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Abstract. In this paper,we introduce a new combinedfour-point ternary
refinementschemecapableof generatingboth interpolatingand approx-imating
curves.The schemeis constructedby translatinga quintic B-Spline refinement
schemeto new positionsusing displacementectorsthat incorporatefour shape
control parametersWe demonstratehat this combinedschemeproduceslimit
curveswith up to C* continuity andal-soprovidessignificantflexibility in crafting
smoothcurveswith reducedsupportsize. Furthermorewe establishthat various
well-known inter-polatory and approximating refinementschemesare special
casef our proposedapproachSomekey propertiesjncluding polynomialgener-
ation, reproductionandsupportwidth, areexamined Additionally, we investigate
the fractal generationcharacteristicsof the refinementscheme,revealing that
specificparametechoicesenableeffective constructiorof fractal curves.Through
a seriesof numericalexperimentsye validatethat the limit curvesproducedby
our schemeaccuratelyreflect the associ-atedcontrol polygons, yielding more
realisticresults comparetb existingmethods.
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Key Words: Refinemenschemegcombined continuity;shape-controffractals.

1. INTRODUCTION

ComputerAided GeometricDesign(CAGD) dealswith the mathematicatepresenta-
tion, animationand constructionof curvesand surfacesRefinementis an essentiatool
for curveandsurfacemodelingin CAGD. A refinemenschemeconstructs curvefrom a
polygon or a surface from a mesh by iteratively subdividing them according to specific
subdivision rules. This recursive process yields a limiting curve or surface that achieves
the smoothness required for various applications. In each iteration, the position of new
vertices is estimated using the subdivision matrix, where each new vertex is calculated as
a weight-ed sum of the vertices from the previous level.
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Refinemenschemeganbedividedinto two typesbasedon their application:interpolating
and approximatingschemesBoth types have distinct advantagesinterpolatingschemes
areconstrainedo passthroughall initial control points,makingthemparticularlyusefulin
specificindustrialapplications Founda-tionaktudieson interpolatingrefinementschemes
canbefoundin [6, 5, 1]. On the otherhand,approximatingschemedacilitate intersection
operationsand generate curves with higher smoothnessand continuity. Significant
contributionson approximatingschemesare detailedin [10, 7, 12]. Recentdevelopments
on stationaryand non-stationargefinemenschemes are highlightéd [2, 11, 25].

The conceptof combiningschemeavas pioneeredy Levin [13], who introduceda com-
bined refinementschemefor interpolatingnetsof curvesin parametricform. Sincethen,
severaladvancementhavefollowed. Panet al. [18] developeda C?-continuouscombined
refinemenschemeNovaraandRomani[17] proposeda ternarycombinedschemehaten-
suresC® continuity, whereasRehanand Sabri[20] extendecdhis ideato a ternary4-point
schemewith a shapeparameterallowing local control over curve behavior.Zhanget al.
[24] further enrichedthis directionby incorporatingmultiple shapeparameterén aternary
combined-point scheme.

In parallel,the connectionbetweensubdivisionschemesand fractal geometryhasdrawn
considerableattention. Fractal curves, characterizedy self-similarity acrossscales,are
instrumentalin modelingnaturallyirregular objectssuchas coastlinesmountainterrains,
andbiological structuredike blood vesselsandbronchialtrees.Subdivisionscheme$ave
beenfoundto efficiently generatesuchfractal curvesfrom discretecontrol points.Zhenget
al. [26] exploredthe fractal behaviorof binary 4-point and ternary 3-point interpolatory
schemes.

Peng et al. [19] extended this line of research by analyzing the fractal
characteris-ticsof ternary interpolatory and rational schemes,ncluding the impact of
shapeparametersn fractaldimensions.Rehan and Siddiqi [21] analyzed the combined
binary 6-point subdivision scheme with tension parameters. Yao et al. [23] examined
the geometripropertief a quaternary-point interpolatoryscheme.

1.1. Motivation and Contribution. Theabovéliteraturerevealswo importanttrends:

e Most combined refinement schemes incorporate at most one or two shape param-
eters, limiting their flexibility in achieving diverse curve shapes and geometric
properties.

e Research on the fractal characteristics of refinement schemes is predominantly fo-
cused on interpolatory schemes, with limited exploration of combined schemes in
this context.

These gaps motivate the present work. We propose a novel family of combined refinement
schemes characterized by multiple shape parameters, enabling the generation of both inter-
polating and approximating limit curves. The proposed scheme not only subsumes various
existing schemes as special cases but also provides an efficient mechanism for generat-
ing fractal curves by appropriately choosing parameter values. This framework introduces
enhanced flexibility and control, making it a powerful tool for applications in geometric
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design, computer graphics, and fractal modeling.

