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Abstract.: Partial differential equations play a fundamental role in model-
ing nonlinear dynamical phenomena and are widely applied in fields such 
as fluid dynamics, solid-state physics, mathematical biology, and plasma 
physics. The generalized Burgers-Fisher equation is an important model 
that describes the interaction of diffusion, convection, and nonlinear reac-
tion mechanisms in various physical systems, including traffic flow, heat 
conduction, and turbulence. In this paper, a local radial basis function-
generated finite difference method is proposed for the numerical solu-
tion of the generalized Burgers-Fisher equation. The proposed method 
achieves high accuracy while requiring only a small number of nodes 
within a local stencil. Several numerical experiments are performed to 
validate the efficiency and accuracy of the method. The obtained results 
show excellent agreement with available analytical solutions and demon-
strate the robustness of the proposed approach.
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1. INTRODUCTION

Partial differential equations (PDEs) are widely used to describe a variety of natural
phenomena, such as fluid motion, sound propagation, heat transfer, and wave propagation.
Many important models in physics, fluid dynamics, electromagnetism, plasma physics,
quantum mechanics, shallow water wave propagation, biology, and the social sciences can
be described by PDEs, as shown in [20, 40]. Due to their broad applicability in physics, en-
gineering, and other sciences, significant effort has been devoted to the numerical solution
of PDEs alongside analytical studies. However, the development of highly accurate numer-
ical methods and the validation of numerical results with experimental data remain active
areas of research (see, for example, [23, 19]). Among nonlinear PDEs, the generalized
BurgersFisher (gBF) equation is an important model that describes the combined effects
of diffusion, convection, and nonlinear reaction mechanisms. This equation has significant
physical relevance in modeling complex processes such as shock wave propagation, turbu-
lence, heat conduction, and traffic flow. It is also used to study nonlinear wave phenomena
and transport processes in viscous media. Recent studies further emphasize its importance
in describing complex dynamical systems and nonlinear physical behavior [39, 43, 27].
The literature provides a variety of numerical techniques for approximating PDE solutions.
Traditional methods include finite difference (FD), finite element (FE), and finite volume
(FV) approaches, which rely on polynomial interpolation and typically achieve algebraic
convergence rates. In contrast, global polynomial techniques, such as pseudo-spectral (PS)
methods, can achieve exponential convergence but are limited by structured grids. Com-
pared to spline-based methods such as B-splines, these traditional approaches also face
limitations in handling irregular geometries and scattered data, since they generally depend
on structured meshes and tensor-product constructions [22]. Moreover, these methods are
not well suited for problems involving large deformations or irregular domains, where mesh
generation becomes restrictive. In recent years, meshless methods have gained consider-
able attention, as they eliminate the need for mesh generation by employing scattered nodes
over the problem domain. Notable examples include the local point interpolation method,
reproducing kernel particle method, and the element-free Galerkin method [8, 31, 46].

Radial Basis Functions (RBFs) techniques have recently attracted considerable interest
from the scientific community due to their truly mesh-free nature and their ability to pro-
vide spectral accuracy for PDE solutions on irregular domains [5, 10]. Hence, in situations
where standard approaches are either difficult to apply or fail to achieve the desired expo-
nential accuracy in multidimensional domains, global non-polynomial RBF methods can be
effectively employed to obtain higher spectral accuracy. In addition to their superior accu-
racy and convergence rates compared to other advanced techniques, they also exhibit strong
time-step stability, see for example [34, 31, 8]. The conventional RBF approach produces a
full coefficient matrix due to globally defined basis functions. This limits its application to

Hameed Ullah Jan, H.Ullah, M.Rafiq, Z.Qureshi



RBF-FD Method for Solving Generalized Burgers-Fisher Equation 1326

large-scale problems, as the resulting matrix is often ill-conditioned. To address these limi-
tations, Wendland et al. [45, 44] developed compactly supported RBFs. In addition, several
authors have proposed local versions of RBF methods, which remain an effective alterna-
tive. The local approach aims to preserve the spectral accuracy of global techniques while
generating a sparse and well-conditioned linear system suitable for large-scale problems.
Another advantage of local techniques is their suitability for problems with discontinuous
boundary conditions. The local radial basis function collocation method (LRBFCM) is one
such local variant, as outlined by Chen in [7]. Instead of using all nodes in the compu-
tational domain for collocation, this method employs only local approximations [28, 30].
Among these approaches, the RBF-FD method is a particularly promising local strategy. It
combines the advantages of RBFs with classical finite difference (FD) schemes to achieve
high accuracy on scattered nodes without requiring a computational mesh. Wright and
Tolstykh first introduced the RBF-FD method in 2000 [41, 47]. Furthermore, Bayona and
Moscoso et al. [1] analytically established its convergence properties. In recent years, this
approach has been successfully applied to a wide range of problems [28, 35, 13, 14, 15].
Although exact solutions are available for certain benchmark problems and are useful for
validating numerical schemes, most real-world nonlinear partial differential equations do
not admit closed-form solutions. Hence, numerical methods play a crucial role in obtain-
ing accurate approximate solutions. In this context, the proposed RBF-FD method provides
an effective framework for accurately approximating solutions where analytical solutions
are unavailable, while maintaining high accuracy and computational efficiency. Moreover,
the effectiveness of the proposed method is not solely based on numerical comparisons,
but also on its meshless nature, reduced computational cost, and the use of local stencils,
which produce sparse and well-conditioned systems.

