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Abstract. This paper establishes Minkowski-type and related integral in-
equalities for fractional integral operators involving the extended Bessel—
Maitland function. New inequalities are obtained for the Bessel-Maitland
function with ten, eight, and six parameters. With suitable parameters,
the corresponding inequalities involving the Mittag—Leffler function are
recovered as particular cases. The results extend existing Minkowski-type
inequalities in fractional calculus and provide a unified framework for gen-
eralized fractional integral inequalities.
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1. INTRODUCTION

Minkowski’s and related inequalities got considerable attention due to their wide ap-
plications in the diverse fields which include Physics, Engineering, Signal processing and
Image processing. In [4], Bougoffa constructed the Minkowski and Hardy integral in-
equalities and in 2010, Dahamani proved Minkowski and Hermite-Hadamard integral in-
equalities via fractional integral(see [5]). In 2019, Khan et al. provide the Minkowskis
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inequality for the AB-fractional integral operator [10] and in [13] Mubeen et al. use the
generalized k-fractional conformable integral to prove the Minkowski inequalities. The re-
verse Minkowski inequality via generalized proportional fractional integral operator with
respect to another function is given in [15]. Recent related work on Minkowski and inte-
gral inequalities for fractional operators can be found in [7], [19], [20]. On the other hand,
Bessel-Maitland function (BMF) is the generalization of Mittag-Leffler function. The gen-
eralized fractional integrals of the generalized Mittag-Leffler function is given in [1] (see
also [12]) and in 2022 Ali et al. prove the generalized Bessel-Maitland function to give
the generalized fractional integral operator (see [2]). Moreover, some fractional operators
with generalized Bessel-Maitland function can be found in [3]. The rich literature related
to the Bessel-Maitland function can be found in [8], [9], [17]. In mathematical modeling
and analysis the extended version of Bessel-Maitland function (EVBMF) is versatile tool to
solve the different problems and is recognized due to its importance in diverse applications
in fractional calculus.

Let us describe the basic material related to BMF and its extensions which we use fre-
quently for the construction of our results.

Definition 1.1. [14] The integral representation of Gamma function is defined, for R(u) >
0, as follows:

I'(s) = / e dxn
0
Definition 1.2. [14] Pochhammer’s symbol is defined as:

() = sc+D(c+2)--(s+n—-1), forn>1
n = 1, forn =0,¢ #0.

where ¢ € C and n € N. Using gamma function, Pochhammer’s symbol can be written as

I'(c +n)

O
Definition 1.3. [16] The Gauss hyper-geometric function for all
a,bye,d € Cra#0,—-1,-2,-3,--- ,|s| < 1is defined as;

Fy(b,~d;a;s) = <b)n()_d)n8n7

(g)n =

(a)nn!

where (a)n, (b)n, and (—d),, are Pochhammer’s symbols.

Definition 1.4. [11] The BMF is defined as:

o _ C (78)’“
Fi(s) = ngo nIT(on+ x + 1)’

where
R(y) > ~1,R(a) > 0,0, € C.
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Definition 1.5. [18](see [2]) The Generalized Bessel-Maitland function (GBMF) is defined

as:
B o — (ﬂ)fcn(_s)n
Fw(s) = nz:% nll(on+x+1)’
where
R(x) > —1,N(e) 2 0,R(B) >0, o,x,8€C,k € (0,1)UN,
and -
(/8)0 = 17 (/B)K’ﬂ = Wa

Definition 1.6. [6] The Extended Bessel-Maitland function (EBMF) is given as:

)TL

R ZFQn—i—x—i-l)()

where

R(x) > —1,R(e) 2 0,R(B) > 0,R(7) > 0,0,x,8,7€C, ¢, 5 20,5 <R(e) + .
Definition 1.7. [3] The generalization of Generalized Bessel-Maitland function (GGBMF)
is given as:

(—s)n

0,8,¢
Fowae(s ngn+x+1)()

where
R(x) > —1,R(0) > 0,R(B) > 0,R(7) > 0,R(¢) >0
QaXaﬁa’%ﬂ' S C, and C,KZ,E > 0.

Definition 1.8. [9] The BMF of ten parameters is given as:

—5)"
F@ﬁC#V B)ren )
mity ( Z I( ,Qn+x+ D) (Ven

where

R(x) > —1,R(0) = 0,R(B) > 0,R(y) > 0,R(u) >0,

0, %, 8,7, v €C,C k4,5 > 0.
Definition 1.9. [9] The EVBMF is defined as follows:

BLC v A _ — (ﬁ)nn(g) n(,U/)zn(—S)n
FRs i )= 2 Fm A D (1. 1)

where
R(x) > -1, R(0) > 0,R(8) > 0,R(C) > 0,R(p) > 0,R(¥) > 0,R(\) >0,

and
B,Copty 0, X, A EC, B, ¢ < v+ X+R(0),k,7,£,3,0 > 0.
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Definition 1.10. The fractional integral operator with EVBMF as its kernel [3] is defined
as:

S

NCNGYTRZDN NCRGYTR7®N
(B = [ = P (s~ ), (1.2
a

where
R(x) > —1,R(e) > 0,R(B) > 0,R(¢) > 0, R(u) > 0, R(r) > 0,R(\) >0,
B?C)H’X’V7A 6 C’B?C’M < V+X+§R(Q)7H/7’Y7£7]’b Z 07

0,8,¢, 1V, A . . . .
Remark 1.11. The operator :X,n,ifz,g,b,w;a+ in (1. 2 ) has the following basic analytical
properties whenever the integral therein exists for the functions under consideration.

