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Abstract. Terminal value problems for fractional differential equation
with iterative argument are studied in one dimension. For the proposed
problem, we have used generalized Katugampola fractional derivative op-
erator considering its generality. Existence and uniqueness results have
been established by using fixed point techniques. A couple of examples
are discussed at the last to support our theoretical results.
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1. INTRODUCTION

Fractional differential equations have been studied by many researchers and explored
different varieties of the problems via initial conditions, boundary conditions etc. Iterative
fractional differential equations have been widely studied due to its direct applications in
different branches of science. E. Eder studied the theory of iterative differential equations
for the first time, see [15]. M. A. Anwar and et al. explored numerical iterative scheme
for solving nonlinear boundary value problems of fractional order in [2]. Ibrahim Rabha
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have studied numerous problems in iterative fractional differential equations for initial con-
ditions, see [17], [18], [23]. L. Byszewski was the first to study of functional differential
equation with non-local conditions and studied existence and uniqueness results for the
problems, see [9], [10], [11], [37].

The terminal value problems with fractional derivative operator do have many chal-
lenges such as non-linearity, vector order, weakly singularity, high-dimensional systems.
Some of these challenges have been addressed by the various authors through numerical
methods such as collocation method in [3], [4], [32], [33], [38] and [39]. Authors in these
cited papers dealt with the terminal value problems in higher dimensions. In these articles,
authors studied terminal value problems for systems of fractional differential equations in
which discretized piece-wise polynomial collocation methods are used for approximating
the exact solution and existence of a unique solution proved by using fixed point theorem.
Also, in [4] well-posedness of the terminal value problem for nonlinear systems of gener-
alized fractional differential equations for terminal value problem studied by transforming
the problem into weakly singular Fredholm and Volterra integral equations with delay and
supported the theory with illustrative examples. For more details on terminal value prob-
lems, one may also refer to [27] and [34].

There are no methods available to find the exact solutions to the complex fractional dif-
ferential equations. Therefore, many a times, researchers choose to discuss the solutions
analytically in which the corresponding integral equation to the proposed fractional differ-
ential equation is obtained and fixed point technique [1] is employed. Many fixed point the-
orems such as Banach fixed point theorem, Schauder fixed point theorem, Schafer, Lerray-
Schauder fixed point theorems are used according to the space of the differential equation
and existence, uniqueness, stability results are established, see [6, 22, 26, 30, 35, 36]. In
[5], authors established existence of solutions using Schauder fixed point theorem and ex-
plored local attractiveness of solutions, stability of solutions. Some new inequalities of
Hermite Hadamard type via Katugampola fractional integral discussed in [8] and compre-
hensive notes on various effects of some operators of fractional-order derivatives to certain
functions for complex domains in [19]. Analysis of multi term fractional differential equa-
tions using variational iteration method discussed in [31]. In [6], authors obtained existence
result with the aid of Kransnoselski, Schauder and Schafer fixed point theorem.

Terminal value problems are used to describe in particular behaviour of models of vis-
coelastic materials and models of financial market dynamics [12], [40]. Recent develop-
ments in fractional differential equation with terminal value condition can be seen in [7],
[13], [14], [24]. In this article, we intend to address following issues:

(1) Our problem deals with the terminal value problem in one dimension.

(2) Although, a good number of articles have been published with terminal condi-
tions, terminal value problems with fractional derivative operator having iterative
argument are not yet addressed.

(3) Further, the generalized Katugampola fractional derivative operator used in our
problem produces different fractional derivatives for different values of parameters
that increases applicability of the problem.

(4) We employed the methodology of fixed point technique to discuss existence and
uniqueness of solutions.
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Taking motivation from the all cited work above, in this present article, we propose iterative
generalized fractional differential equation with terminal condition of the type

{ (D7 f)(t)  =h(t f(f(1), 0<v<l,0<oc<1, te(a,T]

(') = nufG), v<é=r+ol-v), G € (aT]
where v € (0,1), 0 € [0,1], @ > 0, v < £ = v+ o(1 — v). Generalized Katugampola
fractional derivative ® D,/ is of order v and generalized Katugampola fractional integral
@J'=¢isof order 1 — &. Let h : (a,T] x R — R is a function, ¢; are pre-defined points
whichholds 0 < a< (3 < (o <---<(,<Tand~;, i =1,2,---,n are real numbers.

