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Abstract. Mathematical modeling is a broad field that greatly impacts
and contributes to collaborative research investigations. The models Im-
prove research on the fundamental the quantitative attitude and dynamics
of diseases that are infectious that harm humans, including COVID-19,
human immunodeficiency virus (HIV), and hepatitis B virus. This paper
introduces a framework that supports the analysis of COVID-19 using an
epidemic model that incorporates vaccination and treatment. The frame-
work enables the examination of both non-pharmaceutical interventions
and pharmaceutical interventions. The preservation of the basic repro-
duction number ensures the standardization of the stability of disease-
free (DFE) and endemic equilibria. The local stability of the endemic
and disease-free equilibria is proven using the Routh-Hurwitz criterion.
The demonstration of disease-free and endemic equilibria convergence
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and divergence is demonstrated through the utilization of Standard and
non-standard finite differences (SFD and NSFD, respectively) techniques.
It might be argued that SFD schemes, specifically Runge-Kutta order four
(RK-4) and Euler schemes, demonstrate convergence at smaller step sizes.
However, the NSFD scheme is intended to enhance understanding of the
dynamic behavior of the continuous model. Empirical evidence demon-
strates that the NSFD technique converges, irrespective of the chosen step
size. The latter refers to a powerful, effective, and dependable technique
that provides a clear representation of the continuous model. Numeri-
cal simulations are employed to validate all the data, enhancing our un-
derstanding of the causes of the illness. The theoretical and quantitative
results of its study can serve a valuable for mechanism tracking the trans-
mission as to COVID-19.

AMS (MOS) Subject Classification Codes: 92D30; 34K20; 92D25
Key Words: Mathematical modeling, local stability, Epidemic model, Numerical scheme.

1. INTRODUCTION

Infectious diseases arise from a dynamic interaction between a pathogenic microorgan-
ism (such as bacteria, fungi, parasites, or viruses, including prions) and a host organism. It
is emphasized that antimicrobial drugs and vaccinations can effectively cure and eradicate
many infectious diseases, while also being able to prevent them through the use of suitable
antibiotics, hygiene practices, and preventive measures. However, due to the natural evolu-
tion of infectious organisms that resist treatment medications, as well as the ongoing social
and environmental changes caused by globalization and urbanization, these organisms also
show significant unpredictability in terms of their impact on the population’s health. The
study of infectious disease dynamics has had significant growth over the past 70 years,
evolving into a comprehensive multidisciplinary field that integrates epidemiology, public
health, and other related disciplines [13, 36, 44]. The current global outbreak of coron-
avirus disease 2019 (COVID-19) is a significant concern in the field of social medicine.
The pathogen responsible for the COVID-19 disease is referred to as SARS-CoV-2, which
stands for severe acute respiratory syndrome coronavirus-2 [1, 3, 5, 9, 44, 45]. The initial
instance of this novel coronavirus, often manifesting as pneumonia, was detected in Wuhan,
China in December 2019 [4, 9, 11]. The rapidity with which this disease spreads among
individuals is one of its most lethal traits. COVID-19 is transmitted between individuals
through two distinct pathways: direct contact with contaminated surfaces and the inhalation
of respiratory droplet emitted by infected peoples. Following exposure to virus, COVID-
19 typically incubates for a period of two to fourteen days. Some of the most prevalent
analytical symptoms of COVID-19 are fever, dry cough, dyspnea, and fatigue [46, 30, 8].
The outbreak was officially declared a pandemic by the World Health Organization (WHO)
on March 11, 2020, following its initial classification as a Public Health Emergency of In-
ternational Concern in January 2020 [21, 35]. As of March 7th, 2021, there were more
than 116.17 million confirmed cases and almost 2.58 million documented deaths [47]. The
WHO report on COVID-19, as of August 10, 2021, states that more 202.14 million people

R. H. Mahdi et al.



Mathematical Modeling for Transmission Dynamics of Hepatitis B Virus Mathematics 157

have been infected with virus and over 4.28 million have died from it.
The global outbreak of COVID-19, caused by the novel coronavirus SARS-CoV-2, has 
posed unprecedented challenges to public health systems and economic worldwide since 
its emergence in Wuhan in late 2019 [37]. Characterized by rapid human to human trans-
mission through respiratory droplets and the presence of asymptomatic carriers, the disease 
exhibits complex dynamics that complicate its control and prediction [21]. These features 
make COVID-19 particularly suitable for investigation through mathematical modeling, 
where compartmental frameworks such as the SIR model and its extensions are employed 
to describe the spread of infection within a population [25]. Such models enable the es-
timation of key epidemiology parameters, including transmission and recovery rate, and 
provide insights into the impact of intervention strategies like quarantine, social distanc-
ing, and vaccination. Consequently, mathematical modeling serves as an essential tool for 
understanding the transmission behavior of COVID-19 and for supporting evidence-based 
decision-making in controlling the pandemic [12, 42].
The study of mathematical modeling of infectious diseases has gained significant attention 
due to the occurrence of consecutive epidemics, including HIV in the 1980s which is still 
prevalent [15, 16, 17, 24], the SARS epidemic in 2002-2003 [2, 7, 14, 20], H5N1 influenza 
in 2005 [27, 6], H1N1 in 2009 [26, 19], and Ebola in 2014 [16, 15]. The COVID-19 pan-
demic has prompted unprecedented efforts in mathematical modeling within the field of 
epidemiology. A multitude of mathematical methodologies have been developed to exam-
ine epidemiological matters. However, the primary emphasis in epidemiological mathe-
matical modeling remains on appropriately simple and validated models. The pioneering  
work of  W. O. Kermack and A. G. McKendrick on the SIR model [22, 23, 49], marks 
the beginning of contemporary study in mathematical epidemiology. This model was 
inspired by the Spanish flu pandemic that occurred from 1918 to 1919 [45,46]. Several 
advance-ments in modeling have been made, including multi-compartment models [26], 
models with time-varying or nonlinear disease transmission rates, multi-patch models, 
multi-group models that consider population heterogeneity, and epidemic models that 
incorporate vac-cination and other control measures [27-29]. Spatiotemporal models are 
used to represent the spatial distributions of susceptible and infected individuals, 
considering the random movement of individuals in the population. A more thorough 
assessment of the literature can be found in the review articles and monographs [30-32]. 
The authors in [33] investigate the impact of therapy and vaccination on managing the 
COVID-19 pandemic with optimal control by mathematical modeling. The present study 
seeks to examine the health haz-ards posed by COVID-19 on the overall population’s 
well-being, in addition to developing strategies for vaccination and treatment of the virus. 
Several numerical systems, such as the NSFD scheme, RK-4, and Euler, have been 
employed to determine the model’s char-acteristics and demonstrate its accuracy and 
ecological viability. The results imply that the previously mentioned schemes offer a 
comprehensive description in the continuous model. The NSFD scheme is considered a 
more efficient numerical method compared to classical methods such as the Euler method 
and the RK-4 method. The main advantage of NSFD approach lies in its ability to 
preserve essential qualitative properties of the original differ-ential equation, including 
positivity, stability, and boundedness of the solution [41]. Unlike standard schemes, NSFD 
uses specially constructed denominator functions and nonlocal approximations, which 
improve the reliability of numerical results even for larger step
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sizes [42,43]. As a result, NSFD often provides more accurate and stable solutions while
requiring less restrictive step size conditions than Euler and Rk-4 methods. Therefore, the
NSFD scheme is regarded as a more efficient and robust approach for solving nonlinear
dynamical system, particularly in applications arising in biology and epidemiology [44].
The current article is classed according to its structure. The COVID-19 sickness model
and its associated parameters are elucidated in Sections 2 and 3 investigates the continu-
ous model’s formulation of R0, the system’s equilibrium points, and whether these points
are stable or not. Section 4 of the continuous model creates SFD schemes (RK-4 and Eu-
ler), such as the NSFD scheme. When using greater step sizes, both the Euler and RK-4
schemes fail to accurately capture the important dynamic characteristics of the continuous
model. This leads to numerical solutions that deviate from the solutions of the original sys-
tem, particularly in terms of maintaining solution positivity. However, the NSFD scheme
effectively resolves the limitations of the SFD schemes by offering positive responses for
all limited step sizes. Moreover, the research demonstrates that the NSFD scheme sur-
passes the Euler and RK-4 schemes in all aspects and exhibits unconditional convergence.
Throughout the entire process, numerical simulations consistently validate the theoretical
findings. Section 5 presents a concise review of the entire work, encompassing the main
conclusions and providing an overview of the findings.