The remainder of this paper is organized as follows: Section 2 introduces the necessary
preliminary definitions and notations used throughout the paper. In Section 3, we present
the construction of the proposed refinement scheme along with its parametric formulation.
Section 4 explores the theoretical properties of the scheme, including support, smooth-
ness, and polynomial generation and reproduction. In Section 5, we investigate the fractal
behavior of the scheme under specific parametric choices. Section 6 provides numerical
experiments to validate the performance and flexibility of the proposed scheme and section
7 concludes the paper with a summary of the main contributions.

2. NOTATIONS AND PRELIMINARIES

Initially, given a sequence of control point$ = {6 € R}. Letb* = {b¥ € R},cz be
the set of control points at lev&é(k > 0, k € Z) and satisfy these rules recursively:

Bt = "l gbhi € 2 (2.1
JEZ
L = {l;}iez be the subdivision mask ani(z) = .., l;z*, is known as the Laurent

polynomial.
A refinement schems is convergent if for every initial point® = {+{ € R}, there exist a
continuous functiop € C'(R) such that for every compact seC R, it satisfies

lim max [b* —p(37%i)| =0,
:r—>ooiezm3kl| P @

andp # 0 for some initial data®. The functionp defined asp = S°°b° is considered to
be a limit function of the refinement scherfie For the convergent refinement schefe
the corresponding mask definitely satisfies

Zl:ﬁ = Zl3i+1 = Zl3z‘+2 =1 (2. 2)
€L €L €L
Suppose a refinement scheievith L = {l;},cz satisfies ( 2. 2), then there exis{s
(first order difference scheme §f) which satisfies

db® = SydpFt,

where

b = S*B0, db* = {(db*); = 3" (b, — b})li € Z}.
The symbol ofS, is
(1) 322
LW (2) = ———=L(2).

T 14 z422
Further, if S,,, is them!" order difference scheme éfwith L(™) = {1(™)}, ;. then the

symbol ofS,, is
L(m)(z) — L L(z).
1+ 2422
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If there exist an integed/ > 1, such that

1 M
H <§Sm+1> <1,
then the schemé# is C""- continuous, where
1 M 1 ) (M)
<§Sm+1) = maxz <§Z§Tﬁj—+i) i=0,1,---,3" -1
o) JEZ

3. CONSTRUCTION OF THET;- SCHEME

In this section, we present our combined four-point ternary refinement scheme. The
proposed scheme is constructed by directly adding the displacement vectors into the geo-
metric rules of quintic B-spline ternary refinement scheme with convergence. The
matrix form of the refinement scheme is expressed as

k
b+t 150 47 50 L bi
{1 O S i b; 3.3)
i | = A B '
pE+1 0 2 10 14 7 i+1
3142 1 27 27 81 bi§+2

Let AbY |, AbF, AbF, |, be the displacement vectors and represents the change in position
in control points. Lety, 8, v andA (a, 8, v, A € R) be the shape parameters which control
the size and direction of the displacement vectors. By adding these shape parameters and

displacement vectors into ( 3. 3), we get

b5t B! a B a AbF
birL = WL |+ 0 voA AbF ,
bitl BEAL 0 A\ v AbF,
where
Abf_y —bF 5 +2bf 1 —bi
AbF = —bl A+ 2bF —bE
Abf 4 —bf + 20, — bFyy

Thus, the combined-point ternary refinement schemE,(schemgcan be generated as
b5 = (53 — @) bia + (25 + 20— B) by + (3 — 200+ 28) bf

+ (25 +2a = B) bEy + (35 — @) by,
b5 = (57 —v) by + (33 + 20 = A) b + (3 — v +20) by + (F — A) bl 3 4)
Vit = (& - N b+ (2 —v+20) b + (3 + 20 =N by + (& — v) bl
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Consequently, the Laurent polynomial of thieschemes expressed as

20— B) (z° +27%) + <£_,/+2)\) (2 +27%)+ (;3 +21/—/\) (z+2"Y+
47
(8—1 —2a+2ﬂ) (3.5)

3.1. Special cases of thd;-scheme. The T,-schemanvolves four independent param-
eters. The provided scheme has many existing ternary schemes with defined parameters.
Here we enlist some special cases ofthescheme.
e The scheme givenin [9] become the special case dffrecheme, fofa, 8, v, \) =
7
(315+ 215 — 5% 317 51): |
e The scheme givenin [16] become the special case &ftkeeheme, fofa, B, v, \) =
(5530 5(52 = 19), 55 — 39 51)- |
e The scheme givenin [22] become the special case dftkecheme, fofa, 8, v, \) =

2
(243 + K, 243 — 24, 3 37 57)-

e The scheme givenin [18] become the special case &ftkeeheme, fofa, B, v, \) =
(ﬁ?% - 2_17a7 % _5(1 —Oc), 2_27 _6(1 - a))
e The scheme given in [17] become the special case dftkecheme, fofa, 8, v, \) =
(241137 243 T 81 - B 5 5~ 7)-
Table 1 summarizes the special cases ofithecheme

4. PROPERTIES OF THE[4- SCHEME

In this section, we investigate some significant properties offthechemeincluding
continuity, support, polynomial generation/reproduction, and approximating order.

