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Received Abstract. Fractional iterative techniques possess the capability to model

10 February, 2025 complex dynamic systems with greater accuracy, playing a crucial role
in the advancement of numerical analysis. This study presents a novel

Accepted class of advanced fractional iterative algorithms, developed to improve the

06 July, 2025 efficiency and precision of solving challenging mathematical problems.
Riemann-Liouville and Caputo fractional derivatives, with order (2u) or

Published Online (1 4+ 1), have been used in several recent publications to suggest single
13 November, 2025 step fractional Newton-type approaches. In this article, we provide a two-

step conformable fractional Newton-type approach with a (2u4 + 1) con-
vergence order employing the same derivatives. Convergence is analyzed,
demonstrating its (2u + 1) convergence. We conducted extensive anal-
ysis to evaluate the performance of our algorithm, focusing on absolute
error and function evaluations at each iteration. The test functions used in
these experiments span a wide range of applications in chemical sciences,
civil engineering, and bacterial growth. The numerical outcomes support
the theory and enhance the findings. The dynamical portraits reveal that
the M _SF R method is a highly sensitive iterative approach, particularly
effective for capturing complex dynamics.
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1. INTRODUCTION

Classical calculus is extended to fractional calculus, which handles derivatives of any
order rather than simply whole integers. It is helpful for simulating complicated systems
which are prevalent in fields like physics, biology, and engineering that possess memories
or rely on previous actions. Fractional calculus is frequently utilized in a variety of disci-
plines to answer practical issues due to its versatility. Because they enable the refinement
of solutions through repeated steps, iterative approaches are widely used techniques for
solving nonlinear equations.

Riemann-Liouville Fractional Derivative [8]: Riemann-Liouville fractional derivative of
a function ¥(n) of order p, 0 < p < 1 is defined as,

L f \P(t) dt O<pu<l
9 p=1,
D! W (n) = F=w dn (=
do(t) _
Tl w=1.

This derivative does not holds the property of nonfractional derivative, D(’j . C # 0, where
C is any constant.
The following theorem presents the Taylor series expansion of f(x) involving the Riemann-
Liouville derivative.

Theorem [9]: Assume the continuous function ¥ : R — R has fractional derivatives of
order ku for any positive integer k and any ¢ with 0 < p < 1. Then, the following equality
holds:

oo hku .
U(n+h) =Y =0 DiU(n),
poars I'(kp+1)

where Dgilll(n) is the Riemann-Liouville derivative of order ku of ¥(n).
Caputo Fractional Derivative [8]: The Caputo fractional derivative of a function ¥(7)
of order p > 0, with a, p,n € R, is defined as,

(771)
(m— [L)f ‘I/t)/H-f m dt? m—1<u§m€N,
cDg¥(n) =
d™W(y
7dn"(1])’ p=meN.
This derivative satisfies the property of the non-fractional derivative: cD*C' = 0, where
C' is any constant.
Theorem [10]: Let us suppose that cD*¥(n) € C([a,b]) for j = 1,2,...,n+ 1 where
€ (0, 1], then we have,
) 1 (n— a)(nﬂ)#
eD™ ¥ (a + DR (&)
Z p+1) “ (S)F((n +1u+1)
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witha < & <, foralln € (a,b] where cD** = ¢D¥! - ¢D¥ - --- - cD! (n times).

These techniques provide fresh approaches to challenging issues that might not be ad-
dressed with conventional techniques when paired with fractional calculus. Both comput-
ing efficiency and accuracy are enhanced by this combination. Currently, there are very
few fractional single-step iterative methods available in the literature, and only one two-
step method has been developed so far see [1-4] and [11-13]. Recognizing the need for
further advancements, we have designed a new two-step fractional iterative scheme that
offers better results compared to the existing method.

In this work, in order to solve nonlinear equations, especially in scientific and engi-
neering applications, we design and analyze a two-step fractional iterative strategy with
convergence order of 2u + 1. The new method’s efficiency, convergence speed, and accu-
racy have been evaluated in comparison to other approaches. We utilize the approach to
solve real-world issues, including beam deflection in chemical engineering, to demonstrate
its value.

In 2019, Giro Candelario [5] developed the concept of a single-step fractional iterative
process to a two-step method. He devised a two-step approach that requires one function
and one fractional derivative value of a function ¥(7) of order x in order to reach the
(21 + 1)th order of convergence.

1
P )\ #
}Q:’r)t— <F(M+1)C_Dlt~(glt()"”t)> 7t:0,1,27...7
n

1
, (Y g
nt+1 :Y;f_ (F(M—'_l)CD“(\I/t())) 7t:0,1727...7
n \lt

where U(7),), ¥(Y;) represent functions of 7; and Y; respectively, cDi} U (7)) represents

the Caputo fractional derivative of order 11, 7 is the lower limit of fractional derivative and
0 < p < 1. We thus provide a two-step fractional iterative strategy that is motivated by the
research and the need to create 2u + 1 order and more efficient convergence methods for
roots utilizing fractional derivative. In comparison to the results of the previous schemes,
the proposed scheme yields a wider region of convergence, better numerical results, and
faster convergence. The remaining sections of the manuscript are arranged as follows:

In section 2 we used the Caputo and Riemann-Liouville fractional derivative to build an
efficient (2u + 1) order fractional iterative scheme, and then we analyzed its convergence
to determine the order of convergence. In section 3, these specializations have been uti-
lized to test the numerical findings and compare the performance of the newly constructed
scheme with the previous schemes. In section 4, a graphical tool called the basin of attrac-
tion is used to illustrate the dynamic behavior of the family that is depicted on the complex
plane. The concluding remarks are provided in section 5.

2. METHODOLOGY OF ITERATIVE SCHEME

In this section, we develop a root-finding scheme of order (24 + 1) for solving nonlinear
equations involving fractional derivatives. The scheme is constructed as a two-step method.
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We also present the evolution of the proposed scheme and provide a detailed convergence
analysis using the Caputo fractional derivative.