The remainder of the paper is organized as follows. The details of the considered equa-
tions are given in Section 2, while the suggested schemes are described in Sections 3 and
4. The proposed systems stability evaluation is discussed in Section 5. Some numerical ex-
amples and results are presented in Section 6. Finally, comments and concluding remarks
are given in Section 7.

2. GOVERNING EQUATIONS

The generalized Burgers-Fisher (gBF) equation is an important nonlinear partial differ-
ential equation that combines the physical properties of the Burgers equation and the Fisher
reaction-diffusion equation to describe nonlinear phenomena involving simultaneous con-
vection, diffusion, and reaction effects. The equation is commonly written as ut + αuδux − νuxx = βu(1− uδ), for x ∈ [a, b] and t ∈ (0, T ],

u(x, 0) = f(x), for x ∈ [a, b],
u(a, t) = g1(t) and u(b, t) = g2(t), for t ∈ (0, T ].

(2. 1)

where the diffusion term νuxx represents dissipative or spreading effects, the nonlinear
convection term αuδux models wave propagation and transport mechanisms, and the re-
action term βu(1 − uδ) describes nonlinear growth-decay behavior. Physically, the gBF
equation arises in several applications such as viscous fluid flow, gas dynamics, plasma
physics, heat transfer, chemical kinetics, traffic flow, nonlinear acoustics, and biological
population dynamics. The Burgers component models nonlinear transport and viscous
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effects, while the Fisher component represents reaction-diffusion processes occurring in
ecology, combustion theory, and biological systems. Due to its strong nonlinear charac-
teristics and wide range of physical applications, the generalized Burgers-Fisher equation
has become an important benchmark model for testing analytical and numerical methods
in applied mathematics and engineering sciences [17, 2, 29, 36]. Furthermore, in equation
(2. 1 ) f(x) denotes the initial condition, while g1(t) and g2(t) represent the boundary con-
ditions at the left and right boundaries, respectively. The parameters α, ν, δ, and β satisfy
δ > 0 and β ≥ 0. The generalized Burgers-Fisher (gBF) model (2. 1 ) is investigated in
the subsequent sections for different values of the parameters α, ν, δ, and β.

3. DESCRIPTION OF THE RBF-FD METHOD

3.1. Classical Finite Difference Method. To approximate the derivative of the function
u(x, y) with respect to x, we first consider a classical finite difference method. Assume
that the derivative at each rectangular grid point (i, j) is approximated by

∂u

∂x
|(i,j)≈

∑
k∈{i−1,i,i+1}

w(k,j)u(k,j). (3. 2)

A stencil is defined in the finite difference literature as a set of nodes {(i− 1, j), (i, j), (i+
1, j)}, where u(k,j) denotes the function value at the grid point (k, j) and w(k,j) represents
the unknown coefficients computed using Taylor series expansion or polynomial interpo-
lation. The finite difference approximation of spatial derivatives relies on structured grids,
which restricts its applicability in higher dimensions and reduces geometric flexibility [6].
Furthermore, in polynomial interpolation-based discretizations [48], the computation of
finite difference coefficients for scattered nodes in multidimensional domains leads to a
well-posedness issue, limiting the robustness of the method for irregular geometries.

3.2. Radial Basis Function-Finite Difference Method. To overcome the limitations of
classical finite difference schemes, the radial basis function-finite difference (RBF-FD)
method is employed as a mesh-free discretization approach [41, 47]. In this framework,
the derivative of the function u(x) at point xi is approximated using a stencil, which is a
local collection of nodes surrounding xi. For each node, a stencil of neighboring points
is selected, and differentiation weights are constructed by enforcing exactness over radial
basis function interpolants. This leads to sparse differentiation matrices, improving com-
putational efficiency while maintaining high accuracy. The method avoids the need for
structured grids and provides flexibility for irregular geometries and scattered node distri-
butions, making it suitable for high-dimensional problems [1].

