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Abstract. Let H = (V, E) be a simple graph. A subsgtof V(H) is an equivalence set
if the subgraph induced b§ is component-wise complete. L& = {V},V5,--- , Vi } be

a partition of V(H) where each;,1 < i < k is an equivalence set df. The partition
P is called a colourful domination equivalence partitionhiétsetD = {uy,ug, - ,ux}
whereu;,1 < ¢ < k are suitably chosen vertices one each frijm1 < i < kis a
dominating set. The trivial partition where every partié¢is a singleton is an example of a
colourful domination equivalence partition. The minimuardinality of such a partition is
called colourful domination equivalence partition numbe6' and is denoted by, (H).

A subsetS = {uy, ua, - ,u,} of V(H) is called a resolving set d¥ if foranyvin V(H),
the code ob with respect ts namely(d(v, u1), - - - , d(v, u,)) (denoted by:s(v)) is distinct
for distinctv whered(v, u;) denotes the distance betweeandu; . Sinceus,--- ,u, are
evidently resolved by, it is enough if vertices iV — S are resolved by. Given a proper
colour partitionP = {V;,Va,--- ,V}}, aresolving sef = {uy,uq, - ,u} is said to be
colourful with respect taP if u; € V; for everyi, 1 < i < k. A proper colour partition?

is said to be a colour resolving colour partition if some detastices, one each from each
colour class is a revolving set. The minimum cardinality akaolving set ofH is called
the metric dimension of7 [8] and is denoted byim(H). The trivial partition consisting
of n singletons where is the order of is a colourful resolving colour partition df. The
minimum cardinality of a colourful resolving colour paitih of H is denoted byy,..(H).

A study of these two new parameters is initiated in this paper
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1. INTRODUCTION

Domination [15] and colouring are two important areas ofpggrdheory. We refer [14], for all basic
definitions. LetH = (V, E) be a simple graph. A subs@&tof V(H) is considered a vertex coverIf
contains at least one end vertex of every edge of the graghmitimum cardinality of a such set is the vertex
covering severall and is denoted by, (H). A subsetiV of V(H) is said to be an independent set if no two
vertices inWW are adjacent. The minimum cardinality of an independenissiiie independence number of
H and is denoted by, (H ). For any graphtl, ao(H ) + Bo(H) = [V (H)|. Any chromatic colouring can be
modified so that one of the partite sets is dominating. Manlyas introduced different variants of colouring
in graphs [2], [1]. In the Dominator colouring of graphsroduced by Gera et. al. [11, 12], the set formed
by arbitrarily selecting one element each from each pastteof a minimum dominator colour partition is a
dominating set. But this is not the case in any arbitrary pralour partition. Inspired by this interesting
property of Dominator colouring, S.Hamid et. al., studibdge proper colour partitions which have this
property. A proper colour partition is the colour class doation partition [25, 26] in which each colour
class is dominated by a vertex 6fand the minimum cardinality of al— partition isx.q(G). Following
these studies, Praba et. al. [18] introduced colourful datidn colour class domination partition. While
in dominator colouring by Gera et al., the set formed by aalhilyy selecting one element each from each
partite set of a minimum dominator colour partition is a doating set, in the gamma colouring introduced
by S.Hamid et al. and in the colourful domination colour sla®mination partition introduced by Praba
et al., the set formed by suitable selection of one elemestt #am each colour class is a dominating set.
Thus we have two different studies of the color class partitiA study of a partitionP in which arbitrary
selection of one element each from each partite set is a ddiminset is one and the other is the study of
a partition in which suitable selection of one element eaomfeach partite set is a dominating set. The
former is called a perfect colourful domination partitiomdathe latter, is a colourful domination partition.
Further, in the minimum dominator colour partitiogy(H) < x(H) + v(H) and the bounds are sharp.
But in gamma colouring and colourful domination colour slgmrtitionx~(H) < x(H) +v(H) — 1,

X2 (H) < xea(H) + v(H) — 1 respectively and the bounds are sharp. In the first sectighisfoaper,
equivalence partition is considered for colourful domioiat Bound on colour class domination equivalence
partition numbers off ( x,,,(x)) are found in the second section. In the fourth section,wilbresolving
sets in a graph is introduced and studied its bounds in thedation. At the end, we listed out the related
references.

