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Applications in Special Means

“Ali Hassan
Department of Mathematics,

Shah Abdul Latif University Khairpur, Pakistan

Abstract. A new class of convex functions in mixed form is introduced,
unifying and generalizing several existing classes of convex functions. By
means of the weighted Montgomery identity, a well-known Ostrowski—
type inequality is established for functions belonging to this class. Further-
more, various weighted Ostrowski—type inequalities are derived for func-
tions whose derivatives, in absolute value and raised to certain powers,
satisfy the proposed mixed convexity condition. The proofs are based on
classical analytical tools, including Ho6lder’s inequality (HI) and the power
mean inequality (PMI). It is also shown that many previously known re-
sults can be obtained as special cases of the main theorems. In addition,
several applications involving special means are presented.
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1. INTRODUCTION

Inequalities are fundamental tools across nearly all branches of science. Although the
subject is broad and extensive, our primary focus here is on Ostrowski—type inequalities.
Alexander in 1938, Ostrowski introduced an important integral inequality for differentiable
functions with bounded derivatives [14]. This result is widely recognized in the literature
as the Ostrowski inequality.

Theorem 1.1. Let f : [a,b] — R be differentiable and | f'(t)| < M Vt € (a,b). Then

_atb\?
< M(b—a) i+<xl)2> , 1.1

—a

b
‘f(x)—bla [ s

Vz € (a,b).
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Weighted Ostrowski-type inequalities have garnered significant interest in recent years
due to the advent of weight functions, which provide a more flexible representation of in-
tegral means and produce estimates that are sharper and more relevant. When the underly-
ing issues involve variable coefficients, non-uniform distributions, or generalized integral
operators, weighted representations are especially helpful. Thus, creating new weighted
Ostrowski-type inequalities under more general convexity assumptions continues to be a
significant and active field of study.

Using recently developed classes of convex functions, Hassan and Khan started a series
of studies on generalized fractional Ostrowski—type inequalities. Under various convexity
assumptions, their early works produced fractional and generalized fractional Ostrowski
inequalities and showed that these methods produce more precise bounds than those ob-
tained using traditional convexity [8]. The groundwork for future advancements in this
field was established by these investigations. The authors then developed new variations
of Ostrowski—type inequalities and expanded the theory by adding generalized fractional
operators. These findings gave new estimates for larger classes of functions and greatly
expanded the applicability of the classical inequality.

Additional generalized convexity frameworks were introduced, and corresponding frac-
tional Ostrowski—type inequalities were derived, leading to further advancements. Specif-
ically, under newly discovered convexity settings, a number of generalized fractional in-
equalities were derived, which enhanced the current theory and increased its applications.
Fuzzy-valued functions and fuzzy Riemann integrals were used to develop fuzzy versions
of Ostrowski—type inequalities around the same time period, extending the theory to fuzzy
settings. The significance of integrating generalized convexity with uncertainty model-
ing was emphasized by these works. New Ostrowski—type inequalities and their fractional
counterparts resulted from the introduction of increasingly complex convexity structures.
By adding more functional parameters to the convexity framework, these research gener-
ated more flexible and general inequalities that extended a number of previously established
findings [9].

In addition to generalized and fractional expansions that broadened the theory’s scope,
new inequalities were created under abstract convexity settings [10]. These studies show
how Ostrowski-type inequalities continuously evolve toward more general integral opera-
tors and larger classes of functions. From generalized convexity-based Ostrowski inequal-
ities to fractional, fuzzy, and mean-type convexity frameworks, the literature now in pub-
lication shows a methodical trend. Notwithstanding these noteworthy developments, there
is still a great deal of room for creating new Ostrowski-type inequalities using recently
published concepts of convexity, hybrid fractional operators, and unified methods that can
cover a large number of current results as special cases.

Numerous integral inequalities for diverse classes of convex and non-convex functions
have been established by numerous scholars. Integral inequalities for non-convex func-
tions were established by Noor et al. [13], offering a more comprehensive framework than
traditional convexity. Hussain et al. [11] expanded the use of fractional integral tech-
niques by deriving Ostrowski-type fractional integral inequalities for r-times differentiable
h-convex functions. Additionally, Hussain and Rafeeq [12] presented a number of related
results with practical applications and constructed Hermite—Hadamard-type inequalities for
Mittag—Leffler type convex functions. Additional research into novel classes of generalized
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convex functions and the integral inequalities that go along with them has been spurred by
these contributions. The literature reveals a strong interplay between integral inequalities
and convexity theory, motivating further under new assumptions research in extending these
inequalities and broader mathematical settings. Here, we present the weighted version of
Montgomery identity.