4. TIME-DEPENDENT PDES VIA THE RBF-FD METHOD

To solve time-dependent PDEs, we provide a brief overview of RBFs and RBF-FD
formulation. Consider the following time-dependent PDE:

ut(x, t) = Lu(x, t), for x ∈ Ω ⊆ Rd, d ≥ 1, and t ≥ 0, (4. 3)

subject to the following initial and boundary conditions

u(x, 0) = u0(x), for x ∈ Ω, t = 0 and Bu(x, t) = h(x, t), for x ∈ ∂Ω, t > 0, (4. 4)
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where u0 and h are given functions, while L and B denote spatial differential operators.
Consider Ω = {x1, . . . , xN} as a discretized domain and SI = {x(i)

1 , ..., x
(i)
NI

} ⊆ Ω be a
stencil, consisting of NI nodes associated with the point xi, where xi ∈ SI and NI ≤ N .
Therefore, the linear differential operator L can be locally approximated as follows:

Lu(xi) ≃
NI∑
j=1

w
(i)
j u(x

(i)
j ). (4. 5)

The problem of computing the unknown weights {w(i)
j }NI

j=1 is solved by the RBF-FD ap-
proach, which requires that the linear combination (4. 5 ) for RBFs, {ϕj(x, c)}NI

j=1, hold
exactly true [48], centered at each stencil node SI , so that

Lϕk(xi, c) =

NI∑
j=1

w
(i)
j ϕj(xk, c), for k = 1, ..., NI . (4. 6)

The resulting algebraic linear system can be written as

ΦwI = [LΦ]I . (4. 7)

The interpolation matrix Φ ∈ RNI×NI is defined as:

ϕkj = ϕj(xk, c), for k, j = 1, ..., NI . (4. 8)

The weight coefficients, also known as the RBF-FD coefficients, are {w(i)
j }NI

j=1, which are
contained in the NI × 1 coefficient vector wI, where the right-hand side vector [LΦ]I ∈
RNI contains entries Lϕk(xi, c) for k = 1, . . . , NI . Since the interpolant matrix Φ is non-
singular (see [33]), the weight vector wI can be obtained. The discretization for problems
(4. 3 )-(4. 4 ) can be expressed as follows:

wI = Φ−1[LΦ]I . (4. 9)

The RBF-FD strategy is essentially an extension of the FD approach, with the exception
of how the weights {w(i)

j }NI
j=1 are established. It can therefore be considered an improved

version of the FD approach. An analogous process can be applied to the boundary operator
B. Hence, after discretization, we obtain the following ODE:

ú = M(u). (4. 10)

The sparse differentiation matrix M of size N × N represents the discretized operator,
indicating that each row contains n non-zero entries and N − n zeros entries where n
denotes the number of non-zero stencil points per row.

5. STABILITY OF THE PROPOSED RBF-FD NUMERICAL SCHEME

In our proposed numerical scheme which is based on RBF-FD method we have trans-
formed the time dependent partial differential equation into an ODEs system in time see
equation (4. 10 ). This type of technique is called the method of lines by which we can
solve this system of coupled ODEs using the finite difference method in time for example
RK methods, etc. The method of lines stability may be estimated by the well known rule
of thumb. It is shown in the work of [42], that the method of lines will be stable, when the
eigenvalues of spatial discretization operator, linearized and scaled by step size δt, lie in
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region of stability of the corresponding time-discretization operator. The stability region is
a part of a multifaceted plane (complex plane) entailing of those eigenvalues for which the
schemes construct a bounded solution. The stability of equation (4. 10 ) depends on the
eigenvalues of the coefficient matrix. Hence, to show the stability of the numerical solution
of equations (4. 3 )-(4. 4 ), it is satisfactory to display that the real term of every eigenvalue
Re(λi)of the matrix M is non-positive, i.e., Re(λi) ≤ 0 for all i = 1, 2, · · ·n, for more
details, see [38]. Notice that the traditional RK method of order four stability criteria is
(−2.78 < λδt < 0∀λ). For more details on stability of RBF method for time dependent
PDEs readers are refer to see for example [9, 25, 32]. Here in this study, it is shown that the
current RBF-FD (localized) numerical scheme is unconditionally stable for all values of
RBFs shape parameter and small step size δt, when solving the generalized Burgers-Fisher
(gBF) equation.