(1. 1)

2. PRELIMINARIES

Consider the following definitions and lemmas for this paper. Gamma and Beta func-
tions are given by

[e%s) 1
I'(v) =/ t""te7'dt, B(v,0) :/ (11—t~ Ydt, v, 0 > 0.
0 0

Definition 2.1. [25] Let XP(a,T) is space with p > 1,c¢ € R contains those real valued
Lebesgue measurable functions h on (a,T) such as ||h|| x»r < oo,

b
. dt\1/p .
hlixe = ([ lenorS) " lilles = swp_enc)
a a<t<T

In specifically, for c = % we get Ly(a,T) = Xf/p( 7).

Definition 2.2. [28] Consider the space Cla, T of continuous functions h on (a, T'] defined

by
IAlle = max, A (t)]-
The weighted space
t* —a“\¢
Ceala, T] = {h :(a,T] > R: ( . ) h(t) € C[a,T}}, 2.2)
equipped as

e, = H (ta ;aa)gh(t)H ~ max ‘(’fa - aa)gh(t)‘ and Co.o[a, T] = Cla, T).

t€la,T) o

Definition 2.3. [28] Let A, = (to‘ ! jt) on [a,T) upto order (m —1), 0 < & < L Ifh

are continuously differentiable functions on Banach space C™|a,T), and derivative Ak h
on (a,T) soas AT'h € C¢ ola,T].

CR, cla,T) = {Akh € Clo, T,k = 0,1, ;m — 1, A € Ceala, T],m €N,

with the norm

m—1
Illey. = S IAERlc + AT Ao, .. IIhllog. . = Ztg(% |AER(E)].
k=0

In specifically, for m = 0, it holds C’gmg[m T) = C¢ ola,T).
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Definition 2.4. [20] The left-sided Katugampola fractional integral “1}/, of order v, forv >
0 and h € XP(a,T), from Definition 2.1 is given by

1 [ttt —a\ vl
T = oy [ () e >

I'(v)
Definition 2.5. [21] “ Dy is left sided Katugampola fractional derivative given by
"D h(t) = A (M1 h(p)(2) (2.3)

) ey [ (S

forv € RP\N withm = [v] + 1, in this [V] is the integer part of v.

Definition 2.6. [28] Let 0 < v < 1and 0 < o < 1, *D;Y is left-sided generalized
Katugampola fractional derivative given by

o YV,o ago(l—v ar(l—0)(1—v
(“DLIR) (1) = (LT AL ) ), 2.5)
where right-hand side expression is present for those functions.

Lemma 2.7. [29] Let v > 0, 0 > 0 and o, ¢ € R with a > c. Therefore, h €
X?(a,T), p > 1, Katugampola integral holds semi-group condition

e (1) (CIZR() = IR, 2.6
Lemma 2.8. [21] Let h € C¢ o[a,T), t € (a,T] withv >0, 0 < & < 1. Then,
(“Dy (Y1 )h(t) = h(t). 2.7
Lemma 2.9. [21] Let h € C¢ o[a,T] and "‘I;:’h € Clva[a,T] withv >0, 0 < ¢ < 1.
Then, L X o
() D) = ) - T (B2 .8

Lemma 2.10. [5] From Definition 2.4 and 2.5, we have the following

i L) t* —a®\¥+r-1
(U)o
\" 4 T+« v20,9>0,t>a
tozial,f]_
CYDZJF< a) =0,0<v<1.

Remark 2.11. [5] Let0 < v <1, 0 < 0 < 1, *D,] can be described as in the form of
Katugampola fractional derivative given by

o V.0 ago(l—v arl—v aro(l—v a
DY = (I )AL = (TN (DG, €= v o(1- ).
Lemma 2.12. [28] Let h € Ci_¢ o[a,bland v >0, 0 < & < 1 and Ifv > &, then
I/ h(a) = t£13+( I7 h)(t) =0.
To deliberate the main results, we require subsequent spaces:

Y alas Tl = {h € Cr_gala, T]: “Difh € Cr_galo, T1} 2.9)



338 M. A. Kazi, V. V. Kharat, A. R. Reshimkar and M. T. Gophane

and
C ¢ la,T) = {h €C_¢ala,T): “DS, h e C’l,gya[a,T]}, 0<e<,
as “Di7h = (“I7 ) (“DE, )b, then CF_, [0, T] C CY7% ,la, T).
Lemma 2.13. [21] Letv >0, 0 > 0and{ = v+ o —vo.Ifh € Cffg’a[a,T], then
(I DSORE) = (“12,) (" Dy Yh(t) == DI k).