Theorem 1.2. [15] Let f € AC|a,b], suppose that w : [a,b] — [0, 00), fbw(t)dt =1,

a
and

0, ift<a,
t
W(t) = / w(t)dt, ift € [ab],
‘ 0, ift>b,

then

b b
fa) - / w(t) f()dt = / Py, ) (1)t

where F,, is the weighted Peano Kernel defined by:

_ W(t), iftela,x],
Pu (1) _{ W(t) -1, ifte (zb.

The primary objective of this work is to extend the Ostrowski inequality (1.1) to a
broader class of functions, namely ¢ — (o, 3,7, d, 01, 02)—convex functions in the mixed
sense, as introduced in Section 2. In addition, we derive several weighted Ostrowski—type
inequalities for functions whose derivatives, in absolute value raised to certain powers,
belong to this generalized convex class. Our approach relies on various analytical tools,
including HI [18] and PMI [17]. Furthermore, we discuss particular instances of the ob-
tained results and illustrate applications through midpoint-type inequalities associated with
special means, which are presented in Section 3. The overall framework is described at the
Figure 1. The final section concludes the paper with remarks and potential directions for
future research.

2. GENERALIZATION OF WEIGHTED OSTROWSKI-TYPE INEQUALITIES VIA NEW
CONVEX FUNCTION

From the existing literature, we recall and present several definitions related to different
classes of convex functions, convexity is a fundamental and straightforward concept, yet it
holds significant importance due to its wide-ranging applications in business and industry.
Its influence extends into many aspects of everyday life. In fact, the concept of convexity
plays a crucial role in solving numerous real-world problems.

Definition 2.1. [2] Let p : J C R — R, it is called convex if

et + (1 —t)y) < tp(z) + (1 —t)e(y),
Vo,y € Jandt € [0,1].

Definition 2.2. [2]A ¢ : J C R — R is P—convex if o(x) > 0 and
p (tz + (1= t)y) < () + o(y),
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FIGURE 1. Overall Framework

Yo,y € Jandt € [0,1].

Definition 2.3. [7]A ¢ : J C R — R is called quasi-convex if
p(tr + (1 - t)y) < max{p(z), p(y)},

Ve,y € Jandt € [0,1].

Definition 2.4. [3] Let s € (0,1]. A : J C [0,00) — [0,00) is s—convex in the first
kind if

g (te+ (1= t)y) < o) + (1 - ")p(y),
Vz,y € Jandt € [0,1].
Remark 2.5. As s — 0, this reduces to quasi-convexity.

Definition 2.6. [3] Let s € (0,1]. A ¢ : J C [0,00) — [0,00) is called s—convex in the
second kind if

etz + (1 —-t)y) <t’p(x) + (1 —)°p(y),
Vr,y € Jandt € [0,1].
Remark 2.7. When s — 0, this reduces to P—convexity.

Definition 2.8. [9] Let (s,7) € (0,1]%2. A : J C [0,00) — [0,00) is (s,7)—convex of
mixed form if

oo+ (1—t)y) <t p(x) + (1—t") 0(y),
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Vo,y € Jandt € [0,1].

Definition 2.9. [6] Let (o, 3) € (0,1]%2. A : J C [0,00) — [0, 00) is called («t, 3) —convex
of the first kind if

o (te+ (1 —t)y) < t%p(x) + (1 - 17)p(y),
Vo,y € Jandt € [0,1].
Definition 2.10. [6] Let (o, ) € (0,1]2. A : J C [0,00) — [0, 00) is (v, B)—convex of
the second kind if

o (tz+ (1= t)y) < t%p(x) + (1 - 1) 0 (y),
Yo,y € Jandt € [0,1].
Definition 2.11. [7]A ¢ : J C R — R is Godunova—Levin convex if ¢(x) > 0 and

1 1
p(te+(1-thy) < ?P(x) + E(p(y),

Ve,y € Jandt € (0,1).