5.1. Time discretization using Runge-Kutta (RK-4) scheme. The following system of
ODEs is obtained using the spatial local RBF-FD approximation; that is, the PDE is con-
verted into a system of ODEs:

Dtu = F (u). (5. 11)

Any ODE solver, such as ode23, ode113, or ode45, can be applied to solve this system in
time. The initial condition is given by u0. To handle the stiffness of the ODE system, a
suitable ODE solver automatically selects an appropriate time step δt. Alternatively, the
fourth-order Runge-Kutta (RK-4) method can be used to solve the resulting ODE system.
In this case, the time step δt is chosen manually.
RK-4 Scheme:

J1 = F(un), J2 = F(un +
δt

2
J1), J3 = F(un +

δt

2
J2),

J4 = F(un + δtJ3), u
n+1 = un +

δt

6
(J1 + 2J2 + 2J3 + J4).

.

6. NUMERICAL RESULTS

The accuracy and efficiency of the proposed localized RBF-FD approach are tested us-
ing the following absolute error (AE), defined as

AE =
∣∣uexact − uapprox

∣∣ , (6. 12)

where uapprox denotes the approximate solution and uexact denotes the exact solution. More-
over, δx = h = |b−a|

N .
Now consider the following generalized Burgers-Fisher (gBF) equation:

ut + αuδux − νuxx = βu(1− uδ), for 0 < x < 1, t ≥ 0, (6. 13)

with the initial condition

u(x, 0) =

[
0.5 + 0.5 tanh

(
−αδ

2(1 + δ)
x

)] 1
δ

. (6. 14)
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According to [24, 12, 26], the exact solution is given by

ue(x, t) =

[
0.5 + 0.5 tanh

(
−αδ

2(1 + δ)

(
x−

(
α

1 + δ
+

β(1 + δ)

α

)
t

))] 1
δ

. (6. 15)

On the domain 0 < x < 1 and 0 < t < 1, we analyze approximate solutions for β = 0,
ν = 1, α = 1, and δ = 1, 2, 3. Following [16], the gBF equation can be written as follows:

∂u

∂t
− ν

∂2u

∂x2
+ βuδ ∂u

∂x
− γu(1− uδ) = 0, for 0 ≤ x ≤ 1, and t ≥ 0, (6. 16)

subject to the following initial condition:

u(x, 0) =

[
0.5 + 0.5 tanh{ −βδx

2(1 + δ)
}
] 1

δ

(6. 17)

along with the boundary conditions:

ue(0, t) =

[
0.5 + 0.5 tanh{ −βδ

2(1 + δ)
{(β

2 + γ(δ + 1)2

β(δ + 1)
)t}}

] 1
δ

, (6. 18)

ue(1, t) =

[
0.5 + 0.5 tanh{ −βδ

2(1 + δ)
, {1− (

β2 + γ(δ + 1)2

β(δ + 1)
)t}}

] 1
δ

. (6. 19)

The model equation (6. 16 ) gives rise to various forms of PDEs for different values of β,
ν, γ, and δ. In particular, the generalized Burgers equation is obtained when γ = 0, and
it reduces to the generalized Fisher equation when β = 0. The exact solution of equation
(6. 16 ), derived by Chen and Zhang [4], is given as follows:

ue(x, t) =

[
0.5 + 0.5 tanh{ −δβ

2(1 + δ)
{x− (

β2 + γ(δ + 1)2

(δ + 1)β
)t}}

] 1
δ

. (6. 20)

We analyze approximate solutions for the parameter values β = 0.0010, 0.10, γ = 0.0010,
ν = 1, 0.00250, and δ = 1.0, 2.0, 4.0.

6.1. Example 1: In this example, we consider the gBF equation (6. 13 ), where the param-
eters are α = 0.001, β = 0.001 ν = 1, equation (6. 14 ) represents the initial condition,
while equation (6. 15 ) represents the boundary conditions and the analytical solution. For
spatial step size ∆x = 0.10 at time levels t = 0.0010, 0.0050, 0.0100 with temporal step
size ∆t = 0.00010 and δ = 1.0, the absolute errors at nodes x = 0.10, 0.50, 0.90 are com-
pared in Table 1. The existing numerical methods [21, 12, 24] are compared in Table 1 to
provide a detailed comparison, which shows that the proposed method consistently outper-
forms existing techniques. Furthermore, a nearly perfect agreement between the numerical
results and the analytical solution is a significant observation. The proposed method is also
illustrated in Figure 1, where the corresponding surface plot further validates the approx-
imate solution and the analytical and numerical profiles are in excellent agreement within
graphical resolution.
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TABLE 1. Comparison of the approximate solutions of gBF equation at
time t = 0.0010, 0.0050, 0.0100, x = 0.10, 0.50, 0.90, β = 0.0010,
α = 0.0010, δ = 1.0, ν = 1, ∆t = 0.00010 and ∆x = 0.10 for
Example 1.

