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Abstract. We provide an explicit analytic description of the quotient sur-
face Y = P?(C)/Ag under the Valentiner action. Using Cartan’s lin-
earization and invariant algebras, we classify all local quotient models.
Cyclic subgroups Cs, C3, Cy, C5 yield classical cyclic singularities, while
Dg and D4 give non-cyclic singularities. Isotropy from Vj, Eg, and S
corresponds to smooth points. Gluing these local models produces a nor-
mal projective surface with a completely determined singularity structure.
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1. INTRODUCTION

The study of quotients of complex manifolds by finite group actions lies at the intersec-
tion of complex geometry, invariant theory, and the theory of transformation groups. When
a finite group G acts holomorphically on a complex manifold X, the orbit space Y = X/G
naturally acquires the structure of a reduced complex space. This is a classical consequence
of Cartan’s quotient theorem [9, 8], which ensures both the existence and the universality of
the quotient. However, the resulting space Y typically exhibits singularities at the images
of points with nontrivial isotropy. The local analytic structure of Y is therefore determined
by the isotropy subgroups and their linear representations on tangent spaces.

A fundamental idea, originating in Cartan’s work and further developed by Barlet and
Magntsson [1], is to construct the quotient explicitly from local linear models. If p € X
has isotropy group G, € G, the action is locally equivalent to a linear action of G, on
T,%Z C". The local quotient (X, p)/G,, can then be realized as an affine analytic subva-
riety of C¥ via the invariant algebra C[z1, ..., 2,]%?, generated by a finite set of invariant
holomorphic functions. This approach has the advantage of giving explicit equations for
the quotient near each singular point and making it possible to compute topological and
birational invariants directly [10, 7, 2].
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A classical and important source of examples comes from actions of finite subgroups of
PGL3(C) on the complex projective plane P?(C). Such actions have been studied from
multiple viewpoints—group-theoretic, geometric, and invariant-theoretic—especially for
exceptional finite groups such as the Valentiner group (isomorphic to Ag) [4, 5, 6, 11].
In our previous work, we classified the isotropy subgroups of the Ag-action on P?(C),
including both cyclic (Cy, Cy4, C5) and non-cyclic (Dg, D1g, V4, Ey, S3) stabilizers, and
determined their orbit structure.

The present paper extends that classification to a detailed analysis of the quotient surface

Y = P%(C)/As.

We construct the local analytic models of the quotient singularities using Cartan’s lineariza-
tion theorem [8] and explicit computation of invariant algebras for the isotropy subgroups.
For each isotropy type, we identify generators of C[z,w]%» and describe the embedding
of C?/G,, into affine space. Gluing these local models with the free locus of the action
provides the global complex structure of Y.

Once the quotient is constructed, we analyze its singularity structure and global invari-
ants. Cyclic isotropy subgroups give rise to classical cyclic quotient singularities of type
%(1, a), while the non-cyclic stabilizers produce more intricate local structures [10, 3, 13].
We compute the ramification divisor R of the quotient map

7 :P*(C) — Y
and determine the orbifold canonical class using the formula
Kp2 = 1*(Ky) + R.

This allows us to obtain explicit values for K’ 2 Euler characteristics, and orbifold invari-
ants, linking local isotropy data to global geometry.

Our approach combines classical invariant theory [13, 6] with the geometric viewpoint
of Cartan’s quotient theorem, yielding a complete and explicit description of the quotient
surface Y. This illustrates how finite group actions on IP2(C) can be analyzed through their
local linear behavior and invariant algebras, leading to precise information about the global
geometry of the resulting quotient.

