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1. INTRODUCTION

Let F' = (V(F); E(F')) be a simple undirected connected graph with V (F') and E(F")
as a vertex set and edge set respectively. The graph having one vertex is a trivial graph and
a graph having two or more than two vertices is a non-trivial graph. The number of vertices
in F is order of F while the number of edges in F is its size. Two vertices h,g € V(F)
are adjacent if there is an edge formation i.e. ¢ = hg € E(F') between them. The total
number of edges in the shortest h — ¢ path in a graph F'is known as distance between h
and g and is denoted by dr (h, g). As the number of edges incident on a vertex h € V(F)
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is degree of that vertex which is denoted by dr(h). For neighbors of a vertex h we look
for vertices adjacent to vertex h. In a graph F, two vertices h and g are equivalent if
F — g = F—hand |N(g)| = |N(h)| having the neighbors of same degree sequence.
Consider X (h) denote the neighbor set of vertex h in F', and degree of a vertex h in F'is
denoted as dp(h) =| Rg(h) |. A vertex h is said to be pendent if dr(h) = 1. Path in which
one end vertex has degree one and other has degree at least three is known as pendent path.
A path hy, ho, . . ., h, with end vertices having degree at least two is known as internal
path. A path in which there is no repetition of vertex and edge except for the first and last
vertex forms a cycle. A k length cycle is called a k-cycle. A graph having n — 1 vertices
with degree one and a single vertex with degree n — 1, i.e. n — 1 vertices are joined with a
central vertex is called a star. Consider the graphs .S,,, P,, and C), as the star, path and cycle
on n vertices, respectively. As simple connected graph F' with no cycle forms a tree (i.e.
acyclic graph). The graphs having one cycle are unicyclic graphs, similarly, the graphs
with two and three cycles are defined as bicyclic and tricyclic graphs respectively. For our
results, we introduced some graph terminologies. For other undefined terms, see the book
[4].

Chemical graph theory develops mathematical chemistry which combine graph theory and
chemistry and plays a considerable role to study the changes in physical or chemical
structures of molecular compounds. Quantitative structure-activity relationship (QSAR)
and Quantitative structure-property relationship (QSPR) correspond structural properties
which determinate characteristics by using statistical tools. QSAR and QSP R usually use
a weighted composition of them to work with structural, experimental or theoretical
properties in order to characterize a specific property. The idea of QSPR/QSAR is to
transform searches for chemical compounds with considerable properties using chemical
experience into mathematically estimated and computed form.

In 1947, Wiener [12] proposed the well-known graph invariant Wiener invariant, he used it
for classifying properties of the Paraffin . The Wiener invariant is sum of all the distances
between every pairs of the vertices of a graph under consideration. After that many of the
graph invariants are introduced. The most important invariants are Zagreb invariants that
are introduced more than thirty years ago by Gutman and Trinajsti¢ and are defined as

Mi(F)= Y [dr(h)?

REV (F)

and

My (F) = Z dr(h)dr(g)

hgeE(F)

In 2007, Yan et al. [13] discussed monotonicity on the second Zagreb invariant of unicyclic
graphs with vertices n and pendent vertices k and concluded that U} ; and C), have the
maxima and minima of the second Zagreb invariant among all of thanicyclic graphs with
vertices n, respectively.
Ji et al. [6], gave some graph transformations that results in increase or decrease of first
reformulated Zagreb index. These transformations involved swapping of edges, conversion
of pendent path to internal path and internal path to pendent vertices. By using these graph
operations, the sharp bounds of the first reformulated Zagreb index were determined among
all tricyclic graphs and found the corresponding extremal graphs. In 2017, Gao et al. [3]
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studied the hyper-Zagreb invariant which is defined as
HM(F)= ) [dr(h) +dr(g)?

hgeE(F)

The authors discussed the sharp bounds of the H M invariant under the study of several
graph transformations and determined the extremals of trees, unicyclic, and bicyclic
graphs. In 2018, Malik et al. [11] found the extremal graphs for the F-index among the
classes of connected prism like graphs. In 2018, Belavadi et al. [1] analysed the concept of
degree of an edge gh in social networks which is defined as number of edges incident on
vertices g and h other than itself. Further, in defined classes of graphs, Platt number which

is defined as
m

F(F) = 3 D(e)