x values t values Exact solution Approx. solution Approx. solution AE AE AE AE
ue u [21] |ue − u| [21] [12] [24]

0.10 0.001 0.4999878 0.4999878 0.499988 9.8127×10−10 1.97×10−8 1.94×10−6 2.25×10−8

0.005 0.4999888 0.4999888 0.499989 3.5107×10−9 1.97×10−8 9.69×10−6 1.12×10−7

0.01 0.4999900 0.4999900 0.499990 5.4045×10−9 1.97×10−8 1.94×10−6 2.25×10−7

0.50 0.001 0.4999378 0.4999377 0.499938 1.0513×10−9 3.58×10−9 1.94×10−6 4.58×10−8

0.005 0.4999388 0.4999387 0.499939 4.0146×10−9 3.71×10−9 9.69×10−6 2.29×10−7

0.01 0.4999400 0.4999400 0.499940 6.5918×10−9 3.88×10−9 1.94×10−6 4.58×10−7

0.90 0.001 0.4999878 0.4999878 0.499988 9.8127×10−10 1.97×10−8 1.94×10−6 2.25×10−8

0.005 0.4998888 0.4998888 0.499889 2.5164×10−9 1.77×10−8 9.69×10−6 2.29×10−7

0.01 0.4998900 0.4998900 0.499890 3.0731×10−9 1.74×10−8 1.94×10−6 4.58×10−7
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FIGURE 1. Example 1: Exact and approximate solutions (left) at time
level t = 0.010, for β = 0.0010, α = 0.0010, ν = 1, and δ = 1.0,
with ∆t = 0.0001 and ∆x = 0.10, on the domain [0, 1] using the pro-
posed RBF-FD method. The right panel shows the surface plot of the
approximate solution corresponding to equations (6. 13 )-(6. 15 ).

6.2. Example 2: In this example, we consider the gBF equation (6. 13 ), where the pa-
rameters are β = 1.0, α = 1.0, ν = 1, the initial condition is represented by equation
(6. 14 ), and the boundary conditions and analytical solution are represented by (6. 15 ).
The absolute errors at the spatial coordinates x = 0.10, 0.50, 0.90, ∆t = 0.000010,
∆x = h = 0.10, δ = 2.0 and t = 0.00010, 0.00050, 0.0010 are compared in Table
2. The proposed method consistently outperforms the existing methods, as demonstrated
by the extensive comparison with some of the most sophisticated numerical techniques
[21, 12, 24] in Table 2. The agreement between the analytical and numerical solutions
is an important observation. In Figure 2, the proposed method is further illustrated. The
surface plot verifies the accuracy of the approximate solution, indicating that the exact and
numerical profiles are almost identical within the plotting resolution.
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TABLE 2. Evaluating the approximate solutions of gBF equation at x =
0.10, 0.50, 0.90, t = 0.00010, 0.00050, 0.0010, α = 1.0, ν = 1, β =
1.0, δ = 2.0, ∆x = 0.10, and ∆t = 0.000010 for Example 2.

x values t values Exact solution Approx. solution Approx. solution AE AE AE AE
ue u [21] |ue − u| [21] [12] [24]

0.10 0.0001 0.6952661 0.6952661 0.695267 1.6934×10−8 1.08×10−6 2.80×10−4 1.17×10−5

0.0005 0.6954258 0.6954257 0.695427 8.0027×10−8 1.08×10−6 1.40×10−3 5.87×10−5

0.001 0.6956252 0.6956251 0.695626 1.4972×10−7 1.08×10−6 2.80×10−3 1.17×10−4

0.50 0.0001 0.6461299 0.6461299 0.646129 1.6855×10−10 1.14×10−6 2.69×10−4 5.33×10−5

0.0005 0.6462972 0.6462972 0.646296 7.5973×10−10 1.14×10−6 1.34×10−3 1.06×10−5

0.001 0.6465062 0.6465062 0.646505 1.3723×10−9 1.14×10−6 2.69×10−3 1.06×10−5

0.90 0.0001 0.5953105 0.5953105 0.595306 1.6309×10−8 4.12×10−6 2.55×10−4 9.29×10−6

0.005 0.5954813 0.5954813 0.595477 7.6976×10−8 4.12×10−6 1.27×10−3 4.64×10−5

0.001 0.5956948 0.5956949 0.595691 1.4383×10−7 4.12×10−6 2.55×10−3 9.29×10−4
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FIGURE 2. Exact and approximate solutions for Example 2 (left) at time
t = 0.010, with parameters β = 1.0, ν = 1, α = 1.0, δ = 2.0, ∆x =
0.10, and ∆t = 0.00001, using the proposed RBF-FD method on the
domain [0, 1]. The right panel shows the corresponding surface plot of
the approximate solution related to equations (6. 13 )-(6. 15 ).