This part builds a simple and efficient scheme for nonlinear equation roots that contain
both Caputo fractional derivative and Riemann-Liouville derivative.

E=

, U
Yi=m— (F(u+1)(m> ,t=0,1,2,..
n

1
, -1 . W
; (Y1) U(Yy)
mir =Yie [ [ 1= p— Dt 1)—ptl 4=0,1,2,...
41 = Yy ( V(Y + cDg—\If(m)> < cD,’n‘-\Il(nt)

2.1
where CDZ - W(n;) represents the Caputo fractional derivative of order .
The scheme in eq ( 2. 1) is a root finder schemes of order (2 + 1) for solving nonlinear
equations with Caputo fractional derivatives, with order i € (0, 1].

1
, () >“
Vi=m— (Tu+1) = )" t=0,1,2,..
Lo ((N )Dfﬁ\l/(’lt)

1
. -1 . "
: v(Y) (Y1)
M1 =Yi— | |1—p—s P(p+1)——~— ,t=0,1,2, ...
A ( U(Y;) +Dg+\11(nt)> ( Dy, W (m:)

2.2)
where D‘; + U(Y;) represents the Riemann-Liouville derivative of order p.
In the succeeding result, we proved that equation( 2. 1 ) and equation( 2. 2 ) attains the
(211 + 1) order of convergence.

Theorem 2.1. Let the continuous function ¥ : D C R — R has fractional derivative
with order tu, for any positive integer t and any p € (0, 1], in the interval D containing
the zero ) of W(n). Let us suppose CD:7L~\II('I7) is continuous and not null at n . If an

initial approximation nq is sufficiently close to 1, then the local convergence order of
the fractional newton method of Caputo type in equation( 2. 1) is atleast 2, + 1, being
0 < p < 1, and the error equation is,

B r't+1 AT (2 + 1
i1 = =+ (“1 )A (2p + 3_3 et (2.3)
p A cy TR\t )
+0 (e{f“*‘“) =012, ...

being

A (F(2u+ D - <r<u2+1>>2> oo,
p(T(p+1))
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and
pn—1
B - P(2u+1) = (P(p+1))* Cu—l(l(F(3u+1) “P@u+ ) @Cp+1) o,
p(T(p+1))° ’ (T2p+1))
T(p+1))° —D2u+1
(T(w+1))
1 (1 _ 1) (C(u+ 1) = T@u+1)?
AN (et 1)) va
Proof. The Taylor expansion of W¥(n) and its Caputo-derivative at 7; around 1 can be
expressed by
D ¥(n ) 2 3 4 5
V) = i pqy 4Gt Ol i[O (), 9
where 7, represents the error term and p denotes the order and
Dy (n ) T(2u+1) T'(3u+1) T(4p+1)
cD!- ¥ S (1) + T et T e AT )
n V) TSI R v R A o e A A v ey
Cue| +0 (ef“) . 2.5)
D(u+1 chl’f’\I/(nt) .
C;= 71“((1'#:&1)) cD;ti‘l’(m)for] > 2.
The quotient % can be computed by dividing equation ( 2. 4 ) by equation ( 2.
5). !
W) 1 @A D)’ -TCutD) 0
D W(p)  T(u+1)" (C( + 1)) o

(F(Qu + D0 (p+1) =T @Bu+1) s

2w+ 1)I(p+1)
CTEp+1) ((C(p+1)° —T2p+1) 2| 3n
T(p+1) (T(u+1))° 2

+0 (ef”) ,

2. 6)
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Subsequently, multiplying the resulting expression by I'(x + 1) yields:

V() (C(p+1)° =T@p+1) 5 2
D)~ TG cae
( Cp+D)I'(p+1)-TBp+1)

I'(2u+1)

Tt 1) ((F(u+l))2_r(2u+1)> 02> 3

(T(u+1))°
+0 (ef“) .

Raising this expression to the power ﬁ:

o) N () reat )
(F(u—i_l)cD:;JI/(nt)) T (( (D(u+1))° Gt >+

Fu+1)I(p+1)-T@Bu+1)
T2+ 1)
(D(p+1)* ~T(2u+ 1)
(D(u+1))°

m P(1/p+1) 19,
@>£)+2NUM—UQ

Cmu+nf—rmu+ncew>f+
(P +1)? t

) (ef““) :
(++41)

S r(i
AsT(1/p+1) = %F(M‘Fl) = l%(ifl)%‘F(l%fl),thls implies that 211(“%71) = 2%(/%— ),

and simplifying the expression yields:

W) N\ _ (et -TEpt D) e
(F(N—’_l)CDﬁN\II(nt)) =e + ( D) >C2 :

1 (T@u+Dl(u+1) T(3u+1)
+(u( T2n+1) nm+n@>

(2uﬂzl()u (E% D)2 cz 2.8)
4 1 (1 _ 1) (T(p+1))? =T(2u+1)? c2 | 2nt?
2u \n (T + 1))

+0 (ef”“) .