2. FORMULATIONS OF MATHEMATICAL MODEL

To build the mathematical framework of COVID-19 vacation and treatment. In this area,
we divided the entire population into five sections based on the disease status of each entity:
Susceptible Compartments (S), Vaccinated Compartments (V ), uninfected cell of body
(I), infected cell of body(D), Recovered cell of body (R). Susceptible individuals can
become vaccinated at rate ϕ or infected through contact with infected individuals, modeled
by the nonlinear incidence βSI

σ+ηI . Vaccinated individuals have partial protection but may
still become infected rate ψ. Infected individuals may recover at rate γ or progress to severe
disease D at rate α, from which recovery occurs at rate ω. Natural births and deaths are
incorporated via Λ and µ. This framework captures the combined effects of vaccination,
infection, treatment, and recovery, providing a basis to analyze disease dynamics, evaluate
the reproduction number, and assess intervention strategies.
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FIGURE 1. (SLIIsR) Model

3. SYSTEM OF MATHEMATICAL MODEL

dS

dt
= Λ− βSI

σ + ηI
− ΦS − µS,

dV

dt
= ΦS − (µ+ ψI)V,

dI

dt
=

βSI

σ + ηI
− ψV I − (µ+ ϵ+ γ + α)I,

dD

dt
= αI − (µ+ π + ω)D,

dR

dt
= γI + ωD − µR.

(3. 1)

3.1. Parameters.

S = Show the number susceptible compartments.
V = Shows the number of vaccinated compartments.
I = Show the count of uninfected cells in the body.
D = Show the count of infected cells of body. .
R = Shows the number of recovered cells of body.
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Parameter Value Description Ref.
Λ 1.3703 Recruitment rate of susceptibles Assumed
β 0.0108 Transmission rate [18]
µ 1 Natural death rate Assumed
σ 5 Holling saturation constant [18]
ϕ 0.43 Vaccination rate Assumed
ψ 0.01 Infection rate of vaccinated individuals Assumed
ϵ 0.0271 Disease-induced death rate of infected [18]
η 1 Positive constant [18]
γ 0.1 Recovery rate of infected [18]
π 0.4 Disease-induced death rate of quarantined [18]
α 0.22 Contact rate of non-vaccinated individuals Assumed
ω 0.2 Recovery rate of quarantined Assumed

TABLE 1. Parametric Values

4. DISEASE-FREE AND ENDEMIC EQUILIBRIUM POINTS

4.1. Disease-Free Equilibrium Point. The disease-free equilibrium (DFE) represents the
state in which the disease is absent from the population. It is obtained by setting the infected
and disease-related compartments equal to zero, i.e., I = D = 0, and equating the right-
hand side of model (3.1) to zero. Hence, the disease-free equilibrium point of model (3.1)
is given by

Ef = (S∗, V ∗, I∗, D∗, R∗) =

(
Λ

ϕ+ µ
,

Λϕ

µ(ϕ+ µ)
, 0, 0, 0

)
. (4. 2)

4.2. Endemic Equilibrium Point. The endemic equilibrium points a positive uniform so-
lution where the disease persists in the population in addition to the DFE. It is found by all
the differential equations in model (3.1). first, second, fourth, and fifth equations of system
(3.1) should be solved as,

S∗ =
Λ(σ + ηI∗)

βI∗ + k1(σ + ηI∗)
,

V ∗ =
ϕΛ

(µ+ ψI∗)(β + k1(σ + ηI∗)
,

I∗ =
αI∗

k3
,

D∗ =
αI∗

µ+ πω
,

R∗ =
(γk3 + αω)I∗

µk3
,

4.3. The Model’s Basic Reproduction Number. F and V are given as the matrix that
is linearized of f and v at the DFE. The fundamental reproduction number [10], or is the
parameter for the inhibit that controls the spread of a COVID-19 infection, and it was
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obtained in this section. We employed the next-generation matrix approach [34, 35] to get
the fundamental reproduction number, which is the spectral radius of the next-generation
matrix. The rate of transmission (v) and the rate at which new infections could occur (f)
from model system (3.1) are

F =

[ βSI
σ+ηI + ψV I

0

]
,

v =

[
(µ+ ϵ+ γ)I + αI

−αI + (µ+ π + ω)D

]
,

F =

[ βΛ
σ(ϕ+µ) +

ϕΛψ
µ(ϕ+µ) 0

0 0

]
,

V =

[
(µ+ ϵ+ γ + α) 0

−α (µ+ π + ω)

]
,

The inverse of V is then found and provided by,

V −1 =

[
1

(µ+ϵ+γ+α) 0
α

(µ+π+ω)(µ+ϵ+γ+α)
1

(µ+π+ω)

