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rious public health concerns for the community. To control the spread of
avian influenza, effective control measures such as vaccination are im-
portant. In order to highlight the influence of the vaccine on infected
humans and birds, this study formulates a novel fractal-fractional avian
influenza model in the Mittag-Leffler sense. We perform comprehensive
qualitative and quantitative analysis, including verification of the presence
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spread decrease when Ry < 1, while outbreaks and human transmission
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1. INTRODUCTION

1.1. Introduction to the disease. Avian influenza spreads through the influenza virus,
sometimes known as bird flu. Humans may contract it from direct or indirect contact with
infected birds or contaminated surfaces, although it primarily affects wild birds and poul-
try. Because of its high case fatality rate and mutation potential, the disease poses a major
threat to public health even though human-to-human transmission is incredibly rare. Af-
ter being discovered in humans for the first time in Hong Kong in 1997, H5N1 has now
spread to 16 countries, causing epidemics and a high case fatality rate (50%) because of
serious consequences such as pneumonia and breathing difficulties. Numerous nations in
Asia, Africa, Europe, and the Middle East have reported outbreaks, with Egypt emerging
as an H5N1 endemic. The virus can produce symptoms ranging from moderate respiratory
problems to severe pneumonia, acute respiratory distress, and neurological consequences.
It is transmitted by contact with the saliva, excrement, or respiratory droplets of infected
birds. Laboratory testing of eye or respiratory swabs is usually required for diagnosis.
Early antiviral therapy can lessen the severity of the illness, but prevention, which includes
wearing protective gear, maintaining good hygiene, and doing surveillance, is still essential.
The possibility of a genetic mutation for human-to-human transmission increases concerns
about a possible pandemic, underscoring the need for ongoing research and readiness, even
though the majority of recent cases, especially in the US, have been mild. After outbreaks
in poultry and migratory birds in January, the first case of HSN1 Avian influenza in 2022
was the recent death of an 11-year-old in Delhi. Although they can infect humans and do-
mestic animals, avian influenza type A viruses (identified by HA/NA surface proteins, such
as H5N1 and H7N9) naturally circulate among wild birds. More than 700 human H5N1
infections in 16 countries since 1997 have resulted in a 60% fatality rate, with children
and young adults being the main victims. Rare human-to-human transmission has been
documented in familial clusters, and transmission happens through contact with diseased
birds or polluted surfaces. Mild symptoms like fever and coughing might progress to more
serious ones like pneumonia and respiratory failure. Although there is no proof of persis-
tent aerosol transmission, experts advise poultry workers to take precautions [38]. Figure
1 shows the sources responsible for spreading Avian Influenza and the number of cases in
the US [18].

1.2. Literature review. To understand the phenomenon of the spread and eradication of
infectious diseases like avian influenza, mathematical modeling is crucial [24, 36]. It pro-
vides several methods for combining environmental, biological, and epidemiological pa-
rameters in order to investigate the spread of disease, forecast outbreak patterns, and assess
the possible influence of control measures. In the case of avian influenza, which mainly
affects humans, mathematical models are helpful in estimating the contribution of environ-
mental factors, immunization, and interspecies interactions. Models can help us to identify
crucial thresholds, such as the reproductive number, beyond which an epidemic may arise
by simulating various cases. Furthermore, models enable public health officials to eval-
uate the efficacy of measures such as vaccines, quarantine, or the removal of infectious
birds. Therefore, mathematical modeling is used as a theoretical tool and as a practical
decision-support system to guide policymakers and reduce the spread of avian influenza.
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(A) Avian influenza cases in 2024 from February to July. (B) The bar chart shows that poul-
try is the main reason for avian in-
fluenza transmission.

FIGURE 1. The plot shows the number of cases and different sources of
avian influenza spread.

Compartmental models may predict spillover events from poultry to humans with 78% ac-
curacy, when appropriately parameterized with farm-level data. Mathematical modeling
helps us to better understand the non-linear effects of vaccination in poultry populations,
the role of environmental persistence of viruses, and the threshold conditions for sustained
human-to-human transmission. These modeling techniques have shown their usefulness
in pandemic preparedness by directly influencing WHO vaccination guidelines and culling
procedures during outbreaks [28].

A lot of mathematical models have been developed to understand the transmission pat-
terns of Avian Influenza and to suggest control measures to eradicate the prevalence of
Avian influenza. The fractional calculus is a more advanced approach to modeling real-
world phenomena than classical integer-order calculus, especially because it is able to in-
corporate memory effects and hereditary properties of the systems under study. In many
biological and physical systems, nonlocal behaviors and fading memory are present, which
are fully captured by fractional-order models but cannot be captured by integer-order mod-
els. Fractional calculus has been thoroughly used in the modeling of epidemics in recent
years for a variety of diseases including rubella [3], COVID-19 [13, 14, 21] and many
other diseases. Several mathematical models have been developed to study the dynamics
of avian influenza. Here, we are providing a summary of the few relevant and recent
studies on avian influenza in the integer and fractional sense.

1.3. Motivation of study. Researchers have devised a number of definitions for fractional
calculus, such as the conformable derivative, the Caputo derivative, the Caputo-Fabrizio de-
rivative, and the Atangana-Baleanu derivative [11, 15]. These definitions do, however, have
some drawbacks. The Caputo derivative is defined o nly f or d ifferentiable functions, has
more stringent differentiability requirements, and necessitates the computation of classical
derivatives in advance, whereas the conformable derivative lacks basic fractional features.
When the derivative order is 1, the Caputo-Fabrizio definition, which uses a local kernel, is
unable to recover the original function since its associated integral is not really fractional.
When compared to other fractional operators, the Atangana-Baleanu fractional derivative
frequently shows better modeling abilities for complicated events. The fractal fractional
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TABLE 1. Summary of recent studies on avian influenza in integer-order
sense.

Sr. No

Main contributions

Outcomes

Citation

1

Time-varying contact rate, the sea-
sonality effect in the model includ-
ing latent, infected, asymptomatic,
and treated humans, the effective
reproduction number; existence of
unique positive solution, R-K 45
numerical method.

Periodic solutions exhibit a period-
doubling bifurcation as the ampli-
tude of seasonality increases; com-
parison of model outcomes with
real data shows consistency.

(31]

Model with the impact of vaccina-
tion and treatment interventions.

A combination of vaccination and
treatment reduces the prevalence of
avian influenza; early and wide-
spread vaccination, coupled with
prompt treatment of infected birds,
is the most effective strategy.

(33]

SEIAVR model solved with Range-
Kutta method, reproduction num-
ber, and local and global stability.

Infection rate and exposure period
are very sensitive parameters. The
model result compared with the real
data shows good performance.

(30]

Reproduction number, equilibrium
points, and their stabilities.

Disease wanes and disease-free
equilibrium is locally stable when
Ro < 1; an endemic equilibrium
point is stable when Ro > 1. The
non-linear incidence reduces the in-
fluenza disease spread. Vaccina-
tion, isolation, and treatment con-
trol the disease spread.

[35]

Applied ANN to simulate the
SVEIR PDE model with spatial
diffusion, employing the Leven-
berg—Marquardt backpropagation
approach to train the ANN; dataset
generated through the finite differ-
ence technique, and performance
validated through the smallest
mean square error.

Regression and state transition plots
illustrate the training, testing, and
validation processes. Small abso-
lute error confirms the accuracy.

[45]

SIR model integrating seasonal-
ity and waning immunity with the
higher transmission rate in winter
seasons, incorporating the decline
of immunity after infection by con-
sidering multiple recovered com-
partments using data from Spain.

The outcomes show that the model
replicates the reported data.

Estimated the efficacy of the vac-
cine using an SEIR-type model by
distinguishing vaccinated and un-
vaccinated humans based on real
data from Spain. The model incor-
porates the vaccine attenuation fac-
tor related to the vaccine efficacy.

The influenza vaccine has an effi-
cacy of 76.7%, and the risk of in-
fectiousness is five times larger for
an unvaccinated person.

[4]
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TABLE 2. Summary of recent studies on avian influenza in fractional-
order sense.

Sr. No Main contributions Outcomes Citation
8 SEIR model with treatment, local The treatment declines the infected, [29]
and global stability. exposed, and treated humans, but

susceptible humans increase.

9 Caputo fractional-order model Immune response and autophagy [34]
describing  within-host dynam- contribute to a marked decrease in
ics incorporating autophagy and viral load and infected cell count in
immune-mediated clearance of the progression stage of infection.
the virus. The interplay between Role of intracellular and immune-
autophagy and adaptive immunity —mediated processes in regulating in-
shows a synergistic mechanism of fection severity.
viral clearance.

10 Four-dimensional influenza model Fractional-order dynamics influ- [37]

using the Caputo derivative, ence the behavior of the model, al-
simulated the role of fractional tering system stability and trajecto-
derivative using modified Adams- ries.
Bashforth-Moulton and Runge-
Kutta methods, compares system
dynamics with and without control
measures.

11 The efficacy of fractional models The fractional-order ~ models [1]
with ABC, Caputo-Fabrizio, and demonstrated superior accuracy,
Caputo derivatives is compared to producing smaller error than the
the performance of integer-order classical model. Thus, fractional-
models using data from Saudi Ara- order models perform better than
bia, positivity, limitations, and sym- integer-order models.
metry of the numerical scheme.

12 Fractal-fractional model, using Ulam-Hyers stability techniques [44]
Schauder and Banach fixed point ensure the model’s reliability
theorems, demonstrates solution
existence and uniqueness, the
Adams—Bashforth method.

13 Fractional-order optimal control Numerical outcomes were stable [39]
model in the Caputo sense solved and consistent with analytic predic-
using the forward—backward sweep tions.
method with L discretization, the
stability of equilibria, and existence
of bifurcation.

14 Caputo fractional-order model in- The fractional-order alters the epi- [17]
volving two viral strains with hu- demic curve and the cost-efficiency
mans, poultry, and a contaminated of interventions; a combined strat-
environment, integrating awareness egy is the most effective for re-
to modify transmission rates. Six ducing human infections and mit-
control measures, including vac- igating environmental and avian
cine, treatment, culling of infected sources.
birds, environmental cleaning, and
awareness.

15 Existence and uniqueness of Using real data, 80 percent vaccine [6]

fractional-order model stability; a
unique endemic equilibrium exists.

efficacy and treatment control the
disease’s spread.
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TABLE 3. Summary of recent studies on avian influenza in fractional-
order sense.

Sr. No

Main contributions

Outcomes

Citation

16

resistant and non-resistant flu strain
models in the fractal-fractional
sense, the presence of solutions,
stability, and numerical technique
based on Lagrange’s interpolation
polynomial. Ulam stability.

A more realistic approach of the
fractal-fractional-orders is closer to
classical cases. The S, I, I rapidly
decrease in the early days but later
on get stable, while recovered hu-
mans increased first and then de-
creased after a few days.

[25]

17

ABC fractional derivative and
fractal—fractional-order model with
two distinct numerical approaches,
stability.

The model is stable when the re-
production number is less than
one. The fractal-fractional pro-
vides powerful results as compared
to the fractional and integer-order
derivative.

(8]

18

Studied the ABC fractional SEIR
model and the ARIMA model to
predict seasonal evolution using the
real data from Saudi Arabia.

The fractional-order model per-
forms better than the ARIMA
model and agrees with real data. In-
creasing the natural birth rate, trans-
mission rate, and incubation rate
rises Influenza cases.

(7]

19

Piecewise stochastic fractional-
order model with crossover be-
havior incorporating half-saturated
transmission rate. The stochastic
threshold number predicts extinc-
tion and persistence of pathogens.

studies
tradi-

Piecewise operator
crossover behavior that
tional derivatives cannot.

20

ABC fractional-order system to
study the influenza spread in Saudi
Arabia, solved through the frac-
tional Euler method. Stability of the
equilibrium points.

The outcomes by the fractional-
order system are more accurate than
the integer-order model.

(2]

21

Fractional-order model to study
three-strain influenza disease incor-
porating treatment. Four equilib-
rium points, including the disease-
free equilibrium and endemic equi-
librium, and reproduction numbers
for each strain.

Fractional-order influences the rate
of convergence and global stability
of equilibrium points. Treatment
decreases the spread of all three
strains.

[43]

22

Fractional-order model with the
Caputo-Fabrizio derivative includ-
ing distinct contact rates between
exposed and infected individuals.
Existence and uniqueness of the so-
lution, the series solution using the
Laplace transform method, and the
predictor-corrector method.

Contact rate with exposed hu-
mans is more crucial in disease
spread. The Caputo-Fabrizio deriv-
ative provides valuable insights.

[19]
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operator, which goes beyond earlier definitions, was presented by [10] to handle larger
dynamic properties. By simultaneously incorporating memory effects (by fractional-order
p) and spatial heterogeneity (via fractal dimension (), the fractal fractional Mittag-Leffler
operator is a substantial improvement over traditional fractional operators. FFM has spatial
scaling qualities that are crucial for modeling multi-scale disease dynamics, in contrast to
Caputo or Riemann-Liouville derivatives, which solely handle temporal memory. Superior
mathematical qualities of the Mittag-Leffler kernel allow for seamless transitions between
the power-law and exponential memory regimes as well as non-singular, non-local behavior
that generalizes exponential decay. As compared to other fractional and fractal-fractional
differential operators, FFM provides clear benefits. Its dual-parameter structure maintains
dimensional consistency while capturing both temporal memory and spatial clustering. It
is non-singular and thus removes singularity problems found in the Caputo derivative. The
solutions obtained by applying FFM are better, as they are more stable and converge to the
exact solution. It models cross-species transmission through fractional-order dependent
viral persistence and spatially heterogeneous transmission through fractal-fractional scal-
ing for epidemiological applications. In particular, FFM performs better than pure fractal
operators in memory effect representation, surpasses exponential kernels in long-term per-
sistence modeling, and excels power-law kernels in short-term dynamics. As a result, it
is the most complete operator for recording intricate dynamics of avian influenza in every
compartment [40].