Plp+1)—p o

C3

Q2.7

( Cs —

ru+1)

+T(2p+1)




510 Saima Akram, Rida Batool, Faiza Akram

Let e; = n — 0™, we can then state that:

v n~<<r<u+1>>2r<25+1>>0265ﬂ
p (TGt 1)

B (1 rp+1)I(p+1)-TBu+ 1)C
[ T(2u+1) 8
Fp+1)— (P(p+ 1))2 2| 20+l
D 02> t
1/ (C(p+1))> —T(2u+1)° 2 31
T (u 1>< (C(p+ 1) )C“
+0 (). 2.9)
Let us evaluate ¥(Y;).
cD!- U 2
W= Ty [(h=n) e (o) ro(@). e

By substituting equation ( 2. 9 ) into equation ( 2. 10 ), we get:

(in )" = (F(2u+ D= Ot
(D +1))° '
1/TBu+1)-T2u+I'(p+1)
i (u < I'(2p+1) “
(D + 1)~ D(2p + %;))
(C(p+1))°

+<21 (1) ((( 1)) = T2+ 1) >C+>
B\ M T(p+1))*

+O< m +3u)

+ D(2u+1)
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(i) = <F(2u+1)—(F(M2+1))2> Gl
W (D(u+ 1)
" (F(Qu 1) = (et 1>>2>“‘1 Cita
u (DG + 1)
(1(F@u+U—F@u+DHu+U
[ T(2u+1)
C(p+1)*-T@2u+1) »
T )

() (P
I [+

C3

+I(2p+1)

by simplifying:

(i) = (F(2u+1)(F(u2+1))2> Ot
u(D(+ 1)

reu+1) - @@+ (1
+”< u (Dt 1)) ) “ (u
(r@u+n—r@u+umu+n

(C(p+1))* —T(2u+1)

O3 +T(2u+1)

L(2p+ 1) (T(p+1))3
2 1/ 1\ ((C(p+1)*—T2u+ 1) 2 1 +2p 30
CQ>>+2M(1 o) (e e o ().

2. 11)

We can see that 2 + 3p > p for all 4 € [0,1]. It is also clear that if we choose the first
, 2p

term of the expansion Cy (Yt — nN) , it will have order (p+ 1) 2 = 2u? + 2 > 3u

for all i« € [0.5, 1]. Therefore, by substituting equation ( 2. 11 ) into equation ( 2. 10 ), we
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get:

W) -

Dy W) 1 (Tt 1) = O+ 1)\ i
L(p+1) {< p(T(n+ 1)) ) e

" (F(Qu 1) (Ot 1>>2>“‘1
pu (T +1))°

- FBu+1) —T2p+ HI'(p+1)
“ 1( ( L2p+1) s

T(p+1)*-T2u+1) ,
T+ 1) %)

1)
T (1 _ 1) ((rm +1)? = T2+ 1)2> e
p p (T(p+1))

)€?2+2M:| L0 <€?2+3u) .

+T(2u+1)

Let us call:

e <F(2u +1)— (F(#;- 1))2>” cu.
p(I(p+1))

and

B - M<F<2u+1>—<r<u+1>>2>“‘1
p (D 1)

cp ((;(F(i’*# +1) - T éil:rl;; L+ 2+ 1) (T (e +(115+11;§§M +1)
2
C%) + i (1 - ;) <( G +(1r)()ﬂ )()2“+ b* 02> )
then,
(V) = CIZ,) (ii(?;) [Ae;f“ + Bef””} +0 (652”") : 2. 12)
The quotient - D‘;_(?()m) results:
cD\I,;(?()m) - s (B . ?rifi;;)) FroaT).

2. 13)
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By adding equation( 2. 12 ) and equation( 2. 5 ), we get:
cDy-¥(n )

L(p+1)
I'(3u+1)
r2u+1)

T(2p+1)
I(p+1)

C4€?H:| +0 (e?“) :

’ 2 2
(Y1) + cD)- ¥ (ne) Ael T 4 Be T L D(p41) + Coel! +

I'(4 1
Cse?“ + 7( pt 1)

I'(3u+1)
(2.14)
Dividing equation( 2. 5 ) by equation( 2. 14 ):

U (V)
W(Y,) + D W (n,)

2 2 1
— (At tE L Bk +2u)
(At 4+ 5™

Ael“TE Bt I P9y 4 1)
1+ +
P(p+1) T+1) (D(u+1)

F'3u+1)

2p
T ) a1 e+

U (V)
W(Y,) + D ()

— (Aengr“—&-Be?QHu)

T(u+1) T(u+1) (T(u+ 1))20265 -

1 Aefz'w Bef2+2” I'(2u+1)
L(p+1)

D(3p+1) o Tutr) g,
Cp+1D)TEu+1) " C+1)CEuH1) " )

U(Yy)
W(Y;) + DU ()

Azef’ﬂ”” B ABef”QJr?’“ B ABe?"2+3“ B
Fp+1)  T(p+1) I'(p+1)

2 2
2
= (Aef T Bel T

2p%+4
B2 Do+ 1)A02652+2H B MB@@;‘“?’“ B
I(p+1) T(p+1)2 I+ 1)2

[(3u+1) A03652+3” _ F(Bu+1) 303623-5-3#

F2pu+ )0 (n+1) 2+ 1)I(p+1)

{dp+1) 244 1 2+5
_ A F H M H .
(30 + T (u 1) C1er )¢ (et )

¢ ) ) 2, 2p%+2p
) = | Ae T4 (B _rC@url) 1)2 ACQ) et T A’
U(Y:) + Dy W(ne) (T(p+1)) [(p+1)

1 2413
(w) +0 (e;‘ “) . 2. 15)
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Multiplying 1 on both sides of equation( 2. 15 ):

¥(Yy) _ (AT ( CT@u+1) Ac) W2
W(Y;) + DM () P(p+1)  T(p+1) T(p+1)2 !
quef”2+2“

7F(M n 1) ) + O (eéﬂ+3#) .