]
,

Finally,

FV −1 =

[
Λ(βµ+ϕσψ)

µ(ϕ+µ)(α+µ+γ+ϵ) 0

0 0

]
,

The two eigenvalues of FV −1 are

λ1 = 0,

λ2 =
Λ(βµ+ ϕσψ)

σµ(ϕ+ µ)(α+ µ+ γ + ϵ)
,

The spectral radius of FV −1 is

ρFV −1 = R0 = max[λ1λ2] =
Λ(βµ+ ϕσψ)

σµ(ϕ+ µ)(α+ µ+ γ + ϵ)

4.4. Sensitivity Analysis of R0.

R0 =
Λ(βµ+ ϕσψ)

σµ(ϕ+ µ)(α+ µ+ γ + ϵ)

∂R0

∂Λ
=

βµ+ ϕσψ

σµ(ϕ+ µ)(α+ µ+ γ + ϵ)
× Λ

R0
< 1

∂R0

∂β
=

Λ(µ+ ϕσψ)

σµ(ϕ+ µ)(α+ µ+ γ + ϵ)
× β

R0
< 1
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∂R0

∂ψ
=

Λ(βµ+ ϕσ)

σµ(ϕ+ µ)(α+ µ+ γ + ϵ)
× ψ

R0
< 1

∂R0

∂α
=

Λ(βµ+ ϕψσ)

σµ(ϕ+ µ)
× α

R0
< 1,

∂R0

∂ϵ
=

Λ(βµ+ ϕσ)

σµ(ϕ+ µ)
× ϵ

R0
> 1,

∂R0

∂ϕ
=
σµ((ϕ+ µ)(α+ γ + ϵ)Λσψ − Λϕσψ(σµ(σ + γ + ϵ))

(σµ(ϕ+ µ)(α+ γ + ϵ))2
× ϕ

R0
> 1,

∂R0

∂µ
=

Λβ
(
σµϕ+ σµ2

)
(α+ µ+ γ + ϵ)− Λβµ+ ΛϕσψΘµ

[(σµϕ+ σµ2)(α+ µ+ γ + ϵ)]
2 · µ

R0
,

∂R0

∂σ
=

Λϕψ
(
σµϕ+ σµ2

)
(α+ µ+ γ + ϵ)− Λβµ+ ΛϕσψΘσ

[(σµϕ+ σµ2)(α+ µ+ γ + ϵ)]
2 · σ

R0
,

TABLE 2. Sensitivity Index

Parameter Sensitivity Index Effect on R0

Λ 1.00 Neutral/proportional
β 0.342 < 1
µ 1.925 > 1
σ 1.158 > 1
α 0.296 < 1
ψ 0.669 < 1
ϵ 2.442 > 1

5. SENSITIVITY ANALYSIS AND PARAMETER SIGNIFICANCE

Significance analysis of the basic reproduction numberR0 highlights the relative impact
of model parameters on disease transmission. The recruitment rate Λ, natural death rate
µ, disease-induced removal rate ϵ, and progression rate from exposed to infectious σ are
the most influential, with increase in these parameters substantially raising R0. Moderate
effects are observed for the transmission rate β and infectivity factor ψ, indicating that
changes in contact or transmission probability can affect disease spread but to a lesser
extent. Parameters such as the treatment/removal α have minor influence, while others,
including ϕ, η, γ, π and ω exhibit negligible impact. These findings suggest that effective
control strategies should prioritize interventions targeting ϵ, µ, σ and Λ to meaningfully
reduce disease transmission.
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6. STABILITY ANALYSIS

Theorem 1. The disease-free equilibrium point Ef = (S, V, I,D,R) of system (3.1) is
locally asymptotically stable whenever R0 < 1 and unstable whenever R0 > 1.

Proof. At the disease-free equilibrium Ef the effect linearized matrix of system (3.1) is
provided by

dS

dt
= Λ− βSI

σ + ηI
− ΦS − µS,

dV

dt
= ΦS − (µ+ ψI)V,

dI

dt
=

βSI

σ + ηI
− ψV I − (µ+ ϵ+ γ + α)I,

dD

dt
= αI − (µ+ π + ω)D,

dR

dt
= γI + ωD − µR.

Taking partial derivative above equation (3.1),
i)

∂S

∂t
= Λ− βSI

σ + ηI
− ΦS − µS

∂S

∂S
= − βI

σ + ηI
− Φ− µ,

∂S

∂I
= − αβS

(σ + ηI)2

∂S

∂D
= 0,

∂S

∂R
= 0,

∂S

∂V
= 0

ii)
∂V

∂t
= ΦS − (µ+ ψI)V

∂V

∂S
= Φ,

∂V

∂V
= −(µ+ ψI),

∂V

∂I
= −(V ψ)

∂V

∂D
= 0,

∂V

∂R
= 0.

iii)
dI

dt
=

βSI

σ + ηI
− ψV I − (µ+ ϵ+ γ + α)I

∂I

∂I
=

βS

(σ + ηI)2
− ψV − (µ+ ϵ+ γ + α)

∂I

∂S
=

βI

σ + ηI
,

∂I

∂V
= ψI,

∂I

∂D
=
∂I

∂R
= 0
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Now, solve next equation as well as solve above equation.
iv)

dD

dt
= αI − (µ+ π + ω)D

∂D

∂S
=
∂D

∂V
=
∂D

∂R
= 0

∂D

∂I
= α,

∂D

∂D
= −(14 + π + ω)

v)
dR

dt
= γI + ωD − µR,

∂R

∂S
=
∂R

∂V
= 0

∂R

∂I
= γ,

∂R

∂D
= ω,

∂R

∂R
= −µ

Putting all values into the Jacobian matrix,

J(E0) =



−(φ+ µ) 0
βΛ

σ(φ+ µ)
0 0

φ −µ − ψΛφ

µ(φ+ µ)
0 0

0 0
βΛ

σ(φ+ µ)
+

ψΛφ

µ(φ+ µ)
− (µ+ ϵ+ γ) 0 0

0 0 α −(µ+ π + ω) 0
0 0 γ ω −µ


,

where

E0 =

(
Λ

φ+ µ
,

Λφ

µ(φ+ µ)
, 0, 0, 0

)
.

Put all DFE values into the Jacobian matrix, where

k1 = φ+ µ, k2 = µ+ ϵ+ σ + γ, k3 = µ+ π + ω.

Then

J(E0) =



−k1 0 − βΛ

σk1
0 0

φ −µ −ψφΛ
µk1

0 0

0 0
Λ(βµ+ φσψ)

σµk1
− k2 0 0

0 0 α −k3 0
0 0 γ ω −µ


.