6.3. Example 3: For this case, we consider the gBF equation (6. 13 ), where the param-
eters are β = 0.10, α = 0.1 ν = 1, the initial condition is represented by equation
(6. 14 ), and the boundary conditions and exact solution are represented by (6. 15 ). Table 3
presents the absolute errors for the temporal discretization using ∆t = 0.0010, ∆x = 0.10,
x = 0.20, 0.40, 0.60, 0.80, δ = 1.0 and t = 0.10, 0.40, 0.80. A thorough comparison
with sophisticated numerical techniques [21, 26] in Table 3 demonstrates that the proposed
method consistently performs better than current approaches. Furthermore, the excellent
agreement between the approximate and exact solutions is an impressive and noteworthy
result. The surface plot confirms the accuracy of the method, as shown in Figure 3, where
the numerical and analytical profiles are nearly identical.

6.4. Example 4: In this example, the gBF equation (6. 13 ) is examined with equation
(6. 14 ) representing the initial condition, (6. 15 ) representing the boundary conditions



1333 Hameed Ullah Jan, H.Ullah, M.Rafiq, Z.Qureshi

TABLE 3. Absolute errors of the gBF equation at x =
0.20, 0.40, 0.60, 0.80, t = 0.10, 0.40, 0.80, with parameters β = 0.10,
ν = 1, α = 0.10, ∆x = 0.10, δ = 1.0, and ∆t = 0.0010 for Example 3.

t values x values Exact solution Approx. solution Approx. solution AE AE AE
ue u [21] |ue − u| [21] [26]

0.10 0.20 0.5000625 0.5000625 0.500062 5.2186×10−9 5.98×10−8 4.32×10−8

0.40 0.4975625 0.4975625 0.497562 1.0522×10−8 3.95×10−8 1.08×10−7

0.60 0.4950627 0.4950626 0.495063 2.8437×10−8 1.97×10−8 1.74×10−7

0.80 0.4925630 0.4925630 0.492563 1.8123×10−8 9.80×10−10 2.40×10−7

0.40 0.20 0.5077494 0.5077494 0.507749 3.8040×10−10 6.75×10−8 3.85×10−7

0.40 0.5052498 0.5052498 0.505250 2.0129×10−8 4.89×10−8 6.65×10−7

0.60 0.5027500 0.5027499 0.502750 3.8674×10−8 2.93×10−8 1.71×10−6

0.80 0.5002500 0.5002500 0.500250 2.4650×10−8 9.08×10−9 2.76×10−6

0.80 0.20 0.5179922 0.5179922 0.517992 7.7706×10−10 5.09×10−8 7.28×10−6

0.40 0.5154950 0.5154950 0.515495 2.1106×10−8 4.27×10−8 3.08×10−6

0.60 0.5129971 0.5129970 0.512997 4.0010×10−8 3.09×10−8 1.12×10−6

0.80 0.5104985 0.5104984 0.510498 2.5489×10−8 1.63×10−8 5.32×10−6
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FIGURE 3. Example 3: the exact and approximate solutions (left) at time
t = 0.80, β = 0.10, α = 0.10, δ = 1.0, ν = 1, ∆x = 0.10, and ∆t =
0.0010 using the proposed RBF-FD method on the domain [0, 1], as well
as the surface plot of the approximate solution (right) corresponding to
equations (6. 13 )-(6. 15 ).

and exact solution, with parameters β = 0.0, ν = 1, and α = 1.0. Table 4 compares the
absolute errors for temporal step size ∆t = 0.001 and spatial step size ∆x = h = 0.10
with x = 0.10, 0.50, 0.90, t = 0.50, 1.0, 2.0 and δ = 1.0. As demonstrated in Table 4,
the suggested approach produces better results than other numerical techniques [21, 12,
18], and the approximate and exact solutions show excellent agreement. The proposed
method is further illustrated in Figure 4, where the surface plot confirms the great fidelity
of the approximate solution due to the near-perfect overlap between the exact and numerical
profiles within the plotting resolution.
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TABLE 4. Evaluating the approximate solutions of the gBF equation at
x = 0.10, 0.50, 0.90, t = 0.50, 1.0, 2.0 with parameters β = 0.0, ν = 1,
α = 1.0, ∆x = 0.10, δ = 1.0 and ∆t = 0.0010 for Example 4.

t values x values Exact solution Approx. solution Approx. solution Approx. solution Approx. solution AE AE AE AE
ue u [21] [12] [18] |ue − u| [21] [12] [18]

