
Punjab University Journal of Mathematics (2024), 56(1-2),1-6
https://doi.org/10.52280/pujm.2024.56(1-2)01

Partial Γ-Semimodules over PartialΓ-Semirings

M.Siva Mala
Department of Mathematics,

V R Siddhartha Engineering College,Siddhartha Academy of Higher Education,
Deemed to be University, Vijayawada-520007, Andhra Pradesh, INDIA,

Email: sivamala−aug9@yahoo.co.in

P.V.Srinivasa Rao
Department of Basic Engineering,

DVR & Dr. HS MIC College of Technology, Kanchikacherla-521180,
Andhra Pradesh, INDIA,

Email: srinu−fu2004@yahoo.co.in

K.Kiran Kumar
Freshman Engineering Department,

P.V.P. Siddhartha Institute of Technology, Kanuru, Vijayawada-520007,
Andhra Pradesh, INDIA,

Email: kkumark−2005@yahoo.co.in

Received: 30 July, 2020 / Accepted: 26 April, 2024 / Published online: 01 June, 2024

Abstract. In this paper, we study the concepts of left (right) partialΓ-semimodules over a
partialΓ-semirings by the illustrations of several examples. Also,we obtain the characteri-
sation of partialΓ-subsemimodule generated by a nonempty subset in terms of its elements.
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1. INTRODUCTION

In 1995, Rao[6] developed the theory ofΓ-semirings and showed that this class is a common extension
of semirings andΓ-rings. In 2014, Mala[8] defined the concept of partialΓ-semiring by replacing the binary
addition inΓ-semirings to infinitary partial addition and showed that this class is a common extension of
partial semirings introduced by Arbib, Manes[2] and Benson[5] and Rao[6]Γ-semirings. Further, Mala[9]and
[10] studied theory of ideals for theΓ-so-rings.

In this paper, we study the concepts of left (right) partialΓ-semimodules over a partialΓ-semirings by the
illustrations of several examples. Also, we obtain the characterisation of partialΓ-subsemimodule generated
by a nonempty subset in terms of its elements.

2. NOTATIONS AND PRELIMINARIES

In the preliminaries, we recollect the necessary concepts from the literature.
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Notations: Throughout this paper, we use the following notations.
(1) PM stands for partial monoid.
(2) PΓSRstands for partialΓ-semiring.
(3) PΓI stands for partialΓ-ideal.
(4) PΓSM stands for partialΓ-semimodule.
(5) PΓSSMstands for partialΓ-subsemimodule.

Definition 2.1. A mappinga : ∆ → G from a set∆ to a nonempty setG is called a∆− family in G. It is
denoted by(al : l ∈ ∆), whereal = a(l) ∀ l ∈ ∆.

Definition 2.2. A sub family of (al : l ∈ ∆) is a family(ak : k ∈ K) whereK ⊆ ∆. The family(al : l ∈ ∅)
is called anempty family.

Now let us consider an infinitary operationΣ which takes families inG to elements ofG, but which may
not be defined for all families inG. By ”infinitary”, we mean thatΣ may be applied to a family(al : l ∈ ∆)
in G, for which the cardinality of the index set∆ is infinite. SinceΣ(al : l ∈ ∆) need not be defined for an
arbitrary family(al : l ∈ ∆) in G, Σ is said to bepartially-defined. A family (al : l ∈ ∆) in G is said to be
summableif Σ(al : l ∈ ∆) is defined and is inG.

Definition 2.3. [5] A G be nonempty set andΣ be an infinitary partial addition onG. Then the structure
(G,Σ) is called aPM if it satisfies the following conditions:
(M1) Unary Sum Axiom: If(gl : l ∈ ∆) is inG and∆ = {k}, thenΣl∈∆gl = gk ∈ G.
(M2) Partition-Associativity Axiom: If(gl : l ∈ ∆) is in G and (∆k : k ∈ K) is a partition of∆, then
Σl∈∆gl ∈ G⇐⇒ Σl∈∆k

gl ∈ G ∀ k ∈ K andΣk∈K(Σl∈∆k
gl) ∈ G, andΣl∈∆gl = Σk∈K(Σl∈∆k

gl).