The characteristic equation is

|J(E0)− λI| = 0.
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Hence,∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

−k1 − λ 0 − βΛ

σk1
0 0

φ −µ− λ −ψφΛ
µk1

0 0

0 0
Λ(βµ+ φσψ)

σµk1
− k2 − λ 0 0

0 0 α −k3 − λ 0
0 0 γ ω −µ− λ

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
= 0.

Therefore, the characteristic polynomial is

(λ+ k1)(λ+ µ)2(λ+ k3)

(
λ− Λ(βµ+ φσψ)

σµk1
+ k2

)
= 0.

Hence, the eigenvalues are

λ1 = −k1, λ2 = −µ, λ3 = −µ, λ4 = −k3,
and

λ5 =
Λ(βµ+ φσψ)

σµk1
− k2.

λ5 =
Λ(βµ+ φσψ)

σµK1
− (µ+ γ + ϵ+ σ)

= (µ+ γ + ϵ+ σ)

(
Λ(βµ+ φσψ)

σµ(φ+ µ)(µ+ γ + ϵ+ σ)
− 1

)
.

We know that,

R0 =
Λ(βµ+ φσψ)

σµ(φ+ µ)(µ+ γ + ϵ+ σ)
. (6. 3)

Hence,

λ5 = (µ+ γ + ϵ+ σ)(R0 − 1). (6. 4)
□

6.1. Local Stability at Endemic Equilibrium.

A =
βI∗

σ + ηI∗
, B =

σβS∗

(σ + ηI∗)2
,

J(E∗) =


−(A+ φ+ µ) 0 B 0 0

φ −µ+ ψI∗ −ψV ∗ 0 0
A ψI∗ B + ψV ∗ − (µ+ ϵ+ γ) 0 0
0 0 α −(µ+ π + ω) 0
0 0 γ ω −µ

 .
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where

K1 = − βI∗

σ + ηI∗
− φ− µ,

K2 =
σβS∗

(σ + ηI∗)2
, K3 = −µ+ ψI∗, K4 =

βI∗

σ + ηI∗
,

K5 =
σβS∗

(σ + ηI∗)2
+ ψV ∗ − (µ+ ϵ+ γ), K6 = −(µ+ π + ω).

Hence,

J(E∗) =


K1 0 K2 0 0
φ K3 −V ∗ψ 0 0
K4 ψI∗ K5 0 0
0 0 α K6 0
0 0 γ γ −µ

 .
The characteristic equation is

|J(E∗)− λI| = 0.

That is, ∣∣∣∣∣∣∣∣∣∣
K1 − λ 0 K2 0 0
φ K3 − λ −V ∗ψ 0 0
K4 ψI∗ K5 − λ 0 0
0 0 α K6 − λ 0
0 0 γ γ −µ− λ

∣∣∣∣∣∣∣∣∣∣
= 0.

Expanding the determinant gives

−µ− λ = 0,

which implies

λ = −µ.
Also,

K6 − λ = 0,

so that

λ = K6.

The remaining characteristic determinant is∣∣∣∣∣∣
K1 − λ 0 K2

φ K3 − λ −V ∗ψ
K4 ψI∗ K5 − λ

∣∣∣∣∣∣ = 0.

By solving, we obtain
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−λ3 + λ2(K1 +K3 +K5)− λ
(
K1K3 +K1K5 +K3K5 + V ∗I∗ψ2 −K2K4

)
+K1K3K5 +K4V

∗I∗ψ2 +K2φψI
∗ −K2K3K4 = 0.

Equivalently,

−λ3 + a2λ
2 − a1λ+ a0 = 0,

or

λ3 − a2λ
2 − a1(−λ)− a0 = 0.

According to the Routh–Hurwitz criterion [31], all roots of the characteristic equation
have negative real parts. Therefore, the endemic equilibrium point E∗ is locally asymptot-
ically stable.

6.2. Global Stability.

Theorem 2. The disease-free equilibrium (DFE) point

Ef =

(
Λ

ϕ+ µ
,

Λϕ

µ(µ+ ϕ)
, 0, 0, 0

)
of the given system is globally asymptotically stable when R0 < 1 and unstable when

R0 > 1.

Proof. Consider a Volterra-type Lyapunov function [32]

U : Ω → R,
defined by

U = (S − S0 lnS) + V + I +D +R.

Computing the time derivative of U ,

U̇ =

(
1− S0

S

)
Ṡ +

(
1− V 0

V

)
V̇ + İ + Ḋ + Ṙ.

Substituting the model equations gives

Ṡ = Λ− βSI

σ + ηI
− ϕS − µS,

V̇ = ϕS − V (µ+ ψI),

İ =
βSI

σ + ηI
+ ψV I − (µ+ ϵ+ γ)I − αI,

Ḋ = αI − (µ+ π + ω)D,
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Ṙ = γI + ωD − µR.

Substituting these expressions into U̇ , we obtain

U̇ =

(
1− S0

S

)(
Λ− βSI

σ + ηI
− ϕS − µS

)
+

(
1− V 0

V

)
(ϕS − V (µ+ ψI))

+

(
βSI

σ + ηI
+ ψV I − (µ+ ϵ+ γ)I − αI

)
+ (αI − (µ+ π + ω)D) + (γI + ωD − µR) .

Let,

S0 =
Λ

ϕ+ µ
and V 0 =

Λϕ

(µ+ ϕ)
.

Then, U̇ is simplified into

U̇ =
µ

S
(S − S0) +

µ

V
(V − V 0)− (µ+ ϵ+ γ)I − (µ+ π + ω)D − µR.

We now analyze U̇ . For R0 < 1, we have

β

σ + ηI
< µ, and ϕ < µ.

Thus,

U̇ ≤ 0.

Equality holds (U̇ = 0) if and only if

S = S0, V = V 0, I = 0, D = 0, R = 0.

Hence, the DFE Ef is GAS when R0 < 1. □

Theorem 3. For R0 > 1, the system is GAS at the EE point.

Proof. Suppose R0 > 1. The Lyapunov function L : R5
+ → R+ is constructed by the

following formula:

L =
1

2

[
(S − S∗)2 + (V − V ∗)2 + (I − I∗)2 + (D −D∗)2 + (R−R∗)2

]
.

Then,

L̇ = (S − S∗)Ṡ + (V − V ∗)V̇ + (I − I∗)İ + (D −D∗)Ḋ + (R−R∗)Ṙ.

Substitute the ODEs and use equilibrium conditions.
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L̇ = − µ(S − S∗)2 − µ(V − V ∗)2 − (µ+ ϵ)(I − I∗)2 − (µ+ π)(D −D∗)2

− µ(R−R∗)2 + terms involving
βSI

σ + ηI
and ψIV.