1.4. Innovative contributions. The innovative contributions addressed by this study are
as follows: We have developed the S"V"I" R"S?V* I R® model to show the influence of
the vaccine on infected humans and birds, incorporating the fractal-fractional operator in
the Mittag-Leffler sense. The developed model is then subjected to comprehensive qual-
itative and quantitative analysis, including confirmation of the presence of a positive and
bounded solution, local and global stability of influenza-free equilibrium points, and local
and global sensitivity analysis. After this, we verify the existence of forward transcritical
bifurcation at Ry = 1. Numerical solutions are performed through 2D contour and 3D
bar plots to show the dynamics of the FFM operator using the procedure based on Newton
polynomials. Furthermore, we perform the O-1 chaos test and comprehensive statistical
analysis to quantify the dynamical complexity and variability of each compartment in ad-
dition to phase plot analysis. This integrated framework provides deeper epidemiological
insight than classical models and supports more reliable outbreak forecasting.

1.5. Arrangement of study. The remaining part of the article is organized as follows: In
Section 2, we have formalized the avian influenza fractal fractional model in the Mittag-
Leffler sense. Section 3 studies the fundamental properties of the model, such as the exis-
tence of a positive, bounded solution; equilibrium points and their stability; reproductive
number; local and global sensitivity analysis; chaos test; statistical analysis and phase plots
of the suggested model. Section 4 verifies the existence of transcritical bifurcation. Sec-
tion 5 provides the construction of a numerical procedure based on Newton polynomials.
Section 6 provides the simulation through contour and bar plots using the fractal fractional
Mittag-Leffler operator. Finally, Section 7 concludes the study.
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2. PRELIMINARIES

This subsection presents the fundamental results from [26] which will be used in the
remaining part of the study.

Definition 1: The Mittag-Leffler function generalizes the exponential function and plays
a crucial role in the solution of fractional DEs.

The Mittag-Leffler function with one and two parameters are defined as:

00 k
z
g = _— 0
P(z) ];:0 F(pk+1)7 ,0> 9
00 k

£ - _z 0,¢ >0,
p.c(2) kz::OF(le—C) p>0,¢>

where I'(-) shows the Gamma function.
Definition 2: The fractal fractional operator of a function F(¢) with non integer order p
and fractal dimension ¢ in the Mittag Leffler £,(-) sense can be stated as:

i p < MO [ e(-r-wr)an e

where M (p) is the normalization function which satisfies M(0) = M(1) = 1, also con-
sistent with non integer order operators as ¢ tends to 1.

Definition 3: Let () be a continuous function on (0, 00). The fractal fractional inte-
gral of order (p, ¢) in the Mittag-Leffler sense is expressed as:

FFM 7p,C _ ¢(1-p) ¢—1 Cp /t _oe—1,¢—1
75 F(t) 7M(p) 7 F(t) + M T T Jo (t—)P~ "7 F(y) dy. (2.2)
Definition 4: A point y* in a dynamical system "™ D¢y = f(y) is referred to as equi-
librium point if £(y*) = 0.

Lemma 1: Let y(¢) € C[0,7) and " DrCy(t) > 0 for all t € [0, T] with non-
negative initial state. Then y(¢) > 0 for all ¢t € [0, T].

3. DESCRIPTION AND FORMULATION OF MODEL

This section explains how the eight-compartment model has been developed and how it
describes the dynamics of avian influenza transmission between humans and birds.

The human population has been classified into four groups: susceptible people (S”(t)),
vaccinated people (V" (t)), infected people (I"(t)), and recovered people (R"(t)), who
have acquired immunity after infection. Similarly, the bird population contains suscepti-
ble birds S°(t), vaccinated birds V°(t), infected birds I°(t), and recovered birds R°(t).
Biological processes include recruitment, vaccination, infection, natural death, disease-
induced death, recovery, and immunity acquisition, which control the transitions between
compartments. Immunity against avian influenza is generally not lifelong because vaccine-
induced and naturally acquired immunity may decline over time, and antigenic drift of
influenza viruses can further reduce long-term protection. To improve the biological relia-
bility of the model, we have assumed that the vaccinated humans and birds again become
susceptible at the rate of 7 and o. Consequently, vaccinated individuals gradually lose im-
munity and return to the susceptible compartment. This assumption makes the proposed
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model more consistent with the epidemiology of influenza viruses. The susceptible human
population grows at a recruitment rate A and the rate n at which vaccinated individuals
again become susceptible, and declines at rates of bird-to-human transmission 3, through
vaccination v, and through the natural death rate ;. Vaccinated humans increase through
vaccination rate v and decrease through natural death p. New infections increase the in-
fected human class, while disease-induced mortality («v), natural death (1), and recovery
~ cause reductions. Contact with infected birds is the only way for humans to become
infected, as reflected through the term 8.5 hpb, According to WHO data, human-to-human
transmission is very low [42]. The recovery of infected individuals causes the number
of recovered humans to rise, and the natural death rate p declines the recovered human
population. The susceptible birds increase at the recruitment rate ¢ and the rate ¢ at which
vaccinated birds again become susceptible and decline due to bird-to-bird transmission (),
vaccination (x), and the natural mortality rate (Z). The vaccinated birds rise as a result of
the vaccination of susceptible birds «, and fall as a result of natural death and movement
into the susceptible class. Contact of susceptible birds with infectious birds raises the in-
fected birds population, while disease-induced and natural mortality, as well as recovery,
lower it. The recovered birds R’ rise due to the recovery rate and decline due to the natural
death rate.

The parameter values listed in Table 4 are derived from [27]. Figure 2 displays the

Parameter Biological meaning Value Dimension
A Human recruitment rate 10 person.day~! [T~!N]
U Human natural death rate 0.000039 day~! [T~!]
v Human vaccination rate 0.3 day ! [T
n Human vaccine waning rate 0.033 day ! [T
« Human disease-induced death rate  0.05 day ! [T1]
vy Human recovery rate 0.36 day ! [T
B8 Bird to human transmission rate 0.015 day’1 [T
o Bird recruitment rate 10 birds.day~!  [T~!N]
= Bird natural death rate 0.01 day~! [T
K Bird vaccination rate 0.6 day~! T4
o Bird vaccine waning rate 0.016 day ! [T]

£ Bird disease-induced death rate 0.1 day~! [T1]
w Bird recovery rate 0.3 day ! [TY]
% Bird-to-bird transmission rate 0.05 day ! [T

TABLE 4. Parameter values with units and dimensions for the Avian In-
fluenza model

flow chart representing the interaction between various compartments of humans and birds
involved in the model: Using the above description of model variables and parameters, we



340

U. Atta, A. Ahmad, S. Sattar

.
c
1 e, 4 AB o -
L =
o - = - v ———p ’ ) - == === d ‘_;
I _____ > £
Q
. Vaccinated o Susceptible @ I:l
" I = A 1 l "
. = ) 1 g
\ v 2 : v .
R L R R R e
— L] L] L] L] L] L} L] L]

) :

population

~lll
c
]
&
S
X

o R
Ta+pl

FIGURE 2. Flow chart describing the interactions of various compart-
ments of humans and birds.

present the modified model from [27] as follows:

DS"(t)
DV (¢

(
(
(
DRt
DSY(
(
DIb(
DRb(t)

A= BSM I () +nV"(t) — (v + ) S™(1),
vSM(t) — (n+ ) V(1)
BSMOI(t) = (a4 p+ )17,
yI" — pRM(t),

= xS ()I°(t) + oV (t) — (k +
kSY — (o +E)VO (1),

XS (OI°(t) — (€ +E+w)I'(t),
wIb(t) — ZR(1),

2)S°(t), (3.3)

where all initial values are non-negative real numbers.

The Mittag-Leffler kernel is chosen over alternatives, as it can be used to describe self-

similarities in complex biological systems. The Mittag-Leffler kernel has the same dy-
namics at different scales, unlike the Caputo-Fabrizio kernel, which has non-index law
properties, leading to crossover effects. The fractal-fractional Mittag-Leffler operator has
been successfully applied to multiple epidemic models. [22] applied the fractal-fractional
operator on a COVID-19 model and concluded that the fractal-fractional order COVID-19
model provides deeper insights into epidemic disease. [41] studied Measles disease with
the fractal-fractional derivative and concluded that changes in the fractal-fractional order
lead to changes in disease dynamics. [32] studied the dynamics of Chlamydia disease
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and concluded that the application of the fractal-fractional operator demonstrates chaotic
analysis and qualitative stability. Moreover, the operator also offers second-order accurate
numerical schemes that require small calculations of special functions, which is the reason
why it could be used in our avian influenza model.

The extension of the integer-order model (3.3) with the application of the fractal-fractional
operator in the Mittag-Leffler sense is provided below:

FEM pC Gh (1) — Jrnvh( ) = BS™MOIP(t) — (v + p)S(¢),

FEM DPSyh(t) = 08t (t) — (n+ )V (),

FEM DeCTh(8) = BSP(6)I°(t) — (o + pu + ) I"(¢),

FEM DoC RM (1) = yIM(t) — uRM (1), (3.4)
FEM DPCSY(1) = ¢+ oV (t) — xSP () I°(t) — (k + E)S°(¢),

FEM DpCyb (1) = kSE(L) — (o + 2)V(1),

FEM Do b (1) = XSb( HIb(t) — (E+Z+w)Ib(2),

FEMDPCRYN (1) = wI'(t) = ER"(1),

where all initial values are non-negative real numbers.

Remark 1: The fractal-fractional derivative is applied to the left-hand side of the equa-
tions, and the right-hand side is kept in the same form as the classical equation. This is
a common property of the fractal-fractional differential equations and does not mean that
the biological systems have been changed, but rather the memory property of the system
is modified by the fractional-order (p) and the scaling property is modified by the fractal
dimension (¢). The parameter rates are all in units of day(~*¢) in order to be dimensionally
consistent.

4. QUALITATIVE AND QUANTITATIVE ANALYSIS OF MODEL

In this section, we aim to cover the fundamental properties of the model, including
the presence of a unique, bounded, and positive solution, equilibrium points, local and
global stability of Influenza-free equilibrium points, reproductive number, local and global
sensitivity analysis of parameters, statistical analysis, chaos test, and phase plots.

4.1. Existence and uniqueness of solutions. We establish the existence and uniqueness
of solutions for the fractal-fractional order Avian Influenza system (3.4) using the Banach
contraction principle. The fractal-fractional derivative with Mittag-Leffler kernel can be
expressed in the equivalent Volterra integral form:

u(t) = C(1— P f (1, ult)) + % / (t— )P~ 155 (s, u(s), ds,



342 U. Atta, A. Ahmad, S. Sattar

We write the system in the compact form. Let the state vector be:

Sh(t) Sh(0)
V(1) V*(0)
I’; (t) I*; (0)
o= 5 | S
V() V°(0)
I°(t) 1°(0)
RA(t) R*(0)

The system (3.4) can be written as:
FEM prX () = £(t, X (), X(0) = X0,
where f : [0, 7] x R®+ — R® is defined as:

A+nVh—pShIb —vSh — ySh
vSh —nVh — uvh
BSMIY — Il — puIh — I
,YIh —uRh
¢+ oVl — xSPIb — kS — =8
kSY — oVt —ZV?P
XSPIb —¢Ib —=1° — wit
wI® — ZR?

We make the following standard assumptions:

(1) The function f is continuous on [0, 7] x R¥+.
(2) There exists a positive constant L > 0 such that for all X;, X2 € R3+:

I£(t,X1) — £(t,X5)| < LIX1 - X2|,

i.e., f is Lipschitz continuous with respect to the second variable.
(3) The function f is bounded. i.e. there exists a positive constant M/ > 0 such that
[f(t,X)| < M forallt € [0,T] and X € R¥+.

For our system, the Lipschitz constant L is given by:

BSMIY + v 4 p, (from S™ equation)
n-+u, (from V" equation)
a+p+, (from I" equation)
, (from R" equation)
L = max ] .
XSPI* + k 4+ Z, (from S? equation)
o+ZE, (from V' equation)
E+ =24 w, (from I® equation)
= (from R® equation)

Since the state variables are bounded, the Lipschitz constant is finite and positive:

L= maX{BSh*Ib*—&—U—i—u,n—i—u,a—l—,u—i-%,u,xsb*lb*+K+E7U+E,§+E+w,5}.
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Using the fractal-fractional integral operator, the system (3.4) is equivalent to the Volterra
integral equation:

p—C t —5)P ST (s s))ds
s [ (= X s

Define the operator 7 : C([0, T], R8+) — C([0, T], R®+) by:

t
F/ch)/o (t — 5)P~LsS~1E (s, X (5))ds.
Theorem 1: Under the assumptions above, the suggested Avian Influenza system (3.4) has
at least one solution on [0, 7.

Proof: Let Br = X € C([0,T],R3+) : |X — X0| < r be a closed ball in the Banach
space C([0, 7], R®+) with the supremum norm.