(1) Linearity. For scalars A, v and admissible functions f, g,

0,8,C, 1,V A _ 0,8, 1,0, A 0,8,C, 15V, A
:x,m%@,J,b,W;an()\f + ug) o /\:X7'€;"/;57]7b7w?a+f + M:x,m%f,m,wwfg'

(2) Continuity. FixT > a. If f € Cla,T] and the kernel (s — %)XFQ’ﬁ’C’“’V’A(w(s -

X457 53,0
#)?) is continuous on {(5,8) : a < »x < s < T}, then the mapping s +—
(:li:i i*,f;’b)‘ wiat 1 )(8) is continuous on |a, T'. This follows from the Volterra form

of (1. 2 ) together with R(x) > —1.
(3) Boundedness. On [a,T)], if |f(5¢)] < M for all 5« € [a,T] and the kernel is
bounded on the triangle a < »x < s < T, then

Xk, 459,0,wiat 357545,D

QP e DEN M [ (s =X 208N (s = 2)0) e

so the operator is bounded on Cla, T| with respect to the sup norm.

(4) Semigroup property. In general, the operator does not satisfy a semigroup law,
since the kernel involves the full EVBMF and is not a one-parameter power kernel.
When the parameters are specialized to the Riemann—Liouville case (v = 0 with
X replaced by x — 1), the classical semigroup property of the Riemann—Liouville
fractional integral is recovered; see the corresponding special cases in Section 2.

For related fractional operators with Bessel-Maitland kernels, we refer to [3].

The aim of this paper is to establish Minkowski-type and related integral inequalities for
the fractional operator in ( 1. 2 ) with EVBMF kernel. Section 2 develops these bounds
under ratio or absolute conditions on the functions v; and vs, records their operator spe-
cializations, and includes a numerical illustration of the base Minkowski inequality.

After presenting the existing body of knowledge in the introduction, In Section 2, we
shall construct the Minkowski’s and related inequalities for the extended version of Bessel-
Maitland function.

2. MINKOWSKI INEQUALITIES FOR FRACTIONAL INTEGRALS INVOLVING THE
EXTENDED BESSEL-MAITLAND FUNCTION

This section establishes Minkowski-type and related inequalities for the operator

A . . . .
ji’i i’; ’;"b et We first prove a base Minkowski bound under a ratio condition on vy /vs;
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the later results refine or extend this estimate to product, Holder, Young, sandwich, shifted,
and majorization forms.

We begin with the fundamental Minkowski-type inequality for the EVBMF fractional
integral operator when 0 < wy < vy /vy < wso; this result is used repeatedly in the proofs
that follow.

Definition 2.1. Fix s > aand p > 1. We write
NENGYTRZPN
Up(a, s) := {v s, 8) = (0,00) : 3i7i72,‘27;b7w;a+1}p(s) < oo} .

For conjugate exponents p,q > 1 with1/p+1/q =1, set

Xsk,Y,4,3,b, w0t

Upq(a,s) = {v :[a, ) = (0,00) : D@OC 1A v%(s) < 00

0,8, 11,0 H
and :x,m%é,m,w;a*vq () <oop.

Theorem 2.2. Forp > 1, let v1,vs € Up(a,s). If 0 < wy < Z;EZ; < wy, wy,wy € RT,
for all > € [, s], then the following inequality holds.

1 1
N RTRZDN p v 0,8, 1,0, p v
(jXﬁ;’Y,Z;Lb;W;a’*' et (8)> + (jx,ﬁ,’y,f,j,b,w;oﬁ' vy(8)

wy(wy +1) + (wz +1) 0.8,C 1w p »
= ( (wy + 1) (w2 + 1) ) (:Xv"flv%e,m,wa* (1)1 () + V2 (s))P) - (23

Sl

vy (3¢)
v2(22)

Proof. Using the assumption < wa, we obtain

(wg + 1)Po (5¢) < wh(v1(5¢) + va(32))P. 2.4
Multiplying both sides of (2. 4) by (s — s)XF i’i’i”z’;’;\(w(s — »)?) and integrating with

respect to s on the interval [« s], we obtain
S
ByCot A
[5NS4 )7 ()
[e3%
S

< /(s - %)XFiii@f;b)‘(w(s — 20))wh (v (5¢) + va(5¢))Pdse. 2.5)

[e3%

We can write ( 2. 5) using the Definition 1.10 as

BLC A 1 W2 NeRGYTRVON 1
(:f(,iﬁ/,/zu,b»w;a*vf(s)) = wy + 1 (:fc,i,cv;,y,b,w;a+ (v1(s) +v2(s))") 7. (2.6)

On the other hand, the assumption w; < Z;Ezi results that

NGB 2P WBCo Vs A
(wl + l)pji’ﬁmifz;bw;a‘*vg(S) < :f(,i,ghlgdu,b,w;a*' (Ul(s) + UQ(S))p’

which can be written as

1 v 1
< ( )@ e (Wi(s) Fva(8)P) P (2. T)

o =

BLC v A
(:fﬁif}/fz,;b,w;aJrvg(s))
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Addition of (2. 6 ) and ( 2. 7 ) results the required inequality ( 2. 3 ).
O

Remark 2.3. When parameters in ( 1. 2 ) are specialized, the corresponding fractional
integral operators are defined as follows.

(1) Reduced 2. If parameters in ( 1. 2 ) are set to zero or fixed values, we write
:i:i:::;a* with the remaining parameter list for the operator given by ( 1. 2 ) with
the specialized EVBMF kernel (see [3], [9]).