(Y At Hr (2 + 1
NPT 100 O R AP
W(Y2) + D W) Tu+1)  Tarn\" T+
2
pAZe 2 ( u2+3ﬂ>
—_ . 2. 16
Mty ) O 10
Raising the expression equation( 2. 16 ) to power —1.
W) o Ak Hn (2 + 1)
p— ! e A — (B—“2A02>
U(Y;) + D)W (n) D(p+1)  T(p+1) D(p+1)
2 " -1
elt2+2ﬂ _ .UA2€§“ +24 Lo (e”2+3“)
! T(u+1) ! '
By using the binomial expansion, we get the results:
W(Y;) o At (2 + 1)
T = 1+ F (B a 2,402)
U(Y;) + Db (1) Pp+1) T(e+1) I(p+1)
2
u2+2p pAZet 2. 17)
! T(p+1) '
Now multiplying by I'(1x + 1) with equation( 2. 13 ).
v(Y, AT(2u + 1
F(qul)iM( D) = Aef2+#+ Bfi( gt 2 6f2+2“+
D, - ¥ () (T(p+1))

0 (efz+3“> . 2. 18)
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Now, by multiplying equation ( 2. 17 ) and equation ( 2. 18 ), we get:

P —1 ’ 2
3 U(Yy) (Yy) _ pAef
(1 M\IJ(Y})JrCDZ-\II(m)) (F(““)cpg.qf(m)> B <1+F(M+l) D(p+1)
< _r@u+nAC>
T(p+1)277
wi42p A265#2+2u
! T(u+1)

(Aefz"r“ +
(B__Armu+—g>
T(p+1))

2
2
ef+“>.

By simplifying,

. 0 - W)\ _ e (o ATCuY)
(1 M\P(K)+cDZ-\I/(nt)> (P(M+1)CD$~‘I/(7715)> = Aa +<B (F(u+1))2>

242 20242
el + F p A%t T

e <B _AT(2u + 1))

(D(+1))°
eﬂ2+2u A/J'
! T(p+1)
(B ACT(2p + 1)) e
C(u+1)* )"

/N

Al — H

“ ) P(pu+1)

(B ACI'(2p + 1)) el 2
T(p+ 1))

(B AF 2:“"’ 1)) 65; +2H.

)2
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= Aefz+” + <B — W) e/tf+2u + MA2€?M2+2M i

(T(u+ 1))
A B_AF(ZM—l—lg ef“2+3”— HA
(T(p+ 1)) D(p+1)
2 t :
(C(n+1))
) w (Y, - W)\ e (g ATCuED)
(1 “xp(}’/t)+cDg.q/(nt)> (P(“H)cpg.\l/(nt)) Adec T (B (F(u+1))2>

242 20242
€£L+“+MA2675“+“—|—

) (B _Ar(2u+ 13)
(T(p+1))
62u2+3p, _ MA

! T(p+1)

(B ACT(2u + 1))
(D(p+1))°
ef“2+3”.

Raising this expression to the power ﬁ:

. w(Y;) - v) V) L e TG
((1 M‘I’(YZ)JrcDZ-‘I/(m)) (F("“)cD:;wm))) - Ay A

(B _AT(2u+ 13)
(T(p+1))

2 2
2 2 2
ef T 4 pAZet T 4

A (B _AT(2p+ 1))
(T(p+1))?

62u2+3,u _ :U'A

! D(p+1)

(B  AGST(2u +21)>
(T +1))

2u2+3
e,f”‘”].
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, 1 , ;
_ v(Y:) (V) e, TGHD e
((1 “@(ﬁ)jucpg@f(nt)) (F(u+1)cDg~\I’(77t)>) = Ara A r(:) Aer

(B _AT(2u+ 13)
(T(p+1))
eéturz# + ,LLAQG?“2+2# +
" (B AT(2u+ 13)

T(p+1))

62u2+3u _ MA
! T(p+1)

(B _ACT(2p +21)>
(e +1))

+0 (etg”z+4") .

2u243
etu+u

Let

) (¥ - vy \\" _ i TGED
((1 ”\11(1%)+cpg.\11(nt)> (F(“+1)CDZ~\P(nt)>) = AraT 4 r(;) 4

m

(B AL Q2p+ 13) 2ht
(T(p+1))

1 .
3 +2p+1
b g3

A (B _AT(2u+ 1))
(T(p+1))?

ol Bl pA
! P(p+1)

(B  AGST(2u +21)>
(T(p+1))

1 2 2
et—Ht +3p +0 (e%"_“ +4H) .
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err1+n = e+n +

B
_ Al kTl 2p+l|
e+ e+ uAlfl/l‘Céhl ey

1
ey F(#+1)A<BAF(2;L+1)> e

H e e +
t (1) Cu+1)*) "
1 1
F(ﬁ +1) Aseéﬂﬂuﬂ _ F(ﬁ +1)
r(L) T (L)
MA B — AF(QM + 1) e;t2+3u+1 _ MA
(D(p+ 1)) Pl +1)
AC2 2# + 1)\ 14uttau 1+ +4p
( 1)) > € +0 (et ) :
Therefore,
1
e = B N I+ 1)A AT(2u+1) 5)) ez 0 (6“2“““) |
pAYRCy™ D) T\ (D + 1)) t '

O

Theorem 2.2. Let the continuous function ¥V : D C R — R has fractional derivative
with order tu, for any positive integer t and any p € (0, 1], in the interval D containing
the zero ) of W(n). Let us suppose CD:]L~\I/(77) is continuous and not null at n . If an
initial approximation 1 is sufficiently close to n, then the local convergence order of the
fractional newton method with Riemann-Liouville derivative in equation( 2. 2 ).

1
v () >“
Yi=n— (T'(p+1)———r— ,t=0,1,2,...
e <(“ "D W)

. -1 , m
. (Y, U (Y;
M1 =Yi—| | 1—p——1 ( tﬂ) > F(u—&-l)% ,t=0,1,2, ...
(V) + D w(Y) DF (Y

(2.19)
The convergence order is at least 2p + 1, with 0 < p < 1, and the error equation is:
B L(L+1) [Ar@2u+1
Crit = — (u i )A (2u + g B 2,L+1_|_O( ;L +2"+1>,t20,1,2,...
p A ncy =TT\ (D 1)
(2. 20)

A (F(2u+ D - <r<u2+1>>2> o,
p(T(p+1))
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and

B = u(F@u+n—wNu+nf>“*
p (PGt 1)

(D(u+1))° —D(2u+ 1)

051<1<F(3u+1)r(2”+1) (F(u+1))03+r(2ﬂ+1)

H (T(2u+1))
) eh () (e )
BN (D(p+1))

3. NUMERICAL RESULTS

(D(p+1)°

In this section, we aim to demonstrate the power, effectiveness, performance, and con-
vergence behavior of the proposed iterative scheme ( 2. 1) by applying it to several numer-
ical test problems. A comparison of the resulting numerical outcomes with those obtained
from previously established methods will also be provided, focusing on the region near the
roots to highlight the advantages of the new approach.