and their total graphs were examined, linked bounds were proposed on connected graphs
and an algorithm was presented to find the Platt number of any connected graph. In 2018,
Mahadevi et al. [10] obtained Platt number for several classes of graphs interpreting
molec-ular compounds and several general results were examined. In 2020, Kulli [9] wrote
a book on molecular graphs and outlined the mathematical properties of several graph
invariants and provided an exhaustive bibliography. In 2020, Chu et al. [2] examined the
mono-tonicity of the hyper-Zagreb invariant while using same graph transformations that
results in increase or decrease of the hyper Zagreb invariant. These graph transformations
were very helpful in determining the extremal graphs for the hyper-Zagreb invariant
among tri-cyclic graphs. Additionally, the sharp bounds of hyper-Zagreb invariant for
these graphs are determined. In 2023, Imtiaz et al. [5] found the upper bound of GO1(F")
for trees with given diameter, number of vertices and edges, and pendent nodes by using
some graph transformations and discussed the extremals and also presented an ordering of
the trees having Gourava invariant with decreasing order. In 2025, Kanwal and Sarwar [8]
determined the lower bounds for trees with fixed degree and fixed pendent vertices using
certain topological indices. In 2025, Kanwal et al. [7] determined sharp bounds for the
Forgotten index within the class of tricyclic graphs and identify the extremal graphs
achieving these bounds.

In this paper we determined the extremal values of the invariants T' Is(F') = P I(F'),
GO1(F), GOy(F), HF (F), HGO1(F') which are defined as

PI(F)= > [dp(h)+dr(g) —2]
hgeE(F)

GOy(F)= > [dp(h)+dr(g) + dr(h)dr(g)]
hge B(F)

GOx(F)= Y ldr(h)+dr(9)lldr(h)dr(9)]

hgeE(F)
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HF(F)= > [dr(h)*+dr(9)’)?
hgeE(F)

HGO\(F)= Y [dr(h)+dr(g) + dr(h)dr(g)]?
hg€eE(F)

In graph theory, the considered invariants can aid in the identification of graphs that maxi-
mize or minimize specified characteristics such as connectedness or robustness. This may
include identifying extremal graphs that meet specific restrictions, which is critical for
network design applications. Although extremal results for Zagreb invariants have been
extensively studied, analogous results for the Platt, Gourava, hyper-forgotten, and hyper-
first Gourava invariants remain limited, particularly for graphs containing cycles. Unlike
the existing Zagreb-index literature, this work develops a unified graph transformation ap-
proach to establish sharp bounds and characterize extremal graphs for these invariants over
acyclic, unicyclic, bicyclic, and tricyclic graph classes. In addition, the proposed trans-
formations identify not only the extremal graphs but also the graph families attaining the
second and third extremal values, which has not been systematically addressed in the ex-
isting literature. In section 2, some edge transformations are presented that preserve the
monotonicity of graph invariants. In section 3, the results from these transformations are
stated. In section 4, the extremals of the families under consideration with (maximum or
minimum) topological invariants are determined.

2. GRAPH TRANSFORMATIONS

In the following section, several graph transformations that were presented by Gao ef al.
[3] are mentioned which will help in proving our results.
1%t Transformation: Let a non-trivial connected graph F' having fixed vertex r in it

provided, dg(r) > 3. For attaining a graph D from F', attach two paths: P; = rgi1gz . . . ge
and P, = rhyhy ... hy having length e and f respectively. If D = E(F) — rhy + geha,
we attain D from F by 15¢ Transformation, as represented in Figure 1.

FIGURE 1. 1% Transformation

2" Transformation: Let F be a connected graph having an edge rh with dp(r) > 2.
Suppose that the neighbors of vertex h are r, g1, g2, - - - , g¢, While g1, go, . . . , g; are pendent
vertices where t > 1. If D = E(F) —{hg1, hga,...,hg:} +{rg1,7g2,...,rg:}, we attain
D from F by 2% Transformation, as represented in Figure 2.

3" Transformation: F being a non-trivial connected graph with h,r € V(F) where
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[o}]
92 —————

gt

FIGURE 2. 2"¢ Transformation

we can let dp, (h) = o > 1 and dp,(r) = 8 > 1. Suppose for connecting vertices h
and r, there is a non-trivial path of F: P, = (h =)hjhs...h.(= r) where e > 2. If
D = E(F) — {hlhg, hghg, ey he—lhe} + {ghl,ghg, . ,ghe_l}, where h + r = g
obtained by merging h and g, we attain D from F by 3"¢ Transformation, as represented
in Figure 3.

