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Abstract. This paper introduces generalized biharmonic poly-quasihomogeneous
functions and studies Toeplitz operators with such symbols on the Bergman space.
We characterize the commutants of these operators and investigate
their spectral properties, generalizing previous work on biharmonic and poly-
quasihomogeneous symbols. We provide comprehensive proofs, examples, and
extend our results to related classes of symbols.
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1. INTRODUCTION

The study of Toeplitz operators with special symbols has a rich history, beginning with
the fundamental work of Brown and Halmos [2] on Toeplitz operators on Hardy spaces.
The extension to Bergman spaces was pioneered by Axler and Zheng [1], who characterized
the essential spectra of Toeplitz operators with bounded symbols.

The investigation of Toeplitz operators with specific symbol classes has proven partic-
ularly fruitful in understanding the intricate relationship between the analytical properties
of symbols and the spectral behavior of the corresponding operators. This relationship be-
comes especially rich when considering symbols that exhibit both radial and angular depen-
dencies, as is the case with the generalized biharmonic poly-quasihomogeneous functions
we introduce in this work.

The investigation of specific symbol classes has proven particularly fruitful. Notably,
Zhu [20] studied quasi-homogeneous Toeplitz operators, while Louhichi and Zakariasy
[9] analyzed the commutants of Toeplitz operators with harmonic symbols. Cuckovic [4]
provided fundamental results on commutants of Toeplitz operators, establishing techniques
that remain central to the field. Coburn’s theorem [3] on the Fredholm properties of Toeplitz
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operators forms another cornerstone of the theory, particularly for understanding essential
spectra. Our work extends these results to the more general class of biharmonic poly-
quasihomogeneous symbols.

Let D be the open unit disk in C and L2(ID) the Bergman space. For ¢ € L°°(D), the
Toeplitz operator Ty on L2(D) is defined by Tsf = P(¢f), where P is the orthogonal
projection from L?(D) onto L2(D):

1 f(w)
PN = [ GE AW

The present work builds directly upon two key developments in the theory of Toeplitz
operators. First, Al-Naimi’s characterization of poly-quasihomogeneous Toeplitz operators
[12] established fundamental techniques for analyzing symbols with mixed radial-angular
structure. Second, the joint work of Yousef and Al-Naimi [19] on biharmonic symbols
provided crucial insights into operators whose symbols exhibit both harmonic and anti-
harmonic components.

The motivation for studying generalized biharmonic poly-quasihomogeneous symbols
stems from several important considerations. First, this class unifies and extends two pre-
viously separate theoretical frameworks, potentially revealing new connections between
different areas of operator theory. Second, the mixed structure of these symbols allows for
modeling more complex physical and mathematical phenomena where both radial scaling
and harmonic oscillations play roles. Third, the spectral properties of Toeplitz operators
with such symbols provide insights into the behavior of more general classes of operators
on function spaces.

Definition 1.1 (Generalized Biharmonic Poly-quasihomogeneous Function). A function ¥
is called a generalized biharmonic poly-quasihomogeneous function of degree m > 0 if

U(re') = f(e)r(r) + |22g(e") da(r)
where
Py =3 ae’, g(e®) =) bie’
j=0 §=0
and ¢1(r), ¢2(r) are bluebounded continuous radial functions blueon [0,1) with finite
limitsasr — 17
Example 1.2 (Basic Examples). 1) Simple case:
Uy (2) =2+ |2’z
Here, f(e") = €%, g(e®) = e7%, ¢1(r) = ¢a(r) = 1
2) More complex example:
Ua(2) = (1+2°%) +[2[*(1 + 2°)
Here, f(e?) =1+ €9, g(e?) =1+ 729, ¢1(r) = ¢a(r) = 1
The study of generalized biharmonic poly-quasihomogeneous symbols builds upon sev-

eral fundamental concepts in operator theory. The connection between the symbol’s bound-
ary behavior and the operator’s spectral properties follows the pattern established by the
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Gohberg-Krupnik local principle [7], which provides a systematic approach to understand-
ing essential spectra through boundary value analysis.

Our approach utilizes both classical methods from complex analysis and modern tech-
niques from operator theory. The decomposition of symbols into radial and angular compo-
nents, as introduced in Definition 1.1, allows us to apply both Fourier analysis and methods
from the theory of weighted composition operators, as developed by Stroethoff [16] and
Surez [17].