Giro Candelario [5] extended the concept of a single-step fractional iterative process in
2019 to a two-step procedure. He devised a two-step approach that requires one function
and one fractional derivative value of a function W(7) of order « in order to reach the
(2cr + 1)th order of convergence.

1/p
; G
Yi=mn— (F(u+ 1)(77’5))) ,t=0,1,2,...,

CDZ*‘I’(W
. 1/p
; ¥(Y3)
=Y, —|T 1)———— t=20,1,2,... 3.21
Tt+1 t ( (:u+ )CDZ-‘I/(W) ) g Ly &y eeey ( )

where CDZ— WU (n;) represents the Caputo fractional derivative of order pand 0 < p < 1.

Comparison has been made on the basis of number of iteration indicated as ¢, the func-
tion value at 7, that is |¥(n;)|, the absolute error at each iteration |n; — 7:11|. Tables
1-4 shows the comparison of our presented methods M _SF' R with the existing methods
CFT given in [5]. Wolfram Mathematica 8 and Maple 22, two programming packages,
were used for all of the computational work. To reduce the round of error, we perform our
computations with multiple significant digits (minimum 1000 number of significant digits).
Due to limitations, we are only able to present the results as a table with up to few decimal
places.

In addition, we have compared the presented scheme with the existing ones by selecting
few real-life problems along with their exact root and initial guess 7y are listed below in
Tables 1-4.

Example 3.1. Civil Engineering Application

A beam with uniform characteristics and length L is simply supported at the left end and
clamped to the wall at the right end, with loads rising uniformly across the beam. Because
of the loads the beam’s Y-shaped deflection will be displayed as the blue lines. The beam
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shows greatest deflection when weight is introduced. The nonlinear method can be used to
determine deflection Y, or the resultant deflection curve.

y (=1 +2L%;* — L*n) (3.22)

- 120EIL
where E represents the beam’s elasticity, I denotes its inertia, and L denotes its length.
f'(n) = 0, that is, in order to determine the greatest deflection.
Wo 4 2,2 4
raoprL (01 6L ) =0

or

Wo 4 2 2 4
v =— (-5n" +6L - L 3.23
1 (1) 120EIL ( n n ) ( )

This nonlinear equation is used to determine the beam’s maximum deflection under load.
The location of maximal deflection will be provided by the n approximation. Where wg =
2.5kN/em, L = 600cm, E = 50,000 kN/cm®, and I = 30,000 cm*. N1 = —599.999,
N2 = —268.328, n3 = 268.328, and ny = 599.999 are the four real roots of equation (

3. 23 ). Using an initial approximation of no = —267, we will estimate the root 1y =
—268.328.
Ui(n) = oot (5" +6L%n* — L), no = —267
p | Method | |niy1 — ny |9 ()] t
0.50 | M_SFR | 0.062641 3.792630 x 1018 [ 19
M_CFT | 0.072770 3.939387 x 10 [ 19
0.60 | M_SFR | 0.000011 3.428976 x 106 | 19
M_CFT | 0.000011 3.429003 x 10%® | 19
0.70 | M_SFR | 0.000393 3.633460 x 1016 | 19
M_CFT | 0.000393 3.634185 x 100 | 19
0.80 | M_SFR | 0.000096 4.431137 x 10*° | 19
M_CFT | 0.000096 4.431137 x 10 | 19
0.90 | M_SFR | 0.000002 3.640474 x 1013 | 19
M_CFT | 0.000002 3.640474 x 103 | 19
0.99 | M_SFR | 0.000000 + 0.0000004 | 1.804343 x 10 | 19
M _CFT | 0.000000 + 0.0000007 | 1.804343 x 10 | 19

TABLE 1. Convergence behavior of M _SF R and M _C'F'T methods for
U (n) at selected values of .

Table 1 illustrates that SFRM1 outperforms CFT both in terms of absolute error and
functional evaluation.

Example 3.2. Bacterial Growth Problem
When a bacterial population increases exponentially with time. A population at every
given moment t can be represented by the formula

P(t) = Pyexp(rt),

where Py is the initial population size and P(t) = Pyexp(rt). We call this growth rate
r. Now is the moment to determine when the population size hits a specific critical point,
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which we will simply set as P(t) = Py + 1. This indicates a precise one-unit rise in the
population. Let’s begin with the equation:

P(t) = Ppexp(rt) = Py + 1
We determine its value to be
Pyexp(rt) = Py + 1
Dividing by Py (as a whole number):

1
exp(rt) =1+ o

In cases where Py is large, Pio is very small, and if we assume it to be insignificant for the
sake of simplicity, we obtain:
exp(rt) ~ 1.

Consequently, the simplified equation:

exp(rt) — 1 =0.
Letnn = rt, we get
cxp(n) —1=0

and

Ua(n) = exp(n) —1
The results for our second test function are listed below in Table 2:

Wa(n) =exp(n) — 1, mo = 0.1
p | Method | |niy1 — ny | ()| t
0.5 | M_SFR | 2.500000 x 10~3 | 3.100000 x 10=2 | 19
M_CFT | 2.550241 x 10=3 | 4.003806 x 10~2 | 19
0.6 | M_SFR | 1.785603 x 1073 | 1.543270 x 102 | 19
M_CFT [ 1.772110 x 1073 [ 1.544641 x 10~2 | 19
0.7 | M_SFR | 7213910 x 10~% | 3.761200 x 10~3 | 19
M_CFT [ 7.200161 x 10=% | 3.762584 x 10~3 | 19
0.8 | M_SFR |1.263790 x 10~% [ 3.771487 x 10~* | 19
M_CFT [ 1.263541 x 10~% | 3.771736 x 10~* | 19
0.9 | M_SFR | 2.286687 x 10~% | 3.039176 x 107% | 19
M_CFT [ 2286683 x 1075 | 3.039179 x 10=° | 19
0.99 | M_SFR | 0.000000 x 10° [ 2.136654 x 10° 19
M _CFT | 0.000000 x 109 2.136654 x 109 19

TABLE 2. Convergence behavior of M _SF R and M _C'F'T methods for

Wy(n).

