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Abstract. The present paper defines a new subclass of analytic functions by means of the
generalized polylogarithm equipped with subordination. The defined new class engages
Poisson distribution series and generalized Pascal snail. The early first few coefficients are
obtained and their relevance to classical inequality by Fekete-Szego are discussed. The
consequences of our parametric equation are pointed out.
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1. INTRODUCTION

Let A be the collection of all functions f that are complex-differentiable on the open set (U = {z :
z € C,|z| < 1}) around every point in its domain with form (1.1) below and with normalization condition

f(0) = f'(0) —1=0.
f(z):z—&—Zanz". (1. 1)
n=2
In addition, let S be the collection of all univalent functions f € A such that S € A is univalent in U.

Let f(z) and g(z) be analytic functions in U, then f(z) is said to be subordinate to g(z), symbolically
expressed as f(z) < g(z), z € U, provided there exists an analytic function w(z) such that f(z) = g(w(z)).
Suppose g(z) is univalent in U, then the earlier condition is equivalent to f(z) < g(z) if and only if

f(0) = g(0) and f(U) C g(U).

Let p € P be the class of functions with positive real part (Caratheodory functions), such that p(0) = 1
and Rep(z) > 0 with |p,| < 2, [L1].
In recent times, there have been many functions unified by subordination using various forms of functions
with positive real parts, see [6,8] as an example.
Fekete-Szego in [4] showed that
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dp— 3, pw=>1
a3 — pas| < {14 exp T, 0<p<1
3_4/1’3 ,U,SO

holds for function f € S and the result is sharp, see [4,10-12] for further detail.
The Hadamard product (or convolution) of f(z) given by (1.1) and

2)=z+ Z onz"
n=2
is defined by
(f*9)(z —Z+Zans0n = (p* f)(2). (1.2)

Kanas and Masih [6] presented a unified method for the analytic representation of the domain bounded by a
generalized Pascal snail as follows.
Fora,f € [-1,1],af # 1,7 € [0,1), Let L, 5~ : U — C denote the function defined by

(2 —2v)z L
Laopq(2) = 1ol 52) ZB P )Zﬂz , (1. 3)

n=1

fora # Band Lo g~ (2) = Y00 Bpz™ = 2(1 — ) >, na" 2", For detail information see [2,5,6,10]
and the relevant literature therein.

Poisson distribution has recently attracted the attention of a few researchers in geometric function theory,
but we have little literature available on the subject matter. Therefore, researchers in the area of geometric
function theory must do a more in-depth study of the Poisson distribution series. The few available informa-
tion can be obtained in [2,9,14,16] and relevant literature cited therein.

Poisson distribution is defined by

z+z D) e, (1. 4)

n= 2

with the radius of convergence at infinity.
Let |2| < 1 and let there exist |p,| > 2, the classical polylogarithm Ly ;(z) of Leibniz with Bernoulli in
1969 is absolutely convergent and it is of the form

X _n
Ly (z E vl
n:l

I\
’U

See [7,13] for details.
Let f € A, then the generalized polylogarithms Df f(z) : A — A is defined as

Fn+x-1)
Dif(z +Z N T nfn+A- D (1. 5)

where k € Ny = {0,1,2,...},z € U. D’; comprises of both the Salagean and Ruscheweyh derivative
operators, see [1,11] for details.
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Moreover, by employing the concept of convolution defined earlier in (1.2) and using (1.4) and (1.5) we

obtain

Fin4+X—1)Imr!
M((n—1)H)32

DY(fx ) xk(m,z) =2+ " e anpn ", (1. 6)
n=2

where m > 0, k, \, € Ny.

The present investigation wishes to present a unified subclass of starlike and convex function T}/ (b, A, k(m, z), Lo, g, (%))
to determine the early few coefficient bounds and its associated Fekete-Szego classical inequafity, and the re-

lationship with Poisson distribution series bounded by generalized pascal snail, equipped with generalized
polylogarithm.

2. NOTATIONS AND PRELIMINARIES

Lemma 2.1. [1,10] Let p(2) = p12 + p22% + ... € Qbe that |lw(2)| < 1in U. If p € C, then |py — uc?| <
2max{1,|t|}, where t is a complex number.

Definition 2.2. If o, 8 € [-1,1],aB8 # 0, letm > 0, k,\ € Ny ={0,1,2,...},a # 8,b € C,v € [0), and
the class Tf)’,f (b, A\, L(m, 2), Ga,p~(2)) € A consisting of the function f of the form (1.1) and

g(z) =z + Zgnz”, h(z) =z+ Z hp 2",
n=2

n=2
where g, > 0,h, > 0,9, — h, > 0 and L(m,z) is as earlier defined,then the following subordination
condition is satisfied

DX(f *9)(z) * (L(m, 2)) pD’i(f *9)(2)" * (L(m, 2))
DX (f +h)(2) D (f +h)(2)

1
1+ 5 (1-p) — 1| < Gap~(2), 2.7

where Go 3~(2) =1+ La,g~(2) and Ly g ~(2) is as earlier defined.

