∈ Z, k ≥ 0. After thek refinement steps, we must examine how the parameterν affects
the total length of all the tiny edges between two sites throughout an additionalk refinement
step. To keep things simple, we require to examine the relationship between the two initial
points, we must sayb00 andb01. For (α, β, ν) =

(

1
243 ,

52
243 ,

7
81

)

, theT4-schemecan written
as follows







bk+1
3i = bki , 0 ≤ i ≤ 3kn,

bk+1
3i+1 = u0b

k
i−1 + u1b

k
i + u2b

k
i+1 + u3b

k
i+2, 0 ≤ i ≤ 3kn,

bk+1
3i+2 = u3b

k
i−1 + u2b

k
i + u1b

k
i+1 + u0b

k
i+2, 0 ≤ i ≤ 3kn,

(5. 18)

where

u0 = 0, u1 =
56

81
− λ, u2 =

23

81
+ 2λ, u3 =

2

81
− λ.

We know that based on the interpolatory refinement rule ( 5. 18 )

bk0 ≡ b00,

also from ( 5. 18 ), we get
{

bk+1
1 = u0b

k
−1 + u1b

k
0 + u2b

k
1 + u3b

k
2 ,

bk+1
−1 = u3b

k
−2 + u2b

k
−1 + u1b

k
0 + u0b

k
1 .

(5. 19)

We refer three typical edge vectors

Vk = bk1 − bk0 , Sk = bk2 − bk1 , Rk = bk3 − bk2 .

The difference equation of edge vectors can be obtained with the help of following vectors

Uk = bk1 − bk
−1, Wk = bk0 − bk

−1, Zk = bk2 − bk
−2.

Consider vectorUk, such as

Uk+1 = bk+1
+1 − bk+1

−1 , (5. 20)

after simplifying , we get

Uk+1 − (u2 − u0)Uk = u3Zk. (5. 21)
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Similarly, we obtain

Zk+1 − u0Zk = (u1 − u3)Uk . (5. 22)

By using ( 5. 21 ) and ( 5. 22 ), we obtain the solution ofUk

Uk = c1r
k
1 + c2r

k
2 , (5. 23)

where

r1 =
1

3
, r2 = −

4

81
+ 2λ,

c1 = −
(2− 81λ)(b02 − b0

−2) + 27(b01 − b0
−1)

−31 + 162λ
,

and c2 = −
(2− 81λ)

(

(b02 − b0
−2)− 2(b01 − b0

−1)
)

−31 + 162λ
.

Similarly, we obtain the solution ofZk

Zk = d1A
k
1 + d2r

k
1 + d3r

k
2 , (5. 24)

where

A1 = 0, d1 = 0, d2 = 2c1, and d3 = −
27

2− 81λ
c2.

Consider edge vectorVk, such as

Vk+1 = bk+1
1 − bk+1

0 ,

after simplification, we get

Vk+1 − (u1 − 1)Vk = −u0Uk + u3Sk . (5. 25)

Similarly, we obtain

Sk+1 − (u0 − u3)Sk = (u1 − u2)Vk − (u0 − u3)Uk. (5. 26)

By using ( 5. 21 ) and ( 5. 25 ) in ( 5. 26 ), we get

Vk+2 −
(

23

81
+ 2λ

)

Vk+1 −
(

2λ2 − 62λ

81
+

116

6561

)

Vk

= −
(

λ
2 − 4λ

81
+

4

6561

)

(c1r
k

1 + c2r
k

2 ), (5. 27)

after simplifying above expression, we obtain the solution ofVk

Vk = a1r
k
3 + a2r

k
4 + a3r

k
1 + a4r

k
2 , (5. 28)

where

r3 =
1

162

(

(23 + 162λ) +
√

993− 12636λ + 78732λ2
)

,

r4 =
1

162

(

(23 + 162λ) −
√

993− 12636λ + 78732λ2
)

,

a3 =
1

2
c1, a4 =

1

2
c2,

a1 =
1

4
√
993− 12636λ + 78732λ2

(

(4− 162λ)
(

b
0
2 + b

0
−2

)

+ (23 + 162λ+

√

993 − 12636λ + 78732λ2
)

(

b
0
1 + b

0
−1

)

−
(

54 + 2
√

993− 12636λ + 78732λ2
)

b
0
0

)

,
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and

a2 =
1

4
√
993− 12636λ + 78732λ2

(

(−4 + 162λ)
(

b
0
2 + b

0
−2

)

+ (−23− 162λ+

√

993 − 12636λ + 78732λ2
)

(

b
0
1 + b

0
−1

)

+
(

54− 2
√

993− 12636λ + 78732λ2
)

b
0
0

)

.