Lemma 2.14. [27] With conditions 0 < v < 1, 0 < o <1, { =v+n—vo. Let h :
(a, T)xR — Ris a function such that h(-, f(-)) € Ci_¢ola, T), forany f € Ci_¢ o[a, T
therefore f € Cffg’a[a, T) satisfies Terminal value Problem

("D F)(8) = h(t, f(2)), 0<v<l0sos<lte(@T] .,
(IEAT) =X vif(G), v<é=vHo(l—v), G e (a,T] '
if and only if f satisfies the mixed-type nonlinear Volterra integral equation
LR (B atNEIR Gty
f(t) = W(T) ;%/ﬂ p (T) h(p, f(p))dp
1 N A
50 [ (555) wo o, @ 1)

where
-1

g = <r(g) _ i%(@“a‘”f_l) , 2. 12)
=1

Theorem 2.15. Let0 < v <1, 0< o<1, é=v+o—vo lfh: (e, T] xR =R
such that h(-, f(-)) € Ci—¢.ala, T, for any f € Ci_¢ ola, T] therefore f € Cig,a[‘% T
satisfies the problem ( 1. 1) if and only if [ satisfies the mixed-type nonlinear Volterra
integral equation

10 = 1 (52 T [T (Y i st

(V) « i=0 a (0%
1 t a—1 & — pa v—1
") / P ) b s 2. 13)
where
_ - (G —av\Et -1
Proof. The proof comes from the Lemma 2.14. O

3. RESULTS

This section illustrates existence and uniqueness results for the stated problem. Let some
of the hypotheses:
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(Hy) Let h : (a,T] x R — R is a function, h(-, f(-)) € C’fﬁlgay)[a,T] for any f €
Ci—¢,a, Jconstant L > O suchthatV f, g € R,

h(t, £(2)) = h(t, g(t)] < LIf — gl (3. 15)

(H2) There exists constants {21, (25 given by

Q, = r(??w <|n| gw(ff)”g_l + (T:“a)) (3. 16)
and
s (M) () e

(H3) Cf ¢, ={f€Cica:|f(tt) = f(t2)] < Plts = ta|, V1, 12 € (a,T]}.
Hy) Leth : (a,T] xR — R, h(-, f(-)) € €74 forany f € C1_¢qand ¥Vt €
1-¢,a &,
(a,T], 3 constants M > 0 and L > 0,

h(t, )| < LIf] + M. (3.18)

(Hs) Let h : (a,T] x R — R such that h(-, f()) € Cfflg’*:)[a,T], for any f €
C1—¢.ala, T with V ¢ € (a,T), 3 function r(t) € C7 [a, T,

|h(t, f)I < (). (3. 19)

Theorem 3.1. Let the hypotheses (H1) — ( Hs) holds then the problem ( 1. 1 ) has at least
one solution in C’ig,a[a, T) C €Y% ,la, T).

Proof. Now, we show that integral equation ( 2. 13 ) has a solution.
Let Q : Ci—¢ofa,T] = Ci—¢ ola, T defined as

@0 = o (Y TS [ (Y i s
i=0 @

«
1 ! a—1 |2 _pa v—l
+ W/a p ( - ) h(p, f(f(p)))dp (3. 20)
Then, @ is well defined.
Define Bs = {f € Ci—¢o[a,T] : || fllc,_¢.. <6} whered > %
- 1

Claim 1: Q(Bs) C Bs.
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Consider

(555) " @nm \SF'Z S 1(<a_p ) |h ) |do

(67

+<f“zf‘ >1 %(i) /jpa 1< “;p )" he s o

F
i ) 3 [ () s+
< ngty S [ () T () T () e
+MF|Z/) Zv /:ipo‘l(gl;w)y_ldp
) oy )
o (e e (e N T

o _ g0 1-¢ t a _ payv—1
+M<t a ) r(ly)/pa 1(%) dp
e e A e I G I

=1

+MF|Z/)§%/G pa—1(<a%p) 1dp
+ il (C50) s [ () T () e
(L) g [ ()
Cl—.s‘apél—_‘iglj) ;%<C{1;a“>u+£—l+F(J\ffl);%(gf;aa)y
—|—L||f||cl_£_n F(f) )(Ta;a")v+ F(M 1) (To‘;aa)u—ﬁ—H

L+v v+

F(f)y) “ﬁ é%<§? ;a")u+§—1 N (TO‘ ; a"‘)u} e
+Mr<u1+1>[|'flf;%(<?aa“)”+(T“aaa)u-gﬂ}

< L6+ Q
<.