3. RESULTS

Theorem 3.1. Let G (%), 9(2), h(2), L(m, ) be as earlier defined and G, g () is a modified general-
ized pascal snail, If f(z) € Tfy’}gL(b, 0,Gap~(2), L(m,2)),n>2,g, >0,hy, >0,9n — hyp >0, then

4lbl(1 = )
26(A+ 1) | (14 p)me="(gs — ho)

las| <

) (3.8

2|b|

<
las] < 3E(A+2)(A+ 1)(m2e—™g3 — 2h3)

max{1, |t|}, 3.9)

where

2(1 — )N+ B)((L + p)me™" (g2 — ha))? — (1 — 7)(h3 — me™"gahs))
N1+ pyme(gs — ha) 2

Proof. Suppose f(z) € Tf:;f(b, e,Ga,3,~(2), L(m, z)), then there is a function w(z) in U with w(0) = 0

and |w(z) < 1| such that from (2.1) we have

1 DhFr)) s (Llm2) | DR *g)() * (L(m.2))
LT o ey T DR ()

t=

— 1| = Gapy(w(2))
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since w(z) = wyz + we2? + - -+ is a Schwarz function then
Gapry(W(2)) = 14 (2= 27)wiz + (2 = 29)((a + B)w? + wo)2? + - --

Simplifying further, we have,

2K+ 1)!
1+ % [(1 + p)me " (g2 — hg)] asz
22k(N +1)2 m 3FN+2)! [m2e ™
+ %a%(h%—me g2h2) + (b)\'2' ) < 5 gg—h3>}22+-~-

=14+ (2 -2y)wiz + (2 —27)((a + Blw? 4+ wy) 2z + - --
Comparing the coefficient of z and 22, we have
Afb[(1 =)
204 1)| 4+ pme(ga )]

az <

sz{@—Qw«a+5m€+wa—qw{

3K (N + 2)(m2e=—mgs — 2h3)
The proof is complete. g

az <

Corollary 3.2. Let G, g.~(2),9(2), h(z), L(m, z) be as earlier defined and G g ~(z) is a modified gener-
alized pascal snail, If f(z) € Tf;;’f(b, 0,Gap,0(%), L(m,z)),n>2,g,>0,hy, > 0,9, —hy >0, then
0]
me~™(ga — ha)
0]
9(m?e~mgs — 2h3)

las| <

lag| < max{1,|t[}

where
2(a + B)(me”" (g2 — hg))* — (h5 — me”"gahs)
(me=m(ga — hz))? .

Corollary 3.3. Let G, g.~(2),9(2), h(2), L(m, z) be as earlier defined and G g ~(z) is a modified gener-
alized pascal snail, If f(z) € Ti’}f(b, 0,Gap0(%),L(1,2)),n > 2,9, >0,hy > 0,9y, — hy >0, then

las| < I
0.37(g2 — ha)

d
< [ L S
193] = 503795 = 203)

t=

max{1,|t|}

where
= 0.28(04 + ﬁ)(gg — h2)2 — (h% — 0.3792]12)
(0.14(g2 — h2))? .
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Theorem 3.4. If f(z) given by (1.1) is in the class Tf”;i’(b, p,Go.p~(2), L(m,2)) and p € C then

‘a _/~La2| < 4|b|(1 _’7)
3 203k (A + 2)(A + 1) (m2e—gs — 2hs)

max{L, ¢}

where
26b(A + 1)? (h3 — me ™ gaha) — 3% x 22ub(A + 2)\(1 — 5) (m%e Mg — 2hy)
28N +1)2((1 + p)me= (g2 — h2))?
Proof 3.5. Substitute the value of as and as in Theorem 3.1,we have
21!
(A + 2155 e~ g — ha)
b2(2 — 2v)%w?
_’u22k(x\ + 1)2I[(1 + p)me—™ga — ho]?

t=a+p+

(2 =27 w2 + (2 —27)(a+ B) — q)wi

2
as — paz = "

simplifying further, we obtain
21!

' wo — tw? (3. 10)
3PN+ 2)("e g3 _hB)[ ’ 1

|ag — pa3] <

where
2
pb(2 —20)3* (A +2)I(%e g3 —hs) @

T RN 1 D)2[(1 + p)me—"gs — hal2 (2 — 27)
. Using Lemma 2 in (3.1 ) we obtain

2
92N + 1)2I[(1 + p)memgs — hal2 (2 — 27)

|as—pa3] <

apnEe-2y) (] sb(2 = 23RO+ DN (e s — h) @ ’
3R\ + 2)1 (22 emgs — hy) ’ '
The proof is complete.