In a PM (G,Σ), the empty family is summable. Its sum, denoted by0G, is such that the sum of an arbi-
trary number of0G’s is itself equal to0G. furthermore,0G acts as an additive zero inPM (G,Σ).

Example 2.4. [5] Let Pfn(A,B) be the set of all partial functions from a setA to a setB. DefineΣ on
Pfn(A,B) as follows: Let(fl : l ∈ ∆) be a family inPfn(A,B). ThenΣl∈∆fl ∈ Pfn(A,B) ⇐⇒ for
l, k in ∆ such thatl 6= k, dom(fl)

⋂

dom(fk) = ∅ and for anya ∈ A,

a(Σlfl) =

{

afl, if a ∈ dom(fl) for some l ∈ ∆;

undefined, otherwise.

Then(Pfn(A,B),Σ) is aPM.

Definition 2.5. [8] Let (S,Σ) and (Γ,Σ∗) be twoPMs. ThenS is called aPΓSR if there is an operation
S × Γ× S −→ S : (a, µ, b) 7→ aµb ∀ a, b ∈ S andµ ∈ Γ subject to the following conditions
∀ a, b, c, (al : l ∈ ∆) ∈ S andµ, γ, (µl : l ∈ ∆) ∈ Γ
(S1)aµ(bγc) = (aµb)γc,
(S2)Σl∈∆al ∈ S implies thatΣl∈∆(aµal) ∈ S andaµ[Σl∈∆al] = Σl∈∆(aµal),

[Σl∈∆al]µa = Σl∈∆(alµa),
(S3)Σ∗

l∈∆
µl ∈ Γ implies thatΣl∈∆(aµlb) ∈ S anda(Σ∗

l∈∆
µl)b = Σl∈∆(aµlb).

Example 2.6. [8] Consider thePMs (Pfn(A,B),Σ) and(Pfn(B,A),Σ∗) as defined in the Example 2.4.
Now define an operationPfn(A,B)×Pfn(B,A)×Pfn(A,B) −→ Pfn(A,B) : (g, µ, h) 7→ gµh where
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a(gµh) = (((ag)µ)h), for anya ∈ A. ThenPfn(A,B) is aPΓSR whereΓ = Pfn(B,A).

In generalPfn(A,B) need not be aΓ-semiring, because an arbitrary family in thePΓSR Pfn(A,B)
need not be summable. HereΓ = Pfn(B,A).

Definition 2.7. [8] A PΓSR S is said to have aleft (right) unity if there exists a family(el : l ∈ ∆) of
elements ofS and a family(µl : l ∈ ∆) of elements ofΓ such thatΣlelµls = s (Σlsµlel = s) for anys in S.

Definition 2.8. [9] LetS be aPΓSR, K be a nonempty subset ofS andΩ be a nonempty subset ofΓ. Then
the pair(K,Ω) of (S,Γ) is said to be aleft (right) PΓI of S if it satisfies the following:
(i) (al : l ∈ ∆) is a summable family inS andal ∈ K ∀l ∈ ∆ impliesΣlal ∈ K,
(ii) (µl : l ∈ ∆) is a summable family inΓ andµl ∈ Ω ∀l ∈ ∆ impliesΣlµl ∈ Ω, and
(iii) for all s ∈ S, a ∈ K andµ ∈ Ω, sµa ∈ K (aµs ∈ K).

3. PARTIAL Γ-SEMIMODULES OVERS

In this section we define left (right)PΓSM N overS andPΓSSMof N and several examples are studied.

Definition 3.1. Let S be aPΓSR and(N,Σ′) be aPM. ThenN is called a left (right)PΓSM overS if ∃
an operationS × Γ× N → N : (s, µ, n) 7→ sµn (N × Γ× S → N : (n, µ, s) 7→ nµs) which satisfies the
following axioms:
(SM1) ifΣ′

lnl ∈ N thenΣ′

l(sµnl) ∈ N andsµ(Σ′

lnl) = Σ′

l(sµnl),
(SM2) ifΣ∗

l µl ∈ Γ thenΣ′

l(sµln) ∈ N ands(Σ∗

l µl)n = Σ′

l(sµln)
(whereΣ∗ is the partial addition inΓ),

(SM3) ifΣlsl ∈ S thenΣ′

l(slµn) ∈ N and(Σlsl)µn = Σ′

l(slµn)
(whereΣ is the partial addition inS),

(SM4)(sµt)αn = sµ(tαn),
(SM5)0Sµn = s0Γn = sµ0N = 0N for everyn, ni ∈ N, µ, µi, α ∈ Γ, s, si, t ∈ S.