Using the fact that at equilibrium,

βS∗

σ + ηI∗
+ ψV ∗ = µ+ ϵ+ γ + α,

one can show that the infection terms combine into negative semidefinite expressions
when R0 > 1 (because the endemic equilibrium exists and is unique). :::writingvari-
ant=”document” id=”63481”

L̇ =− µ(S − S∗)2 − µ(V − V ∗)2 − (µ+ ϵ)(I − I∗)2

− (µ+ π)(D −D∗)2 − µ(R−R∗)2 − βαS∗I∗

σ + ηI∗
(I − I∗)2,

Thus,

L̇ ≤ 0,

and

L̇ = 0 if and only if S = S∗, V = V ∗, I = I∗, D = D∗, R = R∗.

Hence, for R0 > 1, the endemic equilibrium (EE) is globally asymptotically stable
(GAS) in the interior of the feasible region. □

7. NUMERICALLY ANALYSIS OF MATHEMATICAL SYSTEM

In the present section, many discrete techniques with respect the continuous structure
(1) are developed. The main objective to obtain an extensive understanding of the dynamics
of COVID-19 immunization and treatment. The Euler, RK 4, and NSFD strategy are the
three schemes that are constructed [36, 37]. It has been shown that the NSFD scheme is
not only free from dependence on the step size but also outperforms the other schemes in
all aspects.

7.1. Euler Scheme. The Euler scheme for Above System can be constructed using the
following procedures.
(i)

∂S

∂t
= Λ− βSI

σ + ηI
− ΦS − µS

SK+1 − SK

h
= Λ− βSKIK

σ + ηIK
− ΦSK − µSK

SK+1 = SK + h

[
Λ− βSKIK

σ + ηIK
− ΦSK − µSK

]
.
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(ii)
∂V

∂t
= ΦS − (µ+ ψI)V,

V K+1 − V K

h
= ΦSK − (µ+ ψIK)V K ,

V K+1 = V K + h[ΦSK − (µ+ ψIK)V K ],

(iii)
∂I

∂t
=

βSI

σ + ηI
− ψV I − (µ+ ϵ+ γ + α)I

IK+1 − IK

h
=

βSKIK

σ + ηIK
− ψV KIK − (µ+ ϵ+ γ + α)IK

IK+1 = IK + h[
βSKIK

σ + ηIK
− ψV KIK − (µ+ ϵ+ γ + α)IK ]

(iv)
∂D

∂t
= αI − (µ+ π + ω)D

DK+1 −DK

h
= αIK − (µ+ π + ω)DK

DK+1 = DK + h[αIK − (µ+ π + ω)DK ]

(v)
∂R

∂t
= γI + ωD − µR

RK+1 −RK

h
= γIK + ωDK − µRK

RK+1 = RK + h[γIK + ωDK − µRK ]

Therefore, the Euler scheme becomes,

SK+1 = SK + h

[
Λ− βSKIK

σ + ηIK
− ΦSK − µSK

]
,

V K+1 = V K + h[ΦSK − (µ+ ψIK)V K ],

IK+1 = IK + h[
βSKIK

σ + ηIK
− ψV KIK − (µ+ ϵ+ γ + α)IK ],

DK+1 = DK + h[αIK − (µ+ π + ω)DK ],

RK+1 = RK + h[γIK + ωDK − µRK ].
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As Figure 2 (a-c) illustrates, the Euler scheme’s numerical solutions are positive once the
step size is short. As demonstrated in Figure 2(d), stability lost as the step-size increases.
Therefore, Euler scheme’s positivity and stability are broken all finite step sizes.

FIGURE 2. Graphs generated by the Euler method

Figure 2. Graphs generated by the Euler method (7.1) with (a) h = 0.0001, (b) h = 0.001
(c) h = 0.01 and (d) h = 0.1. The remaining value of the parameters are offered as
Λ = 1.3703, β = 0.0108, ψ = 0.01, ϕ = 0.43, γ = 0.1, α = 0.22, σ = 0.22, ϵ =
0.0271, η = 1, π = 1, µ = 1, ω = 0.2

7.2. Fourth-order Runge-Kutta Scheme. To develop the RK-4 scheme, it is assumed
that S = l, V = m, I = n,D = p and R = q. Then, the RK-4 scheme is described four
stages as follows:

Stage 1.

l1 = h[Λ− βSkIk

σ + ηIk
− ϕSk − µSk]

m1 = h[ϕSk − (µ+ ψIk)V k]

n1 = h

[
βSkIk

σ + ηIk
+ ψV kIk − (µ+ ϵ+ γ)Ik − αIk

]
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p1 = h
[
αIk − (µ+ π + ω)Dk

]
q1 = h

[
γIk + ωDk − µRk

]
Stage 2.

l2 = h

[
Λ−

β
(
Sk + l1

2

) (
Ik + n1

2

)
σ + η

(
Ik + n1

2

) − φ

(
Sk +

l1
2

)
− µ

(
Sk +

l1
2

)]
,

m2 = h

[
φ

(
Sk +

l1
2

)
−
(
µ+ ψ

(
Ik +

n1
2

))(
V k +

m1

2

)]

n2 = h

[
β
(
Sk + l1

2

) (
Ik + n1

2

)
σ + η

(
Ik + n1

2

) + ψ
(
V k +

m1

2

)(
Ik +

n1
2

)
− (µ+ ϵ+ γ)

(
Ik +

n1
2

)
− α

(
Ik +

n1
2

)]
,

p2 = h

[
α
(
Ik +

n1
2

)
− (µ+ π + ω)

(
Dk +

p1
2

)]
,

q2 = h

[
γ
(
Ik +

n1
2

)
+ ω

(
Dk +

p1
2

)
− µ

(
Rk +

q1
2

)]
.