(2) Operator 1. For v = 0 with x replaced by x — 1, we denote the resulting operator
by Jii i‘é;? wiats defined by the same integral formula as ( 1. 2 ) under this
substitution.

(3) Riemann-Liouville operator . When w = 0 and x is replaced by x — 1, we

obtain the Riemann—Liouville-type operator

(N6 = 55 [ =0 M de s>

Remark 2.4. The following items are special cases of inequality ( 2. 3 ) using the operators
in Remark 2.3. The related kernels and operators are already studied in the literature. We
refer to Khan et al. [9] for the ten-parameter BMF, Ali et al. [3] for the eight-parameter
case, and Ghayasuddin and Khan [6] for the six-parameter case. Further BMF and Mittag-
Leffler type limits are connected with [18], [8], [17]. For the Riemann—Liouville case see
Dahamani [5]. In each item below we specialize inequality ( 2. 3 ) to the corresponding
operator.

(1) Substituting v = 0 in inequality ( 2. 3 ), we get
(R 0D ()7 + (AN B (s))
< (Mot ) G e+t

(2) Ifwe replace v = 3 = 0 and v = 1 in inequality ( 2. 3 ), then we obtain

NENTIP i NCRTIN 1
(jf(,iibw;wrvi)(s))p + (:i,izbw;wrvg(s))p

wa(wy +1) + (w2 +1) PNCHTON p PPy E
S( (w1 + D(wa + 1) )(3X7n,é7b,w;a+(”1(3)+U2($)) ).

(3) Substituting v = 3 = £ = 0 in inequality ( 2. 3 ), we get
(3900 e VD ()7 + (2200 vk (s))7

Xokisbwsart UL Xorobwsart U2

wa(wy + 1) + (wa + 1) 0.8 , ) .
é ( (wl + 1)(’(1}2 4+ 1) ) (:X,n,b7w;(x+ (Ul (3) -+ Uy (8)) ) .

(4) Substitutingy =)=+ =0andb = )\ = 1 in inequality ( 2. 3 ), we have
1 1
(227 ()7 + (220 0B(s)7

wa(wy + 1) + (wa + 1) o8 ) oo
< ( (w1 + 1)(w2 + 1) ) (:X7)€7uj;a+ (Ul (5) + vy (S)) ) .

=
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(5) Substitutingy =j3=4{ =K =0andb = 3 =\ = 1ininequality ( 2. 3 ), then we
get
(3 eV} ()7 + (22, 1 h(s))7

(o + D(wy +1) ) Dot

3 =

vy (s) + v3(s))F)7.

(6) Substituting v = 0 and replacing x by x — 1 in inequality ( 2. 3 ), then we have

NCRTIRY :
(A0 e VD ()7 + (AT E(s))7

wa(wy + 1) + (wy + 1 ” 1
< (Mo 1)) U2 GO RO

(7) Substituting v = 0,v = 5 = 1 and replacing x by x — 1 in inequality ( 2. 3 ), we
get

=

s A S A
(AT e 0T ()7 + (AT 05 (s)

wa(wi + 1)+ (w2 +1)\ oo » Py
< < (w1 + 1)( Wy + 1) > (jx,n,&b,w;oﬂr (Ul (3) + vy (S)) ) .

(8) Substituting v = 0,( = v = 3 = u = 1 and replacing x by x — 1 in inequality
(2. 3), we have

(A2 sVl ()7 + (200 b (s))

wo(wy + 1) + (w2 + 1)\ 50,82 WP(s) 1 uP(s))P)
= < (’LU1 +1)(’w2 +1) > (jXW,b,w;a‘*( 1( )Jr 2( )) ) .

(9) Substituting v = 0, = v = 3 ="b = 1 and replacing x by x — 1 in inequality
(2. 3), we have

(307 Lot ()7 + (227 vB(s))?

< (Ll @ e+ e

(wn + Dy +1) ) oot

(10) Substitutingy = 0,4/ = v = 3= =b = X\ = 1 and replacing x by x — 1 in
inequality ( 2. 3 ), then we obtain

(3% s V()7 + (32, 0B (s))7

wo(wy + 1)+ (w2 +1)\ o, ) I
: ( (w1 + 1) (w2 +1) ) (JX>w;a+ (vi(s) +v5(s))")7.

(11) Substituting x = v =0, =v =3= 8 =>b =\ = 1ininequality ( 2. 3 ), then
we get

(32, b ()7 + (22,08 (s))7

wo(wy + 1) + (w2 + 1)\ o, ) o
= ( (wl + 1)(102 + 1) ) (Jw;a+ (vl (3) + vy (s)) ) .

T =
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(12) Consider @ = 0 and replacing x by x — 1 in inequality ( 2. 3 ), we get
(F e f ()7 + ([ 05(s))

wa(wi +1) + (w2 +1)\ , 5, R
: ( (w1 + 1) (w2 + 1) )(Fu+(v1(3)+02(s)) )P

Remark 2.5. Inequality ( 2. 3 ) supports the following uses in mathematical analysis
whenever 0 < wy < vy /vy < ws on [, 8):

(1) Superposition. If a model involves two nonnegative inputs f, g with /g € [w1, wa],
then ( 2. 3 ) bounds the sum of the p-th root 3-terms in P and gP by a single term
in (f + g)P, with explicit constant C (w1, w2, p) from Theorem 2.2.