FIGURE 3. 3"? Transformation

4*" Transformation: Let a non-trivial acyclic subgraph Fy of F with |[Fy| = t > 1,
attached at h; in graph F'; let two neighbors of vertex hy, h and g being different from
those in Fy; alsod(h) =« > 1andd(g) =8> 1.If D = E(F) — (Fo — h1) + {h1ha +
hohs + ...+ hyg}, we attain D from F by 4" Transformation, as represented in Figure 4.

FIGURE 4. 4t Transformation

5" Transformation: Let I, be a non-trivial connected graph with equivalent vertices h
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and g in Fj such that dg, (h) = dp,(9) = o > 1. Let by attaching S.y1 and Sy44 at the
vertices h and g of Fp, respectively, we present a graph F' where e > f > 1. By deleting
pendent vertices connected at g and connecting them at vertex h, we attain a graph D as
represented in Figure 5.

FIGURE 5. 5t Transformation

3. RESULTS

In this section the above mentioned graph transformations are used to prove some re-
sults for T'Is. As a result of these transformations, degree of some vertex is increased or
decreased and we are not considering all edges incident to that vertex. Since we are ig-
noring some edges and if the degree of vertex is increased in transformed graph so that the
difference TI(F) — TI(D) will be greater, however if the degree of vertex is decreased in
transformed graph then the difference TI(D) — T1(F') will be greater.

Lemma 3.1. 15! Transformation strictly decreases T1s for a graph F i.e for D attained
from F through 15t Transformation as depicted in Figure 1, we have

TIs(D) < TIs(F)

Proof. In this Transformation, there is decrease in degree of r by 1 while increase in degree
of g. by 1 and the degree of every other neighbor remains unchanged. For 7'/ = HGO,,
HGO:(F) = HGO1(D) > [dp(r) + dp(h1) + dp(r)dp(h1)]® + [dp(r) + dp(g1)
+dp(r)dr(91)]” + [dr(ge) + dp(ge—1) + dr(ge)dr(ge—1))> — [(dp(r) — 1)
+dp(g1) + (dr(r) = 1)dp(91))* — [dp(ge) + dp(ge—1) + dp(ge)dp(9e-1)]
—[dp(ge) +dp(h1) +dp(ge)dp(h1)]?
= [dp(r) + 2+ 2dp(r)]® + [dp(r) + 2+ 2dp(r)]® + [1 + 2+ 2]
—[dp(r) —1+2+2dp(r) — 2> — 24+ 2+ 4> — [2+ 2+ 4]
=3dp(r)(3dr(r) + 10) > 0; dp(r) >0
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Likewise, for 7'l = HF,

HF(F) = HF(D) > [dp(r)* + dp(h1)*]? [dF(T) +drp(91)*)?

+[dr(ge)* + dp(ge-1)’) = [(dr(r) — 1)* + dp(g1)°]?

—[dp(ge)* + dp(ge-1)** = [dp(ge)* + dp(h1)*)?
= [dp(r)* + 47 + [dp(r)* +4° + [1+4° = [(dp(r) - 1)* +4]?

—[4+4]? - [4+4]

=dp(r)* +4dp(r)® + 2dp(r)* + 20dp(r) — 96 > 0; dp(r) >3
Similarly for T = P,

PI(F)— Pl(D) >dp(r)—2>0;dp(r) >3
Similarly for T1 = GO,
GO1(F) —GO1(D) > 3dp(r) —6>0; dp(r) >3

Similarly for I = GOa,

GO(F) — GOy(D) > 2dp(r)* +8dp(r) — 24 > 0; dp(r) >3

O

Lemma 3.2. 2" Transformation strictly increases the TIs for graph F i.e for D attained
from F through 2"¢ Transformation as depicted in Figure 2, we have
TIs(F) < TIs(D)

Proof. Clearly, there is increase in degree of r but d(h) 4 d(r) remains unchanged. Hence,
for TI = HGO,

HGO(D) — HGOL(F) > [dp(r) + dp(h) + dp(r 2+ Z [dp(r) + dp(g:)
+dp(r)dp(g)* + Y [da, +dp(r) + dadp(r)]* - Z [da, + dr(r)
i €NF,(r) a;€Np,(r)

t

+ da,dr(r)]* = [dr(r) + dp(h) + dp(r)dp (W) =Y ldr(h) + dr(9:)

1=1
+dp(h)dr(g:)]?
=[z+t+l+1+a+t+1P+tz+t+1+1+ax+t+1]?
+ Y [da, T+t ltda(@Ht+ D)= ) [da, +T+1
a;ENp, (r) @;ENp, (r)
tdo,(z+ D [z +1+t+1+ @+ D)+ —tft+1+1+t+1)2
= Y [Pl +A4td2, + 2atdy, + 267da, + 6tda, + datda, + £ + 2ut + 2t]
a; €ENFy(T)

+dat® + 62t — 2717 > wt[8t + 18 + 8z — at]fords, > 1;Y do, > @
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Fort >1
=xz(7x +26) >0

Similarly for T = HF,

HF(D) = HF(F) > [dp(r)* +dp(h)*]* + ) _[dp(r)* + dp(9:)*)?