Definition 2.12. [5]A ¢ : J C R — [0,00) is called Godunova—Levin s—convex, with
s€0,1], if

ptz+(1-t)y) < tls@(fv) +

Ve,y € Jandt € (0,1).
Definition 2.13. [16] Letrh : K CR — [0,00) withh #0. Ay : J C R — [0,00) is
h—convex if
etz + (1 —t)y) < h(t)e(z) +h(1 —t)e(y),
Yo,y € Jandt € [0,1].
Definition 2.14. [2]A ¢ : J C R — Ris called MT—convex if o(x) > 0 and

vt () + 21\/; Loy,

ptz+(1-t)y) < N

Ve,y € Jandt € [0,1].
Definition 2.15. [10] A ¢ : J C [0,00) — [0, 00) is (o, 8,7, 0)- convex of mixed form if
o 5
Pt + (1= t)y) <t7p() + (1 - t7) o(y),
Yo,y € J,t €[0,1] and (o, B,7,6) € (0,1]*.
Definition 2.16. [10] Let ¢ : (0,1) — (0,00). A : J C R — [0, 00) is called ¢—convex
if
p (tz+ (1= t)y) <top()p(z) + (1 = 1)(1 = t)e(y),
Va,y € Jandt € (0,1).

Here, we are introducing, for the very first time, the class of ¢ — («, 8,7, 9,01, 02)—
convex functions of a mixed kind.
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Definition 2.17. Let (o, 3,7,6,01,02) € (0,1]° and let ¢ : (0,1) — (0,00). The
p:J C[0,00) = [0,00)is ¢ — (c, 8,7, 0, 01, 02)—convex of mixed form if

o19(t) [z o29(1—1t) [y
ptz+(1-ty) < Sy f [01] + W<ﬂ [02] ; (2.2)

Va,y € Jandt € [0,1]. As shown in Table 1, several well-known classes of convexity are
obtained as special cases.

TABLE 1. Special cases of the generalized convexity

No. | Parameter Choices Resulting Convexity Class
1 | o(t)=1 (a, 8,7, §)—convexity (mixed sense)
2 | ot)y=1,v=d6=1 (a, B)—convexity (first kind)
3 (o(t)=1,8=7=1 («, ) —convexity (second kind)
4 | o(t)=l,a=d0=s,0=v=r (s, r)—convexity (mixed sense)
5 |la=p=s¢t)=y=0=1 s—convexity (first sense)
6 |la=8=0,¢(t)=y=0=1 Quasi-convexity
7 |la=d=s,0t)=B=7=1 s—convexity (second sense)
8 |la=0=0,¢9(t)=f=v=1 P—convexity
9 |o(t)=l,a=F=y=0=1 Classical convexity
10 |la=pB=vy=6=1 ¢—convexity
Il a=8=y=0=1,h(t) =té(t) | h—convexity
12 [a=8=7=0=1,¢(t) = == | Godunova-Levin s—convexity
13 a=8=7=0=1,9(t) = Godunova-Levin convexity
4 |a=p=~v=17§=1, ¢t) =| MT—convexity
1
=)

Example 2.18 (Constant Functions). Let J C [0, 00) be an interval. Assume that o(x) = ¢
Sor some ¢ > 0. If and only if the weight function ¢ : (0,1) — (0, 00) meets the structural
requirement, the function ¢ is ¢ — («, 8,7, 9)— convex of mixed form.

st)+ (1—17) ¢(1—t) > 1, Ve (0,1).
Specifically, if $(t) > 5 forall t € (0,1) and ay = B = § = 1, condition holds trivially
sincet+ (1—1t) =1
Example 2.19 (Power Functions). Let ¢(x) = xP on J = [0, 00) with p > 1. By classical
convexity,

¢ (tr + (1 —t)y) < tp(x) + (1 —t)p(y)
forall z,y € Jandt € (0,1). For any (a,B,7,6) € (0,1]% we have t < t*7 and
1—t<1—t7 <(1-1t9)°. Since ¢: (0,1) — [1, 00) satisfies ¢ > 1,
Pt + (1—t)y) < t7() + (1 1%) o(y)
< t76(0p(@) + (1-17)° 6(1 = Dp(y).

Thus, o(x) = zP isa ¢ — («, B, 7, d)-convex function of mixed form on J.
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Proposition 2.20 (Non-negative Linear Combinations). Ler 1,2 : J — [0, 00| be two
mixed-form ¢ — (a, 8,7, 6)— convex functions. The function ¥ = c1¢1 + cas is likewise a
¢ — (e, 8,7, 0)— convex function of mixed form for any non-negative constants cy,ca > 0.