4.1. Continuity analysis. We analyze continuity of th&,-schemeFor refinement schemes,
continuity analysis is essential question. The smoothness of the scheme depends on the
continuity of the scheme.

Theorem 4.2. TheTy-schemedefined by ( 3. 4 ) produces up - limit curve. Then,
(i) it producesC?-limit curve when

aﬁ,)\lle{aﬂ,y)\eﬂ%max{%— ’ ’——!—a B+v|+ ’——a—kﬂ—u—&—)\’
+i—a—)\ > v+ A+ —+2u—2/\}<1}-
243 2 81 ’
(i) it producesC-limit curve when
aﬂ,u)\e{ozﬁ,l/)\eﬂ%ufomax{‘——f}‘ ‘——35—3)\‘ ‘——3(1—&—6)\

’—4—6 _3A‘+’8—1+65‘}<1};
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(iii) it producesC2-limit curve when

a, By, A € {a, B, N ER, B = A+ v — 2, max{|=

+27o¢—9)\‘ ‘%—2704—91/+27A‘,
‘— —901‘ ‘—+18a+18u—36)\‘} <1}

(iv) it producesC3-limit curve when

o, B, v, € {a,ﬂ,u,)\ER,B:3)\—2a,y:2)\,max{’%—27a

+ ‘g +108a—27A‘,
1
’§ —162a + 54/\‘} <1}
(v) it producesC*-limit curve when
ﬁ)\e{ﬁ/\e}R2<<1ﬁ
v v - —
a) ? ) a? ) ) ) 243 a ?

Proof. The Laurent polynomial plays a fundamental role in evaluating the continuity of the
limit curve. The Laurent polynomial of the scheme is expressed as

L(z) = (ﬁ —a) (2°+27% + (831 —)\) (2" +27°) + (811 _l,) (4 ( 50

243
3, -3 10 2, -2 14 —1
20— B) (2" +27°) + E—V+2)\ (zZ+2z )+ 27+2V—/\ (z+2" )+
47

As we know that

=Ta,v =6, A = 3a}.

m 322 — 322 "

(i) If we putm = 1in (4. 6), then we get

1 322 0
_L(l) 2 —22 V()= 2t
L) = 3(1+z+z2) () i;;”’

where 1974:'[96:%—0[,1973:195:%4—&—)\,1972:194—ﬁ v+ A

19_1:1932Elg—(l)—FOé—ﬁ—FV,’L?Q:ﬁQ:%—Oé—Fﬁ—V—F)\ Y = 17+2V—2)\.
when
aﬂ,)\ve{aﬁ,v)\eRmax{ﬁ—a ‘——i—oz—ﬁ—i—l/ ‘——a—i—ﬂ—u—ﬁ—)\
5
R E ST SO

we obtain

1
=S
5=

:—maX{Z|l3Z+J =012 <1
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As we observe fronfi15||__ < 1, the scheme i€ continuous.
(ii) By substitutingm = 2in (4. 6), ifv = 0, we get

1L<2>(z)—l _ 82 2L(z)— iﬁ»zi (4.7)
3 3\ 142422 e '

whered_» = Jg = g7 — 3, Y1 = U5 = g7 + 60 — 3)\, o = Us = g — 3a +6),
0y =15 =38 — 383X\ = 31 + 6.
when

a, By, A € {a, B, v, A € R,v = 0, max{ 8—11—3a'+'g—35—3)\‘+‘9—3a+6)\ ,

81

4 19
2‘§ +60£—3A'+‘§ +6ﬂ'}< 1}
we obtain
1 2 .
= gmax{ E |l§i3rj| 1 J :O,l,?} < 1.