2. PRELIMINARIES: CARTAN’S QUOTIENT THEOREM AND LOCAL LINEAR MODELS

Let G be a finite group acting holomorphically on a connected complex manifold X.
The orbit space Y = X/G is equipped with the quotient topology, and the natural projec-
tion

m: X —Y
is continuous and surjective. Although the topological quotient is straightforward to define,
endowing Y with a canonical complex structure requires more refined tools. A fundamental
result in this direction is Cartan’s quotient theorem [9, 8], which ensures that Y can be
given the structure of a reduced complex space such that 7 is holomorphic and the sheaf of
holomorphic functions on Y coincides with the G-invariant holomorphic functions on X:

Oy (V) = Ox(x 1 (V)¢

for every open subset V' C Y. This endows Y with its natural analytic structure.
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2.1. Local Linearization. Suppose p € X has isotropy subgroup G, = {g € G : ¢ -
p = p}. Cartan’s linearization theorem asserts that, after choosing local holomorphic
coordinates centered at p, the action of G, is equivalent to a linear representation on the
tangent space 1), X [9, 1, 8]. Locally, one may identify a neighborhood of p with an open
subset of C", and the quotient

(X ’ p)/ GP
is then biholomorphic to (C",0)/G,, as complex spaces. This reduction from the global

action to a linear local model is the key step in analyzing quotient singularities. In our
setting, n = 2 since X = P?(C).

2.2. Invariant Function Algebras and Embeddings. Let G, act linearly on C? with co-
ordinates (z,w). The algebra of holomorphic functions invariant under G,, coincides with
the algebra of Gp,-invariant polynomials

Clz,w]% = {f € C[z,w] : f(g- (2,w)) = f(z,w) forall g € G},
which is finitely generated [13, 6]. If { Py, ..., Px} generate C[z,w]%>, then the map
F:C?* —CV, (z,w) = (Pi(z,w),..., Py(z,w))
induces an embedding of the local quotient
C?/G, — CV.
This construction makes the local quotient structure explicit and allows one to identify the

singularity type at 7(p) € Y. For example, when G, is cyclic, this yields classical cyclic
quotient singularities of type (1, a) [10, 2].

2.3. Gluing Local Models and Orbifold Structure. Away from the fixed-point set of
the action, the map 7 is a covering map, and the quotient is smooth. Near fixed points, the
quotient structure is given by the above local models. By gluing these local analytic models
with the free locus, one obtains the global structure of the quotient space Y as a complex
surface. The ramification data associated with 7 defines a Q-divisor

R=3(1- ) e

where R; are components of the fixed locus with stabilizer of order |G,,|.
canonical divisor is then

The orbifold

KX = W*(Ky) + Ra

a standard tool for computing orbifold invariants [3, 2].

2.4. Application to the Ag-Action on P2. In our setting, G = Ag acts faithfully on
X = P2%(C) via its Valentiner representation [4, 5]. The quotient Y = X /G is a normal
complex surface with isolated quotient singularities at the images of points with nontrivial
isotropy. The structure of these singularities is completely determined by the correspond-
ing subgroups of Ag and their linear representations on 7, X. In the subsequent sections,
we explicitly compute the invariant algebras for these isotropy groups, construct the local
quotient embeddings, and analyze their contribution to the global geometry of Y.
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2.5. Notational conventions. Throughout the paper, for a point p € P?(C) with nontrivial
isotropy, we identify the tangent space TpIP’2 = (C? via local holomorphic coordinates
(z,w) centered at p. All local group actions are written with respect to these coordinates,
and all invariant algebras are subalgebras of C[z, w].

For each finite subgroup H C GLy(C), the invariant ring C[z, w]¥ is generated by ho-
mogeneous polynomials; when generators are explicitly listed, their degrees are understood
from the monomial expressions. Cyclic quotient singularities are written in the standard
form 1 (1, a). The notation (C2,0)/H always refers to the germ of the analytic quotient at
the origin.

These conventions remain fixed throughout Sections 4-6 and are used uniformly in all
local quotient model computations.

3. ISOTROPY SUBGROUPS AND ORBIT DATA OF THE Ag-ACTION

The alternating group Ag acts projectively and faithfully on P2(C) through its classical
Valentiner representation [4, 5]. This action is highly symmetric and has been studied
from multiple perspectives, including algebraic geometry, invariant theory, and finite group
theory [6, 11].

A detailed classification of the isotropy subgroups, their conjugacy classes, and orbit
structure associated with this action has already been established in [12].

Remark. For completeness, we briefly recall the relevant classification from [12]. The

isotropy subgroups that occur for the Valentiner action are
Cs, C3, C4, Cs, Dg, Do, Vi, Eg = Z3 X Z3, S3.