Proposition 2.21 (Pointwise Supremum). Let {@;}:cr be a family of mixed-form ¢ —
(o, B,7y,0)— convex functions defined on J. Define o(x) = sup;c; i(x). pisa ¢ —
(a, B,7,8)— convex function of mixed form if p(x) < oo for every x € J.

Theorem 2.22. Let f € AC[a,b], with f' € Li]a,b], where 0 < a < b, and w € Cla, ],
such that f:w(t)dt =1, sup |f'(t)] = M, and |f'| is & — (, 8,7, 0,01, 02)—convex,
a<t<b

then

1
|W(m)|§MnZ<x>ig{1?§} /O pi(t) (0176 (t) + 02 (1 = 7)°p(1 — 1)) dt, (2. 3)

where k2(z) = (v — a)?2 + (b — 2)2, p1(t) = féw (0x + (1 — p)a) do, and pa(t) =
Jo w0z + (1 = 0)b) do.

Proof. By applying Theorem 1.2 along with an appropriate change of variables, we obtain
1
W)l < (@-a? [ m@Ir( - Ha )]
0

+(b—x)2/0 pa(t) |£/((1 = )b+ tz)| dt. (2. 4)

Since |f'] is ¢ — (e, B8,7,0,01,02)—convex and bounded by M, we estimate the first
integral as

/0 (0| (b + (1 t)a)| dt

< M/O p1(t) (1t ¢(t) + o2(1 — t7)°p(1 — 1)) dt, 2.5

and similarly, the second integral can be bounded by
1
| w1 - op)ar
0

1
<M [ ) (o0l + a1 P60 - D)t .6
0
Finally, substituting inequalities (2.5) and (2.6) into (2.4), we obtain the desired result

(2.3). O

Corollary 2.23. If w(t) = ﬁ, o1 = o9 = 1 in Theorem 2.22, then it can be seen as
follows.

) fa=pB=v=0=1in(2.3), then

1
|E(x)| < M (/0 (t(1 —t)p(1 —t) + t20(t)) dt) —
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Q) fa=B=~v=0=1I(t) =t, thenif h =1¢, in (2.3), then

g ()

a

E(z)| < M (/01 (th(1 —t) + th(t)) dt) —
@) Ifa=B=v=06=1,¢(t) =t~V in (2.3), then
o) <1 (1) Fa()

1—s) b—a’
@ Ifa=B=v=58=1,¢(t) = 2\/“11;_” in (2.3), then

M7 kb (x
()| < M7 Fale)
O)Ifp(t) = =~v=1,a =0 = s where s € [0,1], then inequality (2.1) of
Theorem 2 in [1].
6) If p(t) == B =~ =0 = 1, then (2.3) reduces inequality (1.1).
(7) If p(t) = 1, in (2.3), then we have inequality (2.1) of Theorem 2.1 in [8].
®) Ifp(t)y =v=06=1,a € [0,1] and g € (0,1], in (2.3), then first inequality of
Corollary 2.2 in [8].
O Ife(t)y=B=~v=1,a€[0,1] and 6 € [0,1], in (2.3), then second inequality of
Corollary 2.2 in [8].
(10) If p(t) = 1l,a=d =5, B8 =~ =1, wheres € [0,1] and r € (0,1] in (2.3), then
third inequality of Corollary 2.2 in [8].
() Ifa =8 =sand $(t) = v = 6 = 1, where s € (0,1] in (2.3), then fourth
inequality of Corollary 2.2 in [8].
(12) Ifa = 6 = 0and ¢p(t) = B = v = 1in (2.3), then fifth inequality of Corollary
2.2 in [8].

Theorem 2.24. Let f € AC|a,b], with f' € L1]a,b], where 0 < a < b, and w € Cla,b],
f;w(t)dt =1, sup |f'(¢t)| = M, and |f'|?is ¢ — (a, 8,7, 0,01, 02)—convex for g > 1,
a<t<b

~

then

W(z)| < Mkb(x) max , (2.7)

ie{1.2 1/q—1
€{1,2} (folpi(t) dt)
where k2(z) = (v — a)? + (b — 2)2, p1(t) = fotw (0 + (1 — p)a) do, and ps(t) =
Jo w oz + (1 - 0)b) do.
Proof. By Theorem 1.2, change of variables, and PMI, we have

1—1

wiol<e-a? ([ moa) ([ no1r - wra)

1 : o a
+(b—2)? </0 m(t)dt) (/0 p2(O) | f (1 —t)b+ t:c)|th>
Since | f’|%is ¢ — (o, B,7, 0,01, 09)—convex and | f/(x)| < M, we get (2.7). O

1
q
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Corollary 2.25. If w(t) = ﬁ, o1 = o3 = 1 in Theorem 2.24, then it can be seen as
follows.