As we sed|15,|| < 1 .thenthe scheme i§" continuous.
(i) By settingm =3in(4.6),if 8 =X+ v — 2a, we have

Loy o L3 N o oS
3L3(z)—3< > L(z)—;ﬁlz. (4.8)

1
=S5
B

14+ 2+ 22

wheredy = g = = — 9o, ¥ =5 = § + 27T — 9\, U = ¥4 = 2 — 27T — 9 + 27,
U3 = 5= + 18 + 18v — 36
when

2

a,B,v, A € {a, B, v, A € R, = A+ v — 2a, max{ %—&—27&—9)\’—&—‘5—27&—91/4—27)\ ,

27
we obtain

1
2’——9(1

+‘2—77+18a+181/—36>\’}<1};
lofl =1 S =012 <1
35| = zmax 3it51 17 =0,1, )

As we sed|1S5]| _ < 1,then the scheme 5 continuous.
(iv) By puttingm =4in (4.6),if 8 = 3\ — 2a,v = 2X, we have

lL(4)()_l 3722 4L()_26219,i (4.9)
3 Z_S 142422 Z_,_ = '

whered, = U = § — 27a, U3 = U5 = £ + 108a — 27, ¥4 = 3 — 162 + 54\
when

o, B, v, € {a,ﬂ,y,)\6]1%,,323)\—20(,1/:2)\,1&13)({‘%—27a

+'§+108a—27)\ ,

% — 1620 + 54>\‘} <1}
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we obtain

1
H§54

:—max W5 =01,20 <1.
Z|3l+j °J

As we observe that3S4||__ < 1, then the scheme i§® continuous.
(v) After substitutingn =5in (4.6),if8 = Ta, A = 3a,v = 6,

we have
1 1 322 \° 0
Loy 1 ) L) = S0t 4.10
307 3<1+z+22> (2) ; ' (4.10)
Whereﬁ4:196:%—81a,195:%+1620¢.
when
aﬁu)\é{aﬁl/)\ER—l<a<iB—?aV—Ga)\—?)a}
b | PN | 7243 243’ - y ¥ LA .
We obtain
1 1 5 .
H§S5 =§max{Z|l§ilj| :]:0,1,2}<1.

As we sed||3S;||__ < 1, then the scheme i§-continuous. WherL (%) (z) is evaluated,
we do not obtain the Laurent polynomial. Hence, this indicates thafjreehemeés C*-
continuous. 0

Table 2 shows the relationship between the continuity orders of limit curves and varia-
tion of parameters.

Experiment 4.3. In this experiment, we analyze limiting curves with the same control
polygon while varying the continuity orders. The values of parameters are chosen from
the respective continuity ranges. Figure LillustratesC'! limiting curve fora = —2

—L,
B =5 A= —% andv = 0. Figure 1b) illustratesC? limiting curve fora = — &,
B = 182230, A= -2 and v = = -3 Figure 1(c) illustratesC® limiting curve for
a=—g, =28, /\ = andu = —59 Furthermore, Figure () illustratesC*

limiting curve fora = 99, 5 = —ﬁ, A= 891 andv = — >,

4.4. Support of the T,-scheme. Support of a refinement scheme measures the effect by
moving a single vertex from its location on its neighboring points. The support size of a
scheme indicates the influence of local control on the limiting curves. Practically, smaller
support size is more ideal in the applications of refinement schemes. Let us evaluate the
basis function for determining the support size. We represastthe limit function which
comes from the initial data

0 __ 1, 1 =0,
5._{07 o . 11)

0 is usually called the basic limit function of the scheme.

Theorem 4.5. The support size of the basic limit function of theschemds [—3, 3].
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Proof. To determine the support size 6f we calculate the gap between the leftmost and
rightmost non-zero vertices. Whén= 0, with the help of (3. 4) and (4. 11), we get
bl b, ..., bi, b, as sequence of non-zero vertices.

By observing this, we define a 6% = {5 : Vi € Z}, wheres (&) = b¥,Vi € Z. We
also determine that after the first refinement step, the non-zero leftmost ve@té* %) =
b, and the rightmost vertex i§ () = bj.

Similarly, after the second refinement step, the non-zero leftmost verﬁa@s%) =

b? (143 and the rightmost vertex i (ﬁ(g—‘f’)) = b3(143)-

Continuing this procedure, after theth refinement step the leftmost vertex?i{— 6(”“37%) =

. . kE—1

b" 6154 3x-1)» and the rightmost ig (%) = bf (1134, +3n1)- Thus the
support size ofs is

o [6(14+3+... 43  —6(14+3+...4+3 . 1 1 1
kILH;o 3k B 3k - klgrolo 12 §+§+“'+F

1
= 12 < 3 ) =6.
-1
Sincep of theTy-schemés symmetric, so it is clear that support regiofHs3, 3] . O

Figure 2 presents comparison among the graphs of basic limit functions generated by the
Ty-schemédor different values of parameters. The red solid curve is producedfer 0,

