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Abstract. In this article, we discuss the existence and uniqueness of
the solution along with S—Hyers—Ulam—Rassias stability of nonsingular
impulsive delay integro differential system via the fixed point method.
The aforementioned investigations are carried out on compact intervals
and then the results are extended to unbounded intervals. We utilize Ba-
nach fixed point theorem and Gronwall’s type inequality as a main tool to
achieve our desired objectives. At the end, we provide an example along
with graphical representation to verify the applicability of the reported
results.
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1. INTRODUCTION

In 1940, at Wisconsin University, Ulam for the first time put forwarded a question con-
cerning the relation of approximate solution between homomorphisms [18]. Hyers posi-
tively replied to the question over the Banach spaces [7]. This famous theory was extended
by Aoki [2] as well as Rassias [15]. In these articles the authors studied the norm of dif-
ferences and Cauchy differences, g(s +t) — g(s) — g(¢), respectively. Answers to Ulam’s
question, its attractions and inductions for various situations, gave birth to an important

252



Existence and Ulam stability of first order nonsingular impulsive and delay integro differential system using a concept of the delayed matrix exponential53

area of research known as Hyers-Ulam stability. For detailed information about this type
of stability, we recommend [4, 12] and reference therein. Delay differential systems play
a crucial role to characterize evolution problems in physiological systems, control theory
and automatic engines etc. [17]. Boichuk et al., examined Fredholms boundary—value prob-
lems for differential systems with a single delay [5]. Khusainov and Shuklin established
an idea of matrix exponential with delay and utilized the concept to obtain the solutions
of linear problems with delay under the restriction of permutable matrices [8]. Diblik and
Khusainov utilized the notion of [6] to establish a discrete matrix exponential map with
delay. Motivated from the work done in [6, 8] different researchers studied first order and
fractional order delay differential problems, for more details we recommend [10, 11, 14].
There are many implications of differential systems. However, depending on the situations,
a small change in the real world can endure differential systems with abrupt deviation, e.g.
heart beats, blood flows, changes in population, control theory, etc. These behaviors can
not be easily scrutinized with simple differential systems. To deal with such circumstances
impulsive differential systems play a crucial role, for more information see [1,3,19]. You et
al. [20] extended the notion described in [13] to study exponential stability of nonsingular
delayed systems of the form:

EY'(w)=AY(w)+ BY(w —0), w>0, 0> 0,
y(w) = g(w)v_g Sw<0,

EY'(w) = AY(w) + BY(w — 0) + f(w, Y(w)),w > 0,0 >0,
V(W) = flw),—e<w<0,

EY'(w) = AY(w) + BY(w —0) + g(w, Y(w — 9)),w > 0,0 >0,
V(w) = flw),—0 <w <0,

where F, A and B, are permutable square matrices with E' is nonsingular. Furthermore, f
and g are suitable functions satisfying some assertions. In addition, the authors studied the
relative controllability of the system:

EY' (w) = AY(w) + BY(w — 0) + y(w, Y(w)) + CU(w),w € J,0 > 0,
Y(w)=fw),—0<w=0.

Nowadays, Ulam’s type stability is one of the central topics of research because of its fruit-
ful applications in various fields of interest. Motivated by the work done in [20];

e We introduce some new class of first order nonsingular delay integro differential system
with instantaneous impulsive effects.

e We study the existence, uniqueness of solution and [-Hyers Ulam Rassias stability
(HURS).

e We utilize Gronwall lemma and fixed point techniques as basic tools to establish our main
results.

e Investigations are carried out on compact intervals and then the results are generalized to
unbounded intervals.

e For the applicability of our obtained theoretical results we provide simulated numerical
examples at the end of the paper.



254 Bakhtawar Pervaiz, Akbar Zada, Ioan-Lucian Popa and Afef Kallekh

The outlines of the remaining parts of the article are as follows; In the second part of the
article we establish the statement of the problem. The basics notations, lemmas, remarks
and definitions are provided in the third part. The existence of solution and Ulam’s type
stabilities are carried out in the fourth and fifth parts of the paper respectively. In the final
part we present an example for the validity of our obtained results.