X(t) = X0 4 (1 — p)t* (¢, X (1)) +

TX(t) = Xo + (1 — p)tSH(t, X (1)) +

For X € B,
-1 148 ! p—1.¢—-1
[ TX(t) = Xo| < C(1— p)t<HE(E,X(1))] + F(p)/o (t —s)P s (s, X(5)) ds,
. ¢—1 PCF(C) p+C—1
<M |C(1-p)T +7F(p+C)T }

Since ¢~ is bounded on [0,7] and the integral is finite, there exists 7 > 0 such that
|7X(t) — Xo| < r. Thus 7 maps B, into itself.

By the Arzela-Ascoli theorem, 7 is relatively compact, and since f is continuous, 7T is
completely continuous. By Schauder’s fixed point theorem, 7 has at least one fixed point,
which is a solution of the integral equation, and hence of the fractal-fractional system. [J

Theorem 2: Under the assumptions above, the Avian Influenza model (3.4) has a unique
solution on [0, T'] provided:

= _ et 4 PO o
Q_L[C(l PTH 4 R Sm T <1
Proof: For any X;,X2 € C([0,T], R®+):
[TX1 (1) = TXa(t)] < (L — p)teHE(E X0 (1) — £(2,Xa(1))]
128

LA ' — s p_15<_1 S 1(8)) —1I(s 2(S S.
+F(p)/o(t ) [£(5,X1(s)) — £(s, Xa(s))|d

Using the Lipschitz condition:

|TX1(t) - TXQ(t)‘ < L‘Xl — X2| |:<(1 — p)t<_1 + ﬂ /t(t _ S)p_18<_1d8:|
0

L'(p)
_ _ et PSE(Q) e
= L|X; — Xz [((1 )t + F(p+§)tp+ :
Taking the supremum over ¢ € [0, T7:
r
|TX, —TXo| <L {4(1 — )T+ m:ﬁpﬂ-l] IX; — Xsl.

Thus:
|TX; — TXs| <QX; — X5,
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where
- p¢T(¢) -1
Q=1L |[c(1-p)T¢ "+ D2l peic=1) <1,
S R
Since 2 < 1, T is a contraction. By the Banach contraction principle, 7 has a unique fixed
point, which is the unique solution of the fractal-fractional system. O

Corollary 1: The fractal-fractional avian influenza model (3.4) has a unique solution
for all ¢ > 0 in the biologically feasible region ).

Remark 2: The contraction condition {2 < 1 can always be satisfied by choosing a
sufficiently small final time 7". For larger time intervals, the existence and uniqueness can
be extended by continuation arguments, as is standard in the theory of fractional differential
equations.

4.2. Positivity and boundedness. In this part, we establish the biological feasibility of
the fractal-fractional model by proving that all solutions remain non-negative and bounded
for all time ¢ > 0, provided the initial conditions are non-negative. This ensures the biolog-
ical feasibility of the model. In addition to eliminating unrealistic exponential growth and
guaranteeing the long-term prediction capability of the model, the boundedness property
verifies that the overall population stays finite.

Theorem 3: For any non-negative initial conditions, the solutions of system (3.4) re-
main non-negative for all £ > 0.

Proof: We prove step by step positivity for each compartment.

From the First equation of the system (3.4), we have

FEM D Sh(t)y = A+ nV(t) — (BIP(t) + v + w)S"(t).

Assume for contradiction that there exists a first time ¢; > 0 such that S"(#;) = 0 and
Sh(t) > 0fort € [0,t1). Then:

FEMDPCSh(t) = A+ 0V (1) > 0,

since V" (t1) > 0 and all parameters are positive.
By Lemma 1, this implies S”(¢) > 0 for all ¢ > 0.
From the expression of vaccinated humans, we have:

SEMDPCVR (1) = vS" (1) — (1 + )V (1)
Since Sh(t) > 0and v > 0, we have:
FEMDPCYI(t) > —(n+ p) V(1)
By the fractional Gronwall inequality, this implies:
V() = VH0)Ep(—(n+ p)t*) = 0,

where Ep is the Mittag-Leffler function. Hence V" (t) > 0 for all ¢ > 0.
From the Third equation of the model (3.4), we have:

FEMDPC () = BSM(E)I°(t) — (a + p+ )" (2).
Since S"(¢) > 0 and I°(t) > 0, and 3 > 0:
FEMDPCTh () > —(a+ p+ )T (t).
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By the fractional Gronwall inequality, we obtain the following expression:
I"(t) > I"(0)Ep(— (o + p + 7)t?) > 0.
Hence I h(t) > 0 for all ¢ > 0. From the fourth equation of recovered humans, we have
FEMDPCRM () = 4IM(t) — nR" (2).
Since I"(t) > 0:
FEMDPCRM () > —pRM(2).
By the fractional Gronwall inequality:
RI'(t) > RM(0)Ep(—ut?) > 0.

Hence R"(t) > 0 forall ¢ > 0.
In a similar pattern, we verify the positivity of the bird compartments. From the Fifth
equation of the system 3.4:

FEMDPCSh (1) = ¢4 aVO(t) — (XI°(t) + K + 2)S°(2).
Assume there exists a first time 5 > 0 such that S®(t2) = 0 and S®(¢) > 0 for t € [0, 2).
Then:
FEM DPCSt(ty) = ¢4 oV (tz) > 0.
By Lemma 1, S®(t) > 0 for all ¢ > 0.
From the Sixth equation of the system (3.4), we have:

FEM Dyt (t) = kSP(t) — (0 + E)VO(1).
Since S®(t) > 0 and k > 0:
FEM ppcyb(t) > —(0 + 2)VO(2).
By the fractional Gronwall inequality:
Vh(t) > VP(0)E,(—(o + E)tF) > 0.

Hence V?(t) > 0 for all t > 0.
From the Seventh equation of the system (3.4), we have:

FEM DRI (1) = xSU()IY(E) — 6+ +w)IV(0).

Since S?(t) > 0 and y > 0:

FEMDPCTo (1) > —(€ + E 4+ w)I°(t).
By the fractional Gronwall inequality:

I°(t) > I°(0)E,(— (£ + E + w)t?) > 0.
Hence I°(t) > 0 forall t > 0.
From the eighth equation of the system (3.4), we have:

FEM DPC RV (1) = wIb(t) — ZR(1).

Since I°(t) > 0:
FEMDPCRY (t) > —ER(1).

By the fractional Gronwall inequality:

Rb(t) > R*(0)E,(—EtP) > 0.
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Hence R®(t) > 0 forall t > 0.

Thus, all solutions remain non-negative for all ¢ > 0. ]

Theorem 4: All solutions of system (3.4) with non-negative initial conditions are bounded
for all ¢t > 0.

Proof: We first establish the boundedness of the total human population N"(t) =
Sh(t) + VI(t) + I"(t) + R"(t). Summing the first four equations of the system (3.4),
we have:

FEM DPCN () = A — (S + VP + I + R — al™(1),
<A — puN"(1).
Applying the fractional Gronwall inequality:

A A
N0 <2k (N0 - ) eptae)
I 1
Since the Mittag-Leffler function satisfies 0 < Ep(—z) < 1for z > 0:

A
N"(t) < max {Nh(O), } :
I
Similarly, for the total bird population N°(¢) = S°(t) + Vb (¢) + I°(t) + Rb(¢):
Summing equations of bird compartments of the system (3.4), we have

FEMpDPCNY (1) = ¢ — Z(S° + VP + 1P + RP) — €1°(t),
< ¢ —EN(1).
Applying the fractional Gronwall inequality:

Nb(t) < 2 + (Nb(()) — f) E,(—EtP) < maX{Nb(O), 2} )
Thus, both human and bird populations are bounded for all ¢ > 0, and consequently all
state variables are bounded. 0
Corollary 2: The biologically feasible region:

A
0= {(Sh,Vh,Ih,Rh,Sb,Vb,Ib,Rb) eRY :N'"< =, NP< f}
I =
is positively invariant for the fractal-fractional model. Biologically, the above theorems
describe the ratio of the birth rate to the natural mortality rate bounded by the total popula-
tion of both humans and animals. This indicates the biological feasibility of the suggested
model.

4.3. Equilibrium points. We examine the equilibrium points of the Influenza model (3.4)
by setting all of the derivatives of the system to zero in order to understand its long-term
behavior. In the coupled humans and birds populations, we obtain two equilibrium points,
where infection persists or is eliminated, known as disease-free and endemic states. The
Influenza-free equilibrium points where infection is eliminated are given by:

EO:( Motw oA 5, 0Eto) Ko ,0,0)7
pn+p+v) pn+p+o) E(k+E+40) E(k+E+0)
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4.4. Positivity conditions for endemic equilibrium. The endemic equilibrium of system
(3.4) is biologically meaningful when all the endemic equilibrium points are strictly posi-
tive. In this part, we derive the positivity condition for endemic equilibrium points denoted

by:

B = (S, vh I RSP VYT YT RYT) e RY.

The influenza-persistent equilibrium points obtained by equating the right-hand side of the
system (3.4) to zero and then solving for positive values of infected compartments are given

by:
Gh* _ A
b 4 plotntp)
Al + ntu
Vh* - 'L}Sh*
n+p
o BSMIT
 atp+y
RV = A"
n
v
v KE+E+w)
x(o +E)
b XIS - (kHD)E R W)
X(E+E+w) '

4.5)

(4.6)

4.7)

(4.8)

(4.9)

(4.10)

.11

4.12)

For the endemic equilibrium to be biologically meaningful, all components must be strictly

positive:

sh >0, vt >0, I"">0, R'>0 S >0,

Condition 1 is imposed on bird compartments. From equation (4.9), since x > 0:

S50 = (4+E4w>0,

which is always true as all parameters are positive.
From equation (4.10):

VS0 = k>0,

which is true by definition.
From expression (4.12):

RVY>0 «— I">o.

R > 0.
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Condition 2 is imposed on human compartments for the positivity of equilibrium points.
From expression (4.5), the denominator must be positive:

plotntp)
n+p

which is always true since all terms are positive.
From equation (4.6):

BI + 0,

VS0 = S">o,

which is true by the above.
From equation (4.7), I"* > 0 requires:

SM >0 and I' > 0.
Both conditions are satisfied by the preceding results. From equation (4.8):
RV>0 < I'">o,

which is true by the above.

From the above analysis, it can be noticed that the endemic equilibrium exists when
the bird population can sustain transmission in spite of natural mortality, disease-induced
mortality, recovery, and vaccination. After bird infection, the human compartments are
positive, which is in accordance with the zoonotic nature of avian influenza. The fractal-
fractional parameters p and ( are not present in the equilibrium conditions, but rather they
influence the dynamics, but not the values of the equilibrium points. However, they have a
significant impact on the stability and convergence properties of the endemic equilibrium
of the model.

4.5. Reproductive number. Using the next-generation matrix approach, we determine the
basic reproduction number R to evaluate the risk of disease elimination and persistence in
the human and bird populations. The system is divided into two parts: the matrix F', which
shows the emergence of new infections in each compartment, and the matrix V', which
records the rates of transitions in and out of infected compartments, including recovery,
death, and other non-infectious flows. The reproduction number measures the number of
new infected birds that can be produced by a single infected bird in a susceptible popula-
tion, is obtained from the spectral radius of the matrix FV~L. The F and V matrices for
the proposed avian influenza model are:

0 0 0 0

0

BAM+p))
w(nt+ptv)

0

0
x(¢(E+0))
2(k+E4o0)

0

O O OO O O O
O O OO o O O
O O OO0 o O O
O O OO O O OO
O O OO O O oo
O O OO0 o O oo
O O OO0 o O oo
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and

B(A(n+p))

u+v n 0 0 0 0 piCETEE) 0

A ) 0 0 0 0 0 0

0 0 a+v+pu 0 0 0 0 0

V= 0 —n —y I 0 0 0 0
- = x(¢(E+0o))

0 0 0 0 E4+Kk —0o S(ntEto) 0

0 0 0 0 -k E+4o0o 0 0

0 0 0 0 0 0 Z24+w+€ 0

0 0 0 0 0 0 —w =

The characteristic equation obtained from the matrix K = FV ! is

_ X¢(E+0) N
PR) == <E(K~+E+a)(f+5+w) A)'

The maximum eigenvalue obtained from the characteristic polynomial, named the basic
reproduction number, is:

XP(E+ o)

Ro = .
T Ek+E+0)E+EFw)

Biologically, it symbolizes the equilibrium between the recruitment of birds ¢ and the
losses resulting from disease-induced mortality £, natural death =, vaccination «, and re-
covery w. Infections in birds stop, and the likelihood of zoonotic transmission decreases
when Ry < 1. Outbreaks and human transmission occur when Ry > 1.

Now, we consider some special cases. If vaccine is not available, that is (x = 0), then
the reproductive number becomes:

X¢
Rog= ——"F——.
T EE+E+w)
This is the classical result for avian influenza models.

In this case, vaccine waning is ignored, so (¢ = 0). Then vaccination reduces the
susceptible population and thus the reproductive number is also reduced, given in the form:

X9
(k+E)(E+E+w)

Ro =

If vaccination is perfect, for which kK — oo, then reproductive number Ry — 0. Thus
vaccination completely eliminates transmission.