—[dp(r)? +dr(h Z )2+ dr(g:)?)?

= (t+1)[(dr(r) +)* + ] = [dr(r)® + (¢ + 1)1 = t[(t +1)* + 1]?
=4t (dp(r) — 1) + 42 (dp(r)® — 3) + t(dp(r)* — 7) + 2tdp(r)?
(2dp(r) — 1) 4+ 2t*(3dp(r)? — 5) + 4t2dp(r)(2 + dp(r)) + 4tdp(r) > 0;
dp(r) >2,t>1
ForTI = PI,
PI(D) — PI(F) > t(dp(r) —1) > 0; dp(r) >2,t > 1
For TI = GOq,
GOl(D) — GOl(F) > t(dF(’I“) — 1) >0; dF(’I“) >2,t>1

For TI = GO»,

GOQ(D) — GOQ(F) > [dF(T) — 1][t2 +t] >0; dF(’I“) >2,t>1

Lemma 3.3. For D attained from F through 3" Transformation as depicted in Figure 3,
we have

TIs(F) < TIs(D)
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Proof. Letdp, (h) = o > 1 and dg,(r) = 8 > 1, while by merging h and r, we attain g
withdp(g) = a+ 8+ e — 1, where e > 2. Here for TI = HGO;,

e—1
HGOy(D) — HGO\(F) > > [dp(g) + dp(hi) + dp(g)dp (hi)]”
i=1
+ Z [do; +dp(9) + da,dp(9)]* + Z [ds, +dp(g) + ds,dp(9))?
a;ENF, (9) Bi€NR, (9)
- Z [dal + dF(h) + dazdF(h)]Z - Z [dﬁj + dF(r) + dBj dF(r)]2
@;€ENp, (h) BjENF,(T)
—[dp(h) +dp(hy) + dp(h)dp(h2))? = [dp(he—1) + dp(r) + dp(he—1)dp(r))?

e—2

— Z [dr(hi) + dp(hg_1) + dp(h)dp(he_1)]?
k=3

=(e—Dz+yt+e—1+1+a+y+e—1]>+ Z [do; +x+y+e—1

a'GNFl(g)
+do,(x+y+e—1))+ Z [do, +z+y+e—1+dsg(z+y+e—1)°
B;€ENF,(9)
= Y da,+x+14da @+ = D (s, +y+1+ds(y+1)°
OériENFI(h) ﬂjeNFz(T)

—[r+1+2+20+27 —[y+1+2+2y+2*—(e—3)(2+2+4)°
Forda,,ds, > 1;) do, > x> 1,% dg, >y >1;wherei=1,...,zandj =1,...,y.

> 2%(6e — 17 + 3y) + y%(6e — 17 4 3x) + (12 — 14e — 26) + y(122 — 14e — 26)
+ 12zy(e — 1) 4 4> — 8e? — 59¢e 4 141 + Z [d2 {y* + 22y + 2(ey — 2)
a;€ENF, (9)
+2z(e = 2)} + do, {4(xy — 1) + 2y(y — 1) + 4x(e — 2) + 2ey + 2e(y — 1)}]
+ > (3 {a® + 2ay + 2(ex — 2) + 2y(e — 2)} + d, {4(zy — 1)
B;€NR, (9)
+2z(x — 1)+ 4y(e — 2) + 2ex + 2e(x — 1)}] > 0;e >3

For f(e) = 4e® — 8e? — 59¢ + 141 = f(e) is increasing Ve > 3.
Here, we have a particular case of e = 2, where the above final expression will become
= 2%(6y — 5) + y*(6x — 5) + 6x(y — 1) + 6y(z — 1) + 23
+ Y A2 {4y — D} + da, {4y — 1) + 2y(y — 1) + 4y — 1) + 4y}]
OMENFl (9)

+ Y {4 — 1)} +dg {4y — 1)+ 20(x — 1) + 4z — 1) +42}] > 0
B;€ENF,(9)



305 Hadiqa Fatima, Salma Kanwal, Maria Fazal

Similarly,

HF(D) - ) > Z dp(9)? + dp(h)*2 = [dp(h)? + dp (h2)?)?