Stage 3.

l3 = h

[
Λ−

β
(
Sk + l2

2

) (
Ik + n2

2

)
σ + η

(
Ik + n2

2

) − φ

(
Sk +

l2
2

)
− µ

(
Sk +

l2
2

)]
,

m3 = h

[
φ

(
Sk +

l2
2

)
−
(
µ+ ψ

(
Ik +

n2
2

))(
V k +

m2

2

)]

n3 = h

[
β
(
Sk + l2

2

) (
Ik + n2

2

)
σ + η

(
Ik + n2

2

) + ψ
(
V k +

m2

2

)(
Ik +

n2
2

)
− (µ+ ϵ+ γ)

(
Ik +

n2
2

)
− α

(
Ik +

n2
2

)]
,

p3 = h

[
α
(
Ik +

n2
2

)
− (µ+ π + ω)

(
Dk +

p2
2

)]
,

q3 = h

[
γ
(
Ik +

n2
2

)
+ ω

(
Dk +

p2
2

)
− µ

(
Rk +

q2
2

)]
.
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Stage 4.

l4 = h

[
Λ−

β
(
Sk + l3

) (
Ik + n3

)
σ + η (Ik + n3)

− φ
(
Sk + l3

)
− µ

(
Sk + l3

) ]
,

m4 = h

[
φ
(
Sk + l3

)
−

(
µ+ ψ

(
Ik + n3

)) (
V k +m3

) ]
,

n4 = h

[
β
(
Sk + l3

) (
Ik + n3

)
σ + η (Ik + n3)

+ ψ
(
V k +m3

) (
Ik + n3

)
− (µ+ ϵ+ γ)

(
Ik + n3

)
− α

(
Ik + n3

) ]
,

p4 = h

[
α
(
Ik + n3

)
− (µ+ π + ω)

(
Dk + p3

) ]
,

q4 = h

[
γ
(
Ik + n3

)
+ ω

(
Dk + p3

)
− µ

(
Rk + q3

) ]
.

Finally, the numerical approximations are

Sk+1 = Sk +
1

6
(l1 + 2l2 + 2l3 + l4) ,

V k+1 = V k +
1

6
(m1 + 2m2 + 2m3 +m4)

Ik+1 = Ik +
1

6
(n1 + 2n2 + 2n3 + n4) ,

Dk+1 = Dk +
1

6
(p1 + 2p2 + 2p3 + p4) ,

Rk+1 = Rk +
1

6
(q1 + 2q2 + 2q3 + q4) .

Figure 3. Graphs initiate by the RK-4 method (7.2) (a) h = 0.0001, (b)h = 0.001(c)h =
0.01and(d)h = 0.1. The left value of the parameters offered as Λ = 1.3703, β = 0.0108, ψ =
0.01, ϕ = 0.43, γ = 0.1, α = 0.22, σ = 0.22, ϵ = 0.0271, η = 1, π = 1, µ = 1, ω = 0.2.
Figure 3 (a-d) is a graphic representation of the RK-4 scheme (7.2). The graphs produced
by using the RK-4 strategy are positive and convergent for small step sizes, as seen in Fig-
ure 3 (a-c). As the step size increases, the RK 4 scheme diverges for large values of h, as
Figure 3 (d) illustrates, breaking the stability of model (3.1).
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FIGURE 3. Graphs initiate by the RK-4 method

7.3. Non-Standard Finite Difference (NSFD) Scheme. Mickens [38] generate the NSFD
scheme which approximates solutions of the ordinary and partial differential equations. Ac-
cording to Shokri et al. [39], there are two factors affect the study of the NSFD scheme.
The first how to discretize the derivative and the second constitutes the best way to approxi-
mate the nonlinear terms. The forward finite difference approximation is one of the general
methods of first order derivative discretization. The first order derivative dy

dx is written in
standard form as y(x+h)−y(x)

h , where h stands for the step size. According to Mickens, this
can be expressed as, where h is referred to as the denominator function. There are various
formulas for ϕ(h) that can be viewed in [39]. In the current paper ϕ(h) = h. To build the
NSFD scheme for the system, conduct the subsequent actions.

Sk+1 − Sk

h
= Λ− βSk+1Ik

σ + ηIk
− φSk+1 − µSk+1,

V k+1 − V k

h
= φSk − (µ+ ψIk)V k+1,

Ik+1 − Ik

h
=

βSkIk+1

σ + ηIk+1
+ ψV Ik+1 − (µ+ ϵ+ γ)Ik+1 − αIk+1,

Dk+1 −Dk

h
= αIk − (µ+ π + ω)Dk+1,
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Rk+1 −Rk

h
= γIk + ωDk − µRk+1.

The above equations can rewrite as

Sk+1 =
hΛ + Sk

1 + hµ+ hφ+
hβIk

σ + ηIk

,

V k+1 =
hφSk + V k

1 + h(µ+ ψIk)
,

Ik+1 =

Ik +
hβSkIk+1

σ + ηIk+1

1− h (ψV k − (µ+ ϵ+ γ)− α)
,

Dk+1 =
Dk + hαIk

1 + h(µ+ π + ω)
,

Rk+1 =
hγIk + hωDk +Rk

1 + hµ
.

7.4. Stability Analysis of DFE and Endemic Point Using Discrete NSFD Scheme. Ex-
amining the stability of equilibrium points for the NSFD method. To analyze local stability,
assume.

A = Sk+1 =
hΛ + Sk

1 + hµ+ hφ+
hβIk

σ + ηIk

,

B = V k+1 =
hφSk + V k

1 + h(µ+ ψIk)
,

C = Ik+1 =

Ik +
hβSkIk+1

σ + ηIk+1

1− h (ψV k − (µ+ ϵ+ γ)− α)
,

F = Dk+1 =
Dk + hαIk

1 + h(µ+ π + ω)
,

E = Rk+1 =
hγIk + hωDk +Rk

1 + hµ
.

We will use the Schur Cohn condition [40] to show DFE and DEF points LAS as mentioned
in lemma.
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7.5. Lemma. The roots of the equation

λ2 − Tλ+D = 0

ensure |λi| < 1, i = 1, 2 if and only if the following requirements are fulfilled.
(i) 1 + T +D > 0,

(ii) 1− T +D > 0,
(iii) D < 1.

The Jacobian matrix Trace and determinant are denoted by T and D, respectively.

Theorem 4. The DFE point E0 for the discrete NSFD scheme is LAS if R0 < 1.

Proof. Let’s examine the Jacobian matrix,

J =



∂A

∂S

∂A

∂V

∂A

∂I

∂A

∂D

∂A

∂R
∂B

∂S

∂B

∂V

∂B

∂I

∂B

∂D

∂B

∂R
∂C

∂S

∂C

∂V

∂C

∂I

∂C

∂D

∂C

∂R
∂F

∂S

∂F

∂V

∂F

∂I

∂F

∂D

∂F

∂R
∂E

∂S

∂E

∂V

∂E

∂I

∂E

∂D

∂E

∂R


.

We first find out all the derivatives of the above Jacobian matrix, as follows.

A =
hΛ + Sk

1 +
hβIk

σ + ηIk
+ h(φ+ µ)

.