4.6. Local stability of Influenza-free equilibrium points. In this part, we linearize the
system (3.4) around the Influenza-free equilibrium points and compute the jacobian matrix
in order to evaluate the local stability of the Influenza free equilibrium points. The evalua-
tion of the jacobian at the influenza-free equilibrium points shows that small perturbations
in each compartment change with time. The eigenvalues obtained through this jacobian
determine whether these perturbations increase or decrease, which establishes whether the
Influenza-free equilibrium point is locally asymptotically stable. The jacobian matrix for
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the Avian influenza model at the Influenza-free equilibrium points has the form:

— _ B(AM+w) T
H—Y n 0 0 0 0 u(n+utov) 0
v —n—p 0 0 0 0 B(A(O . 0
n+p
0 0 —a—y—pn 0 0 0 SnFRtoy 0
0\ __ 0 n v —u 0 0 0 0
J(ET) = 0 0 0 0 —E—k o — x(E+a) 0
= E(k+E+0)
0 0 0 0 K —E—0 0 0
X(P(E+o)) =,
0 0 0 0 0 0 S(ei=to) Sw £ 0
L O 0 0 0 0 0 w —=

The characteristic equation obtained from above jacobian matrix generates the following
eigenvalues:

[1]

>

/\1:—Ha/\QZ—#’/\SZ—a—’Y—Ha)\4:—Ev>\5:— s 6=—K—ZE—0

CKEE+E+w) + (E+0)EE+E+w) —x9)
E(k+E+40)
We can see that the first seven eigenvalues are negative because of the biological assumption
that all rates of vaccination, disease-induced death, recovery, and natural mortality are
positive.
The threshold behavior of the bird population is determined by the eighth eigenvalue

CKEEHE4w) +(E+0)(EE+HE+w) —x9)

)

AT =N —p—U, A=

Ag = :
s E(k+E+o0)
It is easy to check that this eigenvalue is negative if
X¢(E+0)

Ro = Ek+E+0)(E+E+w) <1
In terms of biology, this finding suggests that when both the human and bird reproduction
numbers are less than one, the disease-free equilibrium is locally stable. Ag can be effec-
tively driven negative by decreasing the bird-to-bird transmission rate (), increasing bird
vaccination (), improving bird recovery (w), or controlling their recruitment rate (¢). This
will prevent an outbreak in the bird reservoir and in the human population.

(4.13)

4.7. Local stability via Routh-Hurwitz criterion. Now, we verify the local stability of
the influenza-free equilibrium using the Routh-Hurwitz criterion.
The characteristic equation from the jacobian matrix is:

det(J(E®) — XI) = 0.
Due to the block diagonal structure of the jacobian, we factor the characteristic polynomial

into:
P(A) = Pi(A) - P2(A) - Ps(A) - Pa(X) =0,

where:
PiA) = (A +v+p)A+n+p) —on,
P = A+ ok 1) (A + 1),
Ps(A) = A+ K+E)A+E+0)— ko,
Py(A) = A= xS’ + (§+E+w).
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Now, we apply the Routh-Hurwitz approach for each factor.
Expanding the factor 1: P;()\), we have

PiA) =224 (0+n42u)A+ (v+ pw)(n+ p) —on.
The above expression can be written in the form:
PN =22+ aPa+alY,
where:
agl) =v+n+2u>0,

al) = (v+ p)(n + 1) — vy = p(v + 1+ p) > 0.

Since agl) and a(()l) are both positive due to the positivity of the parameters, both roots have
negative real parts.

The two roots from the second factor P5(\) are:
M=—(a+p+7) <0,Ag=—-p<0.

Both roots are negative, obviously.
Expanding the third factor P5()), we have:

PsA) =M+ (k+ 22+ )\ + (8 +E)(E+0) — ko
The above expression can be written as:
Ps(A) = X2+ af? A+ af,
where:
o) = k42540 >0,
aé?’) =(k+Z2)(E+0)—koc=EKk+ZE+0)>0.
Since ag?’) and a(()?’) are positive, both roots have negative real parts.
The single root from the factor 4: P;(\) is:
As = xS — (E+E+w).
For stability, the root Ag should be negative:
xS% < €+ E+w.

Substituting S° = M, we obtain the expression:
Ek+Z40)
=+ -
M <E+EHFw.
E(k+Z2+40)
This can be written as:
RO = X¢(: * U) < 1.

CEk+E40)(E+E+w)

Theorem 6: The Influenza-free equilibrium EY is locally stable if Ry < 1 and unstable
if Rg > 1.
Proof: The Routh-Hurwitz conditions for all four factors are satisfied when Ry < 1:



352 U. Atta, A. Ahmad, S. Sattar

() Pi(N): agl) =v+n+2p>0, aél) =p(v+n+p) >0.
(2) Py(\): Roots are —(a + p + ) and —p, both negative.
B3) Ps(N):a® =k +25+0>0,aY) =S(k+Z+0) > 0.
4) Ps(N): ds=(E+ZE4+w)(Ro—1) <0when Ry < 1.

The above analysis shows that all eigenvalues have negative real parts, and the Influenza-
free equilibrium point is locally asymptotically stable. g

When the bird reproduction number is below unity, then the capacity for bird to bird
transmission () and recruitment (¢) is not large enough to overcome the natural mortality
of birds (=), the mortality induced by disease (£), recovery rate of birds (w), and the effec-
tiveness of bird vaccination (), the analysis shows that the Influenza-free equilibrium point
will remain stable. This is in accordance with the biological assumption that bird control
plays a key role in preventing human spillover. The fractional-order and fractal dimension
p and ¢ do not impact the local stability of the Influenza-free equilibrium point.

4.8. Global stability of Influenza-free equilibrium. In this part, we establish the global
asymptotic stability of the Influenza-free equilibrium using a suitable Lyapunov function.
This strengthens the theoretical contribution by showing that the disease dies out regardless
of initial conditions when the reproduction number is below unity.

Theorem 7: The Influenza-free equilibrium E° is globally stable in the biologically
feasible region Q if Ry < 1.

Proof: Consider the Lyapunov function:

Sh
_BS% I"(t).
a4+ pu+y
Applying the fractal-fractional derivative along the trajectories and substituting the values
of the derivative from the system (3.4), we obtain the expression:

L(t)=TI(t) +

Sh
FEM DO L) = (xS — (€124 I+ —L2 0 (BSP — (at it I,
(6= 8" = (€ + 3+l + 20 (351 — ot k)1
QSh Sh
= [xS" — = oy 5500 0 gan pn
[x (E+E+w) tataty BS"o
Using the bounds S? < S%; and S* < S"( in the above expression, we obtain:
JF]FMDp,gL«(t) < [XSb _(£+:+w)]1b+ B2(Sh)? 1" — BShoI"
>~ 0 OZ+M+’7 0 )
_ B2(5M0)? h Th
= (E+E+w)(Ro— DI* + =222 10 — gShoI™.
€ +z )R- DI+ 2 g,

When Ry < 1, FFM DPC£(¢) < 0 with equality if and only if I = 0 and I = 0. By
LaSalle’s invariance principle for fractional systems, every trajectory starting in ) con-
verges to E° as t — oo. O

Biologically, when both reproduction numbers are below unity, the Influenza-free equi-
librium is globally stable, meaning the disease will die out from both populations irrespec-
tive of the initial outbreak size. The fractional-order and fractal dimension do not affect the
stability conditions; they only influence the convergence rate to the Influenza-free equilib-
rium point. As compared to the systems with backward bifurcation, decreasing Ry below
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1 also leads to the eradication of the disease without any extra control measures. Control
of R via biosecurity, vaccination, and movement restrictions will be the most effective
approach to controlling the system, as this is driven by bird transmission.

4.9. Sensitivity analysis. Sensitivity analysis is a crucial mathematical tool that evaluates
the importance of various parameters in disease transmission dynamics. This methodol-
ogy assesses the robustness of model predictions by quantifying how uncertainties in pa-
rameter values, often arising from data collection errors or estimation inaccuracies, affect
key epidemiological outputs. The normalized forward sensitivity index measures the rela-
tive change in the basic reproduction number Ry per unit relative change in a parameter.
When Ry is a differentiable function of parameter ¢, this index can be computed using
partial derivatives defined by [20]: TZ}O = GB—T‘;O X Rio' The resulting sensitivity values,
whether constant or complex expressions involving multiple parameters, identify critical
parameters requiring precise estimation. Highly sensitive parameters demand careful mea-
surement since minor variations cause substantial changes in model outcomes, while less
sensitive parameters tolerate greater estimation uncertainty without significantly affecting
predictions, thereby guiding efficient resource allocation in both parameter estimation and
intervention planning.

k(o +w)+E2+220) + (E+0)* (£ + 22 +w)

TR = _

= E+o0)(k+E+0)(E+E+w) ’
YRo _ KO

v E+o0)s+E+0)
TR = 1,

R _

TR = 1,

YRo — ___ R

r k+Z2+0’

TRO _ g

¢ E+E24w’

TR = -~

“ E+E2+4w

The model parameters show significant directional influences on the dynamics of disease
transmission based on the sensitivity analysis of the basic reproduction number Ry.

We conduct a sensitivity analysis in order to determine the most important parameters
influencing the transmission of disease, providing important information about the best
ways to intervene by quantifying the impact of minor changes in the input parameters on
Ro. Figure 3a shows that if the bird-to-bird transmission increases, or bird recruitment
increases, then the reproductive number Ry increases. Figure 3b shows that increasing
bird mortality or vaccination decreases Ry. However, Figure 3c displays that the higher
the proportion of deaths or recovery due to disease lowers the reproductive number Ry.
The relationship between transmission and mortality is shown in Figure 3d, revealing that
higher mortality can be compensated by higher transmission. Figure 3e shows that vacci-
nation is an effective countermeasure to the effects of high recruitment. From Figure 3f it
is clear that recovery and vaccination both lead to a decrease in Rg. The red contour line
Ro = 1 is a critical boundary. Values above the line ( Ry > 1) show that the disease
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persists, and values below the line ( Ry < 1) show that the disease can be eliminated from
society. The results show that interventions aimed at controlling bird-to-bird transmission
(x) and vaccination ( ) are the best way to control avian influenza.

(A) Impact of x and ¢ on Rp.  (B) Influence of = and x on  (C) Influence of ¢ and w on
Ro. Ro.

(D) Influence of x and = on  (E) Influence of ¢ and x on  (F) Influence of parameters w
Ro. Ro. and x on Ro.

FIGURE 3. Impact of various parameters on R through 2D contour
plots.

4.10. Global sensitivity analysis. We perform a global sensitivity analysis of the disease
outcomes with Latin hypercube sampling (LHS) and partial rank correlation coefficients
(PRCC) to quantify the impact of the model parameters on the disease outcome. Such an
approach is commonly employed in epidemiological modelling to determine the parameters
that mainly influence the dynamics of the system, taking into account interactions between
parameters and their nonlinearity. The analysis is performed with N = 500 samples from
the LHS that were selected within biologically feasible ranges of the parameters listed in
Table 4. The values of PRCCs are obtained by deflating both the input and output, followed
by the calculation of partial correlations between each of the parameters and the output,
setting the rest of the parameters at the rank values. The criteria for statistical significance
are performed by Fisher’s z-transformation, and p < 0.05 is considered significant.

Figure 4a presents the PRCC bar plots showing the influence of parameters on peak
human infection, peak bird infection, total human cases, and bird reproductive number.
The parameters influencing the peak of human infections are those influencing bird-to-bird
transmission and bird recovery. The key parameters for the birds, including recruitment,
transmission, and recovery, control the infected birds. The total human cases are also af-
fected by bird parameters and the vaccination (v). The reproductive number for birds is
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effected by transmission (), recruitment (¢), natural mortality (Z), and recovery (w). In
terms of policy implications, the bird transmission parameters are always dominant in all
outputs indicating that interventions focusing on the bird population have the highest im-
pact on human health. The important negative effect of human vaccination on all human
outputs suggests a vaccination program for high-risk groups such as poultry workers and
health workers. Most bird parameters are statistically significant, giving good quantitative
proof to support efforts to allocate resources to avian influenza surveillance and control
programs. Figure 4b provides the ranking of all parameters on infected humans. Green
bars represent positive correlation, red bars represent negative correlation. The bird-to-bird
transmission rate has the most important influence and is highly positively correlated with
human cases. The second most relevant parameter was bird recovery, with a negative cor-
relation, suggesting that a quicker recovery in birds leads to a shorter infectious period and
less exposure for humans. Human infection is positively related to bird recruitment, with
a greater number of susceptible birds maintaining the transmission. The bird-to-human
transmission (/3) has a positive correlation. The most influential human side parameter is
human vaccination, which has a strong negative correlation, indicating its protective effect.
Figure 4c presents the PRCC heatmap showing the sensitivity of four outputs to all param-
eters. Red indicates positive correlation, blue indicates negative correlation. Values closer
to £1 indicate stronger influence. The heatmap offers an overall prioritization scheme for
intervention strategies, with bird transmission and recruitment (¢) being the most effective
strategies to reduce all measures of infection. A strong negative correlation between hu-
man vaccination across human outputs provides justification for dual policy approaches of
controlling the bird reservoir while vaccinating high-risk human populations.

Figure 4d displays the scatter plots reflecting the influence of bird-to-bird transmission,
bird recovery, bird recruitment and human vaccination on peak human infection. Positive
correlation between bird-to-bird transmission () and peak human infection suggests that
transmission rate is the greatest human health risk. The relationship between bird recov-
ery and infection is highly negative, suggesting that the shorter the infectious period, the
sooner birds recover and the less spread. The positive relationship between infection and
bird recruitment shows that the number of infected birds increases with the number of birds
recruited. The high level of a negative correlation between human vaccination and infection
demonstrates the protective benefit of a person being vaccinated. The bird-to-bird trans-
mission () is the highly influential parameter, recommending high priority intervention
through the reduction of contact rates through biosecurity, reduced stocking density, and
movement restrictions. A negative correlation (w) indicates that the quality of supportive
veterinary care and early detection may shorten the infectiousness period in poultry. The
impact of bird recruitment (¢) emphasizes the need for poultry population management
such as decreasing flock size and managing for depopulation during outbreaks. Vaccina-
tion of humans (v ) possesses a protective effect and represents strong evidence for the
implementation of prophylactic vaccination programs for poultry workers and healthcare
providers.