Definition 3.2. LetS be aPΓSR with left (right) unity and(N,Σ′) be aPM. ThenN is called a left (right)
PΓSM with left (right) unity overS if ∃ an operationS×Γ×N → N : (s, µ, n) 7→ sµn (N ×Γ×S → N :
(n, µ, s) 7→ nµs) which satisfies the following axioms:
(SM1) ifΣ′

lnl ∈ N thenΣ′

l(sµnl) ∈ N andsµ(Σ′

lnl) = Σ′

l(sµnl),
(SM2) ifΣ∗

l µl ∈ Γ thenΣ′

l(sµln) ∈ N ands(Σ∗

l µl)n = Σ′

l(sµln)
(whereΣ∗ is the partial addition inΓ),

(SM3) ifΣlsl ∈ S thenΣ′

l(slµn) ∈ N and(Σlsl)µn = Σ′

l(slµn)
(whereΣ is the partial addition inS),

(SM4)(sµt)αn = sµ(tαn),
(SM5)0Sµn = s0Γn = sµ0N = 0N for everyn, ni ∈ N, µ, µi, α ∈ Γ, s, si, t ∈ S,
(SM6)Σ′

lelµln = n (Σ′

lnµlel = n) for all n ∈ N .

For the convenience of study the symbolΣ is used hereafter instead of the partial additionsΣ in S, Σ∗ in
Γ andΣ′ in N irrespective of the context.

Following are some examples of aPΓSM over aPΓSRS.



4 M.Siva Mala,P.V.Srinivasa Rao and K.Kiran Kumar

Example 3.3.EveryPΓSRS is a left (right)PΓSM overS by the operationS×Γ×S → S : (s, µ, t) 7→ sµt

for anys, t ∈ S andµ ∈ Γ. Also every left (right)PΓI of S is a left (right)PΓSM overS.

Example 3.4. Let S be PΓSR. TakeN := Sn for any positive integern. DefineΣ on N as follows:
Let (al : l ∈ ∆) be elements ofn-tuples inN . Then eachal = [al1, al2, ..., aln]. NowΣlal ∈ N ⇐⇒
Σlalj ∈ S ∀ 1 ≤ j ≤ n and Σlal = [Σlal1,Σlal2, ...,Σlaln]. Then(N,Σ) is a PM. Now define an
operationS × Γ × N → N by (s, µ, [a1, a2, ..., an]) 7→ [sµa1, sµa2, ..., sµan] (N × Γ × S → N :
([a1, a2, ..., an], µ, s) 7→ [a1µs, a2µs, ..., anµs]) for anys ∈ S, µ ∈ Γ and [a1, a2, ..., an] ∈ N . Then it can
be verified thatN is a left (right)PΓSM overS.

Example 3.5. Let Z− := {x | x a nonpositive integer}. Let S := Γ := {

(

a b

c d

)

| a, b, c, d ∈

Z−
⋃

{0}}. ThenS andΓ arePMs with finite support of usual matrix addition. Moreover,S is aPΓSRwith

usual matrix multiplication. LetN1 = {

(

a 0
c 0

)

| a, c ∈ Z−
⋃

{0}}. ThenN1 is a leftPΓSM overS with

the usual matrix multiplication. LetN2 = {

(

a b

0 0

)

| a, b ∈ Z−
⋃

{0}}. ThenN2 is a right PΓSM over

S with the usual matrix multiplication.

Example 3.6. Consider thePMsS := Pfn(A,B), Γ := Pfn(B,A) andN := Pfn(A,A) as defined in
the Example2.2. MoreoverS is a PΓSR by the operation as defined in the Example2.4. Now the operation
S × Γ × N → N : (f, µ, n) 7→ fµn wherea(fµn) = (((af)µ)n), for anya ∈ A, f ∈ S, µ ∈ Γ) and
n ∈ N . ThenN = Pfn(A,A) is a leftPΓSM overS.