∂A

∂S
=

1

1 +
hβI

σ + ηI
+ h(φ+ µ)

,

∂A

∂I
= −

(hΛ + S)

(
hβ(σ + η)− hβηI

(σ + ηI)2

)
(
1 +

hβI

σ + ηI
+ h(φ+ µ)

)2 ,

∂A

∂D
= 0,

∂A

∂R
= 0,

∂A

∂V
= 0,

B =
hφSk + V k

1 + h(µ+ ψIk)
,

∂B

∂S
=

hφ

1 + h(µ+ ψI)
,

∂B

∂V
=

1

1 + h(µ+ ψI)
,

∂B

∂I
= − (hφS + V )(hψ)

(1 + h(µ+ ψI))
2 ,
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∂B

∂D
= 0,

∂B

∂R
= 0.

Similarly find the other three derivatives as

C =

Ik +
hβSkIk+1

σ + ηIk+1

1− h (ψV k − (µ+ ϵ+ γ)− α)

∂C

∂S
=

hβI

σ + ηI

1− h(ψV − (µ+ ϵ+ γ)− α)
,

∂C

∂V
= − (I + hβS)(hψ)

(1− h(ψV − (µ+ ϵ+ γ)− α))
2 ,

∂C

∂I
=

1 +
σhβS

(σ + ηI)2

1− h(ψV − (µ+ ϵ+ γ)− α)
,

∂C

∂D
= 0,

∂C

∂R
= 0.

F =
DK + haIK

1 + h(µ+ π + ω)

∂F

∂S
= 0,

∂F

∂V
= 0,

∂F

∂I
=

ha

1 + h(µ+ π + ω)
,

∂F

∂D
=

1

1 + h(µ+ π + ω)
,

E =
hyIK + hωDK +RK

1 + hµ
,

∂F

∂R
=0.

∂E

∂S
= 0,

∂E

∂V
= 0,

∂E

∂I
=

hy

1 + hµ
,

∂E

∂D
=

hω

1 + hµ
,

∂E

∂R
=

1

1 + hµ
.

Now, we are putting all derivatives value such as

J(E) =



1

1 +
hβI

σ + ηI
+ h(ϕ+ µ)

0
(hΛ + hS)(2hηIβ + σ)(

1 +
hβI

σ + ηI
+ h(ϕ+ µ)

)2

(σ + ηI)2

0 0

hϕ

1 + h(µ+ ψ)

1

1 + h(µ+ ψ)

(hϕS + V )(hψ)

(1 + h(µ+ ψ))
2 0 0

hβI

σ + ηI

1− h(ψV − (µ+ ϵ+ γ)− α)

−σ + hβS

(σ + ηI) (1− h(ψV − (µ+ ϵ+ γ)− α))
2

σhβS

1− h(ψV − (µ+ ϵ+ γ)− α)
0 0

0 0
hα

1 + h(µ+ π + ω)

1

1 + h(µ+ π + ω)
0

0 0
hγ

1 + hµ

hω

1 + hµ

1

1 + hµ



Point from Disease Free Equilibrium
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S =
Λ

ϕ+ µ
, V =

Λϕ

µ(µ+ ϕ)
, I = 0, D = 0, R = 0.

Put all DFE in matrix (J), where

K1 =
1

1 + h(ϕ+ µ)
, K2 =

hΛ +
Aϕ

ϕ+ µ
a

1 + h(ϕ+ µ)2
,

K3 =
hϕ

1 + hµ
, K4 =

1

1 + hµ
,

K5 = h

(
Λ

ϕ+ µ
+

Λϕ

µ(µ+ ϕ)

)
ψ,

K6 =

1 +
hβΛ

σ(ϕ+ µ)

1 + h

(
ϕµ

(
Λϕ

µ+ ϕ

)
− (µ+ ϵ+ γ)− α

) ,
K7 =

ha

1 + h(µ+ π + ω)
, K8 =

1

1 + h(µ+ π + ω)
,

K9 =
hy

1 + hµ
, K10 =

hω

1 + hµ
, K11 =

1

1 + hµ
.

J(E0) =


K1 0 K2 0 0
K3 K4 K5 0 0
0 0 K6 0 0
0 0 K7 K8 0
0 0 K9 K10 K11



|J(E0)− λI| = 0∣∣∣∣∣∣∣∣∣∣
K1 − λ 0 K2 0 0
K3 K4 − λ K5 0 0
0 0 K6 − λ 0 0
0 0 K7 K8 − λ 0
0 0 K9 K10 K11 − λ

∣∣∣∣∣∣∣∣∣∣
= 0

Hence,

K11 − λ = 0,

λ = K11,

K8 − λ = 0,
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λ = K8,

K6 = λ.

We consider the other two eigenvalues and discuss them.∣∣∣∣ K1 − λ 0
K3 K4 − λ

∣∣∣∣ = 0 (2)

From equation (2), we obtain

λ2 − λ(K1 +K4) +K1K4 = 0. (3)
Comparing equation (3) with

λ2 − Tλ+D = 0,

we obtain

T = K1 +K4, D = K1K4.

If R0 < 1, then

T > 0, D > 0.

Then any of three conditions of Lemma are satisfied, i.e.
1 + T +D > 0 and 1 +K1 +K4 +K1K4 > 0

(i) 1− T +D > 0, then 1−K1 +K4 +K1K4 < 0
(ii) D < 1. then K1K4 < 1

All of the Schur-Cohn requirements stated in lemma are therefore satisfied whenever R0 <
1. Consequently, the DFE point E0 of discrete NSD schme is LAS, assuming that R0 <
1. When a disease is worldwide in the population. It will continue to exist in such a
community. The following theorem will examine if DEE pointE∗ is LAS using the Routh-
Hurwitz criterion [40]. □

Theorem 5. The DEE point E∗ of the NSFD model is local stability analysis whenever
R0 > 1.

Proof. The Jacobian matrix is obtained as per Theorem 4.

J(E) =



1

1 +
hβI

σ + ηI
+ h(ϕ+ µ)

0
(hΛ + S)(2hηβI + σ)(

1 +
hβI

σ + ηI
+ h(ϕ+ µ)

)2

(σ + ηI)2

0 0

hϕ

1 + h(µ+ ψI)

1

1 + h(µ+ ψI)

(hϕS + V )hψ

(1 + h(µ+ ψI))
2 0 0

hβI

σ + ηI

1− h (ψV − (µ+ ϵ+ γ)− α)

− 1 + hβS

(σ + ηI)hψ

(1− h (ψV − (µ+ ϵ+ γ)− α))
2

σhβS

1− h (ψV − (µ+ ϵ+ γ)− α)
0 0

0 0
hα

1 + h(µ+ π + ω)

1

1 + h(µ+ π + ω)
0

0 0
hγ

1 + hµ

hω

1 + hµ

1

1 + hµ


(7. 5)



180 R. H. Mahdi et al.

By Putting the DEE point E∗, we obtain,

J(E∗) =



1

1 +
hβI∗

σ + ηI∗
+ h(ϕ+ µ)