4.11. Statistical analysis. In this part, we perform the statistical analysis for all compart-
ments of the avian influenza model. High standard deviation, range, and coefficient of
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variation reflect slower convergence, and larger temporal fluctuations, while small disper-
sion values exhibit quick stability and lower variation. Higher standard deviation, range
and coefficient of variation indicate greater variability. The coefficient of variation is used
as the main parameter to measure relative dispersion. The skewness and kurtosis measure
the degree of asymmetry and peakedness of the compartment distribution. Positive skew-
ness indicates occasional persistence of higher population values, while negative skewness
reflects a tendency toward lower values. Kurtosis values greater than three suggest heavy-
tailed distributions and increased sensitivity to extreme fluctuations, while values below
three indicate a more uniform distribution around the mean. Most compartments are nearly
symmetric. Values of kurtosis below three indicate platykurtic distributions, while values
above three indicate leptokurtic distributions. All compartments exhibit platykurtic be-
haviour. Strong positive correlations are observed between infected and recovered humans,
and for birds, between susceptible and vaccinated birds. Negative correlations appear be-
tween susceptible and infected, reflecting the expected epidemiological relationship. Fig-
ure 5a presents the box plots of steady-state distributions for all compartments. The central
mark indicates the median, box edges represent the 25th and 75th percentiles, and whiskers
extend to the most extreme data points. Outliers are shown as individual points. Figure 5b
illustrates the mean values with 95% confidence intervals for all compartments at steady
state. Error bars represent the standard error of the mean. The intervals reflect the preci-
sion of the estimated equilibrium populations. Figure 5c displays histograms of steady-state
population values for all compartments. The distributions are approximately unimodal and
symmetric for most compartments, with narrow spreads for susceptible birds and wider
spreads for recovered birds. Figure 5d depicts notched box plots showing medians with
95% confidence intervals of the medians. Overlapping notches indicate that medians are
not significantly different. Most compartments show distinct median values, confirming
their epidemiological separation.

4.12. Chaos test. Chaos theory has transformed our comprehension of complicated dy-
namical systems, including epidemiological models. Even with correct model formulation
and parameter knowledge, chaotic behavior in disease systems suggests that long-term pre-
diction is limited. Chaos results from sensitive dependency on initial conditions. Determin-
ing if disease dynamics are chaotic is essential for determining how predictable epidemics
are, creating efficient early warning systems, assessing the validity of deterministic models,
and developing adaptive intervention tactics.

In this section, we aim to measure chaotic behavior in the compartments of the model
using the 0-1 test, compare the intensity of chaos in all compartments, determine which
parts of the system are the most and least chaotic, offer biological explanations for chaos in
each compartment, and discuss the implications of disease dynamics for public health. The
0-1 chaos test is a binary test that differentiates between chaotic and regular dynamics in
deterministic systems. The 0-1 test is computationally efficient and does not require phase
space reconstruction, as compared to the Lyapunov exponent approach.
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FIGURE 5. Statistical analysis of the compartments of the model.

Let ¢(n) be a time series of length N. The test proceeds as follows: For a chosen
¢ € (0, ), define translation variables:

n n

pc(n):Zqﬁ(j)cos(jc), n:1327-'-aNaQC(n):Z¢(j)Sin(jc)7 n=12...,N.

j=1 j=1

Define the mean square displacement as:
1
Mc(n) = ]\}gnm N z; [(pC(J +n) — pc(j))2 + (%(j +n) — QC(j))Q] .
]:

For finite NV, we compute:

1 N—n

M(n) = o= Y [(pe(i +n) = pe(5))” + (G + 1) = 4e(5))] -
N—n

j=1

For regular dynamics, M.(n) remains bounded. For chaotic dynamics, M.(n) grows lin-
early with n:
M.(n) ~ D.n asn — oo.

The asymptotic growth rate K. is computed via correlation:

Kc = COI'I‘(&, A)a
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where § = (1,2,...,nmax) and A = (M. (1), M.(2),. .., Mc(nmax)). To eliminate depen-
dence on ¢, we take the median over multiple c values:

K = median(K,,, K.,,...,K.,),

where c¢; are chosen from (0, ). Theorem 8: For a regular dynamical system, X = 0. For

TABLE 5. Classification of dynamics based on K Value.

K value range Classification = Dynamical behavior

K <02 Regular Periodic or stable equilibrium
02<K<0.5 Weak Chaos Intermittent chaotic bursts.
0.5 < K < 0.8 Moderate Chaos Mixed regular-chaotic dynamics.

K >0.38 Strong Chaos  Fully developed deterministic chaos.

a chaotic system, K = 1.

Proof: For regular dynamics, p.(n) and ¢.(n) are bounded functions, leading to bounded
M.(n) and thus K = 0. For chaotic dynamics, p.(n) and ¢.(n) behave like Brownian mo-
tion, yielding linear growth of M.(n) and K = 1.

The test is implemented with ¢ values: 7/5,7/4,7/3,7/2, 27 /3, nmax = N/10 (where
N is time series length), median of K. values for robustness.

The bar chart in Figure 6a displays the results of the 0-1 chaos test for all compartments.
The chaos statistic K for each compartment is shown in this plot as a vertical bar chart.
Classification thresholds at K = 0.2 show the presence of regular or weak chaos, K = 0.5
shows the presence of a weak or moderate chaos boundary, and K = 0.8 shows moderate
or strong chaos, shown by horizontal dashed lines. Figure 6b shows a line plot reflecting
chaos values for compartments with threshold lines. Figure 6¢ presents the P-Q plots for all
compartments. Bounded trajectories are produced by regular dynamics for every compart-
ment. The scatter plot in Figure 6d displays the intensity of chaos using a color gradient.
Each compartment’s K value is shown in this scatter plot, with color intensity denoting
the degree of disorder. Each point has a numerical designation above it. Biologically, all
compartments show regular, predictable dynamics.

4.13. Phase plots. In this section, we provide the phase plots to show the interaction of the
compartments. Figure 7a shows the interaction between susceptible and infected birds. As
susceptibility declines, infected birds quickly surge to an early peak before rapidly declin-
ing as a result of vaccination and recovery processes. As the system stabilizes, the parabolic
arc exhibits efficient infection control. Figure 7b shows the relationship between suscep-
tible and recovered birds. Recovered birds grow in a sigmoidal pattern, peaking during
infection and then declining. The curve demonstrates immune saturation, with susceptible
birds stabilizing and recovered birds approaching maximum levels. Figure 7c describes
the relationship between susceptible and vaccinated birds. The susceptible birds sharply
fall, while vaccinated birds increase quickly. As vaccination reaches complete protection,
declining immunity results in a steady increase in susceptibility while vaccination rates sta-
bilize. Figure 7d presents the interactions between vaccinated and infected birds. Despite
vaccination, the infected birds rise initially before peaking and falling abruptly as vaccine
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FIGURE 6. Figures showing that the behaviour of the compartments is
bounded and the system does not exhibit chaos.

coverage increases. Three control phases are revealed by the pattern: near-elimination,
effective containment, and starting spread. Figure 7e shows the relationship between sus-
ceptible and infected humans. As the susceptible humans decline, the infected humans
increase exponentially, reaching a clear epidemic peak. After the peak, infections gradu-
ally decrease as a result of immunity building and treatments, and susceptible humans level
out at lower levels. Figure 7f describes the relationship between susceptible and recovered
humans. Recovered humans quickly rise during periods of high infection, then fluctuate as
transient immunity declines. The trajectory spirals in the direction of equilibrium, where
susceptible humans keep a fixed proportion and recovered humans remain stable. Figure
7g shows the interaction of susceptible and vaccinated humans. The vaccinated humans
first increase, while susceptible humans drastically decrease as vaccination increases. Sus-
ceptible humans gradually recover over time when vaccination rates stabilize and approach
equilibrium due to declining immunity. Figure 7h shows the interaction between vaccinated
and infected humans. Human infections sharply fall when vaccination rates rise, and then
continue to decline as coverage is increased. The vaccinated humans exhibit distinctive
L-shaped short-term defense that develops into long-term herd immunity.
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5. TRANSCRITICAL BIFURCATION ANALYSIS

The transcritical bifurcation in this avian influenza model represents a phenomenon that
controls the disease shift between elimination and persistence. When Ry < 1, the system
shows disease-free stability where small outbreaks vanish, while Ry > 1 induces a shift
enabling persistence of disease. This bifurcation analysis is essential for epidemiology as it
determines exact disease eradication conditions, assesses the impact of control measures on
the epidemic threshold, and shows the lack of cyclic effects that could make disease control
more difficult. We analyze the bifurcation behavior of the system at the critical threshold
Ry = 1 using the Castillo-Chavez and Song bifurcation theorem [16]. This analysis reveals
the nature of the bifurcation and provides insight into the disease dynamics.

We select the bird-to-bird transmission rate x as the bifurcation parameter. At the critical
value:

*:E(H+E+a)(£+5+w)
¢(E +0) ’

such that Ry = 1 when x = x*.
Consider the system:

dx

dt

where Y is the bifurcation parameter. At x = x*, the system has a disease-free equilibrium
x = 0 and the Jacobian matrix J = Dxf(0, x*) has a simple zero eigenvalue.

Let w = (wy,ws, ..., ws)” be the right eigenvector corresponding to the zero eigen-

value, satisfying Jw = 0. From the Jacobian structure at Y = x*, choosing wy = 1, we
obtain:

=f(x,x), f:R®xR RS

BSEm+p) v BSG vBSh X'S§(E+o) k

w
w=(- w - ws, 1, =

pn+p+v) n+p Catpu+y platu+y) Ek+E+0) E+o

)T
Let v = (v1,vs,...,vs) be the left eigenvector satisfying vJ = 0 and v - w = 1 given
by:

=(0,0,0,0,0,0,1,0),

with normalization v - w = 1 satisfied since w; = 1.
The bifurcation coefficients are defined as:

2
Z VEW; W aa g ),b = Z vkwl

k,z,j=1 k,i=1

O7x*).

i

First, we compute the coefficient a. Since vi, = 0 for all £ # 7, only the kK = 7 term
contributes. The infected bird equation f7 is:

fr=xSI" — (E+E+w)I’.
The non-zero second derivatives are:

0% f7 *fr

asbar ~ X arash X
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Therefore:
9? fr 9% fr
@ T ggiarn T arbg st
=1-2x wsws.
X*SP(E + o)

Substituting ws = — and w; = 1, the expression for a becomes:

E(k+Z=+0)
2(x*)25"°(Z + 0)

Ek+Z+0)
Since all parameters are positive, a < 0.

Now, we compute the coefficient b. Again, only k& = 7 contributes. The non-zero second
derivative with respect to x:

> fa
oIvdy

_ Sbo

Therefore: )

b:wwjﬂ,—g;:l.l-sbozsb%o.

Since a < 0 and b > 0, the system exhibits a forward transcritical bifurcation.

At transmission rate y = x*. For transmission rate y less than a particular value x*,
the reproductive number Ry < 1 and so the Influenza-free equilibrium point is stable, and
no endemic equilibrium exists. For transmission rate larger than its critical value x*, re-
productive number Ry becomes larger than unity and the Influenza-free equilibrium point
is unstable and a stable endemic equilibrium emerges. The endemic equilibrium appears
from the Influenza-free equilibrium point as R exceeds 1. There is no backward bifurca-
tion, so disease eradicates when Ry < 1. Reducing R below 1 is sufficient for disease
elimination without requiring additional control efforts. The bifurcation is independent of
the fractal-fractional parameters, which only affect the transient dynamics and convergence
rates.