Table 2 illustrates that SFRM1 outperforms CFT both in terms of absolute error and

functional evaluation.




522 Saima Akram, Rida Batool, Faiza Akram

Example 3.3. Chemical Sciences
The acidity of a solution of MgOH in HCI may be calculated using the formula
3.64 x 107
[H307]
where HCI is hydrochloric acid and [H30+] is the concentration of hydronium ions. By
taking

= [H307]+3.6 x 1074,

n = 10*[H30+],
we obtain the following nonlinear model.:

Ws(n) =1 +3.6n° — 36.4 (3. 25)

has two complex conjugate roots —3 £ 2.31 and one real root 2.4 as shown in the figure.
Using 128-digit floating point arithmetic, we have approximated our desired real root 2.4
with initial guess [3 by taking € = 10710,

U3(n) =n> +3.60° —36.4, ny=2.39

p_| Method 741 — 1t |9 (ne)| i

0.5 | M_SFR 2.900000 x 10T 2.095000 x 10T | 19
M_CFT 6.389930 x 1071 2.719127 x 10 [ 19

0.6 | M_SFR | 1.132325 x 103 — 7.282846 x 10~ | 1.234009 x 10° | 19
M _CFT | 1.201565 x 102 — 7.179305 x 10=37 | 1.234792 x 10° | 19

0.7 | M_SFR | 7.053230 x 10~* — 1.105709 x 10~%3 | 1.998612 x 101 | 19
M_CFT | 7.056430 x 10~% — 1.101989 x 10=37 | 1.999330 x 10~* | 19

0.8 | M_SFR | 1.176570 x 10~% 4+ 1.189395 x 10~% | 1.667992 x 102 | 19
M_CFT | 1.656980 x 10~% + 1.024818 x 10~ % | 1.866591 x 10~ 2 | 19

0.9 | M_SFR | 1.929000 x 10~° + 1.648112 x 10~% | 1.187384 x 10=* | 19
M_CFT | 2.564000 x 10~% + 1.571901 x 105 | 1.370688 x 10~* | 19

0.99 | M_SFR 0—5.0754 x 10~174 6.954933 x 1079 | 19
M_CFT 0 —5.0756 x 107174 6.954933 x 1077 | 19

From Table 3, M _SF R exhibits lower error and provides better functional evaluations.

TABLE 3. Convergence behavior of M _SF R and M _C'F'T methods for

W3(n).

Example 3.4. Let us consider the standard nonlinear test function:
Wy(n) =n* 4 4n° — 249° + 16 + 16

The numerical results for the test function U (n) are depicted in Table 4

(3. 26)

Table 4 clearly demonstrates that M _SF R performs better than M _CFT in terms of
both functional evaluation and absolute error.

Table 1 demonstrate that the convergence behavior of the recently developed techniques
beats the known, existing solutions for the test problem V1(n). The absolute error is
smaller than that of the approved, in-use CEFT techniques at this time. Furthermore,
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Uu(n) =0t + 40> — 249> + 160 + 16, o = 2.5

p | Method M1 — el [P ()| i

0.5 | M_SFR —1.257345 x 1072 8.233089 x 10T [ 19
M_CFT —1.210865 x 102 8.278105 x 10~ | 19

0.6 | M_SFR —9.809610 x 10~3 1.965935 x 101 | 19
M_CFT —9.623972 x 103 1.974364 x 101 | 19

0.7 | M_SFR —5.810046 x 103 2.875596 x 102 | 19
M_CFT —5.767616 x 10~3 2.882772 x 1072 | 19

0.8 | M_SFR 2.296984 x 103 1.741169 x 103 | 19
M_CFT 2.293024 x 103 1.742795 x 1073 | 19

0.9 | M_SFR 3.776780 x 10~* 1.377282 x 10°° | 19
M _CFT 3.776280 x 10~ 4 1.377464 x 10~° | 19

0.99 | M_SFR | 2.965300 x 10~° 4 6.746837 x 10~ 74 | 1.516733 x 10~7 | 19
M_CFT | 2.965300 x 10~ + 6.746813 x 10~ 74 | 1.516733 x 102 | 19

TABLE 4. Convergence behavior of M _SF R and M _C' F'T methods for
Wa(n).

method M _SF R outperforms other CF'T techniques. Table 2 shows that the newly pro-
posed method M _SF R outperforms the existing methods C F'T for the test function ¥o(n).
M _SFR is responsible for the lower absolute inaccuracy. Table 3 show that the newly de-
veloped technique performs better than the strategies previously discussed. However, the
CFT values for the test function U3(n) are similar to those of M_SFR. Table 4 clearly
show that the newly proposed methods M _SF R outperform CFT for function W4(n).

4. DYNAMICAL ANALYSIS

The region in the complex plane where various initial guesses converge to certain roots
of a given function under an iterative technique is referred to as a basin of attraction in root-
finding issues. Important insights into the operation of iterative algorithms, particularly
with regard to patterns of convergence and divergence, are provided by visualization. It is
possible to adequately illustrate the stability and convergence zones of iterative systems by
using sophisticated techniques such as symmetric basins of attraction. Refer to [7] and [14]
for thorough descriptions of the complex behavior and fundamental concepts of rational
functions. The dynamical portraits produced by my proposed method and a previously
established method are compared in this section with the aim of proving that my method
has a more stable convergence behavior with a significantly smaller divergence region,
which leads to a more dependable solution approach.