0
(hΛ + S∗)(2hηβI∗ + σ)(

1 +
hβI∗

σ + ηI∗
+ h(ϕ+ µ)

)2

(σ + ηI∗)2

0 0

hϕ

1 + h(µ+ ψI∗)

1

1 + h(µ+ ψI∗)

(hϕS∗ + V ∗)hψ

(1 + h(µ+ ψI∗))
2 0 0

hβI∗

σ + ηI∗

1− h (ψV ∗ − (µ+ ϵ+ γ)− α)

− 1 + hβS∗

(σ + ηI∗)hψ

(1− h (ψV ∗ − (µ+ ϵ+ γ)− α))
2

σhβS∗

1− h (ψV ∗ − (µ+ ϵ+ γ)− α)
0 0

0 0
hα

1 + h(µ+ π + ω)

1

1 + h(µ+ π + ω)
0

0 0
hγ

1 + hµ

hω

1 + hµ

1

1 + hµ



We consider,

K1 =
1

1 +
hβI∗

σ + ηI∗
+ h(ϕ+ µ)

,

K2 =
(hΛ + S∗)(2hηI∗β + σ)(

1 +
hβI∗

σ + ηI∗
+ h(ϕ+ µ)

)2

(σ + ηI∗)2

,

K3 =
hϕ

1 + h(µ+ ψI∗)
, K4 =

1

1 + h(µ+ ψI∗)
,

K5 =
(hϕS∗ + V ∗)(hψ)

(1 + h(µ+ ψI∗))
2 ,

K6 =

hβI∗

σ+ηI∗

(1− h(ψV ∗ − (µ+ ϵ+ γ)− α))
,

K7 =

−(1+hβS∗)
(σ+ηI∗)(hψ)

(1− h(ψV ∗ − (µ+ ϵ+ γ)− α))2
,

K8 =
σhβS∗

1− h(ψV ∗ − (µ+ ϵ+ γ)− α)
,

K9 =
ha

1 + h(µ+ π + ω)
, K10 =

1

1 + h(µ+ π + ω)
,

K11 =
hy

1 + hµ
, K12 =

hω

1 + hµ
, K13 =

1

1 + hµ
.

Finally,
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J(E∗) =


K1 0 K2 0 0
K3 K4 K5 0 0
K6 K7 K8 0 0
0 0 K9 K10 0
0 0 K11 K12 K13



|J(E∗)− λI| = 0

∣∣∣∣∣∣∣∣∣∣
K1 − λ 0 K2 0 0
K3 K4 − λ K5 0 0
K6 K7 K8 − λ 0 0
0 0 K9 K10 − λ 0
0 0 K11 K12 K13 − λ

∣∣∣∣∣∣∣∣∣∣
= 0

Solve, then we get

K13 − λ = 0

K13 = λ

K10 − λ = 0

K10 = λ

∣∣∣∣∣∣
K1 − λ 0 K2

K3 K4 − λ K5

K6 K7 K8 − λ

∣∣∣∣∣∣ = 0

The characteristic equation for the above equation becomes as

−λ3 + λ2(K1 +K8 +K4)− λ (K1K8 +K1K4 +K8K4 +K5K7 −K2K6)

+K1K8K4 +K1K5K7 +K2K7K3 −K2K6K4 = 0.

or equivalently,

−λ3 + λ2ω1 − λω2 − ω3 = 0

λ3 − λ2ω1 − λ(−ω2)− (−ω3) = 0. (5)

The DEE point the discrete NSFD scheme is LAS whenever R0 > 1, since all solutions to
eq (5) must have negative real portions in accordance with the Routh-Hurwitz criterion. □
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FIGURE 4. Graphs produced by the NSFD

Figure 4. Graphs produced by the NSFD method (a) h = 0.0001, (b) h = 0.001
(c) h = 0.01 and (d) h = 0.1. The remaining value of the parameters are offered as
Λ = 1.3703, β = 0.0108, ψ = 0.01, ϕ = 0.43, γ = 0.1, α = 0.22, σ = 0.22, ϵ =
0.0271, η = 1, π = 1, µ = 1, ω = 0.2.
Figure 4 (a-d) illustrates that the NSFD method (7.3) remains stable for each step size.
On the other hand, the SFD scheme shows convergence when step sizes are smaller. This
exhibit shows that for all step sizes, the NSFD scheme is unconditionally convergent and
positive forever.

TABLE 3. Comparison table of step size h

Step size h Euler method RK-4 method NSFD method
0.0001 0.998742 0.998755 0.998756
0.001 0.998610 0.998754 0.998756
0.01 0.997820 0.998742 0.998755
0.1 0.990315 0.998401 0.998752

8. CONCLUSION

The present study develops and analyzes a mathematical describing the transmission
dynamics of COVID-19. The qualitative behavior of the epidemic system is examined
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through the determination of equilibrium points, namely the DFE and EE. The basic re-
production number is derived as a threshold parameter that determines whether the dis-
ease persists or dies out in the population. Stability analysis shows that the DFE is stable
when R0 < 1, while the EE exists and becomes stable when R0 > 1, confirming the
epidemiological validity of the model. To approximate the solutions, different numerical
methods are applied. The classical Euler and RK-4 methods show conditional convergence
and strong dependence on step size, which may lead to instability or divergence in long
term simulations. In contrast, the NSFD scheme preserve essential qualitative properties
such as positivity, boundedness, and stability of solutions independent of step size. The
numerical results demonstrate that the NSFD scheme provides more accurate, stable, and
dynamically consistent solutions compared to Euler and RK-4 methods. The robustness
of the NSFD approach makes it particularly appropriate for epidemiological models where
maintaining biological feasibility of solutions is important. The findings of this study con-
tribute to understanding the spread and control of COVID-19 and may assist researchers
and public health authorities in predicting disease progression and evaluating intervention
strategies. Future research may incorporate additional factors such as vaccination, muta-
tion effects, treatment controls, stochastic perturbations, and fractional-order dynamics to
enhance model realism. Overall, the study confirms that the NSFD method is an efficient
and reliable numerical technique for solving nonlinear epidemic models and for preserv-
ing the structural properties of the original continuous system. Future work may extend
the COVID-19 model by incorporating fuzzy parameter membership functions be better
represent uncertainty in key parameters including transmission, recovery, vaccination, and
treatment rates. The development of fuzzy NSFD schemes may further improve stability
and reliability under parameter uncertainty. Additionally, fuzzy sensitivity analysis can
help identify influential factors in disease control, and the framework may be adapted to
other infectious disease to enhances realistic and robust epidemic modeling under uncertain
conditions.
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