Figure 8 displays the bifurcation diagram showing how the bifurcation parameter x af-
fects the infected humans and birds. The impact of the transmission rate on the influenza-
persistent equilibrium with dependence on the initial population of birds indicates faster
endemicity at increasing rates of transmission. The bifurcation study of the Avian Influenza
model in y—~ space reveals stability regions that are indicated by Ry = 1. The red zone
indicates influenza persistence, while the green region shows a disease-free equilibrium
when Ry < 1 that can be obtained with vaccination. The connection between vaccina-
tion and transmission rate is shown by the critical threshold curve, which demonstrates that
higher x can maintain stability even at higher transmission rates. In Figure 9, for Ry < 1,
the solid blue curve represents a stable disease-free equilibrium; for Ry > 1, the dotted
blue curve represents an unstable Influenza-free equilibrium point. Stable endemic equi-
librium is shown by the red curve as it is beyond the critical threshold. The plot shows how
the endemic equilibrium of infected birds I°" is controlled by changes in the bird-to-bird
transmission rate. Disease elimination is ensured by the disease-free equilibrium M=
remaining stable below the threshold x*. This threshold behavior is visually shown by a
vertical line at x = x*, where Ry < 1 indicates eradication and Ry > 1 indicates endemic
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FIGURE 8. Bifurcation diagrams showing how the bifurcation parameter
x affects the infected humans and birds.

persistence. Rising Avian transmission also increases human infections. Stability region
of parameters X, ~ demonstrate that greater bird vaccination rates x also increase the crit-
ical x* threshold, thus helps us to control disease irrespective of increased transmission.
Figure 10 uses the basic reproduction number R to define three different epidemiological
regimes. The disease-free equilibrium is both locally and globally asymptotically stable
in the subcritical regime (R < 1). This means that small introductions of infected birds
decay exponentially, and disease elimination is still possible through control measures.
Influenza-free and existing equilibrium points coincide during the stability transition at the
critical threshold (R = 1), indicating the exact elimination boundary where the spread of
disease either decreases or the disease is eliminated. With explicit predominance formula-
tions 1%, influenza persistent equilibrium points become locally stable in the supercritical
zone (R > 1). The influenza-free equilibrium becomes unstable, resulting in an endemic
durability in which R represents a monotonic rise in disease prevalence.
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FIGURE 10. Figure showing the dynamic shifts across the threshold of
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6. NUMERICAL SCHEME BASED ON NEWTON POLYNOMIALS

In this part, we provide a numerical approach for the fractal-fractional model (3.4) based
on Newton polynomials, as studied in [12]. The numerical simulation of infectious disease
models has made extensive use of this method due to its accuracy and efficiency. Sev-
eral studies [23] showed that Newton polynomial-based techniques are more accurate and
reliable than the traditional Adams—Bashforth method, which uses Lagrange polynomial
interpolation. The scheme converges unconditionally for all step sizes and convergence
order O(At)P+1, while the Adams-Bashforth method in contrast is only conditionally sta-
ble. The Newton polynomial method has a higher order of convergence, errors about one to
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two orders of magnitude lower, naturally includes memory effects, and is computationally
efficient with O(N?).

Applying fractal-fractional integral (2.2) to the system (3.4) and incorporating the New-
ton polynomial approximation yields the following discrete representation:

p k
(Sh)kJrl _ Sﬁ(o) + (1 — p)Ctiflsfb (tkaj) + (p)C(At) ) Z S{L (tj_g,w)

AB(p) AB(p)T(p +1) =
tg_;x[(k—j—kl)”—(k—j)p]—km
k
> g [ (51 (40,3 — 52480 (1)
x [(k =+ 1) x (k=j+3+2p) = (k—5) (k= j+3+3p)]

P x
" -1 -1
E - n . _ - i )
" AB(0)T(0) 282 [tﬂ' (57) (t5,%) 2tj—1(51)(tf1’:)

tc 1(51)( Jj— 27“)}

x[ —jH 1) {2 + (35 + 10)(k — §) + 242 + 95 + 12}
) {2(k 5p+10)+(6p2+18p+12)}},
where
N = (Sﬁ)ja (Vﬁ)j7 (Ih) (RH)J’ (Sb) ( )Ja (Ib Jv( )
2= (MY (VYT I T (R (ST (VYT (10 (R
@ = (") (VY2 (1) (R, (8P 72, (VO 2 (10 2, (R 2,
1= 8"(te), VI (tr), I"(tk), R" (1), S°(tr), VO (i), 1" (tx), R (t1).

This establishes the numerical procedure for the susceptible humans class, following the
analogous procedure, the scheme for other compartments can be derived.

6.1. Convergence and stability of the scheme. In this part, we include a convergence
and stability analysis of the Newton polynomial numerical scheme for our fractal-fractional
system.

The numerical scheme based on Newton polynomials used to solve the fractal-fractional
order system is given by:

y(tn+1) = y(tn) +

¢ M n— i P _(n—j)P
oy | ey v R

Llp+1) = (p+1)
where R, is the remainder term from the Newton interpolation.

Theorem 9: Let f(¢,y) be Lipschitz continuous in y with Lipschitz constant L > 0, and
let y(¢) be the exact solution of the fractal-fractional system. Then the Newton polynomial
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scheme converges with order O(At)*+!, ie.:

Oina<XN lyn — y(tn)]| < O(At)pCJrlv

where C'is a positive constant independent of the step size At.
Proof: The local truncation error of the Newton polynomial scheme is:

(A ~[(n=j+1) = (n—j)°
F(p+1)jz_:0[ (p+1)

Buer = yltuin) — o) - | 1ttt
Using the Taylor expansion of the exact solution around £,,:

(A < [(n—j+1)P—(n—j)
F<p+1)j§[ (p+1)

Y(tnsr) = y(ta) + } £t (t;)) + O(A<H2.

Therefore, the local truncation error satisfies:
| Bl < Co(AD)72.
The global error propagation satisfies:
eni1 = en + CoAt - e, + Cy (A1),

Summing overn =0,..., N — 1:

CH1 2T 1
len|| < CL(A)T ———
Cy

Thus:

max llenll < C(A)PSHL,
0<n

This proves the convergence of the scheme.

6.2. Stability analysis. A numerical scheme is stable if small perturbations in the initial
conditions do not cause large changes in the numerical solution.

Theorem 10: The Newton polynomial scheme for the fractal-fractional system is un-
conditionally stable for all p € (0,1], ¢ € (0, 1], and At > 0.

Proof: Consider two numerical solutions y,, and g,, with perturbed initial conditions yg
and . Define the error e,, = y,, — Yn.-

The error dynamics satisfy:

At”c i n—j4+1)?—(n—j5)7~
(p+1)

nt1 = ] [f(t5,y5) — f(t5,95)]-

J

Using the Lipschitz condition:
17 (5. 95) = F (5,951 < Llle; -

Therefore:

~[(n—j+1) —(n —j)”]
en <llen eqll.
Jensal < lleall + Z[ o s
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By the Gronwall inequality for discrete fractional systems:

L(At)S
ennsneonsp( (A9 n)

L(p+1)
where &, is the Mittag-Leffler function.

Figure 11 compares the infected population trajectory of the humans and birds at vari-
ous time step sizes. The solutions are approaching the reference solution as the step size
gets smaller, which shows the consistency of the Newton polynomial scheme. The similar
solution for At = 0.02 with the reference solution confirms the accuracy for small step
sizes. This validation is important to guarantee the reliability of the numerical simulations.
The Newton polynomial solver for FFM is analysed for convergence in Table 6. The L;
error, Lo error, and L, error all decrease as the time step size becomes smaller, which is
evidence of convergence of the scheme. The order of convergence of the Newton poly-
nomial scheme is close to the theoretical order, which shows the accuracy of the scheme.
The CPU time rises as step size decreases, as more accurate calculations come at a high
cost. This Table offers quantitative evidence of the reliability of the scheme in simula-
tions of the Avian Influenza fractal-fractional model. The stability analysis of the Newton
polynomial solver is summarized in Table 7. All compartments checked for positivity and
boundedness. Numerical outcomes indicate conditional stability. The infected humans and
the infected birds at the peak and at the end of the epidemic are shown to be independent
of the number of time steps, suggesting the scheme is stable. The results indicate that the
solver returns stable solutions for all step sizes tested and, thus, is robust for long-time sim-
ulations. This stability is essential for a proper representation of the long-term dynamics
of the transmission of avian influenza. A summary of the experimental order of conver-
gence (EOC) for the Newton polynomial solver is given in Table 8. The mean EOC values
for Ly, Lo, and L, errors are the same and have the theoretical order of O(At), further
validating the convergence of the scheme. The standard deviations show the uniformity of
convergence with the various step sizes. This table provides a validation of the theoretical
convergence property of the Newton polynomial scheme.

TABLE 6. Convergence analysis of the Newton polynomial scheme
showing error norms and experimental order of convergence (EOC).

Step size At L Error Ly Error L., Error EOC (L;) CPU Time (s)

0.5000 6.38¢+00 7.27e+00 1.15e+01 0.1251 0.00
0.2500 5.89e+00 6.66e+00 1.05e+01 0.2056 0.00
0.1000 5.13e+00 5.78e+00  9.03e+00 0.1957 0.00
0.0500 4.50e+00 5.05e+00 7.84e+00 0.2436 0.00
0.0250 3.81e+00 4.26e+00  6.59e+00 0.4356 0.01
0.0100 2.82e+00 3.15e+00 4.84e+00 - 0.02

7. NUMERICAL SIMULATION

We evaluate the impact of our findings using fractal fractional operator analysis, disease
spread analysis, and robust numerical techniques. Extraordinary outcomes can be obtained
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Newton Polynomial FFM: Solution Comparison for Different Step Sizes

2 Human Infection for Different A t 2. Bird Infection for Different A t
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FIGURE 11. Comparison of human and bird infected populations for
different step sizes using the Newton polynomial scheme.

TABLE 7. Stability analysis of the Newton polynomial FFM solver
showing peak and final infected populations for different time step sizes.

Step Size At Peak /" Peak I’ Final /" Final I®

1.0000 30.0000 15.5842 14.6844 15.5842
0.5000 30.0000 15.8818 15.6007 15.8818
0.2000 30.0000 16.3322 16.9624 16.3322
0.1000 30.0000 16.6882 18.0833 16.6882
0.0500 30.0000 17.0473 19.2714 17.0473
0.0200 30.0000 17.5202 20.9375 17.5202
0.0100 30.0000 17.8737 22.2675 17.8737

TABLE 8. Summary of the experimental order of convergence (EOC) for
different error norms.

Error Norm Mean EOC Std EOC Theoretical order

L, Error 0.2411 0.1168 O(AH)TT
Lo Error 0.2411 0.1168 O(AH)LT7
Lo Error 0.2411 0.1168 O(A)L7

by varying the fractal dimension and fractional-order. The assumed initial conditions are
S"(0) = 50, V"(0) = 30, I"(0) = 20, R"(0) = 10,
5°(0) = 10, V*(0) = 5, 1°(0) = 3, R®(0) = 2.
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The parameter values used in simulation are listed in Table (4) as studied in [27].

Figure 12 displays the human susceptible population at various fractional-orders and
fractal dimensions using 2D contour and 3D bar plots. The plots show that higher fractional-
orders and higher fractal dimension result in a decreased susceptible population, which
means the disease progresses more rapidly. However, lower values of p and ¢ have higher
susceptible populations because they have greater memory and fractal dynamics, which
promote a slower spread of disease. The gradient from light to dark colour shows that
both fractal-fractional parameters have a combined effect on human susceptibility. This
behavior underlines the better performance of the fractal-fractional model than the classi-
cal integer-order models because integer-order models do not describe the memory-type
depletion of susceptible individuals. Figure 13 presents the behaviour of the vaccinated hu-
man population at various fractional-orders and fractal dimensions. The plot indicates that
moderate fractional-orders and large fractal dimensions yield maximum vaccinated pop-
ulations. This is the balance of efficacy and high memory effects. The fractal-fractional
framework shows that the memory effect is moderate; that is, lower p delays vaccination
uptake, but higher p approaches the classical behavior, which has the maximum effect of
vaccination programs. The plots reflect that the non-uniform distribution proves the superi-
ority of the fractal-fractional approach over the integer-order models, which would predict
a monotonic relationship. From a policy perspective, vaccine strategies should consider the
memory-dependent dynamics of the fractal-fractional model. The evolution of infected hu-
mans using 3D bar plot and 2D contour plot at five time points and various fractional-orders
and fractal dimension is described in Figure 14. The plots show that as the fractional-order
approaches unity, so does the fractal dimension (, and the infection increases until it be-
comes the classic integer-order case. On the other hand, lower p and lower ( drastically
lower the infection levels because the larger memory effects and fractal dynamics slow the
transmission down. The gradient shows the protective effect of fractal-fractional dynam-
ics. This behavior validates the ability of the fractal-fractional model to better describe
the memory-dependent behavior of the disease transmission process than the integer-order
models, which assume a homogeneous infection level. Figure 15 presents the impact of
fractional-order and fractal dimension at various values of time. The recovered humans
increase with rising fractional-order and fractal dimension. By declining the values of p
and (, the recovered humans decline due to their delayed dynamics. The contour color
is continuous from low recovery to high recovery, which is indicative of the cumulative
effect of memory in the recovery patterns of the model. This behaviour confirms that the
fractal-fractional approach is superior to the integer-order models in describing the tempo-
ral evolution of immunity, as the recovery time delays are determined by previous infec-
tions. Figure 16 provides the influence of varying time at numerous fractional-orders and
fractal dimensions on susceptible birds. The plots show that higher fractional-orders and
fractal dimensions result in lower susceptibility to birds, meaning a faster spreading rate
of the disease in the bird population. Both lower p and ( lead to the more persistent pres-
ence of susceptible populations, which is the delayed dynamics that the fractal-fractional
model captures. Due to their high turnover rates and short life spans, birds exhibit the
pattern more clearly than humans. This behavior is evidence of the difficulty of capturing
species-specific dynamics within integer-order models and the superiority of the fractal-
fractional model. Figure 17 shows the impact of fractional-order and fractal dimension
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on the vaccinated birds. The plot reveals that intermediate fractional-order (p) and higher
fractal dimension () result in maximum vaccination coverage in birds. This is similar to
the human vaccination contour, but has different strength, due to the differences between
the human vaccination programs and population dynamics. Unlike integer-order models,
which make the assumption of an instantaneous vaccination response, the fractal-fractional
model shows that a vaccination strategy in birds should incorporate the memory effects and
fractal dynamics. Figure 18 illustrates the influence of fractal dimension and fractional-
order with the passage of time. Increasing the fractional-order and fractal dimension gives
much higher bird infection levels. The infection levels are significantly decreased by lower
p and ¢ with a stronger memory effect. The contour has a steep gradient from blue to red,
highlighting the strong effect of fractal-fractional parameters on the bird dynamics of dis-
ease. This behavior validates the superiority of the fractal-fractional model in describing
the dynamics of spread of avian influenza, where memory is a key factor in predicting the
occurrence of spillover events. Figure 19 provides the influence of fractional-order and
fractal dimension on the recovered birds through the 2D contour plot and 3D bar plot. In-
creasing the fractional-order and fractal dimension leads to a rise in recovery. Lowering
the fractional-order p and fractal dimension ¢ lowers the recovery. The plot reflects a gra-
dient from low to high recovery, highlighting the temporal characteristics of recovery in
bird populations. Such behavior is an indication of the superiority of the fractal-fractional
approach to represent the ecological dynamics of avian influenza, in which the memory
effects and fractal behavior are very significant for accurate predictions.