(2) Comparison estimates. The same bound applies to ratio-controlled pairs arising
in barrier, sub-/super-solution, or a priori estimates for Volterra-type fractional
integral expressions.

(3) Verifiable specialization. The Riemann—Liouville case in the preceding remark
and Example 2.6 provides a concrete setting with checkable constants (Table 1).

Example 2.6. To illustrate Theorem 2.2 numerically, we work in the Riemann—Liouville
specialization obtained by taking w = 0 and replacing x by x — 1 (see the last item of the
remark after Theorem 2.2). On [, s| = [0, s] with fractional order = 0.8 and exponent
p = 2, the operator reduces to

(F3.006) = 5 [ (5= ") e
We choose
v1(%)
va(32)
For each s € (0, 1], the left-hand side (LHS) and right-hand side (RHS) of inequality ( 2. 3
) are computed by adaptive Simpson quadrature on [0, s; the coefficient in ( 2. 3 ) equals

wg(w1 + 1) + (w2 + ].) _ @ ~ 1.1154.
(w1 + 1)(’(1}2 + 1) 26
Table 1 reports the computed values. In every tested case we have LHS < RHS, with ratio

LHS/RHS = 0.897. Figure 1 displays the same comparison for s € [0.1,1].

v1(5¢) = 1425, va(32) = 142, O<w; =1< <wy =16, »x€]0,s].

C(U)hﬂ/z,p) =
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TABLE 1. Numerical check of inequality ( 2. 3 ) in the Riemann—
Liouville case of Example 2.6.

s LHS RHS RHS — LHS | LHS/RHS
0.15 | 1.093670 | 1.219674 | 0.126005 0.896690
0.27 | 1.516144 | 1.690485 | 0.174342 0.896869
0.39 | 1.910417 | 2.129714 | 0.219297 0.897030
0.51 | 2.299612 | 2.563228 | 0.263616 0.897155
0.64 | 2.691815 | 3.000093 | 0.308279 0.897244
0.76 | 3.090535 | 3.444253 | 0.353718 0.897302
0.88 | 3.497444 | 3.897585 | 0.400141 0.897336
1.00 | 3.913355 | 4.361002 | 0.447647 0.897352

Theorem 2.1 (RLcase): B=0.8,p=2

— LHS Pid
404 == RHS -

0.2 0.4 0.6 0.8 1.0

FIGURE 1. Plot of the LHS and RHS of inequality ( 2. 3 ) for the data in Example 2.6.

The computed values show that the fractional integral operator produces finite, increas-
ing outputs on the chosen inputs and that the Minkowski bound is non-trivial: LHS < RHS
at every tested s, with gap RHS — LHS increasing from about 0.13 to 0.45 on [0.15, 1].
This illustrates the practical significance of the operator specialization in ( 1. 2 ) on explicit
data.

Multiplying the two one-sided bounds obtained in the proof of Theorem 2.2 yields the
following product-type refinement, which compares the product of the fractional integral
terms with the sum of their squares.

Theorem 2.7. Let the assumption of the Theorem 2.2 be satisfied. Then the following
inequality holds:

<(w1 + D (wy +1) 2) (jg,ﬂ,c,u,v,x p(s))% (:Mv@““ v”(s))%

v
wo PRI SR NAH R X5k,7,4,0,0 w0t T2

2
0,8,C, 1,V A P 0,8,C, 1,V A D P
S (3Xa’i»’y,zdvb;w§a+vl (8)) + (jx,fi,’y,z,],b,w;aJr’UQ (S)) . (2 8)
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Proof. Taking the product of (2. 6 ) and ( 2. 7 ) we have

(w1 + 1) (w2 +1) (8.6 puwn )P (qeB.Cmm Y
woy <3X7ﬁ7’)’7é737b7w;@+v1 (5)) (:Xﬁ,%&mw;a* Y2 (S))
1N\ 2
< (g e )’ ) 29

Applying Minkowski’s inequality to the right side of the above inequality, we obtain
2
0,8, v, A i
(220050 ((oa(5) + a(s)))})
1 2
0,8,C 1V, P P 0,8,C, 14,5\ D i
< ((:Xﬁ’%f%b,w;a*vl (S)> + (jx,m%m,b,w;oﬁ% (S))p)
2
_ 0,8,¢,1v, A P P 2,8,¢;m,v, A P
B (:x,n,%f,m,w;oﬁvl (S)) + (:X,Hﬁld,b,w;a*%(s))

(:@&C##A vg’(s)) (2. 10)

XsK,Y:,9,b,wsat

3

=
Tl

0,8,C, 1,0, A D
+2 (:XW,W,@,N,w;a* Y1 (S)>

Hence from ( 2. 9) and ( 2. 10 )we obtain
(w1 +1)(w2 +1)

w2
2

BLCovA 2 B 5
= iﬁf‘/z;b,w;a*'vf(s))p + (:i,i,i,;,Zb,w;a"'vg(s))p

=

NERGYTRZPN 1 NERGYTRZPN
(:‘i,i,ifé,;b,wm vf(s)) P (:‘iyi,ifé,;b,ww US(S))

1B, 1,1, A = 1B,C, 1,1, A <
AR e T ) QLS s 15 ()7

This results the required inequality ( 2. 8 ), which completes the proof. O

Remark 2.8. Special cases of inequality ( 2. 8 ) follow from the parameter substitutions
listed in the remark after Theorem 2.2. Representative operator reductions are v = 0 (ten-
parameter BMF), v = 3 = { = 0 (six-parameter BMF), and wo = O with x replaced by
x — 1 (Riemann—Liouville operator F i +)- The literature sources are given there.