2. CoLOUR CLASS DOMINATION EQUIVALENCE PARTITION NUMBER

Definition 2.1. Let H = (V, E) be a simple graph. A subs&tof V(H) is called an equivalence set &fF if

(S) (the subgraph induced k8 is component-wise complete. Ll2be a partition ofl’ ( H ) into equivalence
sets such that the set formed by selecting a suitable onestdrom each partite set is a dominating set of
H. The trivial partition is one such partition. The minimunrdmality of an equivalence colour partition
in which the set formed by selecting one suitable elememt &ach colour class is a dominating setfdfis
called colour class domination equivalence partition nemaf /7 and is denoted by, ).

In the following, the value of.,, () is presented for some classes of graphs like complete gi@phs
starsK; ,,, complete bipartite graph&’,, ,,, pathspP,, cyclesC,,, WheelsW,, (C;,—1 plus a universal ver-
tex),), multipartite graph&,,, ,,.... », and Petersen graph.

X~.,(c) for some known classes of graphs.
1) X~eq (Kn) =L
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(2 Xeq (Kl,n =2

(3) XVeq (Km,n) =2.

(@) X0, () = [ 5] = ()

(5) X2, (Co) = [ 5| =)
1, ifn=

(6) X, (W) =32, ifn =5
3, ifn>6

(7) Xeq (Knyng,oong) =T

(8) X’qu (Km(ala ag,: - ,Clm)) = m.

(9) Xn.,(P) =3 (since, ifV(P) = {u1, uz, us, u4, us, v1, v2, v3, v4, vs } Where the first five vertices are
those on the outer five cycle and the next five vertices carresio the first five vertices in the inner
pentagon, the partitiol’ = {{u1, u4, vs, v4}, {ug, us, us, v1},

{vo,vs}} is ax,,, - partition of P since{u1, us, v2} is a colourful dominating set of P)

3. BOUNDS ONX,,, ()
Proposition 3.1. For any graphH, x,, (H) < xeq(H) +~v(H) — 1andx,.(H) < Xeq(H) +(H) — 1.
Proof. O

Since anyy,,, - partition is ay., - partition and since any.,, - partition gives a dominating set of
cardinalityx,, (H ), the lower bound follows. LeP = {Vi,Vs,--- ,V;} be ax.,(H)-partition of G where
t = Xeq(H). Let D = {uq,uz, - ,ux} be a minimum dominating set df wherek = ~(H). Give
Xeq(H) +1, Xeq(H)+2,- -+, Xeq(H) + k — 1 colours tous, us, - - - , up—1 respectively retaining the colours
of other vertices as before. L& = {Vy — D1,V — D1, -+, V; — D1, {u1},{us}, -+, {ug—1}} where

Dy = {u1,us,--- ,up—1}. P is an equivalence partition,, € V' — D; and hence, € V; — D, for some
J, 1<) <t
Supposé/; — Dy =. ThenV; contains{u, us, - - - , ux—1} and hence; for somei, 1 <i < k— 1 can be

chosen forn¥; — D;. In which casez; for somei will be u;. In this case, the partitioR;, shall contain less
thant + k — 1 elements and henagg,,, (H) < |Pi[(t + k — 1 = xeq(H) +v(H) — 1.

LetS = {z1,22, -+, 2, u1, U2, -+ ,up—1} Wherez; € V; — Dy,1 <i < t. Choosez; = u;. ThenSis a
colourful dominating set with respect 1. Thereforey,, (H) < |Pi| =t+k —1 = xeq(G) +~(H) — 1.

Remark 3.1. WhenH = K, x-.,(H) = xeq(H) = v(H) = 1 and hence the lower bound is attained.
WhenH = K, Xeq(H) = 2,7(H) = 1Landy,,, (H) = 2. Hencex.,,(H) = Xeq(H)+~(H) — 1. Thus,
the bounds are sharp.

In the following, the value of,., is presented for some classes of graphs like complete grgphstars
K, complete bipartite graph&’,, ,,, pathsP,, cyclesC,,, wheel$V,,, multipartite graphd<,,, ,,,... n..,
multistar graphd<,,,(a1, as, - - - , a,,) and Petersen graph.

Observation 3.1.