< L[| /]l
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That is,
1Qfller—e.a <0
Which gives Q(Bs) C Bs.
Claim 2: Q is completely continuous. The sequence {f,} so as f, — f in Bs. Then

for every ¢ € (a,T],
consider

(ta‘“) ‘(@ (Qf)(t))‘

Z i [ () S0 ~ 1 1)

(67

) /tpal(ta_p) 1. Fu £ (0))) — B, £(F0)))ldp

[ >”“<p“;““>“
><Hh( ( n() = h( FUFODer_e..d

T e I > (e
XHh( fn(fn())) h(-, )

_F +£ [||Z%(laa )V+€1 (T ;a )u}
X |h(s fu(fn () = RC F(FODor_c.a
S U fo(fn() = RC FFOD oy _ca-

Which shows that @ is completely continuous.

Claim 3: Q(Bj;) is relatively compact. Q(Bs) C Bs, it implies that @) is uniformly
bounded and equicontinuous with 0 < a < t; <ty <T.
Consider

Q1) () = (QF)(t2)]
¢-

K aaa
\I £

1 ta—a )5 1}
xzwi/ - 1(4 ) T )ldp

| [ (B ;pa)”‘l - / R e

—
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< |%| (tﬁj‘—ao‘)f—l (t%—aa)f—l
~ T(v) e o
n Ci L Cq _pa v—1 pa —a¥\&-1
l/ P ( Z « ) ( o ) [1Rlles .. dp
, a
b [ tlpa_l(t? —p‘l)”*1 B /“ pa_1<t5‘ —p"‘)”l]
NGO o a a
a¢-1
) Nkl .dp
|k|T(€) 1y —a*\ &1 tg —a® " ¢ — v+é—1
<lh (25 - (25) T ()
>~ || ||C1—5,a F(l/+€) o 271

il F(I;(fr)f) [(t? ;aa)wsﬂ - <t2 ;a )u+§ 1] 0.

When ty — 1. Therefore, ) is equicontinuous. Hence, the set Q(Bjs) of equicontinuous
implies that QQ(Bs) is relatively compact.

X
2

Claim4: S = {f € C1_¢[a,T) : f = pQf forsome 1 € (0,1)} is a bounded set.
Consider

‘(ta ;aa>l_£f(t)‘ < H(ta ;aa)l_f(Qf)(t)H
O () Yrlene. =

= ré(f)V) ('“ ;%(gg -

Hence, we get

||f||017§,u <C.
Which shows that .S is bounded set. Therefore, by Schaefer’s fixed point theorem the stated
problem ( 1. 1) has at least one solution. O

In the next part, we show the uniqueness of solutions to the problem.

Theorem 3.2. Let the hypotheses (H1) — (Hs) holds with if L(P + 1)y < 1, then the
problem ( 1. 1) has unique solution in Cf{_’a[a, T) C CY% ,la, T).

Proof. From Theorem 3.1. Define an operator @ : C1_¢ o[a, T| = Ci_¢ o[a, T] by

@n0 =55 (=) Z% I = T

o

i [ () i s 6.2

from the Claim 1 of the Theorem 3.1., we can see that for f €Bj,

1Qflley .o <6

Now, we prove () is a contraction.
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Consider
te — 1-¢
=)

(@) - @
Inl Gt =p*\! _
Z% [ () e S0~ Hatate

IN
ﬁ

taa ) / (Y 7 0) - A, a(a(0)dp

+
/

(I LG 0) - alo)ldp

IN
/’:1_
S/i
gl

2
T~

Y

-
Il
o

o [ (5EE) T o) - staw)idp

_/;ipa_l(c“f ;pa)v—l
|f(f(p)) — f(ap)| +1f(g9(p)) — g(g(p))\)dp
) S ()