Similarly, we obtain the solution ofSk

Sk = m0

(

−
2

81
+ λ

)k

+m1r
k
1 +m2r

k
2 +m3r

k
3 +m4r

k
4 , (5. 29)

where

m0 = 0, m1 = a3, m2 =
(29− 81λ)

(−2 + 81λ)
a4, m3 =

6 (11− 81λ)

27 +
√
993− 12636λ + 78732λ2

a1,

and m4 =
−6 (11− 81λ)

−27 +
√
993− 12636λ + 78732λ2

a2.

Consider vectorRk, such as

Rk+1 = bk+1
3 − bk+1

2 ,

after simplifying, we get

Rk+1 = u3Uk + u2Vk − u0Sk,

By using ( 5. 19 ), ( 5. 28 ) and ( 5. 29 ), we obtain the solution ofRk

Rk = I0
(

− 2
81 + λ

)k
+ I1r

k
1 + I2r

k
2 + I3r

k
3 + I4r

k
4 , (5. 30)

where

I0 = 0, I1 = a3, I2 =
−27

(4− 162λ)
a4, I3 =

(

23 + 162λ

81r3

)

a1,

and I4 =

(

23 + 162λ

81r4

)

a2.

Theorem 5.1. For λ ∈
(

− 23
162 ,

2
81

)

, limit curves of the refinement scheme ( 5. 18 ) is
fractal.

Proof. Whenλ ∈
(

− 23
162 ,

2
81

)

it may be concluded that afterk refinement steps there are
3k small edge vectors between the initial control pointsb00 andb01 can be written as

Ek
i = bki − bki−1 = a1i (A2)

k
+ a2ir

k
1 + a3ir

k
2 + a4ir

k
3 + a5ir

k
4 i = 1, 2, 3 · · · ·3k,

whereaj,i 6= 0, for j = 1, 2, 3, 4, 5. In this case, we see that|r3| > |A2|, |r3| > |r1|, |r3| >
|r2|, |r3| > |r4|.
Let |Ek

i | = min1,2,3···3k |E
k
i |, then we have

3k
∑

i=1

|Ek

i | ≥ 3k|Ek

i0| = 3k|a1i (A2)
k + a2ir

k

1 + a3ir
k

2 + a4ir
k

3 + a5ir
k

4 |

= 3k |r1|k
∣

∣

∣

∣

∣

a1i

{

A2

r3

}k

+ a2i

{

r1

r3

}k

+ a3i

{

r2

r3

}k

+ a4i + a5i

{

r4

r3

}k
∣

∣

∣

∣

∣

→ ∞ (k → ∞) .

So forλ ∈
(

− 23
162 ,

2
81

)

, limit curves of the scheme are fractal curves. �
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5.2. Graphical depiction of fractal generation. In this section, variety of fractal curves is
produced by theT4-scheme. The performance of the scheme is evaluated for various values
of parameterλ within the the fractal range. Additionally, when one or more parameters
are provided, the fractal characteristic can be further investigated. The results display the
excellent performance for generating stunning fractals by theT4-scheme.

Experiment 5.3. In this experiment, we show the fractal behavior of theT4-schemeat
different iteration levels. Figures 5(a)-5(c) represent intricate fractal curves corresponding
to λ = −0.0811 at 2nd, 3rd and4th refinement levels respectively. These representations
show that after increasing refinement levels more aesthetic fractals are produced.

Experiment 5.4. In this experiment, we use different values of parameter to display the
fractal behavior of the proposed scheme on a control polygon. Fractal curves shown in Fig-
ures 6(a) and 6(c) are obtained forλ = −0.095 andλ = −0.0825 respectively. Whereas
the box part of these figures have been zoomed in Figures 6(b) and 6(d) respectively. These
images indicate that the smaller details of the fractal look like the larger structure repeated
recursively at different scales which shows the self-similar property of the fractal curve.