e—2

—[dr(r)?* +dp(he-1)*P =Y _[dr(he)® + dr(he-1)*)?

k=3
= (e— )[(x+y+e—1) +12 = [(x+ 1)2 + 4 — [(y + 1)? + 4]
— (e —3)(64
=(e— )(4x y + day® + 622y%) + (e — 2)(z* + y* + 4a3e + 49°e
+ 12ex?y + 12e2y?) + (e — 3)(622%e? + 12zye? + 6y2e?) + (e — 4)
(4ze® + 4ye3) + (e — 5)e + 4e?(3e — 4) + (Te — 6)(4ex + 4ey) + (10e — 11)
(222 +2y?) + (wy — 1)(122 + 12y) + (5e — 4)8zy — 52¢ + 138

The above expression is clearly positive for e > 5. Here, we will present verification for
positivity of above final expression for g = 2, 3, 4.
Verification for g = 2,

=2x(22%y + 2¢® — 3x) + 6y (2? — 1) + 122(y* — 1) + 12y(2* — 1) + 18 > 0
Verification for g = 3,
= 2* +y* + 823y + 8uy® + 122 + 12¢° + 3822 4 38y% + 1222y + 4822y + 48z
+ 60z + 60y 4 88zy > 0
Verification for g = 4,
= 22* + 2y* + 322° + 32¢° + 1223y + 122y + 15422 + 154y® + 10822y + 108zy>
+ 1822y? 4 340z + 340y + 320y + 186 > 0

Similarly for T = Pl we have two cases
(i)e=2,
PI(D)—PI(F)>0
(ii) e > 3,
PlI(D)—PI(F)>(e—2)(a+B+e—3)>0; e>3,a,0>1
Similarly for T1 = GO,

GO1(D) = GO\(F)>[ Y dy, +3e=T+] Y dy +3e—Ta
771€NF1 (9) 1 ENRy ()
+ Y dye—2)+ D dy(e—2)+2aB+ (e —3)(2e—5) > 0;
M ENF, (g) HiENR, (9)

dy, > 1,dy, > 1
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For T'I = GO»,
GOy(D) = GO(F)>[ > dy+e=3+] Y  dy +e—3a
i €NF, (9) w; ENF,(9)
+2e%=3e =T+ Y d o+ -3e—7+ D d]B
H;ENF,(9) M ENF, (9)
+ ) [2ady, (e —2) +2Bdy, (e — 1) + edy, (e — 2) + d2) (e — 2) + 203dy,]
ThGNFl (g)
+ > [2ad,,(e—1) +2Bd,, (e — 2) + d2 (e — 2) + 20/3d,,
1 €ENF,(9)
+ed,, (e — 2)] + 2a8(e — 1) + € — 2¢* — 15e + 36 > 0; d,,, > 1,d,, > 1
wherei=1,...,candj=1,...,0. O

Lemma 3.4. For D attained from F through 4'" Transformation as depicted in Figure 4,
we have

TIs(D) < TIs(F)

Proof. We know that TIs(F) > T1s(F;) by Transformation 2. So, we will prove the
following:

TIs(Fy) > TIs(D)
Hence for TI = HGO;,
HGO,(Fy) — HGOy(D) = [dr, (h) + dr, (h1) + dg, (R)d g, (h1))? + [dr, (71)
+dp, (9) + dp, (h1)dp, (9))* + [dp, (1) + dr, (h2) + dp, (h1)dE, (he)]?
+ [dp, (hi—1) + dp, (he) + dp, (he—1)dp, (he)]? — [dp(R) + dp(h1)
+dp(h)dp(h))* = [dp(h1) + dp(h2) + dp(h1)dp(h2)]® = [dp(hi 1)
+dp(ht) + dp(hi—1)dp(h))* = [dp(ht) + dp(g) + dp(he)dp(g))?
=[a+34+3a2+[B3+8+38°+B3+24+62+2+1+2%—[a+2+2a)?
—242+42—2+2+42 -2+ 8 +28)
=70+ 762 +120+1264+28>0; a, > 1
Similarly for 71 = HF,
HF(Fy) — HF (D) = [dp, (h)* 4+ dp, (h1)?)? + [dr, (h1)? + dr, (9)°)?
+ [dr, (h1)? + dp, (h2)?)? + [dr, (he—1)? + dp, (he)?)?
—[dp(h)? + dp(h)?)? = [dp(h1)® + dp(h2)*)* = [dp(hi—1) + dp(he)*)
= [dp(he)® + dp(g)*]?
=@+ 9P+ 9+ +[9+4° +[4+1)° — [0® + 4] — [4 + 4]
— A+ -4+ 57
=10a? + 1062 +196 > 0; o, > 1
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ForTI = PI,
PI(Fy) - PlI(D)=2>0
For TI = GOq,
GO.(F1) —GO1(D)=a+p+2>0; o, >1
For TI = GOs,