Corollary 3.6. If f(z) given by (1.1) is in the class Ti’f(b, 0,Gap,0(2), L(m,2)) and p € C then

2/b|
9(m2e~mgs — 2h3)

las — paj| < max{1, [t|}

where
b(h3 — me~™gohs) — 32ub(m?e " g3 — 2h3)

(me="(g2 — h2))?
Corollary 3.7. If f(z) given by (1.1) is in the class Tll”f(b, 0,Ga,p0(2),L(1,2)) and p € C then

lag — Ma§| < L
9(0.37g3 — 2h3)

t=a+p+

max{1, ||}

where
b(h2 — 0.37gshs) — 9ub(0.37g3 — 2hs)

t =
atst 0.37(g2 — )2

The value of Poisson (me~"") can be deduced from the earlier stated theorems as follows
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Theorem 3.8. Let G, p(2), 9(2), h(2), L(m, z) be as earlier defined and G, g (%) is a modified general-
ized pascal snail, If f(z) € Tf”g(b, 0, Gap~(2), L(m,2)),n>2,g, >0,h, >0,9, — hy >0, then
- Aei(1 )

— )

28N+ 1) [ (1 + p)(g2 — ha)laz]

B 20|
m2e ™ < max{1, |t|},
S T D0t D(Jasles — 2y I

where
2(1 — ) (X?!a + B)((1 + p)laz|(g2 — ha))* — (1 — ) (h3 — |az|g2h2))
A((1+ p)laz|(g2 — h2))?
Corollary 3.9. Let G, g ~(2),9(2), h(z), L(m, z) be as earlier defined and G g ~(z) is a modified gener-
alized pascal snail, If f(z) € Tll”,f(b, 0,Gup0(2), L(m,2)),n>2,g,>0,hy, >0,g, — hy >0, then
_ B
~ laz[(g2 = he)
o]

m-e < —— —max{l, |t
= 9(|aslgs — 2h3) {111y

t =

—m

me

where

o 2a+B)(las|(g2 — h2))® — (] — |az|gahs)

(Jaz|(g2 — h2))?

Let f be a starlike function then |a,,| < 2 and we have

Corollary 3.10. Let G (%), 9(2), h(2), L(m, z) be as earlier defined and G 3 ~(2) is a modified gen-
eralized pascal snail, If f(z) € Tll”;f(b,O,Ga,57o(z),L(m,z)),n > 2,9, > 0,hy, > 0,9, — hy, > 0,
then

—on 0]
me " < —————
~ 2(g92 — h2)
m2e™™ < Lmax{l [t]}
= 9(2g3 — 2h3) ’
where
2ot B)lg — ha)? — (h3 — 295hs)
(92 — h2)? .
Theorem 3.11. If f(z) given by (1.1) is in the class Tf”g(b, 0, Gap~(2), L(m,2)) and p € C then
_ - 40(1 —9)
m2e™(1 — pe™™) < max{1, |t
U1 = SR 0+ DiJasks — 2 "1
where

28b(A\ +1)2(h3 — |az|gaha) — 3% x 22ub(A + 2)!(1 — v)(|as|gs — 2h3)

t=a+p+ 26\ +1)2((1 + p)|az|(g2 — h2))?
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Corollary 3.12. If f(z) given by (1.1) is in the class Ti’,f(b,(),Ga,g,o(z),L(m, z)) and p is a complex

number then -_—
m2efm(1 _uefm) S | |( 77)
9(|as|gs — 2h3)

b(h3 — |az|gaha) — 9ub(|as|gs — 2hs)
(laz|(g2 — h2))?

masx{1, [t}
where

t=a+ 3+

Suppose f is starlike, then |a,,| < 2 and we have
Corollary 3.13. If f(z) given by (1.1) is in the class Tllv’;’f(b,O,Ga?g,o(z),L(m,z)) and 1 is a complex

number then o1 (1
m2€—m(1 _ue—m) < | |( _7)

— = _max{l, |t
~ 9(293 — 2h3) {1t}

where
b(h3 — 2g2ha) — 9ub(2g3 — 2h3)

4(g2 — h2)?

4. APPLICATIONS

t=a+p+

The involvement of the Poisson series and Pascal snail in this research makes its real-life application
interesting, particularly, in the areas of telephone calls and radioactive decay events and in the lift generated
on airplane wings which is based on Pascal principle.

5. CONCLUSION

The author can define a subclass of analytic univalent function class involving Poisson distribution series
and bounded by generalized Pascal snail polynomials using subordination. Early coefficients of the defined
function class are obtained and its analogue of Fekete-Szego classical inequality is derived. Several conse-
quences of the obtained results are pointed out using corollaries .

To the best of our knowledge the results obtained are new.
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