B=4,A= &, v= 2. Similarly, the solid green and blue curves are produced for

_ 274 oy _ 328 . _ 656 _ 1 47 y _ _ 383
§5§§B_ 52051 A = —gess: ¥ = —asss da = —355. 0 = —555. A = — 130

—g5p respectively.

a=—z

vV =

Experiment 4.6. In this experiment, we graphically analyze the local control property of
theT-schemeFFor this purpose we consider control polygon of a cone. In Figutg 3ve
generate limit by th&;-schemeat parametric valuesy = — gz, 8 = —52%, A = — 22,
v = —667"223 and Figure 3b) shows that if one point is moved from its initial place only a

small portion of the curve shows an impact while the other curve remains the same.

4.7. Polynomial generation property. Polynomial generation degree of a refinement scheme
indicates the highest degree of polynomials that the scheme can generate. To prtiduce
continuous limit curves, polynomial generationmafth order is an essential condition. A
polynomial of degred can be produced by the non-singular refinement scheme if and only

if

d+1
L(z)= (#) K(z), zeC\0. 4. 12)

Here,v(z) = (#) is the smoothing factorx(z) is the Laurent polynomial with

k(1) = 3 and does not contain the smoothing factor [15]. Table 3 shows the relationship
between the variation of parameters, degeneration of symbol and polynomial generation
degree.
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4.8. Polynomial reproduction property and approximating order. The polynomial re-
production property is important as it indicates that a scheme that can reproduced polyno-
mials up to the degreépossesses an approximation orded af 1.

Definition 4.9. ([4]) For a ternary refinement scheme , we denote the parametric shift by

T = LT(I) and attach the data” for n, k € Z to the parameter values as
n . _ T
ak =k + 3% with  af = af~! — 3% (4. 13)

Theorem 4.10. ([4]). A convergent refinement scheswith any aritym > 2 reproduces
polynomials of degreé > 1 with respect to the parametrization in (4. 13) if and only if

N\ k

> 5 Linjii = (TT;Z) L i=0,1,2,...,m—1, fork=1,2,3,....d, (4 14)
JEL
where

_ U@

T om
Theorem 4.11.([8]). A convergent refinement scheme that reproduces polynétniads
an approximation order of. + 1. In the case of &4-schemdwherem = 3), the (4. 14)

takes the form as
. Kk
>jend®Lsj = (%),

T7—1

. k
ZjeZJkLBjJrl = (T) ) (4. 15)

> jen i Lajr2 = (=),

fork=1,...,d,andr = 1'531).

Theorem 4.12.TheT,-scheméhas linear polynomial reproduction.
Proof. The Laurent polynomial of th&,-schemes

L(z) = (2411_3 - a) (°+27%+ (8—21 - A) (2°+27%) + (8—71 - u) (" +271

50 3 -3 10 2 _9 14
+<243+2a B)(z +z )+<27 1/+2/\)(z +z )+<27+21/ /\)

81

After differentiating ( 4. 16 ) and then evaluatingat= 1, leads us toL'(l) = 0 and
7 = 0. By simplifying the (4. 15) forr = 0, we obtain the system as given below

(—2)kl_6 + (—1)kl_3 + (1)kl3 + (Z)klﬁ =0,
(~2)F1_s + (~ 1Mo + (DM = (—3)", @.17)
(=2)F_g + (—D)FLy + (1)F5 = (=2)".

(z+2"Y+ (ﬂ—zawﬁ). (4. 16)

Corollary 4.13. TheT,-scheméhas approximation order 2.
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4.14. Graphical depiction of polynomial reproduction. We graphically evaluate the poly-
nomial reproduction of th&-schemewith different parametric values. THE;-scheme
generates a linear polynomial. So it generates limit curves for linear polynomials as given
below:

Experiment 4.15. Inthis experiment, we investigate the polynomial reproduction property
of the Ty-scheme Thus, we consider a linear polynomiglz) = 2z + 3. Figure 4 (a)-
(c) show that linear behavior for different choices of parameters by settirg —%,

284 338 676 1 31 37 37
B= o955 A= 7695 1V T 605 (B|u1e12;’a = _%2’35 = ~570:A= 810"V = o5
(Red) andy = — 355, B = —135. A = —35535 + ¥ = — 5535 (Green) respectively.