GOy(Fy) —GO2(D) = a* + B2 +5a+58+4>0; a,8> 1
0

Lemma 3.5. For D attained from F through 5'" Transformation as depicted in Figure 5,
we have
TIs(F) < TIs(D)

Proof. We have for T'I = HGO,

f
HGO:(D) — HGOy(F >ZdD )+ dp(hi) + dp(h)dp(h:)]* + [dp

Jj=1
e

+dp(g;) + dp(h)dp(g;))* = > [dr(h) + dp(hi) + dp(h)dp(hs)]?

i=1

[dr(9) + dp(g;) + dr(9)dp(g;)]?

-

=

=elr+e+f+l+z+etfP+flote+f+1l+zte+ [
—elztet+lt+ate? —flat+f+14+a+ f)?
=e(2x+2e+1+2) 2+ f(2x+2e+1+2f)% —e(2x + 2e + 1)?
—fr+2f+1)?>0;e>f>1

Similarly For TI = HF,

e f
HF(D) — HF(F) > [dp(h)* + dp(h:)’)* + > _[dp
i=1 Jj=1

f
+dp(g;)?)? — Z[dF<h> +dp(h Z 2+ dr(g)’)?

[(z+e+f)*+ ]2+f[(ac+e+f)2+1}2
—el(z+e)? + 17 = fl(x + f)* + 1)?

eflx+e+ >+ 1P —e[(z +e)* +1]2
fllx+e+ > +1° = fllx+ )2 +12>0;e>f>1
ForTI = PI,

e

PI(D)— PI(F) >2ef>0;e>f>1
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ForTI = GO+,
GO1(D) — GOL(F)>3ef >0;e>f>1
For T'I = GOa»,
GO5(D) — GOo(F) > 2efa +2e%f +2ef? +2ef >0;e> f>1

4. EXTREMALS WITH RESPECT TO T'1s

In the following section, we characterized extremal graphs amid acyclic, unicyclic, bi-
cyclic and tricyclic graphs with respect to T'1s. We define several terminologies which
might be used in this section.

Set of all of the bicyclic graphs having number of vertices n is denoted by B,,. Considering
graphs, we have three special classes defined as; first, connect two cycles C; and C} to a
path P, and we have P! graph of order n = [ + r +t — 2. Second consists of only two
cycles C and C; of order n = s+t — 1 having a common vertex and denoted by C,, (s, t).
However, to attain the third one, fuse pendent vertices of two triples from three paths Py, P,
and P,,, with two vertices and is denoted by C),(k, I, m) having order n = k + 1+ m — 4,
where 2 < k <[l <m.

If a bicyclic graph F consisting at least one of the three graphs PL"t, C,, (s, t) and C,, (k,1,m)
as its subgraph then it is called a brace of F'. Setting B}, B2 and B3 as such bicyclic graphs
having Pf;m, Cy(s,t) and C,(k,1, m) as their brace, respectively. Now, partitioned sub-
sets of B,, are B}, B2 and B3.

Some graphs which will be used in achieving the extremal graphs are drawn in the fol-
lowing Figure 7. The whole procedure is shown in figure 6. Now we have the following
results.

b- N

4}-»

<->- .

FIGURE 6. Flowchart for finding extremals using transformations
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Theorem 4.1. For a tree F' having n number of vertices.
TIs(P,) <TIs(F)<TIs(Sy)

Proof. By repeated applications of Lemmas 3.1 and 3.2, we get the sharp bounds of 7'/s
for a tree. For the upper bound, by increasing value of 7'7s using Lemma 3.2, we attain a
star .S,,. Similarly for the lower bound, by decreasing value of 7'/s using Lemma 3.1, we
attain a path P,,.

By Calculations, we have

(n—1)(n —2), TI=PI, 2n — 4, TI=PI,

(2n —1)(n — 1), TI=GO, 8n — 14, TI=GOy,
TI(S,) =< n(n —1)% TI=GO,, ,TI(P,) = { 16n — 36, TI=GOs,

(2n —1)%*(n — 1), TI=HGOy, 64n — 142, TI=H GOy,

(n —1)(n? — 2n + 2)%, TI=HF. 64n — 142, TI=HF.