Experiment 5.5. In this experiment, we use different values of parameter to display the
fractal behavior of theT4-schemeon the same control polygon. Figure 7(a)-7(c) display
the fractal behavior for the different values of parameters. The given scheme can efficient-
ly and accurately produce fractal curves by setting adequate parameters. Figure 7 shows
fractal curves with different values of parameters.

6. NUMERICAL EXPERIMENTS AND CONCLUSIONS

A control polygon is a series of points that provides a simple and intuitive way to ma-
nipulate the shape by adjusting the positions of its points. In this section, we illustrate
the graphical behavior of the schemeT4-schemeon several polygons. The beauty of the
T4-schemeis that it is a combined scheme, which offers the greatest flexibility in gen-
erating smooth interpolating and approximating limit curves respectively. Therefore, we
demonstrate that for appropriate choices of parameters the resulting limit curves display
interproximal behavior.

Experiment 6.1. In this experiment, we illustrates the behavior of theT4-schemeon a
closed control polygon at different refinement levels. Figures8(a) − (c) illustrate the be-
havior of scheme at 1st, 2nd and 3rd refinement levels forα = − 1

92 , β = − 281
2484 , λ =

− 335
7452 , ν = − 335

3726 .

Experiment 6.2. In this experiment, we use different values of parameters to display the
approximating and interpolating behavior of theT4-schemeon a closed control polygon.
Green limiting curve illustrates the behavior of scheme whenα = − 1

86 , β = − 275
2322 , λ =

− 329
6966 , ν = − 329

3483 . Purple limiting curve illustrates the behavior of scheme whenα =

− 1
106 , β = − 295

2862 , λ = − 349
8586 , ν = − 349

4293 . Blue limiting curve illustrates the behavior
of scheme whenα = − 1

146 , β = − 335
3942 , λ = − 389

11862 , ν = − 389
5913 . Red limiting curve

illustrates the behavior of interpolating scheme whenα = 0, β = 4
27 , λ = 2

81 , ν = 1
27 .
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Figure 9(a) presents the comparison of these limit curves and Figure 9(b) presents the
magnified view of this comparison.

Experiment 6.3. In this experiment, we present comparative analysis of theT4-scheme
with some existing refinement schemes. Figure 10(a) illustrates the behavior of scheme [3]
whenω = 1

64 . Figures 10(b) illustrates the behavior of scheme [26] whenµ = 2
32 . Figure

10(c) illustrates the behavior of theT4-schemewhenα = 1
81 , β = 4

81 , λ = 2
81 , ν = 4

81 . It is
easy to observe that theT4-schemehas better control over the control polygon as compared
to other existing schemes.

7. CONCLUSION

In this paper, we have introduced a novel combined4-point ternary refinement scheme
with four parameters. The scheme attainsC4 convergence while maintaining a compact
support[−3, 3]. The inclusion of parameters enhances the flexibility of scheme, allowing
various parameter adjustments to achieve specific levels of continuity. Detailed analysis are
provided to examine key properties of the scheme. Additionally, the fractal behavior of the
refinement scheme is investigated, with particular parameter selections enabling the effec-
tive construction of fractal curves. Moreover, the application of fractal curves produced by
the proposed scheme demonstrates its capacity to generate dense fractal depths, opens new
possibilities for artistic expression and scientific visualization. Additionally, numerical ex-
amples of the proposed scheme illustrate the fact that the parameters selection significantly
impacts the curve shape. Alternative parameters tend to produce inwardly shrinking curves,
while positive parameters lead to outward expansion. This flexibility allows designers to
fine-tune the appearance of their models according to their requirements by choosing ap-
propriate parameters. These comprehensive analysis collectively contribute to the better
understanding of the proposed scheme.
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TABLE 1. Special cases of theT4-scheme. Here I stands for interpolat-
ing scheme and A stands for approximating scheme.