5. FRACTAL PROPERTY

In this section, we examine the fractal property of the scheme for specific values of
the parameteréy, 3,v) = (535, 2%, &) Which reduces the scheme to a dependence on
parameter\. Assume that? and b? be arbitrary fixed point two control points, where
k € Z, k > 0. After thek refinement steps, we must examine how the parameaffects
the total length of all the tiny edges between two sites throughout an additiogi@hement
step. To keep things simple, we require to examine the relationship between the two initial

points, we must sayf) andb). For (a, ,v) = (5i5, 22, & ), the Ty-schemean written

243> 243 81
as follows
bEFL = bk, 0<i<3Fn,
barl = uobf_ | + uibf + usb¥ 4+ usbl,,  0<i < 3n, (5. 18)
DL, = ugbt | uobl + urbt, +ughl,, 0 <i < 3Fn,
where 6 03 )
= =— —ANus=—+2\uz=—— A\
uo = 0,uy 31 , U2 81+ U3 = 2
We know that based on the interpolatory refinement rule (5. 18)
bk =89
0 — Yo

also from (5. 18), we get
VI = ugb¥ | + uibf 4 ugbh + usbh,
blfil = U,gblig + Ugb]i'l + ’U,lbg + UQbe
We refer three typical edge vectors
Ve =bY —bf, Sp=0b5—0bf, Ry=0b5—0k
The difference equation of edge vectors can be obtained with the help of following vectors

(5. 19)

U, =0bF =k, W, =08 -b",, Z, =05 —0b",.
Consider vectot/, such as
Ugs1 = 54 — P41 (5. 20)
after simplifying , we get
U1 — (ua — uo) Uy = ugZ. (5. 21)
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Similarly, we obtain

Zk+1 - quk = (u1 - U3) Uk ) (5. 22)
By using (5. 21) and ( 5. 22), we obtain the solutiorlaf
U, = clr]f + ch’g, (5. 23)
where
ry = %, 7“2:—84—14-2)\,
(2 —81A) (Y — b%,) +27(69 — b2 4)
a=- —31+ 162X ’
(2 810) (68 — b25) — 2(69 — 1))
and cog = — .
—31 + 162\

Similarly, we obtain the solution of,

Zy = di A} + dor¥ + dsrk, (5. 24)
where
Ay =0, dy =0, do=2 d d3= 27
1 =Y, 1 =Y, 2 = 4C1, an 3 — 2—81)\02
Consider edge vectdr, such as
Viepr = b — k1
after simplification, we get
Vk+1 — (u1 — 1) Vi, = —uoUr +usSy, . (5. 25)
Similarly, we obtain
Sk+1 - (’U,Q - U3) Sk = (’U,l — UQ) Vk — (UQ — U3) Uk. (5. 26)
By using (5. 21)and (5. 25) in (5. 26 ), we get
23 a2 62X 116
Vk+2 - <8_1 +2)\) Vk+1 - <2>\ - 8_1 + ﬁ) k
4\ 4
= — <A2 — 8_]_ +4 ﬁ) (Cl’]"]f + C2T§), (5 27)
after simplifying above expression, we obtain the solutiofrof
Vi = arrh + aorf + asr¥ + agrk, (5. 28)
where
1
—_ _ 2
"= 1o ((23 £ 162)) + /993 — 12636) + 78732\ ) ,
Ty = % ((23 +162)) — /993 — 12636 + 78732)\2) ,
_1 _1
aS—QCla a4_2023
a = L ((4 —162X) (b3 +b25) + (23 + 1622+

44/993 — 12636\ + 787322
V/993 = 126361 + 7873277 ) (b8 +b%,) — (54 + 21/993 = 12636 + 787320 ) 15 ),
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and

1 0 0
as = 44 162)) (B2 4 52,) + (=23 — 1620+
2 41/993 — 12636 + 7873272 ( ) (b2 +0%0) +(

V/993 = 12636 + 7873222 ) (b +1%,) + (54 — 21/993 — 12636 + 7873222 )

Similarly, we obtain the solution df},

k
2
S = mg (_8_1 + )\> + mlr]f + mgr]; + m3r§ + m47"£f, (5. 29)
where
e — 0. i —a m—(29_81)‘)a S 6 (11 — 81\) .
oT TS R RN Y T T 97 £ 1/993 — 126361 + 7873202
—6(11 — 81))

and mg4 =

as.
—27 4+ /993 — 12636\ + 78732)2 ?

Consider vectoR;,, such as
Rpypr = b5+ — 05+,
after simplifying, we get
Ri11 = uzUy + u2Vi — uoSk,
By using (5. 19), (5. 28) and (5. 29), we obtain the solutiomkgpf

k
Rp=1Io (=& + N)" + Ik + Lr + Ik + Lyrk, (5. 30)
where
—-27 23 4 162\
fo=0 b= b= ey B (;17)
and Ip= (M) as.
81ry

Theorem 5.1. For A € (-2, 2), limit curves of the refinement scheme (5. 18) is
fractal.