FIGURE 7. Certain unicyclic and bicyclic graphs

Theorem 4.2. For a unicyclic graph F with n number of vertices.
TIs(C,) < TIs(F) < TIs(S})

Proof. For a unicyclic graph F with vertex disjoint attached to vertices of C}, by Lemma
3.2, we have Cj with pendent vertices attached to vertices of C}, and then by repeated
applications of 3" transformation, we attain cycle of length 3 attached to its three vertices.
Since by Lemma 3.3,3.5 T'I s of resulting graph is greatest i.e we attain a maximum graph
S}, as shown in Figure 7. By using Lemmas 3.1 and 3.4, we attain the minima C,,. By
calculations we get the bounds as follows:

n? — 3n + 6, TI=PI,
2n? —n+9,TI=GOy,
TI(S!) = { n® + 3n + 12, TI=GO,,
4n3 4+ 2n2 + n 4 63, TI=HGO,
n® — 5n* + 12n3 — 4n? — 12n + 102, TI=HF.
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2n, TI=PI,

8n, TI=GOy,
TI(C,) = { 16n, TI=GOs,

64n, TI=HGO,,

64n, TI=HF.

Theorem 4.3. For a bicyclic graph F with n number of vertices.
TIs({P:"':1>3}U{Cn(k,l,m):1>3}) <TIs(F) <TIs(S?)

Proof. For bicyclic graphs, the lower bound can be easily attained from Lemma 3.1, 3.2
and 3.4.
Clearly, equality holds in case F' € {P." : 1 > 3} U {C,(k,1,m) : | > 3}.
So,
2n + 8, TI=PI,
8n + 26, TI=GOq,
TI{PL™ 1> 3y U{Cpn(k,l,m):1>3}) =< 16n + 100, TI=GOs,
64n + 406, TI=HGO1,
64n + 694, TI=HF.

2n + 10, TI=PI,
8n + 32, TI=G O,
TI(Cy(s,t)) = < 16n + 144, TI=GO,
64n + 592, TI=HGOq,
64n + 1408, TI=HF.
Now, for upper bound of bicyclic graphs with respect to 7. By calculations, we get
n? — 3n + 12, TI=PI,
2n? +n + 23, TI=GO,
TI(S2) = < n® + 2n% + 7n + 50, TI=GOs,
4n3 + 14n? — 3n + 241, TI=HGOy,
n® — 5n* 4+ 12n3 4 12n? — 44n + 472, TI=HF.

So, we demonstrate that if F' 2 S2, then

TI(F) < TI(S?)
Possibility 1 (Brace of F'is K4 — e). By Lemma 3.2 and 3.5, we can attain a unique
bicyclic graph F'! which has every T'T greater than F (see Figure 7). We have

TI(F') < TI(S?)

Possibility 2 (Brace of F is not K4 —e). By using Lemma 3.3, there may exists a bicyclic
graph having brace K, — e which has greater values of 7' than F'. So concluding two
possibilities.
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Possibility 2.1 (Brace of F'is C,(3,2,m)). By Lemma 3.3, this possibility is converted
to Possibility 1.

Possibility 2.2 (Brace of F is not C,,(3,2,m)). We have F'?, a new bicyclic graph by
Lemma 3.2, 3.3 and 3.5 in Figure 7, which has greater values of 7'I than F'. We can easily
attain

TI(F?) < TI(S?)
O

Now consider the family of connected graphs with three cycles i.e of size n + 2, order
n and is represented by x,,. The class of all possible braces of tricyclic graph is denoted by
XY, x. and x?2, where a brace is a graph obtained by removing all its pendent vertices. x°
denote the class of all possible braces of a graph as shown in Figure 8, y. denote the class
of braces of tricyclic graph without pendent vertices and having cycle of length atleast 4
and x?2 denote the class of braces having pendent vertices and with cycle of length atleast
3 as shown in Figure 9 and 10 respectively.

R
AN 80090
S DD or

FIGURE 8. All possible braces a; of tricyclic graphs in x%

Theorem 4.4. Let F' be any tricyclic graph having n vertices; n > 4, with

2n + 16; TI=PI
8n +52; TI=GO,
TI(F) < { 16n + 200; TI=GOs
64n + 812; TI=HGO,
64n + 1388; TI=HF
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then equality holds if and only if F € 1.