(17 @) = £+ 1£(a®) — 9(g(®))])dp
S [T (YT (Y e e il

=0
«

—a®\1=¢ 1 [Pt —p*\ vl p® —a®\ &L
« ) F(I/)/ap ( 1o} ) ( 1o} )

X L(P—i_l)Hf_gHCl—g‘adp

O S (Y L 4 )l gl

+
/
~
Q
ol
S]
Q
N—
-
N
—_

IN

l—

<=
=

@
I
<

X

+
[ N
“5

X

=

<

|
—

+
/~
~

Q

“Tw+¢) = @
b (T P 1l gl

< 1P+ DI = glere s [ \Z () (]
< L(P+ )Ql||f—g|\cl_w~
ie.
1Qf — Qglley_¢o < L(P+1)U|f —9glley ¢.,Yf 9 € Bs. (3.22)

Thus, operator @) satisfies contraction therefore by fixed point theorem of Banach, the
problem ( 1. 1) has unique solution in Cf_£ ola, T C CY7% Jla, T). 0O
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4. EXAMPLES

Example 4.1. Consider the nonlocal problem
(“Dgy f)) = h(t, f(f(?), te(1,2]
R A SO 29

Solution:
Setv = %, o= % then & = % Also, let a = % and

n(e 1) = 1 (5T () sinr o), then
/

4 )
(5= nesson = (5w 2 (5 i e oy

« 4 5
Sh(t f(f@)) € Cryanpell, 2]

« «

| =

1
Also, |h(t, f) — h(t,g)| < §|f —gl, YV f, g so the Lipschitz constant L =

We want solution in C’fi&a ={f € Cica:|ft1)— f(t2)] < |t1 —t2|,Vt1,t2 € [1,2].}
so that P = 1.

Inl = ‘ (F(;) - 2((5/4)5—1)1/2> -1

~ 0.42664150 < 1.

and

1.772453 (5/4)0-5 — 1\ -1/4 205 _ 1\ 1/4
0 = ——— 10.42664150  2( ~—~————
! 1.2254167[ ( ( 0.5 ) +( 0.5 )

= 2.2653272.
1
Then L(P +1)Q; = 5(1 + 1) x 2.2653272 = 0.9061309 < 1. Thus, by the Theorem
(3.2), the problem ( 4. 23 ) possesses a solution in C1 /3 15[1, 2].

Example 4.2. Consider the nonlocal problem

{ (DI H)(t) = h(t, f(f(1)), te (2,3 4. 24)
(“I5H)3) =2f(23) +25f(24), E=v+o(l—v) :

Solution:
V= %, a:%whichgivesfz %, az%and
3 1
h(t, f(f(1))) = gt §f(f(t))-
1 1
Also, |h(t, f) — h(t,g9)| < =|f — g| hence, L = 2

1
We want solution in Cig,a ={feCiga:|ft1)—f(t2)] < §|t1—t2|,Vt1,t2 €[1,2].}

1
that P = —.
SO a B



On Nonlocal Iterative Fractional Terminal Value Problem via Generalized Fractional Derivative

345

=) (1 - (222 s B2 )

~ 0.21228832 < 1.

Also,

)1
(e[S}

(
I(
3

O = ; {0 21228832< (W)l/ﬁ " 25((2.4)1%»)1/6)

%_ é>1/3}

9126819

[eEN

\_/

/

1
Then, L(P+1)Q, = (?)(g)(1.89126819) ~ 0.40527190 < 1. Then, by the Theorem 3.2,
the problem ( 4. 24 ) possesses a solution in Cé,é 2, 3].

5. CONCLUSION

In this research paper we have proved existence and uniqueness of the solutions of gen-
eralized iterative fractional differential equations via terminal condition with the help of
fixed point theorems. The generality of generalized Katugampola fractional derivative in
the discussed problem enhances applicability of the problem.

e If @« — 1 in equation ( 1. 1), our problem will reduce to Hilfer fractional iter-
ative differential equation with nonlocal condition and hence their existence and

uniqueness results can be on similar lines with the help of results obtained in this
article.

e I[f o = 0, @« — 1inequation ( 1. 1), the problem reduces to iterative fractional
differential equation having Riemann-Liouville fractional derivative operator.

e o — 0 in the equation ( 1. 1), the problem reduces to Hilfer-Hadamard iterative
fractional derivative for which existence and uniqueness results can also proved
with the help of fixed point techniques employed in the article.
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