The corresponding orbit sizes are listed in Tablel , and no other isotropy types occur in this
action. This summary makes the construction of the quotient surface Y = P?(C)/Ag fully
self-contained without requiring the reader to consult the earlier paper.

Here we summarize the essential data required for the construction of the quotient sur-
face

Y =P*(C)/As,

without repeating the full arguments.

3.1. Isotropy Subgroups. The isotropy subgroups that occur for this action are both cyclic
and non-cyclic. Table 1 lists the relevant subgroups, their orders, and their orbit sizes. For
each subgroup H C Ag, the orbit size is computed using the orbit—stabilizer relation

| Ag|

|A6 p| = T35 |A6‘ = 360.

|H|

No other isotropy types occur in this action [12].
For convenience, Table 2 summarizes for each isotropy subgroup the corresponding

invariant generators, defining relations, and the resulting local analytic type on the quotient
surface.
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Isotropy subgroup H Type Order |H| | Orbit size | Number of such orbits

Cy cyclic 2 180 ko

Cy cyclic 4 90 ky

Cs cyclic 5 72 ks

Dg non-cyclic 8 45 kpsg
Dso non-cyclic 10 36 kp.,

Va non-cyclic 4 90 kv,

Ey non-cyclic 9 40 kg,

Ss non-cyclic 6 60 ks,

TABLE 1. Isotropy subgroups of the Ag-action on P?(C) and their orbit sizes.

Isotropy H |H | Invariant Generators Local Type on Y

Co 2 r=2% y=zw, 2 =uw? %(1,1) (A1)
Cs 3 X=2Y=uw? T=zw £(1,2) (Ag)
Cy 4 uw=2z% v=wt s=220% t=zw %(1,3)
Cs 5 a=2°, b=wd, ¢c=z2w? d= 2w %(1,2)
Dg 8 U=u+v, S=z22w% T=zw Singular (non-cyclic)
Dip 10 | A=2°% B=w® C=z2w? D= z3w | Singular (non-cyclic)
Vy 4 X =22 Y =w? Smooth

Ey=73%x73| 9 U=2,V=u Smooth
S3 6 P2, P3 Smooth

TABLE 2. Unified classification of isotropy subgroups of the Ag-action
on P?(C): invariant generators and resulting local analytic types on the
quotient surface Y = P?(C)/As.

3.2. Generic Orbits and Branching. Outside the special orbits corresponding to the sub-
groups listed above, the isotropy is trivial and the action is free. The generic orbit therefore
has size |Ag| = 360. Since the action involves no complex reflections, there are no fixed
curves, and the ramification of the quotient map 7 arises only from isolated fixed points.
This fact will be used later in computing the ramification divisor

Kp2 = *(Ky) + R.

3.3. Remarks on Representation. The representation of each isotropy subgroup on the
tangent space 7,[’? will be used in the subsequent sections to compute the local invariant
algebras C[z,w]" and construct the corresponding analytic quotient models (C2,0)/H.
The explicit linearization and invariant theory will allow us to classify all singular points
of the quotient surface Y.

This completes the group-theoretic input required for the analytic and geometric construc-
tion of the quotient surface, which will be carried out in Sections 4-6.
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4. LOCAL QUOTIENT MODELS FOR CYCLIC ISOTROPY SUBGROUPS

Cyclic isotropy subgroups give rise to the simplest local quotient singularities. For a
point p € P?(C) with isotropy H = C,,, the local action of H on T,P? = C? can be
diagonalized after choosing appropriate local holomorphic coordinates (z,w). The quo-
tient (C2,0)/H can then be described explicitly in terms of the invariant algebra C|[z, w],
which is finitely generated [13, 6].

4.1. The Case of Cs. Let H = Cy = (o) act on C? by
o (z,w) = (—z,—w).
The algebra of invariant polynomials is easily computed:
Clz, w]? = C[22, 2w, w?].

Set

Then the map
d:C* — C°, (z,w) = (2,9, 2")

induces an embedding of the quotient C?/C5 into C3. The image of ® is cut out by the
single quadratic relation

so that
C?/Cy = V(zz' —y?) c C3.
This is the classical A;-surface singularity (a quadratic cone), an isolated normal singular-
ity of cyclic type $(1,1).
4.2. The Case of C3. Let H = C3 = (v) act on C? by
v (2,w) = (wz, ww), wi=1.