2. PROBLEM FORMULATION

In this section, we introduce the statement of the problem.
We examine the existence of solution and S—HURS stability for the following mentioned
nonsingular impulsive integro delay differential system:

BE'(w) = NE(w) + AE(w — 0) + @(w,s, f;o x(w, e, E(e))de, f;o 2(w,e,E(e — Q))d&),
w,e>0,0>0, ke N*:=1,m,

Ew) =), —0<w =<0,

A& (wy) = E(w) — E(wr) = Ti(E(wr)), k € NP :=T,m,

2.1
where B, N and A represents constant permutable square matrices of finite dimension
n, also A is nonsingular matrix and the operator ¢ € C*([—p,0],R"). In addition,
® € C([0,+00] x R™;R"). Furthermore, &(w;") = lim,, St € (w) represents the right-
handed limit and £(wy) = lim__, - E(w) is the left-handed limit of £(w) at w = w

w—)wk
with £(w, ) = E(wg) and z,z € C([0,+00] x [0, 400] x R™; R™). Furthermore, €
C([0, +00] x[0,400] x R™ x R™; R™) and T, € C([0, +00], R™) are suitable functions.

3. BASICS

Here we discuss essential basic definitions and concepts to establish our results. For each
interval J = [0, 7] the subset of R and Z C RE let C (J, Z), be the Banach space of all
continuous mappings from J — Z endowed with norm ||€]|¢ = sup{||E(w)]|, forall € €

weJ
C(J, Z)}, also we denote C'(J,Z) = {£€C(J,Z):& €C(T,2)}. In addition, we
represents the Banach space of piecewise continuous mappings by PC(J, Z) = {€ :
J = Z,€ € C((wkywit1), Z),k € N§* := 0,1,...,m}. Furthermore, there exits
E(w}), E(wy,) such that E(w;") = E(wy, ), for k € N*, endowed with norm ||€||pc =
sup{||E(w)||, forallw e J}.

Definition 3.1. Let U be the vector space over field K, then ||.||s : U — [0, 00) is known
as B-norm provided the following assertions are satisfied:
(a) ||€||g = 0 if and only if € = 0,

(b) [11€115 = Wl l1E]|s for everyn € K and € € U,

(©) 1€+ 2l1s < IElls + 1]

If the above assertions (a), (b) and (c) are fulfilled, then (U,
space.

Our space will be PB-Banach space endowed with norm ||€||ps = sup{||E(w)||?}, where
we J=10,7]and 0 < B8 < 1. Now, we introduce P[3-Banach space for this we assume
the space PC(J, Z) and set the interval w € J' = [0, 7], w # wy, k € NJ".

||g) is known as B—normed



Existence and Ulam stability of first order nonsingular impulsive and delay integro differential system using a concept of the delayed matrix exponentiaR55

Definition 3.2. PC(J, 2Z) = {€ : £ € C((wk,w+1), Z)}, there exist E(w;, ) and E(w}))
such that E(w;,) = E(w;") for each k € Mo = {0} U M, provided M = {1,2,...,m}
endowed with norm

€]l ps = sup{[|€ @)},
where w € J and B € (0,1). So, (PC(J, Z),|| - ||pg) is called Pj-Banach space.

Let O and I be the zero and identity matrices, respectively.

Lemma 3.3. ( [9], Lemma 12) Let KC be a constant square matrix of order n. If ||| <
5e%, for 6 € R, then

Heg(c*ﬂ)n < eéc7 c €N,

where
0, ¢ < =1,
eggz I,*'l9§§<0,

T+ Ko+ K262 o g ok DO - 1)y < ¢ < ko), k€ NJP,
which is called the delayed matrix exponential (see Definition 0.3 of [§]).

Remark 3.4. ( [9]) The nonsingular impulsive delay integro differential system,

BE' (w) = NE(w) + AE(w — o) + @(w,s, f:; z(w, e, E(g))de, f:; 2(w, e, E(e — g))da),
w,e€>0,02>0, ke N":=1,m,

E(w) =), —0<w=<0,

AE(wi) = E(wy) — E(wr) = Ti(E(wr)), k € NP,

has the solution,
2o+ 0)0(~0) + B [ 2~ )[BAE) ~ No(e)lds

+B71 OTZ(w —e)® (w, €, f:o z(e,u, E(u))du, f:o 2(e,u, E(u — Q))du) de
+ 2 o<kem Z(w — wi) Te(E(wk)),

where Z(w) = eNBfl“’eng_l(wfg) Ay = e NAeB and NB = BN, NA = AN,
AB = BA are used. From above clearly ¢ exists (i.e ¢ € C*([—o,0],R")), we give the
following definition.