We used a classic root-finding issue involving a function with numerous roots in the
complex plane to create the basin of attraction for both approaches. For each technique, an
iterative dense grid of starting points was employed. Each point was color-coded according
to the root it converged to once the corresponding iterative procedures were applied, result-
ing in the basin of attraction. We performed this analysis on few real-world problems and
selected test functions to examine and evaluate the stability of methods more thoroughly.
The table below lists these functions along with their exact roots.
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Function Roots
Uy (n) =n° + 3.6n° — 36.4 —3+23i,24
Uo(n) =t + 4> — 24> + 160+ 16 | -2, —2,2,2
Ys(n) =0t —10n7 +9 +1,+3
7/’4(77):775_1 1, e _COS(25) ZSIH(%) e F =

cos( ) + 7sin (?)
e *cos( )+zs (%’r),ei%w:
cos ( ) + 7sin (8—’7)

Us(n) = —12.84n° — 25.61° + 16.55n7 | 0.82366 + 0.247694, 0.82366 — 0.24769i,
—2.62297, —0.584, —0.21705 -+ 0.999113,
—0.21705 — 0.99911i

—2.21n% + 26.71n% — 4.29n — 15.21

TABLE 5. Nonlinear test functions and their roots

Here, we use fractional iterative strategies to examine the symmetric basins of attraction.
Numerical analysis provides important insights into the stability of iterative procedures and
relates them to complex properties of rational functions. We used Matlab £2018a to create
symmetric basins of attraction using two distinct strategies. We looked at a grid with a
square box that was 400 x 400 and B = [-2,2] x [-2,2] C C.

(B) « =0.8

FIGURE 1. Basin of attraction of M_SFR for ¥1(n)

Figure 1 illustrates the basin of attraction for the M _SF R method applied to ¥4 (7).
A basin of attraction represents the regions in the complex plane where the iterative root-
finding method converges to specific roots of the function Wy (n). The different colors in
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FIGURE 2. Basin of attraction of M _C'F'T for ¥1(n)

the plot correspond to distinct roots, and the boundaries between regions indicate sensitive
dependence on initial conditions, highlighting the chaotic behavior in those areas. The
M _SF R method demonstrates a structured convergence pattern, with relatively sharp and
distinct regions, especially for larger values of a.

Figure 2 presents the basin of attraction for the M _CF'T method applied to ¥4 (7).
Similar to the M _SF R method, the basins here also indicate convergence to specific roots
of W4 (n) based on initial conditions. However, the M _C F'T method exhibits differences in
the shape and distribution of the basins, particularly near the boundaries. The convergence
regions are more intricate, and the boundaries between basins show a higher level of fractal-
like detail for certain values of a.

By comparing the two methods, we observe that M _SF'R generally produces smoother
and more defined basins of attraction, indicating more predictable convergence behavior.
In contrast, M _C'F'T generates more complex basin structures, which may suggest greater
sensitivity to initial conditions. These comparisons highlight the trade-offs between the two
methods in terms of stability and predictability for solving ¥y () in the complex plane.

Figure 3 illustrates the basin of attraction for the M _SF R method applied to ¥5(n).
Similar to Figure 1, the basin of attraction represents the regions in the complex plane where
the iterative root-finding method converges to specific roots of U5(n). The distinct colors
correspond to the convergence toward different roots, while the boundaries between regions
signify areas of high sensitivity to initial conditions. The M _SF R method demonstrates
well-structured and relatively symmetric basins of attraction, with the regions becoming
sharper and more defined as « increases. This indicates predictable convergence behavior
for ¥5(n) under this method.
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FIGURE 4. Basin of attraction of M _C'F'T for U5 (n)
Figure 4 presents the basin of attraction for the M _CF'T method applied to ¥5(n).

The structure of the basins here also reveals convergence to specific roots of U5 (), with
varying complexity across different values of o. Compared to M _SFR, the M_CFT
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method shows a more intricate and fragmented pattern near the boundaries, particularly for
smaller values of o. This suggests that M/ _C'F'T" may exhibit greater sensitivity to initial
conditions for W4 (1), especially in regions close to the boundaries of convergence.

By comparing Figures 3 and 4, it is evident that M _SF' R offers more uniform and
smoother basins of attraction for W5 (), which may make it more reliable for certain ap-
plications. On the other hand, M _C F'T provides more complex boundary behavior, which
could be advantageous in capturing finer details of convergence dynamics but may also in-
dicate a trade-off in stability and predictability. The differences highlight the strengths and
weaknesses of both methods for solving ¥ (n) in the complex plane.

im(z)

Imiz}
Imiz}

1
5 0 15 5 -0 5

o
Re(z}

(D) a=1.0 (B) a=1.1

FIGURE 5. Basin of attraction of M _SF'R for U3(n)

Figure 5 illustrates the basin of attraction for the M _SF R method applied to ¥3(n). The
basins of attraction represent regions in the complex plane where the iterative root-finding
method converges to specific roots of W3(n). Each distinct color corresponds to conver-
gence to a particular root, while the boundaries signify regions of higher sensitivity to
initial conditions. The M _SF R method demonstrates symmetric and well-defined basins,
particularly as « increases. For lower values of «, the basins exhibit slight irregularities
near the boundaries, but the convergence regions remain clearly distinguishable overall.
This reflects predictable and stable behavior under the M _SF' R method for U5(n).