Definition 3.7. LetS be aPΓSR, N be a left (right)PΓSM overS andK ⊆ N (K 6= ∅). ThenK is called
a PΓSSMofN if the following holds in K:
(SSM1) ifΣlal ∈ N andal ∈ K ∀ l ∈ ∆ thenΣlal ∈ K, and
(SSM2) ifs ∈ S, µ ∈ Γ, a ∈ K thensµa ∈ K (aµs ∈ K).

Example 3.8. LetS be aPΓSR. Then from the definition2.6, trivially every left (right)PΓI ofS is aPΓSSM
of the left (right)PΓSM N overS.

Example 3.9. Consider thePΓSM N overS as in the Example3.4. TakeK = {[a, 0, ..., 0] | a ∈ S}. Then
K is aPΓSSMof N .

3.10. Remark. LetN be a left (right)PΓSM over aPΓSRS. Then
(i) {0} andN arePΓSSMof N , called trivialPΓSSMs, and

(ii) if {Kl | l ∈ ∆} be a family ofPΓSSMs ofN then
⋂

l∈∆

Kl is aPΓSSMof N .

Definition 3.10. Let N be a left (right)PΓSM N overS andB ⊆ N (B 6= ∅). Then thePΓSSM of N
generated byB is denoted bySΓB (BΓS) and is defined asSΓB =

⋂

{K | K is a left (right)PΓSSMofN
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andB ⊆ K}.

Theorem 3.11. Let S be aPΓSR with unity andN be a left (right)PΓSM overS. Then for anyB ⊆ N

(B 6= ∅), SΓB = {Σlslµlbl | sl ∈ S, µl ∈ Γ, bl ∈ B andΣlslµlbl ∈ N} (BΓS = {Σlblµlsl | bl ∈
B, µl ∈ Γ, sl ∈ S andΣlblµlsl ∈ N}).

Proof. TakeT ∗ = {Σlslµlbl | sl ∈ S, µl ∈ Γ, bl ∈ B andΣlslµlbl ∈ N}. First we claim thatT ∗

is a PΓSSM of N containingB: Let Σlal ∈ N andal ∈ T ∗, ∀ l ∈ ∆. Then eachal = Σjsljµljblj ,
slj ∈ S, µlj ∈ Γ, blj ∈ B. ⇒ Σlal = Σl(Σjsljµljblj), and soΣlal ∈ T ∗. Let t ∈ S, β ∈ Γ anda ∈ T ∗.
Thent ∈ S, β ∈ Γ anda = Σlslµlbl, sl ∈ S, µl ∈ Γ, bl ∈ B. ⇒ tβa = tβ(Σlslµlbl) = Σl(tβsl)µlbl,
tβsl ∈ S, µl ∈ Γ, bl ∈ B and sotβa ∈ T ∗. HenceT ∗ is aPΓSSMof N . SinceS has left unity, there exists
(el : l ∈ ∆) in S, (µl : l ∈ ∆) in Γ such thatΣlelµls = s. Now let b ∈ B ⊆ N . ThenΣlelµlb = b. ⇒
b ∈ T ∗ and henceB ⊆ T ∗.

Now it is enough to proveT ∗ is the smallestPΓSSM of N containingB: Let M be aPΓSSM of N
containingB anda ∈ T ∗. Thena = Σlslµlbl, sl ∈ S, µl ∈ Γ, bl ∈ B. SinceB ⊆ M , bl ∈ M , l ∈ ∆. ⇒
slµlbl ∈ M , l ∈ ∆. ⇒ Σlslµlbl ∈ M . ⇒ a ∈ M and soT ∗ ⊆ M . ThereforeT ∗ is the smallestPΓSSMof
N containingB. Hence the theorem. �

Definition 3.12. Let N be a left PΓSM over a PΓSR S, K be a PΓSSM of N and n∗ ∈ N . Then
(K : n∗) = {a ∈ S | aµn∗ ∈ K ∀µ ∈ Γ}.

Theorem 3.13.LetN be a leftPΓSM over aPΓSRS, K be aPΓSSMofN andn∗ ∈ N . Then(K : n∗) is
a left PΓI of S.