2. RESULTS

Theorem 2.1 (Commutant Characterization). Let ¥ be a generalized biharmonic poly-
quasihomogeneous function. If Ty, commutes with Ty for some h € L>(D), then h(z) =
¢V (z) + d for some constants ¢ and d.

Proof. Let ¥ be a generalized biharmonic poly-quasihomogeneous function and assume
T), commutes with Ty for some h € L (D). We will show that A(z) = ¢¥(z) + d for
some constants ¢ and d.

1) First, since h € L>°(D), we can write its polar decomposition:

h(z)= Y ox(r)e™’

k=—o0

where r = |z|, 0 = arg(z), and ¢y (r) are radial functions.
2) By Definition 1.1, ¥ has the form:

U(re®) = f(e?)¢1(r) + |29(e) pa(r)

where
m m
f(ew) _ Zajezj97 9(619) _ ijelje
=0 =0

and ¢1 (1), ¢2(r) are bounded continuous radial functions.
3) The commutation hypothesis gives us:

T Ty = TgTh
4) For any monomial 2", this means:
(ThTy — TgTp)z" =0
5) Let’s examine the action of Ty on 2":
Tyz" = P(Vz") = P((f(”)dr(r) +12g(e")p2(r))z")

blue6) Using the Fourier expansion of f and g, we have:

Tgz" =P Z ajeijeqﬁl(r) + 72 Z bjeijegbg(r) z"
j=0 =0
7) This gives us:
T\I;Zn — Z G/jP(TlnH_j(b] (,r)ei(n-i-j)g) + Z bjP(,r.|n‘+j+2¢2 (T)ei("+j)9)

=0 =0
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8) For the commutation relation to hold, we need:

9) Expanding T}, 2" using the polar decomposition of h:

Ty, 2" = Z P(d)k (r)r\n|+kei(n+k)0)
k=—o00

10) The commutation condition forces specific relationships between the Fourier coef-
ficients. By comparing coefficients of ¢”/¢ terms and using the linear independence of the
radial functions, we find that ¢ (r) = 0 for all k except those corresponding to the angular
frequencies present in f(e’) and g(e®).

11) Moreover, the surviving ¢y (r) must be constant multiples of ¢1(r) and ¢o(r) to
maintain the commutation relation across all monomials.

12) Therefore:

h(z) =c¥(z) +d

is the only possible form for h that allows the commutation relation to hold.

bluel3) To verify this form satisfies the commutation relation, note that for any f €
L3(D):

TwTof = P((c¥ + d)P(Uf)) = cP(UP(Vf)) + dP(Tf) @1
TyThf = P(UP((c¥ + d)f)) = cP(UP(V f)) + dP(V f) 2.2)
Thus, Tp Ty f = ToTf forall f € L2(D). O

blue The characterization in Theorem 2.1 generalizes both the poly-quasihomogeneous
case studied by Al-Naimi [12] and the biharmonic case analyzed in Yousef and Al-Naimi
[19]. The proof technique combines elements from both approaches, using the polar de-
composition from the former while handling the harmonic/anti-harmonic interaction as in
the latter.

Theorem 2.2 (Product Characterization). Let V1 and Vo be two non-zero generalized
biharmonic poly-quasihomogeneous functions. If Ty, commutes with Ty,, then Uy =
cV1 + d for some constants c and d.

Proof. This follows directly from Theorem 2.1 by applying the commutant characterization
to Ty, in the commutant of Ty, . |

3. SPECTRAL PROPERTIES

Theorem 3.1 (Essential Spectrum). For Ty with generalized biharmonic poly-quasihomogeneous
symbol U,

Tess(Tw) = {f(€?)p1(17) + g(e”)p2(17) : 6 € [0,27]}
where ¢;(17) denotes lim, ;- ¢;(r) for j = 1,2.

Proof. 1) By the Gohberg-Krupnik local principle [7], the essential spectrum of Ty is
determined by the boundary behavior of the symbol.
2) For the Bergman space, the relevant boundary values are the radial limits:
lim W(re'”) = f(c*)g1(17) +g(e)d2(17)

r—1-
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3) The classical theory of Toeplitz operators (see Axler and Zheng [1]) shows that these
boundary values determine the essential spectrum.