Having established the basic and product Minkowski-type bounds, we now treat Holder-
and Young-type inequalities for the same operator under the ratio condition on vy /vy. The-
orem 2.9 gives the Holder-type bound with conjugate exponents p and q.

Theorem 2.9. Forp,q > 1 with % + é =1, let v1,v9 € Up 4(ax,s). If0 < wy < vl <

va(2) —

wa for wi, ws € RY, for all » € |« s, then the following inequality holds:

Q=

1
(jg,ﬁ,c,u,v,x (S)) TR un(s)

ok bwsat U1 X:K,Y:£:9,
W2\ L mp 8.6 A v BCo A i
< (a)pq (:iyiﬁfzy;byw;a+vf (3))(:i,iyifzyzbyw;a+v2q (s)) (2. 11)

(>

Proof. Solving for the assumption &) < wg, we get

V1
V2

(%

Nq =

(30) > wy? v ()
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1
Multiplying both sides by v{” (3¢), and making necessary settings, we obtain
=1

S
wy” [(s— %)XFi’,i:i”‘Z:Z’bA(w(s — 3)®) vy (5¢)dse
«

e
—~
N
S~—
[~
N g~
—~
N
~—
QU
N

S
NERQYTRZON
< [(s = X F DR N (s — 32)2)v
«

This results

T l=

—1 1 1
Pa TCHGYIR 2P 5 NEHEYIRZP P q
wf (B st 1(8)7 < LR (0F (9003 (5))) 7

2. 12)

Now considering w; < Z;EZ% , we get

L ST
N =
Ll ST

wivd () <w

(%)

Multiplying both sides by vQE (5¢), and making necessary settings, we obtain

1 S

P b NERGYTRZ0N

wy [(s— %)XF;i)i)’Zzb (w(s — »)@)va(5¢)dse
«@

S 1 1

NENGYTR 20 P a

< [(s— %)XFf(,ifny;,b (w(s — 5)°)vf (3)vg (5)dse.
o

This results
P (0B 1 B.CovA P ()T (o)) 2
Wi (JEOCHIA  a(s))h < (QEBCEA (T (s)og (5)))5. (2.13)
Multiplying (2. 12 ) and ( 2. 13 ) results the required inequality ( 2. 11 ).

Now we will describe some special cases of the Theorem 2.9 in next remark.

Remark 2.10. Special cases of the Holder-type inequality ( 2. 11 ) are obtained by the
same substitutions as in the remark after Theorem 2.2. For instance, v = 0 yields the ten-
parameter operator, and the Riemann—Liouville choice w = 0 with x — x — 1 gives the
corresponding inequality for | g +. Further reductions to eight-, six-, and four-parameter
BMF operators are as in Theorem 2.2.

The next result is a Young-type inequality for J(vivs); it follows from Theorem 2.9 by
the standard Holder—Young argument applied to the EVBMF fractional integral operator.

Theorem 2.11. Let the assumptions of the Theorem 2.9 be satisfied. Then the following
inequality holds:

BC A 2P 'wh BC A
S par 1(8)a(s) < S B QRS (1(5) + 05(5)))

q-1 NCRTRV®N
+q('11211+1)q (:fc,i,iju,b,w;w’ (Ulll(s) + Ug(s))) (2.14)

(>)

Proof. The assumption ) < ws, results

v1
v2

(wa + 1)Pv7 (5¢) < wh(v1(3¢) + va ()"
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After making some necessary changes, we have

J (s = s)Xp B0 SHTN (s — 32)2) (ws + 1)P0] (s¢)de
«

<

R —u

(5 = s)XF 20CRY 2 (o (s — 30)2)wh (01 (5¢) + va(30))Pdlse.

This implies that

P
NENGV 2PN w 1B,Cs 1, A
:i’i,ii;b,w;oﬁvf(s) - (we —i l)P:lf(’i,ifg,Jy,b,w;a+ (01(5) +v2(s))". (2. 15)

Similarly, using the assumption w; < Z;Ez; ,

we have

J (5 = 5XE BPCIN (s — 30)0) (wy + 1) 00 (30)de

< [(s— %)XFiii‘;j”b}‘(w(s — 2)9)(v1(5¢) + va(52))9dse.

This can be written as

1
NERGVTN 7P\ NERGVTRZ0\
:l;ifyz;bw;aJrvg(S) = (wy +1)2 (:fcai,i,;,;b,w;wr (v1(s) + v2(s))?). (2.16)

Now using young’s inequality, that is

Ul(%)’ljg(%) < (2 17)

Multiplying ( 2. 17 ) by (s — »)XF iii’g;;‘(w(s — 5)?) on both sides and integrating
with respect to s on [a, s], we get

0,8,C, 1,V A D 0,8,Cs 1,V A q
svi(s) 3 _Lvd(s)
OGN i (01(5)a(s)) < Trrlbeal L AL 2 (2. 18)

Combining inequalities (2. 15), (2. 16 ) and ( 2. 18 ), we get

NCNGYTRVDN
:li,i,ifzib,w;w(”1(5)’02(8))

BC A BCps v A
< wg(:ivivivlzv;bvw;a+ (vl(S) + 02(8))1)) + :i,ify,;,;’,b,w;aJr ('Ul (S) + v2(8) ;1 19)
{=.