An invariant monomial z%w? satisfies a + 2b = 0 (mod 3). A minimal generating set for
Clz,w]% is

X =23, Y = w?, T = zw,
and these satisfy the single relation
XYy =T°
Thus the quotient embeds as the affine surface
C?/Cs = V(XY —T% C Ckyr,

which is the Du Val (rational double point) singularity of type Az, equivalently the cyclic
quotient £ (1,2) (note det = w'™? = 1).
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4.3. The Case of C,. Let H = C; = (1) act on C? by
T (z,w) = (iz, —iw),

where 72 = —1. The invariant algebra is generated by

U = 24, v = w4, t = zw, s = 22w?.

These generators satisfy polynomial relations determined by

s? = uv, t* = w.

The local quotient

c?/cy
is therefore embedded in C* as a hypersurface defined by these relations. This corresponds
to a cyclic quotient singularity of type %(1, 3).

4.4. The Case of C5. For H = C5 = (p), let
P (Z,’U)) = (CZ,CQU)),

2mi/5 The invariant algebra C[z, w]“> is generated by

where ( = e

a=2z%, b=w’, c = zw?, d=Zw.
These generators satisfy relations expressing the classical %(1, 2) cyclic quotient singular-
ity. Concretely, the embedding

C?/Cs — C*
is determined by binomial equations among a, b, ¢, d, reflecting the semigroup structure of
the invariant monomials. The singularity is isolated and Gorenstein of cyclic type %(1, 2).

4.5. Summary of Cyclic Quotient Models. For the Ag-action on P?(C), the cyclic isotropy
subgroups
C27 C4; 05

give rise to the local quotient singularities listed in Table 3. These singularities are of
classical type %(1, a) and will play a key role in the computation of the ramification divisor
and orbifold invariants.

Isotropy subgroup I | Order n | Action type on 7}, | Singularity type
C 2 | (zw) e (2 —w) %(1, 1) (A, cone)
Cs 3 (z,w) = (wz,w?w) %(1,2) (Ag)
Cy 4 (z,w) — (iz, —iw) 1(1, 3)
Cs 5| (zw) e (G Cw) 3(1, 2)

TABLE 3. Local analytic models for cyclic isotropy subgroups of the
Ag-action.
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5. LOCAL QUOTIENT MODELS FOR NON-CYCLIC ISOTROPY SUBGROUPS
We now analyze the local quotients (C2,0)/H for non-cyclic isotropy subgroups
H € {Ds, Do, Va, Eqg(= Z3 x Z3), Ss}.

As in the cyclic case, we work in holomorphic coordinates (z,w) identifying 7,P? = C2,
and describe C[z, w]¥ by generators and relations when convenient. When the tangent rep-
resentation of H is generated by complex reflections (i.e. elements with a one-dimensional
fixed subspace), the Chevalley—Shephard—Todd phenomenon applies and the invariant ring
is polynomial, hence the local quotient is smooth; otherwise the invariant ring has relations
and the quotient is singular [13, 6].

5.1. The case of Dg: a worked non-reflection example. Let
Ds =(g.h|g"=h*>=1, hgh™ =g~}
act on T;,P? = C? by
g9 (z,w) = (iz, —iw),  h-(z,w) = (w,2),

where i2 = —1. The element g has eigenvalues (i, —i) and hence is not a reflection, while
h is a reflection. Therefore Dg is not generated by reflections, and by the Chevalley—
Shephard—Todd theorem the local quotient is singular.

We first compute the invariant algebra of the cyclic subgroup Cy = (g). A convenient
generating set is

Thus the map
®:C% — C*, (z,w) — (u,v, s,t)

embeds C?/C} as a complete intersection in C*.
We now impose invariance under h. The involution i exchanges u and v and fixes s and
t. Hence we may take as Dg-invariant generators

U=u+w, S =s = z2w?, T=1t=zuw, W = uw.
The relations become
S2 =W, T =W.
Eliminating W yields the explicit presentation
Clz,w)Ps = C[U,S,T]/(5* —T%).
Therefore the local quotient (C2,0)/Ds is analytically isomorphic to the hypersurface
{(U,5,T) e C?| 5% =1} cC3?,

which has an isolated singularity at the origin. This provides a concrete non-cyclic quotient
singularity arising from the Ag-action.
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5.2. The Case of Dy. Write D1g = (p,0 | p° = 02 = 1, opoc = p~1). In local
coordinates, take

P (va) = (CZ, C2w)7 g (Z7w) = (wvz)a CS =1

The C5-part has no reflections, while o is a reflection; the group as a whole is not generated
by reflections, so the quotient is singular.