() fa=p=~v=0=1,in(2.7), then

1 % Iib T
= (/ (t(1 = )01 =) + £6(1) dt> —

Q) Ifa=F=~v=06=1,I(t) =t, thenif h = l¢, in (2.7), then

1 T by
£)) < -4 (/O (th(l—t)+th(t))dt> a(?).

1
2173

E(x)] <

B) Ifa=B=v=06=1,¢(t) =t~ in (2.7), then

) < 2 (2 ); a(@)

T 9l-3 \1-3s b—a’

@ fa=B=y=0=1,6(t) = tgH) in (2.7), then

E(@)] <

BO) Ifop(t) =B =7v=1,a =0 = swhere s € |0,1], then inequality (2.3) of
Theorem 4 in [1].
6) Ifp(t) =a =B =~v=08 =q=1, then (2.7) reduces inequality (1.1).
(7 If ¢(t) = 1, in (2.7), then inequality of Theorem 2.3 in [8].
®) Ifot) =y=3d =1, a € 0,1 and B € (0,1], in (2.7), then first inequality of
Corollary 2.4 in [8].
O Ifot)y=B=~v=1,a€[0,1] and 6 € [0,1], in (2.7), then second inequality of
Corollary 2.4 in [8].
(10) If p(t) = l,a =0 = s, 8 =~ = r,where s € [0,1] and r € (0,1] in (2.7), then
third inequality of Corollary 2.4 in [8].
(I Ifa =8 =sand ¢(t) = v =6 = 1, where s € (0,1] in (2.7), then fourth
inequality of Corollary 2.4 in [8].
(12) Ifa =6 = 0and ¢p(t) = B = v = 1in (2.7), then fifth inequality of Corollary
2.4 in [8].
(13) Theorem 2.22, for g = 1.

Theorem 2.26. Let f € AC[a,b] with f' € Li[a,b] (0 < a < b), and w € Cla,b] such
that fabw(t) dt = 1. Let M = supyc (o 4 |f'(t)], p' +¢7" = 1(q > 1), and suppose | f'|4
is ¢ — (o, 8,7, 6,01, 09)-convex. Then

W(a)| < M rly() max {||p1]lp, [pallp} (I)"7, 2.8)

where kb (x) = (v —a)®> + (b —x)?, I, = fol (01127 9(t) + o2(1 — t7)°p(1 — t)) dt,
p1(t) = fy w(ow + (1 — 0)a)do, and pa(t) = [ w(ex + (1 — o)b)do.
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Proof. By Theorem 1.2, changing variables, and (HI), we have
1 1 1 1
Wl < - a ([ mera) ([ 17 e a-oora)
0 0

vo-02( [ 1 [pz(t)]pdt);} ( (4 (1 —t)b)|th)é

0

Since | f'|?is ¢ — (o, 8,7, 0, 01,02)—convex and | f'(z)| < M, we get (2.8). O
Corollary 2.27. If w(t) = ﬁ, o1 = o3 = 1 in Theorem 2.26, then it can be seen as
follows.

) fa=p=~v=0=1,in(2.8), then

el < o ([ 10000 -0 o) 3
p P

Q) fa=p=~v=0=1,I(t) =t, thenif h =1¢, in (2.8), then

L @ Kb (z
()] < (1+M) (/0 (h(1—1) + h(t))dt) (o),
p p

B) Ifa=B=v=06=1,¢(t) =t~ where s € [0,1) in (2.8), then

@) < (138)3 k)

(1+p)*
@ Ifa=B=7y=6=1,¢(t) = 2\/“117_7&) in (2.8), then
M(3)7 rh()
E(x)| < —2 =,
|€(x)] < 1tp)F b—a