Proof. Note that(K : n∗) = {a ∈ S | aµn∗ ∈ K ∀µ ∈ Γ}. Let Σlal ∈ S andal ∈ (K : n∗) ∀l ∈ ∆.
Thenalµn∗ ∈ K ∀µ ∈ Γ, l ∈ ∆. ⇒ Σl(alµn

∗) ∈ K ∀µ ∈ Γ and soΣlal ∈ (K : n∗). Let s ∈ S,
β ∈ Γ anda ∈ (K : n∗). Thens ∈ S, β ∈ Γ andaµn∗ ∈ K ∀µ ∈ Γ. SinceK is a PΓSSM of N ,
(sβa)µn∗ = sβ(aµn∗) ∈ K ∀µ ∈ Γ and sosβa ∈ (K : n∗). Hence(K : n∗) is a leftPΓI of S. �

Definition 3.14. If K is a PΓSSMofN andC ⊆ N (C 6= ∅) then(K : C) =
⋂

{(K : c) | c ∈ C}.

Theorem 3.15. If K andK∗ are PΓSSMs of a leftPΓSM N overS andC, D are nonempty subsets ofN .
Then
(i) if C ⊆ D then(K : D) ⊆ (K : C),
(ii) (K

⋂

K∗ : C) = (K : C)
⋂

(K∗ : C), and
(iii) if Σ(c, d) ∈ N ∀ c ∈ C andd ∈ D then(K : C)

⋂

(K : D) ⊆ (K : C +D) and(K : C)
⋂

(K : D) =
(K : C +D) if 0N ∈ C

⋂

D whereΣ(c, d) = Σl(cl, dl), l ∈ ∆ andC +D = {Σ(c, d) | c ∈ C, d ∈ D}.

Proof. (i) Assume thatC ⊆ D and letp ∈ (K : D). ⇒ p ∈ (K : d) ∀d ∈ D. SinceC ⊆ D, p ∈ (K : c)
∀c ∈ C. ⇒ p ∈ (K : C) and so(K : D) ⊆ (K : C).
(ii) p ∈ (K

⋂

K∗ : C) ⇔ p ∈ (K
⋂

K∗ : c) ∀c ∈ C ⇔ pµc ∈ K
⋂

K∗ ∀µ ∈ Γ, c ∈ C ⇔ pµc ∈ K and
pµc ∈ K∗ ∀µ ∈ Γ, c ∈ C ⇔ p ∈ (K : c) andp ∈ (K∗ : c) ∀c ∈ C ⇔ p ∈ (K : C)

⋂

(K∗ : C). Therefore
(K

⋂

K∗ : C) = (K : C)
⋂

(K∗ : C).
(iii) Assume thatΣ(c, d) ∈ N ∀ c ∈ C andd ∈ D. ⇒ C + D ⊆ N andC + D 6= ∅. Let p ∈ (K :
C)

⋂

(K : D). Thenp ∈ (K : c) andp ∈ (K : d) ∀c ∈ C, d ∈ D. ⇒ pµc ∈ K andpµd ∈ K

∀µ ∈ Γ, c ∈ C, d ∈ D. ⇒ pµΣ(c, d) = Σ(pµc, pµd) ∈ K ∀µ ∈ Γ, c ∈ C, d ∈ D. ⇒ p ∈ (K : C +D).
Therefore(K : C)

⋂

(K : D) ⊆ (K : C +D).
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Now assume that0N ∈ C
⋂

D and letp ∈ (K : C +D). ThenpµΣ(c, d) ∈ K ∀µ ∈ Γ, c ∈ C, d ∈ D.
⇒ pµΣ(c, 0) ∈ K andpµΣ(0, d) ∈ K ∀µ ∈ Γ, c ∈ C, d ∈ D. ⇒ pµc ∈ K andpµd ∈ K ∀µ ∈ Γ, c ∈
C, d ∈ D. ⇒ p ∈ (K : c) andp ∈ (K : d) ∀c ∈ C, d ∈ D. ⇒ p ∈ (K : C)

⋂

(K : D). Therefore
(K : C)

⋂

(K : D) = (K : C +D).
�
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