- p(we + 1)P q(wy +1)9
Using the inequality

A+ r)? <27V +K7), Ak, 5 >0,
we obtained

Bt \ —1(908,C A
T e (1(5) + va(s))P < 2PN DERERTA (0 (s) +05(5)),  (2.20)

and

2B,Cs 1A - 2BV A
ISP war (01(3) +v2(s) S XTI AYEENTT o (01 (9) +08(9). 22D

Hence the required inequality can be obtained by combining inequalities ( 2. 16 ), (2. 18)
and ( 2. 20). ]
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Remark 2.12. Special cases of the Young-type inequality ( 2. 14 ) follow from the substi-
tutions in the remark after Theorem 2.2. The principal reductions are v = 0, v = 7 =0
with v = 1, and the Riemann—Liouville specialization wo = 0, x — x — 1. We refer to that
remark for the full hierarchy of specialized operators.

We now obtain a Minkowski-type inequality under separate absolute bounds on v; and
va, rather than a ratio condition; the proof reduces this setting to the ratio framework used
in Theorem 2.2.

Theorem 2.13. For p > 1, let v1,v2 € Up(ar,s). If0 < A < vi(2) < hand 0 < X <
va(3¢) < S for hy 1, N, S € RT, Ve € [a, s, then the following inequality holds.

WBCo Vs A : 2B,Cs 1A <
(s s ()7 + A s ¥5(9))7

h(h+ )+ (A +R)
- N+ h)(h+S)
Proof. Using the assumptions 0 < R < v9(3) < Sand i < v1(5¢) < h, we observe that

(Q2BCrEA (o) + ()PP (2.22)

vy (3¢

~—

<

<

=
FARY

~—

’Ug(%

R

30 < (g ) (a0 + 0

After making some necessary settings, we get
[ B.Cv A
tiab ) 7V$
J (5 = 5P BB (5 — 50)0) 08 () de
«
S

< () s = Pr LS (s = 502) (1) + v

Xsk,Y,€,9,b
This can be written as

BLC v A
(:i,i,fv,lz,;,b,w;aJrvg(s))

s =
=

S v
sy S s (1) + ()7 2.29)

Similarly, now using Z;Ezg < g, we have that

NEAGYTRZN i h NERGYTRVDN 1
(R ()7 < I RO e (01(5) +02(s))7 . (2.24)

Adding inequalities ( 2. 23 ) and ( 2. 24 ), we obtain the required inequality ( 2. 22 ), which
completes the proof. O

Remark 2.14. Special cases of inequality ( 2. 22 ) are generated by the same parameter
choices as in the remark after Theorem 2.2. In particular, the Riemann—Liouville reduction
w = 0 with x replaced by x — 1 gives the corresponding Minkowski-type bound for [ i 4
with the absolute bounds h < v; < h, X < vy < G

The following sandwich inequality bounds the fractional integral of the product v;vs
between terms involving (v1 + v2)?, under the same ratio hypothesis as in Theorem 2.2.
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Theorem 2.15. Let the assumptions of the Theorem 2.2 be satisfied. Then the given in-
equality holds:

1 A
R e (01(5)2(5))

1 , v,
T TR e (1) + a9

1 A
< wj:‘i’,i’,i’,@f,’;’b,w;a+ (v1(5)va(s)) (2. 25)

Proof. Assumption w; < ZIEZ; < wy follows that

(w1 + Dua(se) < (v1(32) 4+ va(32)) < (wa + 1)va(5). (2. 26)
Also we have that — o > 2 > E g > % This results that
wy + 1 wy + 1
2T 01 (50) < (v1(5¢) + v2(30)) < ———01 (). (2.27)
Wo wq
Combining inequalities ( 2. 26 )and( 2. 27 ), we have
1 1 1
= < 2 = 2.2
s () € s () + 12000 € - (ra(). @.28)

Multiplying by (s — »)X [ i i i‘; J”;‘ (w(s — »)?) on both sides integrating with respect to
»on [a, s, we get

S
NERGYTRZ0)
J(s— %)XFi,i,i,if,}fb (w(s — %)Q)w%vl(%)vg(%)d%
[e3

g s NTR7Z®N
< JQ“ — )X F@,B,if;,],b (@ (s — 5)2) iy (11 () + va(30))?dse

QH@

v, v1 (2¢)va (3¢
XFiifyl;,y,b (w(s — %)9)71( 3}12( ) 3.

This results

L —0.8,C A 1 NRTORY 2
@Ji,n,v,i,;b,w;a+ (v1(s)ea(s)) < (w1 + 1) (ws + 1)j’g‘’*"”’l‘f’;’b"’““+ (1(s) + a(s))")

1 A
o R e (v1(8)2(s))-

IN

This is the required inequality ( 2. 25 ), which completes the proof. 0

Remark 2.16. Special cases of the sandwich inequality ( 2. 25 ) follow from the substi-
tutions listed in the remark after Theorem 2.2. Representative choices are v = 0 and the
Riemann—Liouville limit w = 0, x — x — 1, which yields the corresponding three-term
bound for F§+ (v1v2).

Introducing the parameter p < 0, we next compare the fractional integral of the shifted
combination (v; — pv,)? with those of v} and v5.
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Theorem 2.17. Let the assumptions of the Theorem 2.2 be satisfied. Then the given in-
equality holds:

w2 + 1 o08.6mmA :
o TG s (015) = pa(s))")?

QY » RS

e ORI C N0
w1t 1 o8 3

S o p PR s (1) = () .29

8=

Proof. Using the assumption w; < wgy, we have
(w2 + 1) (w1 — ) < (w1 + 1)(wz — ).