0.50 0.10 0.5187412 0.5187408 0.518740 0.518741 0.518739 4.3615×10−7 1.14×10−7 6.34×10−8 2.00×10−6

0.50 0.4687906 0.4687905 0.468791 0.468791 0.468790 8.9635×10−8 1.13×10−7 5.66×10−8 1.00×10−6

0.90 0.4194577 0.4194581 0.419459 0.419458 0.419449 3.6375×10−7 1.56×10−6 4.12×10−8 9.00×10−6

1.0 0.10 0.5498340 0.5498336 0.549833 0.549832 0.549831 4.3362×10−7 1.17×10−7 2.02×10−6 3.00×10−6

0.50 0.5000000 0.4999999 0.499999 0.499998 0.499998 8.7905×10−8 3.79×10−8 1.84×10−6 2.00×10−6

0.90 0.4501660 0.4501664 0.450167 0.450165 0.450157 3.7845×10−7 1.28×10−6 1.37×10−6 9.00×10−6

2.0 0.10 0.6106392 0.6106388 0.610638 0.610575 0.610635 3.8879×10−7 8.44×10−7 6.42×10−5 4.00×10−6

0.50 0.5621765 0.5621764 0.562176 0.562116 0.562175 7.7930×10−8 1.16×10−7 6.06×10−5 2.00×10−6

0.90 0.5124974 0.5124978 0.512498 0.512450 0.512488 3.7161×10−7 9.72×10−7 4.75×10−5 9.00×10−6
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FIGURE 4. Example 4: Exact and approximate solutions (left) at time
t = 2.0, β = 0.0, ν = 1, α = 1.0, δ = 1.0, ∆x = 0.10, and ∆t =
0.0010 using the proposed RBF-FD method on the domain [0, 1], along
with the surface plot of the approximate solution (right) corresponding
to equations (6. 13 )-(6. 15 ).

6.5. Example 5: Here, we consider the gBF equation (6. 13 ), where β = 0.0, ν = 1,
α = 1.0 are the parameters, equation (6. 14 ) represents the initial condition, and (6. 15 )
represents the boundary conditions and exact solution. Table 5 compares the absolute errors
at time levels t = 0.50, 1.0, 2.0 for temporal step size ∆t = 0.0010 and spatial step size
∆x = 0.10, at x = 0.10, 0.50, 0.90 with δ = 2.0. The proposed method is superior to
existing numerical techniques [21, 12, 18], and the approximate solution shows excellent
agreement with the exact solution. Figure 5 provides a clear illustration of the effectiveness
of the proposed approach. The surface plot shows the high accuracy of the approximate
solution due to the near-perfect overlap between the numerical and exact profiles within
the plotting resolution.

6.6. Example 6: In this example, we consider the gBF equation (6. 16 ), with parameters
β = 0.0010, ν = 1, and γ = 0.0010. The boundary conditions and exact solution are
represented by (6. 18 )-(6. 19 ), while the initial condition is given in (6. 17 ). Table 6
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TABLE 5. Approximate solutions of the gBF equation at x =
0.10, 0.50, 0.90 and t = 0.50, 1.0, 2.0 for Example 5 with parameters
α = 1.0, ν = 1, β = 0.0, δ = 2.0, ∆x = 0.10, and ∆t = 0.0010.

t values x values Exact solution Approx. solution Approx. solution Approx. solution Approx. solution AE AE AE AE
ue u [21] [12] [18] |ue − u| [21] [12] [18]

0.50 0.10 0.5187412 0.5187408 0.518740 0.518741 0.518739 4.3615×10−7 1.14×10−7 6.34×10−8 2.00×10−6

0.50 0.4687906 0.4687905 0.468791 0.468791 0.468790 8.9635×10−8 1.13×10−7 5.66×10−8 1.00×10−6

0.90 0.4194577 0.4194581 0.419459 0.419458 0.419449 3.6375×10−7 1.56×10−6 4.12×10−8 9.00×10−6

1.0 0.10 0.5498340 0.5498336 0.549833 0.549832 0.549831 4.3362×10−7 1.17×10−7 2.02×10−6 3.00×10−6

0.50 0.5000000 0.4999999 0.499999 0.499998 0.499998 8.7905×10−8 3.79×10−8 1.84×10−6 2.00×10−6

0.90 0.4501660 0.4501664 0.450167 0.450165 0.450157 3.7845×10−7 1.28×10−6 1.37×10−6 9.00×10−6

2.0 0.10 0.7702837 0.7702834 0.770277 0.770272 0.770286 3.4446×10−7 7.21×10−6 1.18×10−5 2.00×10−6

0.50 0.7264635 0.7264635 0.726456 0.726449 0.726469 5.3649×10−8 7.35×10−6 1.49×10−5 5.00×10−6