The contour and 3D bar analyses show that the fractal-fractional model is a more biolog-
ically realistic model to explain the dynamics of avian influenza than the classical integer-
order models. The fractional-order (p) and fractal dimension (¢) make the model much
more flexible and capable of modeling memory effects and fractal dynamics, critical for
understanding and predicting the spread of disease and the optimal intervention strategies.
The robustness and superiority of the fractal-fractional approach are confirmed by the regu-
larity observed in all compartments. We find that the sensitivity to fractional-order implies
that the history of exposure is important to the current dynamics of outbreaks. The lagged
peaks at lower values of p suggest that windows of opportunity for interventions may be
longer for populations with high memory effects. The meeting at higher p indicates that
classical models could be suitable for outbreak dynamics in rapidly changing populations.
The fractional-order reflects the hereditary and memory characteristics of the disease sys-
tem, in which immunity, environmental contamination, and changes in population exhibit
time-dependent properties. The differences in dynamics between values of p illustrate the
need to consider memory effects when making long-term predictions and control strategies
for outbreaks.

The numerical values of all compartments at different times are given below for different
fractional-order p and fractal dimension (. These tables offer quantitative evidence of sys-
tem dynamics and their effect on disease progression in terms of fractal-fractional parame-
ters. Table 9 presents the temporal evolution of all compartments at fixed fractal dimension
¢ = 0.7 with different fractional-orders. The table shows that a higher rate p slows down
the onset of the disease, resulting in a longer time period of susceptible individuals. Table
10 shows the values of the compartments at fractal dimension ¢ = 0.8. The intermediate
fractal dimension indicates a transition in dynamics as the memory effects start to become
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3D Evolution of susceptible humans S"(t,5,)

Initial(t=0) Eary (t=25) Middle (1=50)

Impact of FFM on susceptible humans S"(00)

’
Late (1=75) Steady State (t=100)

07 075 08
Fractional Order

(A) Impact of fractional-order and (B) 3D bar plot showing the impact of fractional-order and
fractal dimension on susceptible fractal dimension on susceptible humans at five time points.
humans through a 2D contour plot.

FIGURE 12. Behaviour of susceptible humans under the fractal frac-
tional operator with Mittag-Leffler memory through 2D contour and 3D
bar plots.

3D Evolution of vaccinated humans V"(t,,)

Early (t=25)

& 07 075 08
Fractional Order

(A) Impact of fractional-order and (B) 3D bar plot showing the impact of fractional-order and
fractal dimension on vaccinated fractal dimension on vaccinated humans at five time points.
humans through the 2D contour

plot.

FIGURE 13. Behaviour of vaccinated humans under the fractal-
fractional operator with Mittag-Leffler memory through the 2D contour
and 3D bar plots.

weaker at ¢ = 0.7 and the disease spreads more quickly. Table 11 indicates the dynamics
of the system for a fractal dimension of { = 0.9. The system looks more like classical be-
havior at this higher fractal dimension, with the susceptible becoming depleted faster and
the peaks of infection occurring earlier. The classical case, corresponding to ( = 1.0, is
shown in Table 12. This is the reference point for the comparison analysis of the effects
of fractal-fractional dynamics. Table 13 compares the effect of all four fractal dimensions
only for infected humans and birds at the fractional-order p = 0.8. The sensitivity of the
infection dynamics to the fractal dimension is highlighted in this table. For combinations of
p and (, the steady-state values of all compartments are summarized in Table 14. The table
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3D Evolution of infected humans I"(t,,)

Initial(t=0) Eary (t=25) Middle (1=50)

Impact of FFM on infected humans I"(co)

(A) Impact of fractional-order and (B) 3D bar plot showing the impact of fractional-order and
fractal dimension on infected hu- fractal dimension on infected humans at five time points.
mans through the 2D contour plot.

FIGURE 14. Behaviour of infected humans under the fractal fractional
operator with Mittag-Leffler memory through 2D contour and 3D bar
plots.

3D Evolution of recovered humans R"(t,p,¢)

Initial (t=0) Earty (t=25) Midale (1=50)

Popuistion Lovel

e . b
s oss 06 085 07 075 08 085 03 098 1
Fractional Order

(A) Impact of fractional-order and (B) 3D bar plot showing the impact of fractional-order and
fractal dimension on recovered hu- fractal dimension on recovered humans at five time points.
mans through the 2D contour plot.

FIGURE 15. Behaviour of recovered humans under the fractal-fractional
operator with Mittag-Leffler memory through 2D contour and 3D bar
plots.

shows how the equilibrium values vary with the fractional-order and the fractal dimension.
These tables indicate that small fractional-order and the fractal dimension have protective
effects, which result in a lesser speed of disease transmission, whereas higher values are
closer to classical behavior with disease transmission increasing. The tables demonstrate
the ability of the fractal-fractional framework to represent memory-dependent dynamics,
which the integer-order models cannot represent.

Due to its capacity to encode both spatial heterogeneity via the fractal dimension ¢ and
memory effects through the fractional-order p, the FFM derivative significantly improves
the ability of the Avian Influenza model to capture realistic epidemic dynamics. By offering
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3D Evolution of susceptible birds S°(t,,¢)
Indl =0) Eary 25) Mo t=50)

Impact of FFM o

Late (1=75) Steady State (t=100)

(A) Impact of fractional-order and (B) 3D bar plot showing the impact of fractional-order and
fractal dimension on susceptible fractal dimension on susceptible birds at five time points.
birds through the 2D contour plot.

FIGURE 16. Behaviour of susceptible birds under the fractal fractional
operator with Mittag-Leffler memory through 2D contour and 3D bar
plots.

3D Evolution of vaccinated birds V°(t,p,)
Early (1=25) Middie (t=50)

Impact of FFM on vaceinated birds V°(oo)

% 07 07
Fractional Order

(A) Impact of fractional-order and (B) 3D bar plot showing the impact of fractional-order and
fractal dimension on vaccinated fractal dimension on vaccinated birds at five time points.
birds through the 2D contour plot.

FIGURE 17. Behaviour of vaccinated birds under the fractal fractional
operator with Mittag-Leffler memory through the 2D contour and 3D bar
plots.

more accurate immunity loss, varied transmission patterns, and more precise time dynam-
ics, the comparison study overall validates that the FFM framework surpasses integer-order
models. For simulating the complex dynamics of Avian Influenza in both humans and
birds, the FFM approach provides a mathematically flexible and biologically richer way
by naturally mixing memory kernels and fractal scaling. By more precisely predicting epi-
demic peaks and describing vaccination efficacy as a time-dependent process, the FFM
model increases accuracy and captures the progressive loss of immunity. Spatial accuracy
is further improved by adding a fractal dimension, which captures regional grouping and
heterogeneous mixing. Biologically, using hereditary kernels results in memory effects,
which produce gradual declines, delayed spikes, and smoother epidemic curves that better
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3D Evolution of infected birds I°(t,p,¢)

Initial (t=0) Eary (t=25) Middle (1=50)

Impact of FFM on infected birds (o)

(A) Impact of fractional-order and (B) 3D bar plot showing the impact of fractional-order and
fractal dimension on infected birds fractal dimension on infected birds at five time points.
through the 2D contour plot.

FIGURE 18. Behaviour of infected birds under the fractal fractional op-
erator with Mittag-Leffler memory through 2D contour and 3D bar plots.

3D Evolution of recovered birds R°(t,5,()

Initial (t=0) Earty (t=25)

s os 06 08 07 075 08 085 03 o098 1
Fractional Order

(A) Impact of fractional-order and (B) 3D bar plot showing the impact of fractional-order and
fractal dimension on susceptible fractal dimension on recovered birds at five time points.
humans through the 2D contour

plot.

FIGURE 19. Behavior of recovered birds under the fractal fractional op-
erator with Mittag-Leffler memory through 2D contour and 3D bar plots.

represent immune response and exposure. By integrating long-term memory, geographic
complexity, and realistic waning immunity, the FFM operator enhances Avian Influenza
modeling overall and offers greater biological relevance and accurate forecasting.

Figure 20 presents the summary of contributions and outcomes of the study.

8. CONCLUSION

8.1. Summary. In this study, we have proposed a novel fractal-fractional Avian Influenza
model in the Mittag-Leffler sense in order to highlight the effects of vaccination on in-
fected humans and birds. We have performed comprehensive qualitative and quantitative
analysis including the existence of a positive and bounded solution, the influenza-free and
existing equilibrium points, the threshold parameter R, the stability of the influenza-free
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TABLE 9. All compartments at fractal dimension ¢ = 0.7 for different
fractional-orders.

Human compartments Bird compartments

Sh Vh [h Rh Sb Vb [b Rb

Time

Fractional-order p = 0.6

0 100.00  50.00 30.00 20.00 10.00 5.00 3.00 2.00

25 129.07 638.86 18.35 102.62 15.51 379.53 16.79 13227
50 191.28 1043.01 36.46 296.26 1532 508.42 20.65 323.46
75 237.04 1339.80 49.56 59220 15.28 556.66 22.06 484.31
100 27152 156241 58.83 957.57 1526 575.10 2259 607.47

Fractional-order p = 0.7

0 100.00  50.00 30.00 20.00 10.00 5.00 3.00 2.00

25 120.28 581.83 15.83 88.42 1558 353.54 1595 109.43
50 177.97 956.51 3255 238.60 15.35 487.72 20.04 279.10
75 221.87 124158 4530 474.83 1529 544.09 21.69 430.06
100 25595 1461.98 54.71 77325 1527 56827 2239 552.13

Fractional-order p = 0.8

0 100.00  50.00 30.00 20.00 10.00 5.00 3.00 2.00

25 111.84 527.02 1341 77.14 15.68 32632 15.02 88.77
50 16470  870.28 28.65 190.97 1538 463.60 1933 236.54
75 206.29 1140.49 40.82 37529 1530 527.71 2122 375.12
100 239.50 1355.67 50.23 613.65 15.27 55834 22.11 493.09

Fractional-order p = 0.9

0 100.00  50.00 30.00 20.00 10.00 5.00 3.00 2.00

25 103.87 47521 11.17 6849 15.83 29835 13.96 70.60
50 151.74 786.06 24.87 152.78 1541 43637 1852 196.82
75 190.60 1038.63 36.25 293.38 15.33 507.24 20.62 321.22
100 22250 1245.61 4547 47946 1529 54457 21.71 43226

Fractional-order p = 1.0

0 100.00  50.00 30.00 20.00 10.00 5.00 3.00 2.00

25 96.48 42699 920 6203 16.06 270.04 1275 55.14
50 13932 705.36  21.27 12299 1546 406.57 17.62 160.70
75 175.14 938.10 31.71 227.88 15.35 482.67 19.89 269.93
100 20531 1134.10 40.53 369.83 1531 52645 21.18 371.71

equilibrium points, the existence of forward transcritical bifurcation, and the identification
of sensitive parameters through local and global sensitivity analysis. We have provided
statistical analysis to show the symmetric behavior of the model. In order to obtain nu-
merical solutions with various fractional-orders at different fractal dimensions, we have
constructed a numerical procedure based on Newton polynomials. The numerical simu-
lations performed through 2D contour plots and 3D bar plots at five time points, various
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TABLE 10. All compartments at fractal dimension ¢ = 0.8 for different
fractional-orders.

Human compartments Bird compartments

Sh Vh [h Rh Sb Vb [b Rb

Time

Fractional-order p = 0.6

0 100.00  50.00 30.00 20.00 10.00 5.00 3.00 2.00

25 122.43 59581 1644 91.66 15.56 360.12 16.17 114.91
50 181.28 978.02 33.52 25196 1534 493.18 20.20 289.98
75 225.69 126630 4638 502.30 1528 547.55 21.79 443.65
100 25991 1487.52 55.77 816.74 1526 570.23 2245 566.27

Fractional-order p = 0.7

0 100.00  50.00 30.00 20.00 10.00 5.00 3.00 2.00

25 113.29 53646 13.83 7893 15.66 331.18 15.19 92.23
50 167.02 885.36 29.33 198.64 15.37 468.08 19.46 243.85
75 209.05 115839 41.62 391.51 1530 530.89 21.31 384.76
100 24244 137471 51.04 639.89 1527 560.34 22.16 503.67

Fractional-order p = 0.8

0 100.00  50.00 30.00 20.00 10.00 5.00 3.00 2.00

25 10471 480.65 1140 6931 15.81 301.40 14.08 72.44
50 153.12  795.03 2527 156.48 1541 439.45 18.61 200.95
75 192.30 1049.62 36.74 30142 1532 509.66 20.69 326.96
100 22435 1257.63 4599 49277 1529 546.27 21.76 438.87

Fractional-order p = 0.9

0 100.00  50.00 30.00 20.00 10.00 5.00 3.00 2.00
25 96.79  429.02 928 6227 16.05 27129 1280 55.76
50 139.85 708.81 2142 124.13 1546 40792 17.66 162.21

75 175.81 94246 3190 23044 1535 483.83 1993 272.11
100 206.06 1138.99 40.75 374.15 1530 52734 21.20 374.33

Fractional-order p = 1.0

0 100.00  50.00 30.00 20.00 10.00 5.00 3.00 2.00

25 89.60 38196 7.63 5720 1639 24130 1135 4224
50 127.42  628.11 17.85 100.03 15.53 37431 16.62 128.14
75 159.92  839.18 2724 176.14 1539 45378 19.04 221.72
100 187.98 1021.57 3547 28141 1533 50329 2050 312.40

fractional-orders, and fractal dimensions reveal that the susceptible, vaccinated, and re-
covered classes observe a slow decline, while infected classes grow slowly as compared
to the quicker decrease or increase expected by integer-order models due to the memory
effects associated with fractional-order and fractal dimension. Phase plots illustrating the
interaction between the human and bird compartments have been provided.
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TABLE 11. All compartments at fractal dimension ¢ = 0.9 for different
fractional-orders.