Proof. When\ € (—%7 %) it may be concluded that aftérrefinement steps there are

3* small edge vectors between the initial control potitands! can be written as
EF =08 0¥ | = a1, (A2)" + asirt + azirk + agirk v sk i=1,2,3-.. 3,

wherea; ; # 0, forj = 1,2,3,4, 5. Inthis case, we see thiag| > |Asz|, 3] > |r1],[r3] >
[ral, [rs| > |ral.
Let|EF| = min, o 3..3¢|EF|, then we have

3k
Z |Ezk| > 3k|Ezko = 3k|ali (1‘12)1c + U/Qi"'lf + asﬂ“’; + a4i7“§ + a5i7"{4€|

i=1
A * k k k
au{—Q} +a2¢{r—l} +a3i{r—2} +a4i+a5i{r—4}
T3 T3 T3 T3

— o0k — ).

3k |7"1|k

Sofor) € (—1—52, %) limit curves of the scheme are fractal curves. O
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5.2. Graphical depiction of fractal generation. In this section, variety of fractal curvesis
produced by thd;-schemeThe performance of the scheme is evaluated for various values
of parameten\ within the the fractal range. Additionally, when one or more parameters
are provided, the fractal characteristic can be further investigated. The results display the
excellent performance for generating stunning fractals byfihecheme

Experiment 5.3. In this experiment, we show the fractal behavior of fheschemeat
different iteration levels. Figureq&)-5(c) represent intricate fractal curves corresponding
to A = —0.0811 at2"?, 37 and4*" refinement levels respectively. These representations
show that after increasing refinement levels more aesthetic fractals are produced.

Experiment 5.4. In this experiment, we use different values of parameter to display the
fractal behavior of the proposed scheme on a control polygon. Fractal curves shown in Fig-
ures Ga) and §c) are obtained foA = —0.095 and\ = —0.0825 respectively. Whereas

the box part of these figures have been zoomed in Figtesfd 6d) respectively. These
images indicate that the smaller details of the fractal look like the larger structure repeated
recursively at different scales which shows the self-similar property of the fractal curve.

Experiment 5.5. In this experiment, we use different values of parameter to display the
fractal behavior of thd-schemeon the same control polygon. Figuréa}-7(c) display

the fractal behavior for the different values of parameters. The given scheme can efficient-
ly and accurately produce fractal curves by setting adequate parameters. Figure 7 shows
fractal curves with different values of parameters.

6. NUMERICAL EXPERIMENTS AND CONCLUSIONS

A control polygon is a series of points that provides a simple and intuitive way to ma-
nipulate the shape by adjusting the positions of its points. In this section, we illustrate
the graphical behavior of the schefigschemeon several polygons. The beauty of the
Ty-schemeis that it is a combined scheme, which offers the greatest flexibility in gen-
erating smooth interpolating and approximating limit curves respectively. Therefore, we
demonstrate that for appropriate choices of parameters the resulting limit curves display
interproximal behavior.

Experiment 6.1. In this experiment, we illustrates the behavior of tieschemeon a
closed control polygon at different refinement levels. Figufes8- (c) illustrate the be-

havior of scheme at 1st, 2nd and 3rd refinement levelsffer —55, 8 = — 23 X\ =
335 335

7520V = T 3726+

Experiment 6.2. In this experiment, we use different values of parameters to display the
approximating and interpolating behavior of tiigschemeon a closed control polygon.

Green limiting curve illustrates the behavior of scheme when —%, 8= —%, A=
— 229 v = —22%. Purple limiting curve illustrates the behavior of scheme whes:
—= B = -2 N = -2 v = -2 Blue limiting curve illustrates the behavior
of scheme whemw = — 155, 8 = — 325, A = — 19585, v = —o%. Red limiting curve

illustrates the behavior of interpolating scheme wher:= 0,8 = &+, A = Z,v = &
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Figure 9a) presents the comparison of these limit curves and Fig(be @resents the
magnified view of this comparison.

Experiment 6.3. In this experiment, we present comparative analysis ofitiiecheme
with some existing refinement schemes. Figur@]@lustrates the behavior of scheme [3]
whenw = 6—14. Figures 10b) illustrates the behavior of scheme [26] whenr- 3% Figure
10(c) illustrates the behavior of tHiE-schemavhena = &+, 8 = &£, A = &, v = & Itis
easy to observe that thi§-scheménas better control over the control polygon as compared
to other existing schemes.