It yields that
wy + 1 < wi + 1 '

< (2. 30)
W — O wy —

Also using w; < Z;E;‘; < wy, we have

vy () — pua(32)
VTS TG ST
This results
(wgl— p)p(ﬂl(%) — pv2(30)) < vh() < (wllf p>p(v1(%) — pa(50))".

Making some necessary settings, we have

S

1 v
) [ LIS (s = 2)%) (01 (0) = )
[0
,B,C v A
< [l LS s = 0 e
1 P X 058,610, o p
< o) [ IS s = %) 01 (6) = praoe)

(03

We can write as

1 ) \ .
oo B s (01(9) = pra()")
NCRQYTRVDN 1
< Q2GR B (s))7
1 N .
S 7(:i’7ili’,%:z’b,w;a+ ('Ul (8) - K‘)UQ(S))Z)):D . (2 31)

wy —
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Similarly using w% > ngzg > w%z, we have that

S
w2 NCRGYTRVON
(200 [ (o= 0 s = ) 01 () = (o)

NCRGYTRZDN
< [l S (s - 2t (e

w v
< Gy / (s = 20X F 205N eo (s — 209 (01 () — va(30)) e

[e3

This results

S

W2 NENGYTRZON
QL (0(5) — pa(s)")

NCHGYTRZPN 1
S N O
w1 NP N
= m(:‘iﬁyi%w;m(vl(S)—pvz(s))”)p 2. 32)

Adding inequalities ( 2. 31 ) and ( 2. 32 ) results the required inequality ( 2. 29 ), which
completes the proof. d

Remark 2.18. Special cases of the shifted Minkowski inequality ( 2. 29 ) are obtained
by the parameter reductions in the remark after Theorem 2.2. The Riemann—Liouville
specialization w = 0, x — x — 1 gives the analogous bound for |- g + applied to (v —
pu2)P.

Finally, we majorize the sum of the two fractional integral terms by 23U?, where U is
an auxiliary function built from v; and v2 under the ratio bounds of Theorem 2.2.

Theorem 2.19. Let the assumptions of the Theorem 2.2 be satisfied. Then the given in-
equality holds.
1 1
YRR P » 0,8,¢, 1,052 P »
<3X7m%€7j,b7w;a+vl (5)) + <3X7m%€737b7w;a+v1 (5))
L (2. 33)

<9 (:g,ﬁ,C,u,u,A U(v1(8),112(8))) »

Xsk,Y54,9,b,w;at

where
Jr —
U(v1(s),va(s)) = max {w2[(1 + 2941 (5) — wawn(s)], (w1 + wa)va(s) — v1(s) } _
w1 w1
Proof. Using the assumption wy < 5253 , we get
wr g — ) (2. 34)

UQ(%)

Also using Z;Ez; < wy, we have

(w1 4+ wava(22) — Ul(%>)_

<
va(x) < o

2. 35)
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From the inequalities ( 2. 34 ) and ( 2. 35 ), we obtain

(w1 + wava(3¢) — v1(x))

va(32) < o < U(v1(5), va(52)),
where
U(vi(52),v2(3r)) = max {U}Q[(l + %)m(%) — wa2 ()], (w1 + wz)v;(lx) — vy () } '

This implies that
vy (32) < UP(v1(3), v2(3¢))-
Making necessary settings, we have

NeNGYTRZDN
[ LS s = ) e

[e3
S

< / (5 = 52X I BRI (s — 50))UP (01 (32), v (54) ).

Xsk,Y5€,3,b
(6%

This yields that

NeRTRIDN 1 NeRTRY®N 1
(B s V5 (8)7 < (ALY TP (01(s), v2(5))) 7

v (22)
va (3¢)

From the assumptionw; < < wsg, we have

1wl 1

we — w1(s) T wy
Using the inequality i < ngzg, we have
wl(i + i)vl(%) — wyve(5) < vp(s).
Wy W
Now using % < w%, we get

w
v1(3) < (w% + 1)y (3¢) — wavs(52).
From the inequalities ( 2. 37 ) and ( 2. 38 ), we obtain that
w
v1(5) < (w% + D)1 (50) — wava(5¢) < U(vi(50),v2(50))

This implies that
vy (32) < UP(v1(3), v2(30)).
Making necessary settings, we have
NENGYTR 2P
[ 5= 20 s = )k e

(03
S

< / (5 = 3V OS2 (s — 30)2)UP (01 (), v () .

K57 452,D

[e3

(2. 36)

2.37)

(2. 38)
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This results

NERGYTRZ0N % NERGYTRZ0N i
(3f<,i,§fé,§’,b,w;a+v’f(s))? < :li,i,cw,?;b,w;m UP(v1(s),va(s))7 . (2.39)

Adding inequalities ( 2. 36 )and( 2. 39 ), we obtained the required inequality ( 2. 33 ),
which completes the proof. O

Remark 2.20. Special cases of inequality ( 2. 33 ) follow from the substitutions in the
remark after Theorem 2.2. In particular, v = 0 and the Riemann—Liouville choice w = 0,
X — X — 1 produce the corresponding majorization bound for |- g + with the auxiliary
Sfunction U (vy, va).