Human compartments Bird compartments

Sh Vh [h Rh Sb Vb [b Rb

Time

Fractional-order p = 0.6

0 100.00  50.00 30.00 20.00 10.00 5.00 3.00 2.00
25 116.25 555.71 14.67 82776 15.62 340.86 15.53 99.41
50 17170  915.80 30.71 21496 1536 476.79 19.72 258.78
75 214.57 119425 4321 42576 1530 536.88 21.48 404.19
100 24830 1412.57 52.65 695.00 1527 564.03 2227 524.70

Fractional-order p = 0.7

0 100.00  50.00 30.00 20.00 10.00 5.00 3.00 2.00
25 106.89 49485 1201 7155 1576 309.22 1439 77.31
50 156.70 818.29 2631 16649 1540 44724 1885 211.79
75 196.66 1077.97 38.02 323.03 1532 515.65 20.86 341.84
100 229.11 1288.47 47.34 52836 1528 550.39 21.88 455.87

Fractional-order p = 0.8

0 100.00  50.00 30.00 20.00 10.00 5.00 3.00 2.00
25 98.29 43879 9.67 6348 1599 277.19 13.07 58.78
50 14239 72532 2216 129.78 1545 41429 17.86 169.45
75 179.00 963.23 32.84 24296 1535 489.24 20.09 282.55
100 209.64 116224 41.78 39528 1530 531.46 2132 386.85

Fractional-order p = 0.9

0 100.00  50.00 30.00 20.00 10.00 5.00 3.00 2.00

25 90.52 388.00 7.82 5779 1634 24530 11.56 43.87
50 129.03 638.58 1832 102.85 15.52 37891 16.77 13243
75 162.01 852.73 27.85 182.56 15.38 458.04 19.17 228.18
100 19038 1037.16 36.18 29247 1533 506.81 20.60 320.48

Fractional-order p = 1.0

0 100.00  50.00 30.00 20.00 10.00 5.00 3.00 2.00
25 83.58 342,67 6.66 53772 1677 214.07 9.92 3241
50 116.80 559.23 14.82 83.72 15.62 342.15 15.57 101.00
75 146.01 748.78 23.19 138.38 1543 42289 18.11 179.97
100 17179 91631 30.71 215.58 1536 476.62 19.72 259.14

8.2. Findings. The chaos test verifies that the model does not exhibit chaotic oscillations,
and the behavior of all compartments is bounded. The two factors that have the most
positive impact on R are the bird-to-bird transmission rate x and the bird recruitment rate
¢. However, sensitivity indices increases in the bird natural death rate, vaccination rate «,
and recovery rate have significant effects on (. Disease-induced mortality has the least
impact. The convergence and stability analysis reveals that the Newton polynomial scheme



Impact of Vaccination on Influenza Disease Transmission in Humans and Birds 379

TABLE 12. All compartments at fractal dimension ¢ = 1.0 for different
fractional-orders.

Human compartments Bird compartments

Sh Vh [h Rh Sb Vb [b Rb

Time

Fractional-order p = 0.6

0 100.00  50.00 30.00 20.00 10.00 5.00 3.00 2.00

25 110.52 51844 13.03 7558 15.70 321.85 14.86 85.66
50 162.58 856.52 28.03 184.19 1538 459.41 19.21 229.92
75 203.76  1124.05 40.09 36091 1531 524.69 21.13 366.31
100 236.78 1338.11 49.48 590.28 15.28 556.39 22.05 483.35

Fractional-order p = 0.7

0 100.00  50.00 30.00 20.00 10.00 5.00 3.00 2.00

25 101.04 456.76  10.39 65.84 1590 287.80 13.53 64.50
50 147.03 75545 2350 140.73 1543 42551 18.19 182.88
75 184.79 1000.83 34.54 267.10 1534 49854 2036 301.69
100 216.08 1204.02 43.64 43574 1529 53834 21.52 409.51

Fractional-order p = 0.8

0 100.00  50.00 30.00 20.00 10.00 5.00 3.00 2.00

25 9252  401.11 826 59.13 1623 25382 1198 4752
50 13251 661.18 1931 109.23 1549 388.58 17.07 141.82
75 166.48  881.84 29.16 197.03 15.37 466.84 19.43 24221
100 19550 1070.44 37.68 317.33 1532 513.99 20.81 337.89

Fractional-order p = 0.9

0 100.00  50.00 30.00 20.00 10.00 5.00 3.00 2.00

25 8497 351.69 6.84 5447 16.68 220.52 10.26 34.54
50 119.26  575.17 1552 87.16 15.59 34990 15.83 107.11
75 149.26  769.88 24.13 146.44 1542 430.51 1834 189.50
100 175.60 941.08 31.83 229.75 1535 48336 1992 271.46

Fractional-order p = 1.0

0 100.00  50.00 30.00 20.00 10.00 5.00 3.00 2.00

25 78.33 30852 630 51.03 17.17 18856 855  25.09
50 107.41 498.21 12.16 7226 15.75 310.67 14.44 78.72
75 133.42  667.08 19.57 111.08 1549 390.89 17.14 144.40
100 156.84 819.18 26.34 167.14 1540 44724 1884 21233

is reliable and accurate in simulating the fractal-fractional avian influenza model. The
scheme shows convergence and is quite stable with all step sizes, which is suitable for long-
term epidemiological simulations. The numerical simulations confirm a strong agreement
between the mathematical model and numerical results, suggesting that the stability of the
equilibrium is not affected by the fractal-fractional derivative. It has been found that raising



380 U. Atta, A. Ahmad, S. Sattar

TABLE 13. Infection compartments at different time points.

¢=0.7 ¢=0.8 ¢=0.9 ¢=1.0
" It " It " I m I®

Time

fractional-order p = 0.8

0 30.00 3.00 30.00 3.00 30.00 3.00 30.00 3.00
25 1341 15.02 1140 14.08 9.67 13.07 826 1198
50 28.65 19.33 2527 18.61 22.16 17.86 19.31 17.07
75 40.82 21.22 36.74 20.69 32.84 20.09 29.16 19.43
100 50.23 2211 4599 21.76 41.78 2132 37.68 20.81

TABLE 14. Steady state values of all compartments.

(»,©) St vh 1" R" Sb & b R®
0.6,0.7) 271.52 1562.41 58.83 957.57 1526 575.10 2259 607.47

(0.8,0.7) 23950 1355.67 5023 613.65 1527 55834 22.11 493.09
(1,0.7) 205.31 1134.10 40.53 369.83 15.31 52645 21.18 371.71

(0.6,0.8) 25991 1487.52 55.77 816.74 1526 57023 2245 566.27
(0.8,0.8) 22435 1257.63 4599 49277 1529 546.27 21.76 438.87
(1,0.8) 187.98 1021.57 3547 28141 1533 503.29 2050 312.40

(0.6,0.9) 24830 141257 52.65 695.00 1527 564.03 2227 524.70
(0.8,0.9) 209.64 116224 41.78 39528 1530 531.46 2132 386.85
(1,0.9) 171.79 91631 30.71 21558 1536 476.62 19.72 259.14

(0.6,1) 236.78 1338.11 49.48 590.28 15.28 556.39 22.05 483.35
(0.8,1) 195.50 107044 37.68 317.33 1532 51399 20.81 337.89
(1,1) 156.84 819.18 26.34 167.14 1540 44724 1884 21233

the fractal and fractional parameter values causes the solution curves to converge to their
respective stable states more quickly.

8.3. Recommendations for eradication of Influenza. The analysis provides obvious bi-
ological recommendations:

e Reducing Ry < 1 is necessary for disease elimination, producing an elimina-
tion threshold with predictable intervention reactions. The transmission rate x*
provides an accurate quantitative target. In order to preserve Ry < 1, control
techniques must reduce bird-to-bird transmission x through improved biosecurity.

o The statistically significant effect of vaccination indicates that human vaccination
serves as a secondary means of protection when there is not full control of bird
infections. Increase x through immunization programs to maintain stability even
at higher transmission rates,

e The negative effect of bird recovery suggests that supportive care and early treat-
ment in the poultry farms will decrease the spread of the infection, because healthy
birds will recover faster.
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Impact of vaccination on Avian Influenza disease: sensitivity, statistical,

chaos and bifurcation analysis

1. Model formulation

Fractal-fractional Mittag-Leffler operator with parameters (p, ¢). Human popula-
tion includes into (S”, V", I" R") and bird population includes (S°, V*, I®, R?).

Y

2. Mathematical analysis
Positivity and boundedness in FFM sense, existence of a unique solution, equi-
librium points, reproductive number, local and global sensitivity analysis.

Y

Newton polynomial scheme for FFM operator, sensitivity analysis through con-
tour plots, PRCC, tornado plot, statistical analysis, chaos test and phase plots.

Y

4. Stability and transcritical bifurcation
Local and global stability of Influenza-free equilib-
rium points, transcritical bifurcation at R = 1.

Y

5. Key findings
Dual stability is ensured when Ry < 1, memory effects enhance
infectious periods, fractal dimension controls environmental het-
erogeneity, animal reservoir important for persistence of disease.

[ 3. Numerical implementation

J
)
J
)
J

Y

6. Public health applications
Reduce Ry < 1 for disease elimination by lowering bird-to-bird transmission,

increasing bird vaccination, improving recovery rate and maintaining growth rate wi
prevent an outbreak in the bird reservoir and consequently in the human population

J

F1GURE 20. Flowchart for the Avian Influenza model with human-birds
transmission dynamics.

e Bird recruitment ¢ is a good sign of spreading control, so lower density of poultry

and stamping-out precautions can control spread.
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o All of the top-ranked parameters are bird-related and highlight the need to focus
primary prevention efforts on the reservoir population. This will prevent an out-
break in the bird reservoir and, consequently, in the human population.

Overall, our analysis provides useful insights by highlighting prevention of bird transmis-
sion by safety measures and vaccination, predicting outbreak trajectories near crucial pa-
rameters, and computing the minimum vaccination requirements for disease-free stability.
The bifurcation offers reliable ideas for managing zoonotic overload in the avian influenza
environment by filling the gap between epidemiological policy and mathematical accuracy.

8.4. Limitations and future work. The suggested model uses some simplifying assump-
tions, even if it successfully reflects the essential dynamics of avian influenza throughout
human and bird populations. The model ignores age-dependent susceptibilities, occupa-
tional risk variations, and spatial clustering heterogeneity in the real world by assuming
homogeneous mixing. Despite their known role in the spread of avian influenza, environ-
mental transmission pathways such as the virus’s ability to remain in water or on contam-
inated surfaces are not incorporated. The extension of the model to other avian influenza
viruses with unique epidemiological characteristics is limited because it is customized to
HS5N1-specific factors. The possibility that within a season some recovered people become
susceptible has not been considered due to the short time span of one season, but this can
affect vaccine efficacy. Since there was difficulty accessing experimental data from health
authorities, the model analysis and simulations were limited to theoretical data extracted
from the literature. This study assumed that the overall population is constant, meaning
that birth and natural death rates are balanced and that migration, demographic changes,
or infection-induced mortality do not affect population size. However, in reality, various
variables can impact population dynamics, such as urbanization, seasonal labor migration,
and public health initiatives, all of which may have an impact on disease transmission. The
proposed model does not include the novel disease pathogen variations and time-dependent
public behavior.

There are multiple ways to build upon the current research. Investigating stochastic and
fractional stochastic versions of the proposed model could serve as a promising direction
for future studies. Both biological realism and forecasting ability can be improved by future
developments. Inter-regional transmission between farms, wetlands, and urban areas would
be more accurately represented by incorporating spatial heterogeneity through metapopu-
lation or reaction-diffusion techniques. The ecological correctness of the framework can
be improved by explicitly simulating asymptomatic avian carriers and environmental reser-
voirs. Additionally, the inclusion of time-dependent treatments like vaccination or culling
techniques would enhance the model’s usability for real-time public health planning, while
the introduction of stochasticity or fuzzy formulations could represent outbreak variabil-
ity in small populations. We can assume that vaccine efficacy varies with age. Another
strategy in the future is to develop a mathematical model with vaccinated and unvaccinated
populations with different behaviors. Future work should focus on including experimental
data when accessible to perform model analysis and simulations in order to inform policy-
makers about the spread and control of the two diseases.
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