7. CONCLUSION

In this paper, we have introduced a novel combidgmbint ternary refinement scheme
with four parameters. The scheme attafifs convergence while maintaining a compact
support[—3, 3]. The inclusion of parameters enhances the flexibility of scheme, allowing
various parameter adjustments to achieve specific levels of continuity. Detailed analysis are
provided to examine key properties of the scheme. Additionally, the fractal behavior of the
refinement scheme is investigated, with particular parameter selections enabling the effec-
tive construction of fractal curves. Moreover, the application of fractal curves produced by
the proposed scheme demonstrates its capacity to generate dense fractal depths, opens new
possibilities for artistic expression and scientific visualization. Additionally, numerical ex-
amples of the proposed scheme illustrate the fact that the parameters selection significantly
impacts the curve shape. Alternative parameters tend to produce inwardly shrinking curves,
while positive parameters lead to outward expansion. This flexibility allows designers to
fine-tune the appearance of their models according to their requirements by choosing ap-
propriate parameters. These comprehensive analysis collectively contribute to the better
understanding of the proposed scheme.
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TABLE 1. Special cases of thE,-scheme Here | stands for interpolat-
ing scheme and A stands for approximating scheme.
Scheme Continuity | Type | Support Parameters
2-pt C? A | [-3.3] (a, B,v,A) = (233’ 55— 50
[9] 810 T
3-pt C? A [—2,2] (o, B,v,\) = %, é(z—‘?’ - %a),
[16] 55— 39) 57)
4-pt 03 A [_373] (avﬁvlj’ )‘) = (ﬁ—'—u’ 25 Hy 27’%)
[22]
combinedd-pt CT I [-3,3] | (8,1, )) = (53, 305 — 2—17a, = — Bl —a)
[18] c3 A 55 — B —
combined!-pt c? I ][22 (o, B,v,\) = (%43, 515 + o, & — B
[17] c? A > 81 '7)

TABLE 2. The relationship between continuity order and variation of parameters.

Continuity Variation of parameters
(o {a,ﬁ,uAeRmaX{|243—a|+| +a+1/|+|27—1/+)\+6—a|
+|522 = A —al,|& 2>\+2u|+2| —1/—|—/\|}<1}
ct {a,ﬁ,u,)\eR,u—O max{| — 3o+ & 35 3A + [§ + 6X — 3a,
§+6ﬁ|+2|%—3x+6a|} <1}
C? {a, B, \e R, =A+v— 2a,max{2|% —9al + |2—77 + 18« + 18v — 36|,

|3 —9/\—|—270¢|+|§—9V+27)\—270é|}< 1}

c® {o, B, v, A € R, B =3\ —2a,v = 2\, max{|§ — 27a[ + |3 + 108a — 27X,
| — 1620+ 54N} < 1}
c? {o, B,r,\eR,B=Ta,X=3a,v=6a,—z <a<0}
TABLE 3. The relationship between variation of parameters, degenera-

tion of symbol and polynomial generation degree (G(d)).

Variation of parameters Degeneration of symbol| G(d)
{a, B,v,\ e R,v =0} L(2) = 7(2)?k2(2) 1
{a, B, v, \€ R, =X+v —2a} L(z) = v(2)k3(2) 2
{a,B,1, A € R, B =3\ —2a,v =2)\} L(z) = v(2)*k4(2) 3
{a, B,v, \ € R, B = Ta, A = 3o, v = 6a} L(z) = v(2)°k5(2) 4
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(a) C*limit curve (b) C? limit curve

0 5 10 15 20 25 0 H 10 15 20 25

(¢) C3 limit curve (d) C* limit curve

FIGURE 1. Umbrella curves with different continuity orders .

FIGURE 2. Results of thé’;-schemefor basic limit functions with dif-
ferent parametric values after fourth refinement level .
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FIGURE 3. The solid line represents the result fitted by fescheme
after the fourth refinement level.

FIGURE 4. The dotted and the solid lines represents the initial control
polygon and control points respectively. The solid lines with different col-
ors characterize curves fitted by tlig-schemewith different parametric
values after the third refinement level.

FIGURE 5. The behavior of limit curves generated by fractal curve for
the different refinement levels.
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FIGURE 6. The behaviour of limit curves generated by fractal curve for
the different values of

FIGURE 7. The behaviour of limit curves generated by fractal curve for
the different values of parameters.
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FIGURE 8. The behaviour of limit curves generated at different refine-
ment levels.

30 205

FIGURE 9. The behavior of limiting curves generated by fhescheme
for the different values of parameters, (a) illustrates the comparison of
the limit curves and (b) presents the zooming area.

(a) limit curve of [3] (b) limit curve of [26] (¢) Limit curve of theT,-scheme

FIGURE 10. Comparison of limit curves generated by thescheme
with other existing refinement schemes