The Cs-invariant ring can be generated by monomials respecting the congruence a +
2b =0 (mod 5): for instance

A=z, B=w’, C=zw? D=2z%w, withbinomialsyzygiesamong A,B,C,D.

Enforcing o-invariance identifies the o-orbits of generators (A <> B, C <> D) and yields a
non-polynomial invariant ring with relations, hence a (normal) quotient surface singularity
at the origin.

We recall the following classical result, which characterizes when a quotient by a finite
linear group is smooth.

[Chevalley—Shephard—Todd] [13] Let H C GL,(C) be a finite group. The invariant
algebra C[z1,...,z,])" is a polynomial ring if and only if H is generated by complex
reflections. In this case, the quotient C™/H is smooth.

5.3. The Case of V. Since V} is generated by complex reflections, the Chevalley—Shephard—
Todd theorem implies that the invariant algebra C|z,w]"* is polynomial. Hence the local
quotient (C?,0)/V} is smooth. Explicitly,

Clz,w]"* = C[2?%, w?, (z,w) = (X,Y) = (2%, w?),
o (C2,0)/V, = (C2,0) (finite branched cover, smooth target).

5.4. The Case of The group Eg = Z3 X Zs. is generated by complex reflections. By the
Chevalley-Shephard-Todd theorem, the invariant ring C[z,w]"* is a polynomial algebra,
and therefore the local quotient is smooth. Concretely,

Clz,w]® = C[2*, w?], (z,w) = (U, V) = (2*,w?),
and (C?,0)/Ey = (C2,0).

5.5. The Case of S3. Let S3 = (r,0) with T a transposition and o a 3-cycle. On 7,P?,
the isotropy representation realized at an Ss-fixed point is the standard two-dimensional
reflection representation (type As): 7 acts as a complex reflection and the group is gen-
erated by reflections. Therefore the invariant ring is polynomial and the local quotient is
smooth [13, 6]. A classical choice (up to linear change of variables) yields basic invariants
of degrees 2 and 3, so C[z, w]% = Clpy, p3] and (C2,0)/S3 = (C2,0).

5.6. Summary: Smooth vs. Singular Non-Cyclic Quotients. Among the non-cyclic isotropy
groups, those whose tangent representations are generated by reflections (Vy, Fg, S3) yield
smooth local quotients; those that are not (Dg, D1g) yield singular local quotients. This
dichotomy will be used when assembling the global singularity pool of the quotient surface

Y and when computing orbifold invariants [13, 6].
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6. GLOBAL CONSTRUCTION OF THE QUOTIENT SURFACE AND THE SINGULARITY
PooL

Let X = IP?(C) with the faithful projective Ag-action. Denote the quotient by
m: X —Y = X/Aq.

We assemble the local models of Sections 4-5 to produce the global complex surface Y,
and we identify its smooth and singular loci. Throughout, we use Cartan’s quotient theorem
and local linearization, together with basic invariant theory [1, 8, 13, 6].

6.1. Existence, normality, and topology of the smooth locus.

Proposition 6.2. The quotient Y exists as a reduced, normal complex surface, and the
projection T is finite. Moreover, T restricts to an étale (unramified) covering over the free
locus X'ree,

Proof. Existence and finiteness follow from Cartan’s quotient theorem for finite group ac-
tions on complex manifolds [1, 8]. Normality holds because the local models (C2,0)/H
for finite H C GLo(C) are normal. This follows from the fact that invariant rings of finite
linear group actions on smooth varieties are integrally closed. Therefore, the quotient sur-
face Y is normal, and the projection 7: X — Y is finite. Over X° the stabilizers are
trivial, hence the differential is everywhere invertible and 7 is a covering there. g

6.3. Smooth vs. singular points on Y. Write X* = {p € X : |4s,| > 1} for the
fixed-point locus and let H, < Ag be the isotropy at p. The local analytic type of (Y, 7(p))
is determined by the linearized action H, ~ T, X = C2.