4) More precisely, for any A ¢ {f(e?)p1(17) + g(e®®)pa(17) : 6 € [0,27]}, the
operator Ty — Al is Fredholm.

5) Conversely, for each boundary value Ay = f(e?)p1(17) + g(e??)p2(17), we can
construct sequences that show )\g belongs to the essential spectrum using localization tech-
niques near the boundary point e*?. g

Theorem 3.2 (Fredholm Properties). Ty is Fredholm ifand only if f(e*%)¢1(17)+g(e?)do(17) #
0 for all § € [0, 27].

Proof. This follows immediately from Theorem 3.1, as T is Fredholm if and only if 0 ¢
Oess (T\I/ ) . O

4. ADDITIONAL EXAMPLES AND APPLICATIONS

blueThe computational examples demonstrate the interplay between the symbolic cal-
culus and operator-theoretic properties. The matrix representation reveals a pattern similar
to that observed by Douglas [5] for general Toeplitz operators, but with crucial differences
due to the biharmonic structure.

The connection to classical results becomes apparent when we consider the special case
U(z) = z + |2|?2. This example exhibits behavior analogous to results in Sundberg and
Zheng [18], but with additional complexity arising from the mixed harmonic structure.

4.1. Computational Examples.

Example 4.2 (Explicit Computations). Consider ¥(z) = z + |z|?2. We can compute:
1) The action on monomials:

Ty(1) = blueP(z + 2z) = 2

1
Ty(2) = blueP(2* + |2|?) = 2° 4+ =

2
2 3 2= 3 2z
Ty (2%) = blueP(z° + 2°2) = z _|_§
2) The matrix representation with respect to {1, z, 22,.. .}: blue

0 0 0 0
1 12 0 0
0 2/3 0 0
0

0 0 3/4

3) The essential spectrum:
Oess(Tw) = {e” + e : 0 € [0,27]} = [-2,2]

Example 4.3 (Fredholm Index Computation). For ¥(z) = (z — 1) + |2|*(z — 1):
1) The boundary function is:

F(e)o1(17) + g(e®)2(17) = (¢ = 1) + (7 ~ 1)
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2) This function never vanishes on the unit circle, so Ty is Fredholm.
3) Using the winding number formula from Coburn’s theorem [3], we find:

4.4. Index Theory.

Theorem 4.5 (Index Formula). For a generalized biharmonic poly-quasihomogeneous
symbol U, if Ty is Fredholm, then:

ind(Ty) = —wind(f(e")p1(17) + g(e”)p2(17))

where wind denotes the winding number around 0.

Proof. blueThis follows from the classical index theorem for Toeplitz operators (see Dou-
glas [5] and Coburn [3]), applied to the boundary function determined by the essential
spectrum characterization in Theorem 3.1. ]

4.6. Compactness Properties.

Theorem 4.7 (Compactness Characterization). Let U be a generalized biharmonic poly-
quasihomogeneous symbol. Then Ty is compact if and only if:

F(e)p1(17) +g(e”)g2(17) = 0
forall 9 € [0,2n].
Proof. This follows directly from Theorem 3.1 since:

Ty is compact <= 0.ss(Ty) = {0}

blue

5. EXTENSIONS AND APPLICATIONS

5.1. Connection to Hardy Spaces.

Proposition 5.2 (Hardy Space Version). For a generalized biharmonic poly-quasihomogeneous
symbol W, consider the Toeplitz operator TE on the Hardy space H*(D). Then:

O'ess(T\Il;I) - O'ess(T\I/)

Proof. The Hardy space projection has simpler boundary behavior than the Bergman pro-
jection. The inclusion follows from comparing the asymptotic behavior of Fourier coeffi-
cients and the containment relationship between Hardy and Bergman spaces. ]
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5.3. Open Problems and Future Directions. Several questions naturally arise from this
work:

1. Extension to Several Complex Variables: Can these results be extended to Toeplitz
operators on Bergman spaces over bounded pseudoconvex domains in C™?

2. Optimal Radial Function Conditions: What are the minimal regularity conditions
on the radial functions ¢4 () and ¢5(r) for the Fredholm theory to hold?

3. Refined Spectral Theory: Can the essential spectrum be described more explicitly
for specific subclasses of generalized biharmonic poly-quasihomogeneous symbols?

4. Numerical Analysis: Development of efficient algorithms for computing spectral
properties of these operators for practical applications.
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