0.90 0.6791092 0.6791096 0.679101 0.679095 0.679110 4.0713×10−7 8.03×10−6 1.43×10−5 1.00×10−6
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FIGURE 5. Example 5: Exact and approximate solutions (left) at time
t = 2.0, β = 0.0, α = 1.0, ν = 1, δ = 2.0, ∆x = 0.10, and ∆t =
0.0010 using the proposed RBF-FD method on the domain [0, 1], along
with the surface plot of the approximate solution (right) corresponding
to equations (6. 13 )-(6. 15 ).

compares the absolute errors at time levels t = 0.50, 1.0, 2.0 for temporal step size ∆t =
0.0010 and spatial step size ∆x = 0.10, at x = 0.10, 0.50, 0.90 with δ = 2.0. The
proposed method outperforms existing numerical methods [37, 3], as shown in Table 6,
with the approximate results showing excellent agreement with the exact solution. The
effectiveness of the proposed approach is demonstrated in Figure 6, where the exact and
numerical solutions nearly coincide.

6.7. Example 7: Finally, we consider the gBF equation (2. 1 ), for which the exact solu-
tion is unknown. The initial and boundary conditions are defined as (see [11, 22]):

f(x) = exp(−40x2), −1 ≤ x ≤ 1, (6. 21)

with boundary conditions

U(±1, t) = 0, t > 0. (6. 22)
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TABLE 6. Approximate solutions of the gBF equation at x =
0.10, 0.50, 0.90 and t = 0.50, 1.0, 2.0 for Example 6 with parameters
β = 0.10, ν = 1, γ = −0.0025, δ = 2.0, ∆x = 0.10, and ∆t =
0.00010.

t values x values Exact solution Approx. solution AE AE AE
ue u |ue − u| [37] [3]

0.10 0.10 0.7058781 0.7058781 1.5265×10−8 1.21×10−5 9.47×10−6

0.50 0.7011405 0.7011405 3.1555×10−8 2.90×10−5 2.74×10−8

0.90 0.6963728 0.6963728 1.0324×10−8 1.54×10−5 9.57×10−6

0.50 0.10 0.7056813 0.7056813 1.1563×10−8 1.67×10−5 9.58×10−6

0.50 0.7009424 0.7009424 4.4382×10−8 4.69×10−5 5.18×10−8

0.90 0.6961735 0.6961735 1.4597×10−8 1.71×10−5 9.66×10−6

2.0 0.10 0.7049429 0.7049429 1.1488×10−8 - 9.59×10−6

0.50 0.7001993 0.7001992 4.4584×10−8 - 5.26×10−8

0.90 0.6954258 0.6954257 1.4662×10−8 - 9.67×10−6
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FIGURE 6. Evaluating the approximate solutions of the gBF equation
at x = 0.10, 0.50, 0.90 and t = 0.50, 1.0, 2.0 with parameters γ =
−0.0025, ν = 1, β = 0.10, δ = 2.0, ∆x = 0.10, and ∆t = 0.00010 for
Example 6 corresponding to equations (6. 16 )-(6. 19 ).

The computational parameters are selected as N = 40, ∆x = 0.05, ∆t = 1.5/51 for
consistency with the results reported in [11, 22]. The parameter set used is α = 0, ν = 0.1,
β = 1, δ = 1. The proposed RBF-FD method successfully compute the approximate
numerical solution for the considered parameter values as shown in Figure 7. The obtained
results are found to be in good agreement with those reported in [11, 22], where the authors
have presented similar graphical behaviors for the approximate solutions.
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FIGURE 7. Approximate solution of the gBF equation at N = 40 and
t = 1.5 with parameters values α = 0, ν = 0.1, β = 1, δ = 1, ∆x =
0.05 and ∆t = 1.5/51 for Example 7 corresponding to equation (2. 1 ).

7. CONCLUSION

This work presents a numerical investigation of radial basis function (RBF) methods for 
the generalized Burgers-Fisher (gBF) equation. A hybrid meshless scheme based on the ra-
dial basis function-finite difference (RBF-FD) approach is developed for solving the model 
problem. Several nonlinear test cases of the gBF equation are successfully solved, demon-
strating the capability of the method to handle nonlinear reaction-diffusion behavior. Time 
integration is performed using the fourth-order Runge-Kutta (RK-4) method. The accuracy 
of the proposed scheme is evaluated using the L2 and L∞ error norms, absolute errors, 
and graphical comparisons. Numerical results indicate improved accuracy compared with 
existing methods, along with a simple and efficient computational structure. The method 
also exhibits stability, good convergence behavior, and flexibility for a wide class of PDEs.
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