(1) X4, (H) =1ifandonlyif H = K,.
(2) x+.,(H) =nifandonly if H = K.
() Xr.,(H) =n—1ifandonly if H = K, _» U Ks.
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4) x4.,(H) =2ifand only if (i) H = K, U K, where there are edges betwdénand K (i7) H is a
bipartite graph with bipartitiof;, Vo> where(V;) and(V,) have more than one complete component
and except for one complete componen{©f), all other complete components ¢f;) are to be
dominated by a single vertex ¢¥,) and vice-versa.

Proof. O

(1) Suppose,.,(H) = 1. ThenH is an equivalence graph witf( /) = 1. Therefore H is a connected
equivalence graph. That i = K,,. The converse is obvious.

(2) If H =K, , then clearlyy,,, (H) = n . Conversely, lek.,, (H) = n. Suppose there exists an edge
wv in H. Then the partition containingu, v} and other vertices as singletons are an equivalence
partition andy.,, (H) < n — 1. HenceH = K.

(3) Supposédi = K,,_»UK,. Thenclearlyx,,, (H) = n—1. Conversely, lek,, (H) = n—1. Suppose
H contains a maximal independent set of cardinaliffhen in an equivalence partition from which
a dominating set can be selected must contaimgletons. If an equivalence set contain&a,
then one element from each set can be selected and keng¢é/) = » — 2. This is a contradiction.
Hence an equivalence set can cont&inand singletons in every equivalence sets are to be taken out
to form singletons equivalence sets If there are two ore rii@e two equivalence sets contdin.
Theny.,,,(H) < n — 2. Therefore H contains exactly on&’,. Therefored == K,,_> U K».

(4) If any one of the condition§) or (i7) hold, theny,, (H) = 2. Conversely, supposg,,, (H) = 2.
Then there exist subsetd andV; of V(H) such thatV(H) = V; UV, and (V;) and (V,) are
equivalence sets.

Case(i): (V1) and(V4) have exactly one complete component.

Subcase(i):(V1) and(V;) have no edges between them. Thén= K, U K,. Subcase(ii):(V7)
and (Vz) have edges between them. Without loss of generality, we ssumge thatV;) and(V3)
are maximal equivalence sets. Then no verteXptan be adjacent to all the vertices éf and
vice-versa. In this casé] = K, U K, with edges betweeR, and K ;.

Case(ii): (V1) and(V4) have more than one complete component. Suppidsehast complete com-
ponents andVs) hass complete components, all other complete components are twininated
by a single vertex of’;. The same holds fofl). Thus,x,,, (H) = 2.

Observation 3.2. Given positive integers, b,a < b, there exists a grapl with x.,(H) = « and
X’qu (H) = b

For: LetH = Ky, ny, o ing U Kp—a. Xeq(H) = a andy,,, (H) =b.
G, Xeq(G) = x(G) andxs,, (G) andx,,, (G) = 7.4(G). G = HiUH, whereH, is complete multipartite
andH, is an independent set éfvertices , thery,,, (G) = k+ number of partite sets iff; .

4. COLOURFUL RESOLVING SETS IN A GRAPH

This section is due to inspiration by two seminal papers,mn&era On Dominator colouring in graphs
[11] and the other by S.Hameed et al. on Gamma colouring ghgfd3]. In dominator colouring, a proper
colour partition in which every vertex dominates a coloasslis considered. A salient feature of a minimum
dominator colouring is that, if one vertex from each cololass is selected, then, this set of vertices is a
dominating set of the graph. Thus, we get a colourful donmigaget for any choice of one element from
each colour class. This property inspired the paper titlath@a colouring in which a proper colour partition
is considered in which a suitable vertex from each colows<la chosen so that the set of chosen vertices
is a dominating set called a colourful dominating set. Thasatrcolouring provides a colourful dominating
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set. A subseb = {uy,us9,---,u,} of V(H) is called a resolving set @ if for any v in V/(H), the code
of v with respect taS namely(d(v,u1),--- ,d(v,u,)) (denoted byeg(v)) is distinct for distinctv where
d(v,u;) denotes the distance betweemandu,. Sinceuy, - - - ,u, are evidently resolved by, it is enough

if vertices inV — S are resolved bys. A detailed study of this parameter is made in the literatdrdew
recents publications are [22], [19],[20],[21]. In this Ben, colourful resolving set is defined and studied
concerning proper colouring. A further study can be madeoddwrful resolution set from a dominator
colouring partition or a colour class domination partitighat is, a proper colour partition in which every
colour class is dominated by a vertex).