Proposition 6.4. A point w(p) € Y is smooth if and only if the tangent representation
H, ~ T, X is generated by complex reflections. Equivalently, C[T,X 15> is a polynomial
algebra.

Proof. This follows from the Chevalley—Shephard—Todd theorem, which states that the
invariant ring of a finite linear group is polynomial if and only if the group is generated by

complex reflections; in this case, the quotient is smooth.
[13, 6]. O

By the explicit models of Sections 4-5, we obtain:
For the Ag-action on P?(C):

e Cyclic isotropy C,, with n = 2, 3,4, 5 yields singular points of types
1 1 1 1

5(171) (Al)a §(1a2) (AZ)a (1v3>7 3(172)

4

e Non-cyclic isotropy generated by reflections (Vy, Fyg = 72, S3) yields smooth
points of Y.

e Non-cyclic isotropy not generated by reflections (Ds, D1¢) yields singular points,
with local rings C[z, w]* non-polynomial (cf. the relations in Section 5).
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6.5. The singularity pool of Y. Let B(Y") denote the pool of isolated quotient singular-
ities of Y, recorded with multiplicities by Ag-orbits in X%, Write kz for the number of
distinct Ag-orbits with isotropy conjugate to H (as determined in [12]). Then

B(Y) = ko [1(1,1)] Uks-[5(1,2)] Uka: [1(1,8)] Uks:[4(1,2)] U ki, [Ds-quot] U ki, [ D1o-quo],
while points with isotropy V}, Fg, or S contribute no singularities (they are smooth on Y).

In summary, Y is a normal projective surface with isolated quotient singularities pre-
cisely at the images of points having isotropy C,, (n = 2, 3,4, 5) or dihedral groups Dy,
D1 p; points with isotropy Vy, Ey, or S3 map to smooth points of Y.

Summary of Singularity Types. The singularities of the quotient surface Y = P?(C)/Ag
arise from the following isotropy subgroups:

Isotropy subgroup Singularity type
Cs I(1,1)
Cs t(1,2)
¢, e
Cs £(1,2)
Dy non-cyclic quotient singularity
D1 non-cyclic quotient singularity

Points with isotropy V4, Fg = Zs X Zs, or S3 yield smooth points of Y.

7. CONCLUDING REMARKS

In this work we have constructed and analyzed the quotient surface
Y = P*(C)/As,
arising from the Valentiner action of the alternating group Ag on the complex projective
plane. Using Cartan’s quotient theorem, local linearization, and explicit invariant algebra
computations, we described the local analytic structure at all points with nontrivial isotropy.
7.1. Summary of Results.
e We identified all isotropy subgroups occurring in the Ag-action:
CQ) 037 047 057 D87 DlOa V47 E9 (Z3 X Z3)7 S3'
e For each cyclic isotropy subgroup, we computed the local invariant algebra C|[z, w
explicitly, identifying the quotient singularities:
1 1 1 1
(17 3)7 5(13 2)

-(1,1), =(1,2), -
S0, 5(1,2), 5
e For the non-cyclic subgroups, we determined which give singular and which give
smooth points:

]H

Smooth: Vj, Ey, S3 (generated by reflections),
Singular: Dg, D1 (non-reflection groups).

e Gluing these local models yields Y as a normal projective surface with isolated
quotient singularities. The singularity pool B(Y') consists precisely of the points
arising from Cs, C3, Cy, C5, Dg, and D1g isotropy.



Quotient Geometry of the Ag-Action on P2 (C): Local Linear Models, Invariant Algebras, and Orbifold Invariants 801

7.2. Final Remark. While the local theory of quotient singularities is classical, the ex-
plicit and systematic construction of the global quotient Y = P? /A4 with a complete anal-
ysis of its local models, smooth loci, and singularity pool, to the best of my knowledge, has
not appeared in this explicit form in the literature. This makes the present work a founda-
tional step toward a deeper birational and orbifold-theoretic understanding of Valentiner-
type surfaces.
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