3. CONCLUSION

In this paper we have established Minkowski-type and related integral inequalities for
the fractional operator with EVBMF kernel defined in ( 1. 2 ). Under ratio or absolute
bounds on the functions v; and ve, we obtained eight main results (Theorems 2.2-2.19):
a base Minkowski inequality, a product refinement, Holder- and Young-type bounds, a
Minkowski estimate with absolute hypotheses, a sandwich inequality for 3(vqv2), a shifted
Minkowski bound, and a majorization result via an auxiliary function. The full hierarchy
of operator specializations is recorded in the remark following Theorem 2.2. Example 2.6
provides a numerical illustration of the proposed operator in the Riemann—Liouville case,
showing finite computed outputs and a strict, non-trivial Minkowski gap on explicit data.

Possible directions for future work include sharpness and extremal function analysis for
the constants appearing in these inequalities, extensions to reversed or weighted forms,
and application of the bounds to concrete fractional integral and differential models with
Bessel-Maitland kernels.

CREDIT AUTHORSHIP CONTRIBUTION’S STATEMENT

Sajid Igbal: Investigation, methodology, writing original draft, Writing-review & edit-
ing and supervision.
Muhammad Samraiz: Data curation, formal analysis, writing the original draft.
Muhammad Waseem Riaz: Conceptualization, software, writing review & editing
Asfand Fahad: Validation, writing review & editing
Artion Kashuri: Resources, software, writing review & editing. All authors read and ap-
proved the final manuscript.

DECLARATIONS

Conflict of Interest: The authors declare that they have no competing interests.

Funding: This research has received no funding.

Data Availability: No data are used in the article.

Acknowledgments The authors sincerely thank the Editor and the anonymous reviewers
for their valuable comments and constructive suggestions. Their insightful feedback has
significantly improved the quality, clarity, and presentation of this manuscript.



Novel Minkowski Inequalities for Fractional Integrals Involving the Extended Bessel-Maitland Function

437

REFERENCES

[1] Ahmed, S. (2014). On the generalized fractional integrals of the generalized Mittag-Leffler function.
Springer Plus, 3 (1),198-205.

[2] Ali, R. S., Batool, S., Mubeen, S., Ali, A.,Rahman, G., Samraiz, M., Nisar, K. S.& Mohamed, R. N.
(2022). On generalized fractional integral operator associated with generalized Bessel-Maitland function.
AIMS Mathematics, 7 (2), 3027-3046.

[3] Ali, R. S., Mubeen, S., Nayab, 1., Araci, S., Rahman, G. & Nisar, K. S. (2020). Some fractional operators
with the generalized Bessel-Maitland function. Discrete Dynamics in Nature and Society, 2020,(1) Article
ID 1378457.

[4] Bougoffa, L.(2006). On Minkowski and Hardy integral inequalities.J. Inequal. Pure Appl. Math., 7, Article
ID 60.

[5] Dahmani, Z.(2010). On Minkowski and Hermite—Hadamard integral inequalities via fractional integral. Ann.
Funct. Anal. 1,51-58.

[6] Ghayasuddin, M. , Khan, W. A.& Araci, S.(2018). A new extension of Bessel-Maitland function and its
properties. Matematicki Vesnik, 70 (4), 292-302.

[7] Igbal,S., Samraiz,M., Khan, M. A., Rahman G. and Nonlaopon, K. (2023). New Minkowski and related
inequalities via general kernels and measures. J. Inequal. Appl., 6, .

[8] Khan, M. A. & Ahmed, S.(2013). On some properties of the generalized Mittag—Leffler function. Springer-
Plus, 2 (1), 337-339.

[9] Khan, W. A., Khan, I. A. & Ahmad, M.(2020). On certain integral transforms involving generalized Bessel-
Maitland function. J. Appl. Pure Math., 2 (1-2),63-78.

[10] Khan, H., Abdeljawad, T., Tung, C., Alkhazzan A., & Khan, A. (2019). Minkowski’s inequality for the
AB-fractional integral operator. J Inequal. Appl., 2019,Article 96.

[11] Marichev, O.1. (1983). Handbook of Integral Transforms and Higher Transcendental Functions. California,
USA.

[12] Mittag-Leffler, G.M. (1903). Sur la nouvelle fonction. C. R. Acad. Sci. Paris, 137 (2),554-558.

[13] Mubeen, S., Habib S., & Naeem, M.N.(2019). The Minkowski inequality involving generalized k-fractional
conformable integral. J. Inequal. Appl.,2019,Article 81.

[14] Petojevic, A. (2008). A note about the Pochhammer symbol. Math. Morav., 12, 37-42.

[15] Rashid, S., Jarad F. & Chu, Y.M. (2020). A note on reverse Minkowski inequality via generalized propor-
tional fractional integral operator with respect to another function. Math. Probl. Eng., Article ID 7630260.

[16] Saigo, M. (1978). A remark on integral operators involving the Gauss hypergeometric functions. Kyushu
Univ., 11, 135-143.

[17] Shukla, A.K. & Prajapati, J.C.(2007).On a generalization of Mittag—Leffler function and its properties. J.
Math. Anal. Appl.,336 (2),797-811.

[18] Singh, M., Khan, M. A. & Khan, A.H. (2014). On some properties of a generalization of Bessel-Maitland
function. Int. J. Math. Trends Technol., 14(1), 46-54.

[19] Usta, F., Budak, H., Ertugral, F. & Sarikaya, M.Z. (2019). The Minkowski’s inequalities utilizing newly de-
fined generalized fractional integral operators. Commun. Fac. Sci. Univ. Ank. Ser. AI Math. Stat.,68 (1),686—
701.

[20] Sarikaya, M. Z. (2025). Kantorovich-type integral inequalities and their fractional extensions. J. Inequal.
Math. Anal., 1 (3), 139-145.