Scheme Continuity Type Support Parameters
2-pt C2 A [− 3

2 ,
3
2 ] (α, β, ν, λ) = ( 1

243 ,
52
243 − 1

9α,

[9] , 7
81 ,

2
81 )

3-pt C2 A [−2, 2] (α, β, ν, λ) = ( 1
243 ,

1
9 (

25
27 − 1

4α),
[16] 1

9 (
7
9 − 1

4α),
2
81 )

4-pt C3 A [−3, 3] (α, β, ν, λ) = ( 1
243 + µ, 52

243 − 2µ, 4
27 ,

2
27 )

[22]
combined4-pt C1 I [−3, 3] (α, β, ν, λ) = ( 1

243 ,
16
243 − 1

27α,
4
27 − β(1 − α)

[18] C3 A , 2
27 − β(1− α))

combined4-pt C2 I [− 5
2 ,

5
2 ] (α, β, ν, λ) = ( 1

243 ,
25
243 + α, 7

81 − β

[17] C3 A , 2
81 − γ)

TABLE 2. The relationship between continuity order and variation of parameters.

Continuity Variation of parameters
C0 {α, β, ν, λ ∈ R,max{| 1

243 − α|+ | 1081 − β + α+ ν|+ | 5
27 − ν + λ+ β − α|

+| 5
243 − λ− α|, | 1781 − 2λ+ 2ν|+ 2| 5

81 − ν + λ|} < 1}
C1 {α, β, ν, λ ∈ R, ν = 0,max{| 1

81 − 3α|+ | 1681 − 3β − 3λ|+ | 1081 + 6λ− 3α|,
| 1981 + 6β|+ 2| 4

81 − 3λ+ 6α|} < 1}
C2 {α, β, ν, λ ∈ R, β = λ+ ν − 2α,max{2| 1

27 − 9α|+ | 7
27 + 18α+ 18ν − 36λ|,

| 19 − 9λ+ 27α|+ | 29 − 9ν + 27λ− 27α|} < 1}

C3 {α, β, ν, λ ∈ R, β = 3λ− 2α, ν = 2λ,max{| 19 − 27α|+ | 29 + 108α− 27λ|,
| 13 − 162α+ 54λ|} < 1}

C4 {α, β, ν, λ ∈ R, β = 7α, λ = 3α, ν = 6α,− 1
81 < α < 0}

TABLE 3. The relationship between variation of parameters, degenera-
tion of symbol and polynomial generation degree (G(d)).

Variation of parameters Degeneration of symbol G(d)
{α, β, ν, λ ∈ R, ν = 0} L(z) = γ(z)2κ2(z) 1

{α, β, ν, λ ∈ R, β = λ+ ν − 2α} L(z) = γ(z)3κ3(z) 2
{α, β, ν, λ ∈ R, β = 3λ− 2α, ν = 2λ} L(z) = γ(z)4κ4(z) 3

{α, β, ν, λ ∈ R, β = 7α, λ = 3α, ν = 6α} L(z) = γ(z)5κ5(z) 4
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(a) C1 limit curve (b) C2 limit curve

(c) C3 limit curve (d) C4 limit curve

FIGURE 1. Umbrella curves with different continuity orders .

FIGURE 2. Results of theT4-schemefor basic limit functions with dif-
ferent parametric values after fourth refinement level .
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(a) (b)

FIGURE 3. The solid line represents the result fitted by theT4-scheme
after the fourth refinement level.

(a) (b) (c)

FIGURE 4. The dotted and the solid lines represents the initial control
polygon and control points respectively. The solid lines with different col-
ors characterize curves fitted by theT4-schemewith different parametric
values after the third refinement level.

(a) (b) (c)

FIGURE 5. The behavior of limit curves generated by fractal curve for
the different refinement levels.
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(a) (b)

(c) (d)

FIGURE 6. The behaviour of limit curves generated by fractal curve for
the different values ofλ

(a) α = 0, β = 13
81 , (b) α = 0, β = 5

27 , (c) α = 1
81 , β = − 1

27 ,
λ = − 17

81 , ν = 8
81 λ = − 5

81 , ν = 7
27 λ = 1

162 , ν = 7
27

FIGURE 7. The behaviour of limit curves generated by fractal curve for
the different values of parameters.
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(a) (b) (c)

FIGURE 8. The behaviour of limit curves generated at different refine-
ment levels.

(a) (b)

FIGURE 9. The behavior of limiting curves generated by theT4-scheme
for the different values of parameters, (a) illustrates the comparison of
the limit curves and (b) presents the zooming area.

(a) limit curve of [3] (b) limit curve of [26] (c) Limit curve of theT4-scheme

FIGURE 10. Comparison of limit curves generated by theT4-scheme
with other existing refinement schemes