E(w) =

Definition 3.5. Trivial solution of the problem (2. 1) is known as exponentially stable, if
there exists positive constants o1,03,0 depending on the permutable matrices B, M, N
and ||p||1, where ||@||1 := max(_, q] ||@|| + max(_, o ||¢||, provided

[|EW)|] € o1€772Y, w > 0. (3.2)
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Assume that 0 < ¢, 0 < 9, and ¢ from C(J, Z), one can set

IBE (w) = NE(w) — Aé(w — o)

0 (w,e, [ alw,e, Ee))de, [ 2(w,e e<s—g>>de)| < eple), wye > 0,00,

1€(w) = p(w)l| < €, —0 <w <0,
€)= E(wr) = T(E(w))]l < e, k= Ng.
(3.3)
Using the above inequality ( 3. 3 ), one can define S—HURS for system ( 2. 1).

Definition 3.6. Problem ( 2. 1 ) is 3—~HUR stable with respect to ( w. 1. t) (%, ?) if there
exists K¢ pm,p,0,8 > 0 provided for each € > 0 and for any solution £ € PC(J',Z) N
C(J',2) of ( 3. 3 ) there exists © the solution of the problem ( 2. 1) in PC(J',2),
satisfying

10@) = E@)I7 < Ko.sampwse” (97 (@) +97(w)), we .

Remark 3.7. The direct consequence of problem ( 3. 3 ) is that amap © € PC(J', Z) N
C(J', 2) is called the solution of the problem ( 3. 3 ) if and only if one can define mapping
feC(J, 2) withp > 0, ¢ > 0 and a sequence hy,, k € N¥ satisfying the following
inequality

||f( N < epw), 1full < e weI andk € M,
):N@( )+ ABO(w — 0)
f x(w, e, 7Z(g))de, f 2(w, e Z(E—Q))de) + f(w), w,eeT,

O + f(w),
AZ(wk) = Tk(Z(wk)), ke NT

\_//\/_\

0(0) =
O(w

Assume that

M= sup |[Z(w-e)l, (3. 4)

0<e<w<rT

where 7 denotes the length of [0, 7].
Via Remark 3.7, the solution of the problem
&'(w) = NE(w) + Al (w — o)
@(wsf x(w, e, &( ))dsf (w65(€—Q))ds>+f(e),620,920,

E(e) = o( ) —0<e<0,
A€(wi) = Ti(E(wr)), k € N,
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is given by
0
EW) = Z(w+oi(-0)+ B [ Z(w-2)Bi) - No(e)ds

+B71 /wZ(w —€) <<I> (w,e,/:m(e,u,c‘f(u))du,/a z(e,u, E(u — Q))du) + f(s)) de
0 ’ =

where Z(w) = eNB lweMB @0 N — o~NBep and MB = BN, NA = AN,
AB = BA.
For the inequality ( 3. 3 ), we have

0
€)= 2o+ )o(-0) - B [ 2w~ 2)(Bie) - As(e)lde
-B! Z(ws)(@ w, €, Ex(e,u,é'(u))du, Ez(e,u,E(ufg))du )ds”
oo [ smetms [ )
— Y 12w —wp) Te(Ewr))|
0<k<m
= 157 [zl 3 126 - wml
0<k<m
< HB_lH/ 1Z@w —=e)lllfllde+ > 1Z(w —w)lllhx]
0 0<k<m
< S/M||f Mde+ Y eMy
0<k<m

<

M (mw + S / Lp(g)dg) .

Now, for our main result we state the well known Gronwall lemma.

Lemma 3.8. ( [16]) For every w > 0 provided

w

uw) < q(w)+/p(€)u(5)ds+ Z Yeu(wy, ), (3.5)

0 O<wp<w
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where q is nondecreasing and v, q, p belong to PC(RT,RT), and ~ is positive constant,
then for w € R, one can see:

w

k
ww) < qlw) (1 + 7;9) exp (/p(s)da), where k € NT". (3. 6)
0

Remark 3.9. If we replace 7y, by i (w), then

ww) < gw) H (1 —|—'yk(w)) exp (/wp(e)dg), wherek € M. (3.7)
0

O<wy <w

Definition 3.10. The map f from X to X, is said to be contraction if for each o,z € X,
there exists k € [0, 1) such that

d(f(e), f(z)) < kd(o, 2),
where (X, d) represents the metric space.

Definition 3.11. The mapping [ : X — X, in the complete metric space (X,d) has a
unique fixed point if it is a contraction.