Figure 6 shows the basin of attraction for the M _C F'T' method applied to W3(n). The
convergence regions are still represented by distinct colors corresponding to the roots of
U3(n). However, compared to M _SFR, the M _CFT method exhibits slightly more in-
tricate and fragmented patterns along the basin boundaries, especially for smaller values
of a. As « increases, the basins become smoother, but the method still retains more com-
plex boundary behavior compared to M _SF R. This indicates that M _C' F'T may be more
sensitive to initial conditions in certain regions of the complex plane.
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FIGURE 6. Basin of attraction of M _C'F'T for U5(n)

By comparing Figures 5 and 6, it is evident that M _SF'R provides more consistent and
structured basins of attraction for W5(7n), which may be advantageous in terms of stability
and predictability. In contrast, M _CF'T reveals more detailed and intricate basin bound-
aries, which could offer insights into convergence dynamics but may come at the cost
of increased sensitivity to initial conditions. These comparisons highlight the differences
between the two methods when applied to ¥3(n), providing insight into their respective
strengths and limitations.

Figure 7 illustrates the basin of attraction for the M _SF' R method applied to a function
with five distinct roots. The basins of attraction represent the regions in the complex plane
where the iterative root-finding method converges to one of the five roots. Each color cor-
responds to convergence to a specific root, while the intricate boundaries between regions
signify areas of high sensitivity to initial conditions. The M _SF R method demonstrates a
symmetric and organized structure for the basins, particularly as « increases. For smaller
values of «, the regions near the boundaries show slight irregularities, but overall, the con-
vergence patterns remain stable and predictable. The method’s clear delineation of basins
reflects its reliability for this complex scenario.

Figure 8 shows the basin of attraction for the M _C'F'T" method applied to the same
function with five roots. Similar to M _SF R, the basins represent regions converging to
different roots, with each root marked by a unique color. However, the M _CFT" method
exhibits more intricate and fragmented patterns along the basin boundaries, especially for
smaller values of «. These complex patterns indicate that the M _CF'T method may be
more sensitive to initial conditions in certain regions. As « increases, the basins become
smoother, but the method retains more chaotic behavior near the boundaries compared to
M_SFR.
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FIGURE 8. Basin of attraction of M _C'F'T for W,(n)

By comparing Figures 7 and 8, we observe that M _SFR provides more stable and
structured basins of attraction for a function with five roots, making it well-suited for appli-
cations requiring predictable convergence behavior. On the other hand, M _CFT captures
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more detailed and intricate basin boundaries, which may provide deeper insights into the
convergence dynamics but at the cost of increased sensitivity and potential instability in
certain regions. The comparison highlights the trade-offs between the two methods when
applied to functions with multiple roots, offering insights into their suitability for different
scenarios.
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(D) =09 (BE) a =1.0

FIGURE 9. Basin of attraction of M _SF'R for U5(n)

Figure 9 illustrates the basin of attraction for the M _SF' R method applied to a function
with six roots. The basins of attraction represent regions in the complex plane where the
iterative method converges to one of the six roots. Each distinct color corresponds to con-
vergence toward a specific root, and the boundaries between the basins mark areas of high
sensitivity to initial conditions. For the M _SF' R method, the basins are symmetric and
exhibit clear separation between convergence regions. As « increases, the basins become
more well-defined, with reduced irregularities near the boundaries. This demonstrates the
stability and efficiency of the M _SF R method for solving functions with multiple roots.

Figure 10 presents the basin of attraction for the M _C'F'T method applied to the same
function with six roots. Similar to M _SF' R, each color represents convergence to one of the
six roots. However, the M _C'F'T method shows more intricate and fractal-like boundary
patterns, particularly for smaller values of «. As « increases, the convergence regions be-
come more structured, but the boundaries remain more detailed compared to the M _SF'R
method. This suggests that while M _C F'T is capable of capturing finer details in the basin
structure, it may also exhibit greater sensitivity to initial conditions, especially near the
boundary regions.

By comparing Figures 9 and 10, it is evident that the M _S F' R method provides smoother
and more predictable basins of attraction for functions with six roots. In contrast, the
M _C'FT method produces more complex and intricate boundaries, which may offer deeper
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FIGURE 10. Basin of attraction of M _CF'T for U5(n)

insights into the dynamics of convergence but may also result in less stability in certain re-
gions. These observations highlight the trade-offs between the two methods in terms of
stability, sensitivity, and the ability to handle functions with multiple roots.

Numerous solutions that could have a big impact on the system under study are also
revealed by looking at the basins of attraction. Thus, researching attraction basins is a
useful way to understand the behavior of iterative processes and make them more efficient.
This approach can make complex problems easier and faster to handle for experts and
researchers in a variety of sectors.

The dynamical profiles of the two approaches demonstrate how much better the sug-
gested approach performs in terms of stability and convergence. The suggested technique
demonstrates increased accuracy and efficiency for root-finding issues by decreasing the
divergence zones and generating more distinct basins of attraction.

5. CONCLUSION

In this study, we apply the idea of fractional derivative to each current iterative scheme
substep. There is a lack of two-step fractional iterative methods in the literature, with
only a few single-step fractional iterative methods available and just one existing two-step
method. Recognizing the need for further development in this area, we have developed a
new two-step fractional iterative scheme that provides improved results compared to the
previously available method. Riemann-Liouville and Caputo fractional derivatives have
been used in recent advances in fractional Newton techniques. We developed two-step
methods that utilize the Riemann-Liouville fractional derivative as well as the Caputo frac-
tional derivative. In the unlikely case that the circumstance is more complicated than nor-
mal, these approaches are intended to handle issues. To verify their validity, we subjected
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them to numerical testing and assessed their convergence with regard to practical appli-
cations such chemical research, civil engineering, restroom enterprises, and bridge beam
deflection.The comparative findings shown in Tables 1-4 show that the recently created
schemes, M _SF'R, outperform M _CFT with better results. The basin of attraction indi-
cates that the M _SF' R method outperforms the M _C F'T method, particularly in scenarios
that require highly sensitive iterative approaches. M _SF R demonstrates a range of intri-
cate basin configurations, especially as the parameter o varies. This adaptability can be
beneficial when aiming to capture complex dynamics.
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