Definition 4.1. A subsetS of V(H) of a connected grapl# is called a resolving set off if for every
vertexu € H, the code ofu with respect taS, defined by(d(u, v1), d(u, v2), -, d(u,v)) whereS =
{v1,ve, -+, v} is different for different.. The minimum cardinality of a resolving set Hfis called the
dimension off and is denoted bypim (H ).

Definition 4.2. A resolving sef5 of a simple, connected gragt is called a colourful resolving set concern-
ing a proper colouring”, if distinct vertices of' receive distinct colours and all the colours, are represeint

in S. A proper colouringC of GG is called a resolving colouring if there exists a colourfakplving set con-

cerningC. The minimum cardinality of a proper colouring which is alseesolving colouring is called the

resolving colouring number dff and is denoted by,..(H).

The trivial partition of V(H) in which all partite sets are singletons is a resolving cof@and hence
every connected graph admits a resolving colouring. Thespéw parameter is meaningful. In the following,
the value ofy,.(H) is presented for some classes of graphs like complete gégphstarsk; ,,, complete
bipartite graphg<,, ,,, pathsP,, cyclesC,,, wheel$V,,, multipartite graphd<,,, ., ... »,, multistar graphs
K,.(a1,a9,- -+ ,ay,) and Petersen graph.

(1) Xre(Kn) =n.

(2) xre(K1,n) = n (Since, if u is the central vertex and, v, - - - , v,, are the pendent vertices, then
P = {{u},{n1}, -, {vn-2}, {vn-1,v,}} is @aminimum colourful resolving proper colour partition
of G containingn elements.)

(3) Xre(Km,n) =m-+n—2.

(4) Xre(Pn) =2 = x(H) (Since, ifV(F,) = {v1,v2, -+ ,vn}, then{vi, vz, -, vy} {v2, 04,

: ;Un—l} or {Ula V3, )U’n,—l}a {v27v4)
-, v, } according as is odd or even is colourful resolving colouring partition®f of minimum
cardinality.)

2, ifniseven
5 re Cn - H) = ’ . .
() Xre(Cn) = X(H) 3, ifnisodd

4, ifn=4

(6) Xre(Wn) = [E-I +1, ifn=1,2(mod3)

[g-l +2, ifn=0 (mod3).

(7) Xre(Kn1,n2,--- ,nT) =ny+ne+---+n,—1.

(8) Xre(Km(a1,az, -+ ,am)) = a1 +az + -+ am.

(9) xre(P) = 3 = x(P) (Since, forll = {{1,3,7},{2,4,6,10},{5,8,9}}, [T is a - partition of P
andS = {1, 2,8} is ax- resolving set ofP.)
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5. BOUNDS FORX(H)
Proposition 5.1. For a connected grapil, max(Dim(H), x(H)) < xre(H) < x(H) + Dim(H) — 1.

Proof. LetIl = {V4, Vs, .-, V}} be ax,.—partition of H. Then, there exists aresolving st {x, 22, - -,
xy } for H such thate; € V;, 1 < i < k. Hencedim(H) < |S| = k = xr.(H). Sincex,.(H) denotes the
cardinality of a colourful resolving proper colour paiti of G, x(H) < x,.(H). Hence the lower bound.
LetIl = {14, V4, -, Vi} be ay - partition of H wherek = x(H). LetD = {x1,z5,--- ,z;} be a mini-
mum resolving set off whereDim(H) = t. Assign coloursy(H) + 1, x(H) + 2, --- , x(H) + t to the
verticeszy, zo, - - - , x leaving the other vertices coloured as before.

Let Py = {Vi — (D — {x}),Va — (D —{z¢}), -+ , Vi — (D — {me}), {z1}, {ma},- -, {=}}. Thatis
P = {‘/1 — Dl,‘/g — Dl, s ,Vk — l)l7 {1‘1}, {.132}, s ,{xt}} WherEDl = {.131,.132, B
@1} Letz; € Vi—Di(1 < i < k). Ui<i<x (Vi = D1) =V — Dy. 2y € V — Dy. Thereforeg;, € V; — Dy

for somej, 1 < j < k. Takez; = z¢. Then,Dy = {z1,22, -+, 2k, &1,%2,--- ,2¢+—1} iS a colourful
resolving set with respect to the proper colourfAg x,.(H) < |D2| = k+t—1= x(H) + Dim(H) — 1.
U

Observation 5.1. x,..(H) = nifand only if H = K,,.