4. EXISTENCE OF SOLUTION

To examine existence of solution for the considered problem, we establish the following
conditions:
[D4] : The linear problem, BE' (w) = ME(w) + NE(w — o) is well posed.
[Do] : ®: J xJ x Zx Z — Z fulfills the Caratheodory assumptions and there exists
constant Ly > 0 provided

2
H¢(w7€,21a22) - @(w,e,zi,zé)” S Z£¢||Z1 - Z”

i=1

9

for every z;, 2} € Z.
[Ds]: T, € C(J, Z) — Z, k € N, there exists constants Ly, > 0 provided

ITR(E(r) = Tu(E@II < L, flwr — wil, 4.8)

for every wy, w;g.
[Dy] : <S/\/l£q>72(£z + L)+ >0, Mﬁyk> < 1 1is satisfied.

Now, we study that the nonsingular impulsive delay integro differential problem ( 2. 1)
has unique solution.

Theorem 4.1. System ( 2. 1) has unique solution £ € PC(J, Z) provided the assertions
[D1] — [D4] with assertion ( 3. 4 ) are satisfied.
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Proof. LetG : PC(J,Z) — PC(J, Z) be defined as:

0
GE)w) = Zlw+0)é-0)+ B [ Z(w - 2)BiE) - Mo(e))de
+B7! / Z(w —¢) <<I> (w,s, /E z(g,u, E(u))du, /E z(e,u, E(u — Q))dU))ds
0 0 €o
+ Z(w — wi) Ti(E(wr))-

0<k<m
Now, for every £, H € PC(J, Z), one can see
1(GE)(w) = (GH) (W)l

< 1B / 12— )|
y @(w,g,/;x(g,u,g(u»du, /E:Z(E,u,g(u—Q))du>
—@(w,e,/ij(s,u,’l—l(u))du,/g:z(s,u,’H(u—Q))du> de
+ Y 12w = wp)llITR(E(wr)) = Tr(H(wi))|
0<k<m
< S/w/\/lﬁ@H/:x(e,u,E(u))du/Ex(e,u,”;'-l(u))duds
0 0 o
+8]M£<1>|| /6: 2(e,u, E(u — 0))du — /6: z(e,u, H(u — 0))dul|de
+ Y MLy, l|IE(wk) — Hws)|
0<k<m
< S/Mﬁcpﬁx(/: 1€ () —’H(u)|du>d5
) 0
+80/M,cq>,cz</€0 1€ — o) — H(u — Q)du>dg
+ Y MLy, l|IE(wk) — H(ws)|
0<k<m
< SO/M&pEm(/ED ||<€'—”H7>cdu>ds
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+S/M£q>£z</ ||8—7-L|pcdu)d5
0 co

+ > MLy JIE — Hllpe

0<k<m
< S/qu)cw (g||5 —H||pc)d5
0
+S/M£q>£z (EHS — 7‘[”7)(3) de
0
+ > MLy, JIE = H]pe
0<k<m
< SMLoL,2|E — Hpe + SMLLTE — Hpe + 3 MLy, € — Hlpe
k=1
_ <3Mﬁ¢72(£1 WAESS Mcrk> 1€ = H|pe
=1
< € =Hllpe,

where 7 is the length of the interval 7. Implies, G is contractive map w. 1. t ||.|| pc. Hence,
utilizing contraction theorem, the map G has a unique fixed point which is clearly solution
of the problem (2. 1). U

5. B—HURS ON A COMPACT INTERVAL

To examine S—HURS of problem ( 2. 1) on a compact interval, we establish some other
assertions along with aforementioned assertions (D), (Ds) and (D3). The assertions are:
[D3] : The mapping f : J x J x Z x Z — Z which holds Caratheodory assertions and
there exits mappings £ € C(J, Z) such that

2
If(w.e 01, 02) — Flw,eoh, ) < 3 Lr(w)lles — 2l
=1

for every w,e € J and g;, 0, € Z, i =1,2.
[Ds] : There exists ¢ € PC(J, Z) anon decreasing map along with ¢(w) > 0 and 7,, is a
positive constant provided

/ap(e)dg <nep(w), Vwe J.

0

Utilizing inequality ( 3. 3 ) and above- mentioned assertions, we study the following result.