O)IfP(t)y = =~v=1,a =0 = s where s € [0,1], then inequality (2.2) of
Theorem 3 in [1].
6) If p(t) = 1,in (2.8), then inequality (2.8) of Theorem 2.5 in [8].
M Ifp(t) =y=0=1,a€[0,1] and 8 € (0,1], in (2.8), then first inequality of
Corollary 2.8 in [8].
@) Ifot)y=B=~v=1,a€[0,1] and 6 € [0,1], in (2.8), then second inequality of
Corollary 2.8 in [8].
O Ifo(t)=1,a=0=s,8=~=r wheres € [0,1] and r € (0,1] in (2.8), then
third inequality of Corollary 2.8 in [8].
(10) If a = B = sand $(t) = v = 6 = 1, where s € (0,1] in (2.8), then fourth
inequality of Corollary 2.8 in [8].
(I Ifa =6 = 0and ¢(t) = § = v = 1 in (2.8), then fifth inequality of Corollary
2.8 in [8].
(12) If p(t) = a = B = v = 6 = 1in (2.8), then first inequality of Corollary 2.8 in
[8].
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Theorem 2.28. Let Theorem 1.2 be satisfied. If 7: [a,b] — R is ¢—(«, 8,7,0,01,02)—
convex, then for all x € [a,b]:

rovley < QOS] [T (D010,

Qo ()=t J, o1

026((2)) " (01 ()
Qb(fE) (]. — Qa(gy)ﬂ)*(g /:; T < oy ) dt, (2 9)

where Qq(x) = [ w(t) dt and () = ff w(t) dt.

Proof. By Theorem 1.2, we obtain

W(z) = ( / zw(t)dt) [fwl(t)dt / zW(t)f’(t)dt]
T ( / bw(t)dt> [ i :(t) —/ "W ) f’(t)dt] ,

using the ¢ — («a, 8,7, 6, 01, 02) —convexity of 7 : [a,b] C R — R, we have

- (Wl 019 (ffw(t)dt)T 1 TW()f(t)
(W( )) S (famw(t)dt)fcw lffw(t)dt /a ol dt‘|
o9 bw d . ’
. ¢(fx (t) t) _57[ b 1 /” (W(t)—1) f (t)dt] |
(1= (U wmay”) L wtdt e 72

Va € [a,b], which is an inequality of interest in itself as well. If we use Jensen’s integral
inequality with weights, we get (2.9). O

Corollary 2.29. If w(t) = ﬁ, o1 = o9 = 1 in Theorem 2.28, then it can be seen as
follows.

() Ifa=BF=~v=06=1,in(2.9), then

re@) < gt le(fs) [ rie-a sl

vo(122) [ria-n ) dt} .

Q) fa=p=~v=0=1I(t)=t,and h =1¢in (2.9), then

7 (E(x) < h(§:2> Lia/jT[(t—a)f’(t)}dt}

= [bfx/:ﬂu—b)f'(tndt].
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@) Ifa=B=y=0=1,¢(t) = = with s € [0,1] in (2.9), then

7€) < (b-a) {(1“1 /z 7t —a)f'(®)]dt

Tr—a

b
+®_;H{/TW—Mfmu%.

@) Ifa=B=y=06=1,0¢(t) = % in(2.9), then

]P/“ﬂu—wfwut

(r—a

(E@) < w—w[

b
+ﬁ/ T[(t—b)f/(t)]dt].

G) Ifa=B=v=5=1,¢(t) = 2\/“11? in (2.9), then

[ 7l = @) (et + f7 7l = b)f (1))

£ <
m(Ee) < 2 /(@ —a)(b—2)
6) If o(t) = 1, in (2.9), then inequality of Remark 2.8 in [8].
) Ifp(t)y=y=9d=1,and o, 5 € (0,1] in (2.9), then inequality of Remark 2.10 in
[8].
®) Ifp(t) =B =~v=1,and o, € (0,1] in (2.9), then inequality of Remark 2.11 in
[8].

O Ifp(t) = L,a =5 = s,and B = v = r, where ;s € (0,1] in (2.9), then

inequality of Remark 2.12 in [8].

(10) Ifa = B =sand ¢p(t) =y =06 = 1, where s € (0,1] in (2.9), then inequality of
Remark 2.13 in [8].

(1) Ifa=p — 0and ¢(t) = v = 0 = 1in (2.9), then inequality of Remark 2.14 in
[8].

(12) Ifa =0 = s,and ¢(t) = B =~ = 1, where s € [0,1] in (2.9), then inequality of
Remark 2.15 in [8].