Proof. Supposey,.(H) = n. Then, anyy,.— partition of H containsn singletons. If any two vertices say
u,v are non-adjacent, then the partitibh= {{u, v}, {zs}, - ,{z,}} whereV(H) = {u,v, 23, - ,2,}
is a colourful resolving proper colour partition &f and hence,..(H) < n — 1, a contradiction. Therefore,
H = K,,. The converse is obvious.

]

Remark 5.1. There is no relation betweeg,.(H) and 5y(H). Whenn > 3, fo(K,) = lwhere as
Xre(Kn) = n>ﬁO(G) Whenn > 31 Xre(Kl,n) =n= ﬁO(Kl,n)- Whenn > 61 X7P(Cn)<60(cn)

Proposition 5.2. Let H be a simple, connected graph,.(H) = 2 if and only if H = P,, or a connected
bipartite graph with the degree of any vertex less than oradtu3.

Proof. Lety,.(H) = 2. ThenG is bipartite with bipartition(V;, V3). SinceDim(H) < xye(H), Dim(H) =
lor2.If Dim(H) = 1,thenH = P,. SupposeDim(H) = 2. Let S = {u, v} be a minimum resolving set
of G whereu € V; andv € V5. Then, by Theorem 6.1 of [24], the distance partition witference to the
verticesu andv, namely{Ux,--- ,Ug,, V1,--- , Vi, } @re such thally; N V;| < 1,forall i, j, 1 < i < k,

1 < j < ko wherek; andk, are the eccentricities of andv respectively. This implies that Using Corollary
2.8 of [18] , we get thaf{ is a connected bipartite graph with degree of any vertextless or equal to 3.
The converse is obvious. O

Corollary 5.2. x,.(H) = 2, whereH is an even cycle.

Proposition 5.3. Let H be a simple connected graph. 2K a < b. Then, there exists a connected graph
G such thaty,..(H) = a and order ofH equalsb.

Proof. If « = b > 2, thenH = K, gives the required graph with,..(H) = « and order ofH equal toa.
Leta(b. Whena = 2, any connected bipatrtite graph of ordewith degree of any vertex less than or equal to
three and which is not a path satisfies the conditions. Seppads 3 andb > 7. The cycleCy with suitable
number of pendent vertices attached at any one verté¥ oferves the purpose.

Whena =2,b =3, H = P;. Whena =3,b =4, H = K 3. Whena = 3,b =5, H = C, with a single
pendent vertex attached at any one verteg'ofWhena = 3, b = 6, H = C, with two pendent vertices one
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each at two consecutive vertices@f. Whena = 4,b =5, H = K; 4. Whena =4, b =6, H = C; with
two pendent vertices both attached at a single vert€,ofWhena = 5,0 =6, H = K 5. O

6. CONCLUSION

A patrtition of the vertex set of a grapH can be made in different ways. Colouring and domination
are the two major types of partitions, known as proper cofmartition and domatic partition o (H).
In this research work, we study a new kind of a partition ngneelourful domination equivalence parti-
tion if the setD = {uy,uq, - ,ux} whereu;,1 < ¢ < k are suitably chosen vertices one each from
Vi, 1 < i < kis adominating set and the minimum cardinality of such aifp@mtis called colourful domi-
nation equivalence partition number@fand is denoted by, (/). Also, given a proper colour partition
P = {V;,Va,--- ,V}}, aresolving setS = {uj,us, -+ ,u} is said to be colourful with respect 1B if
u; € V; foreveryi, 1 < i < k. A proper colour partitionP is said to be a colourful resolving colour
partition if some set of vertices, one each from each colagsds a resolving set. The minimum cardinality
of a resolving set off is called the metric dimension @&f [8] and is denoted by)im(H). The minimum
cardinality of a colourful resolving colour partition & is denoted byy,..(H). A study of these two new
parameters is initiated in this paper. The bounds of thesetwe partition parameters concerning other
graph parameters are also determined.
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