Theorem 5.1. System ( 2. 1) has 3~HURS w. r. t (¥®, ©P) on a compact interval provided
[D1], [D3] along with [D3] — [Ds] and ( 3. 4 ) are satisfied.
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Proof. The nonsingular impulsive and delay integro differential system of the form

BE' (w) = ME(w) + NE(w — o) + <I><w,s, f:) z(w, e, E(g))de, f:) 2(w,e,E(e — Q))de)
+f(w),w, e €10,7], w, € > 0,0 >0,

E(w) =9(w),—0<w<0,

Ag(wk) = S(w,j) — S(wk) = Tk(S(wk)), ke Naﬂ

has a unique solution

2o+ 0)0(-0) + B | Z(w ~ 2)IBIE) — Mo(e)Jde

E(w) = 4Bt Oj)Z(w —€) <I><w,s, f; x(e,u, E(u))du, f; 2(g,u, E(u — g))du) + f(w)) de

+ > 0ckem 2 (W —wi) Ti(E(wr)),

where Z(w) = eMB 1w NE @m0 N o~MBTop and MB = BM, MN = NM,
NB = BN.

Let O be the solution of the inequality ( 3. 3 ). Then, for every w,e > 0, we can obtain
that,

0
18(w) = Z(w + 0)¢(—0) = B~ / Z(w —€)[Bo(e) — Mo(e)de

-0

—B‘l/wZ(w —a)(b(w,s, /E:U(E,u,S(u))du,/sz(s,u,é‘(u— Q))du)da
0

€0 €0

- Z Z(w — wi) Y (E(wr))l

0<k<m

< S/e/\/lap(a)ds—i—me/\/lw
0

< eM <m1/1+8/<p(6)d5)

INA
<
3
+
=
S
©” o
5
&
+
£
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Therefore, for every w, & € (wk, wk+1], One can see

10(w) — £w)|?

0

= [0(w) - Z(w + 0o Q)*B’l/Z(wf6)[l3¢(€)*M¢(€)]d6

—e

-B! /WZ (w—e¢) ( /:Jc(a,u,é’(u))du, /Ez(s,u,g(u - Q))dU>dg
0 0 0

= > Z(w—wp) Tr(Ewi)]”

0<k<m
0

= Ow) — Z(w + 0)¢(~g) — B! / Z(w — €)[B() — M(e))de

—e

-B! /WZ(w - 5)@(01,5, /: x(e,u, E(u))du, /E 2(e,u, E(u — @))dU) de
0 0 €0
+B7! {Z(w — z—:)@(w,e, /EO z(e,u, E(u))du, /EO z(e,u, E(u — g))du) de
B! /Z(w - €)<I>(w € / x(a,u,é’(u))dm/: z(e,u, E(u — Q))du) de
0 0
)T

— Z (w—wi)Yr(E(wk)) + Z Z(w — wg) Tr(E(wr))

o<k<m o<k<m

- Y Z(w - w) TeEw)Il’
0<k<m
0

(18) ~ 2w+ )o(-0) ~ 57" [ 2(w - )Bole) - Mo(e)lde

—e

-B~ 1]Z (w—¢) (w 5,/ x(e,u, Z(u))du, /:z(s,u,Z(u—Q))du>d5
, 0

- Y Zw-w) Tk(é}wk))ﬂ)ﬁ

0<k<m

+(BI/WZ(w —¢) (@(w,s,/: x(s,u,Z(u))du,/a (e, u, Z(u — g))du)
0 ’ -

_<I>(w,5, /6 z(e,u, &(u))du, /E z(e,u, E(u — ,g))du) ||)ﬂd5
(X 12 - o) Tazen) - 2 - w) TuE@))])

0<k<m

IN
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< (eMim+n)(Sew) +9) + (18- 1||/||Z )

<o, [ ofeu 2w / (e, Zu — g))du)

—@(w,a/E:x(g,mg(u))du,/;z(auf(u— Q))du)Hdg)ﬁ
+(§31 120~ ) Te(Zwr) - Z(w — ) Tu(E@)
where 7
/||Z w— ||| (e / (e, Z(u ))du,/E:z(e,u,Z(u— 0))du)
@(w,e,/;x(e,u,Z(u))du,/gjz(a,u,Z(U - 0))du)||ds
/M£q> o)) (5)||ds+]Mﬁ@(s)ﬁz(a)H@(s) _ £(e)|de.
And 0

D 12w = wi) Tr(Z(wr) = Z(w — wi) Ye(E@i))| < MDY Lo, [ Z(wr) — E(wi)l
k=1 k=1

Thus,

10(w) — Ew)|

< gho! <(6M<m 1) (Sp(w) +1))

/ ME(©)L:(2)]0() - E@)lde + 5 [ MLo(E)L.)(6) - £(:) )
0

k=1

FMY L 12() e<wk>||>.