(13) Ifa =9 — 0and ¢(t) = 8 =~ = 1in (2.9), then inequality of Remark 2.16 in
[8].

(14) If ¢p(t) =a =B =~ =38 = 1in (2.9), then inequality (2.1) of Theorem T in [4].

3. MIDPOINT OSTROWSKI-TYPE INEQUALITIES WITH APPLICATIONS

In this section, we provide some compelling applications of our main theoretical results
to the theory of special means for positive real numbers. Let [a, b] C (0, +00), the special
means are given below:

(1) Classical Means: For a,b > 0, the Arithmetic (A), Geometric (G), and Harmonic
(H) means are given by:

b 2 2ab
A(a,b):a—; . Gla,b) = Vab, H(a,b):lJrl:aib.
a b
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(2) Logarithmic Mean (L):

a ifa =2,
L{a,t) = { ba_ o L),

Inb—Ina

(3) Identric Mean (/):
a ifa="0,
f(a,8) = {}3 (gl)bf ifa #b.
(4) Generalized p-Logarithmic Mean (L,): Forp €¢ R\ {0,—1}:
a if a = b,
b= { [7?511&‘;:3]% ifa#0.

If we replace w(t) = ﬁ, foy—fandz = “T'H’ in Theorem 2.28,
then Ostrowski midpoint inequality for ¢ — («, 8,7, J, 01, 02) —convex functions:

(i [ o s (55

<¢><§>l o /aa;bT[(a—t)f’(t)}dt

“b—a |21 o1

(3. 10)

e <2ﬁ—1)5/b T[(b—t)f’(t)]dt |

2/35_1 % (o)

Remark 3.1. Let Tisa ¢ — (o, 8,7, 9,01, 02)—convex on [a,b] C R
(1 Iff( )=1in (3 10) then

( b)( )
! = Tt — 26 1) [* [t—b
> b(—2) gay— 1/CL T|:Ult;l:| dt+402(2ﬁ(571 )/a+b7—|:0'2t2:| dt] .
(2) If f(t) = —Intin (3.10), then
Aa
(5]
¢><l o [Tt 02(27 —1)° " [t=b
Y e =L
3) If f(t) =tP,p #0,—1in (3.10), then
7 [Lb(a,b) — AP(a,b)]

o) [ o [F [pla—t) 02(2° —1)° [0 [p(b—t)
b—a 2‘1771/0‘ T Ultlfp dt+ 26671 /LH?T Jgtlip di| -

<
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Remark 3.2. Ifw(t) = in Theorem 2.24, we have the following:

1
b—a’
(1) For f(t) = t™ and x as the midpoint, the inequality reduces to

|A"(a,b) — Ly, (a, b))
1/q
M(b—a) ! N
S e (/0 (017 G(t) + oot (1 — 17)°p(1 — 1)) dt ) .

(2) For f(t) = —Int, we have

b —a 1 1/q
( )‘ S 1 </ (01t (1) + o2t (1 — 17)°0(1 — 1)) dt) '
0
Remark 3.3. Ifw(t) = ;— a, in Theorem 2.26, we have the following:

(1) For f(t) =t" and p~* + ¢~ = 1, the inequality becomes
|A™(a,b) — Ly (a, )|

_ M@b-a) (/01 (1127 (t) + oo (1 — t7)0(1 — 1)) dt)

~2(p+1)l/r
(2) For f(t) = —Intand p~* + ¢~ = 1, we have

In (;1((5:))) ‘ < 2](\1{(5; I)f/)p (/01 (a1t (1) + o2(1 — t7)2p(1 — 1)) dt)l/q.

1/q

4. CONCLUSION

The Ostrowski inequality is one of the most widely studied inequality, with numerous
generalizations and variations appearing in the literature. In this work, we introduce the
concept of ¢ — («, 8,7, d,01,02)—convex functions in the mixed sense, a class that en-
compasses many important sub-classes of convex functions. In Section 2, we present our
first main result: a generalization of the Ostrowski inequality using the weighted Mont-
gomery identity for this new convex function in the mixed sense. Additionally, we employ
various techniques, including (HI) and the (PMI), to further extend the Ostrowski inequal-
ity [14]. Finally, we present applications of these results to various special means including
the geometric, arithmetic, harmonic, identric, logarithmic, and p—logarithmic means via
midpoint type inequalities.
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