Proof. Let I be a tricyclic graph with braces «; as depicted in Figure 8. By applying 4th
Transformation «; can be one of ¢; having internal path of length atleast 4 and conse-
quently by using Lemma 3.4, T1(0;) < TI(F). Evidently, by direct computations,

2n + 16; TI=PI
8n + 52; TI=GO,
TI(a) = ¢ 16n + 200; TI=GO,
64n + 812; TI=HGO;
64n + 1388; TI=HF

forj =1,2,3,4,5.
As aresult the proof is complete. g

RIEE Rty

FIGURE 9. Tricyclic graph o; (with cycle of length atleast 4) in x},

/I”I\

XEEERX

fi 3 £, Sn Sn

FIGURE 10. Tricyclic graph f; with pendent vertices in 2
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Theorem 4.5. Let F' be any tricyclic graph having n order with n > 4, then

n? —3n+20; TI = PI

2n? +3n+46; TI = GO,

n® +4n? + 13n 4+ 144; T1 = GO,

4n> 4+ 28n® — Tn + 674; TI = HGO,

n® —5nt + 12n3 4+ 32n% — 96n + 1256; T1 = HF

TI(F)

IN

For TI = PI, equality holds if and only if F =2 SF+ or S"2. For TI = GO;, GOy,
HGO, and HF, equality holds if and only if F = Sk

Proof. Let I be a tricyclic graph with brace one of «;, by repeated applications of ond,
37 and 5" Transformations we will have braces with pendent vertices and then one of the
six graphs can be extracted from these braces as depicted in Figure 10. Furthermore, for
any tricyclic graph F there exists f; € x?2 for j < 6 such that TI(F) < TI(f;) where,
TI = Pl,GO1,GO5, HGO1, HF, by Lemma 3.3 and Lemma 3.5. Clearly,

Pl(f1) =n® —3n+18, GOi(f1) = 2n® +3n + 38
Pl(f2) =n® = 3n+16, GO:(f2) =2n+3n+ 31
Pl(f3) =n® —3n+ 14, GOy(f3) =2n> +3n+25
PI(fs) =n? —11n + 62, GOy(f1) = 2n> — 13n 4 117
(
(

GOs(f1) = n® +4n® + 11n 4+ 98, HGO,(f1) = 4n> + 26n* — Tn + 466
GOy(f2) = n® +4n? + 9n + 62, HGO:(f2) = 4n> 4 24n* — Tn + 305
GOs(f3) = n® +4n* + Tn + 36, HGO;(f3) = 4n® +22n? — Tn + 191
GOs(fs) = n® —8n? 4+ 35n + 252, HGO:(f4) = 4n® — 14n* — 87n + 1803
GOo(S"2) = n® 4+ 4n? + 13n + 126, HGO,(S"+?) = 4n® + 28n? — Tn + 587
GOy(S%) = n3 +4n® +13n + 144, HGO,(S*4) = 4n® + 28n* — Tn + 674
HF(f1) =n® —5n* +12n3 + 28n2 — 76n + 892

HF(fy) =n® — 5n* 4+ 12n3 + 24n* — 68n + 578

HF(f3) =n® —5n* + 12n% + 20n% — 60n + 314

HF(f4) =n® — 25n* + 252n% — 122002 4 2676n + 1382

HF(S"?) = n® — 5n? + 1203 4 32n% — 84n + 1544

HF(Sk) = n® — 5n* + 24n3 + 32n? — 96n + 1256

As a result, the proof is complete. g
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5. CONCLUSION

This study derives sharp bounds for the Platt, Gourava, and hyper-forgotten invariants
in acyclic, unicyclic, bicyclic, and tricyclic graphs using vertex-path transformations, with
extremal structures identified through systematic combinatorial analysis. In this work, we
have observed the behavior of Pl, GO, GO, HGO; and H F under these graph transfor-
mations for acyclic, unicyclic, bicyclic and tricyclic graphs of order n. We observed that
in 2¢ transformation when we converted vertex of internal path to pendent vertex then as
a result, all the invariants increased, similarly, 37 and 5" transformations increased the
invariants under consideration which gave us upper bound, but in 4** transformation when
we converted pendent path to internal path, as a result invariants decreased, which gave us
lower bound and in 1°? transformation, we increased the length of the path which resulted
in lower bound. Further, extreme values of these chemical invariants are determined. The
derived sharp bounds and extremal graphs provide a systematic framework for analyzing
the behavior of degree-based topological invariants under graph transformations. These re-
sults contribute to extremal graph theory and offer potential applications in chemical graph
theory for modeling and analyzing molecular structures. This approach can be extended to
other degree-based invariants, such as the Sombor and reduced Sombor invariants, as well
as to broader graph classes, including cacti, block graphs, and other cyclic graph families.
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