By utilizing the relation

(p+q+r) < 3"’*1(p7 +q" +7r7),where p, g, > 0,and v > 1.
Taking
Loyt L) = Loy
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And setting, £y = max {L~,, Lv,,..., Ly, }. By using Grénwall’s Lemma 3.8, we get,
[0(w) — E(w)]|
1

k
< 35! <(e/\/l(m + 1) (Sep(w) + 1@)) (1 + 31131/\/1/51()

exp (33715 /w MLa .y (€)de).
0

Therefore,
18(w) = E(w)|1?
< 30 (Mlm 0 )(Sp(w) +)”
(1 n 351M£T> N exp (3571 M ] £¢,7p7,.(5)d5>ﬁ
0
< 3177 (eM(m + mo))ﬁ (&P(W) + 1/1)6

w

kB
<1+3E1M£T> exp (3571 BS M / Lapr(e)de)
0

< Kosate e’ (¢7(@) +07(@)),

utilizing the relation (p + q)" < (p" + ¢"), p, ¢ > 0, for any r € (0, 1], implies,
5 "7 r
Ka.s M =3 (M(m+m,)) <1+3/13_1M/3T> exp (3%-1ﬂsm / Lé,p,r(e)ds).
0

From the above estimates, we conclude that the system ( 2. 1) has S~HURS on compact
interval w. r. t (¢, 7). O

6. S—HURS ON AN UNBOUNDED INTERVAL

In this part, we examine S—HURS on an unbounded interval. To achieve the desired
result, we introduce some additional assertions.
[Dol: Let {Z(w — ) : w > & > 0} be the family of exponentially stable operators, that is
we can find M > 1 and s < 0, such that

| Z(w —e)|| < Me"@=2) > e >0.

[Dg): @ € C(RT x Rt x Z x Z, Z) and there exists amap Lo € C(RT, Z) satisfying

2
1@ (w, e, 01, 02) = B(w,e, 01, 05)| < Y La(w)lles = oill,
i=1
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for every w,c € AT and g, ¢’ € Z. Also, we assume that
/‘L:‘i),p7 de < Kow + C‘I)a

for each w, e > 0, ke, (o > 0, and 33" SMg + k < 0 for 8 € (0,1).
[D7]: T : Z — Z and there exists a constant L, > 0, so that

[Tx(E(w)) = Tr(E" (W) < Ly [IE = E7|,

forevery w € Rt and &, &’ € Z. Furthermore, we assume that

k

Ly =35 1ZM sup Ly, < 0.
2

[Ds]: Amap ¢ € PC(R*, Z) and n, > 0 a constant, provided
/e"(“_a)go(s)ds < nyp(w), for each w € R,
0

[Dg] Put

k
My = sup § eK:(Ek wv)—&-Sﬁ 'SMeger +ensk+3ﬁ 5MKq>8k

keNy T

In addition, for the case NJ* = N, we suppose M; < co.
Now, utilizing inequality ( 3. 3 ) along with above mentioned assertions we prove our
second result.

Theorem 6.1. System ( 2. 1) has f—HURS w. r. t (¥®,©%) on an unbounded interval
provided [Dy), [D1] and [Dg] — [Dy)] are satisfied.

Proof. The nonsingular impulsive and delay integro differential system of the form
BU'(w) = MU(w) + NU(w — )
+0(w,e, [2 @(w,e, Ule))de, [ 2(w,e,U(e — 0))de) + f(w),
w,e20,020,
Ule) = ¢(e), —e < e <0,
AU(wr) = U(w}) — Ulwy) = Th(Ulwr)), k € N =T,

has a unique solution

Z(w+eo)p(—0) +B7! fZ —€)[Bo(e) — M(e)]de

U(w) = —|—B_1TZ(UJ _5 (w £, f w £, U ))dE f (UJ € U(E_ Q))du)d
0

+ 2 0<kem Z(w — wi) Ti(U(wr))-
6.9)
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Let © satisfy ( 3. 3 ), then for every w, ¢ € (wg,wk+1], we obtain that

0(w) - Z(w+ 0)o(~¢) ~ B~ / w = 2)[Bi(e) ~ Mo(e))de

-B! / Z(w—e)®(w,e, /E z(e,u, ©(u))du, /8 z(g,u, ©(u — 0))du)de
0 0 €0

- Z Z(w — wi) V(O (wr)) |l

0<k<m

k w
Z 1Z (@ — wi) 1]} + (1B / 1Z(w = e)l|[ f(e)]|de

IA

< ZMe(w Wi 6¢+S/M€N(W 6650( )d
k=1

Thus, for every w, ¢ € (wg, wgk+1], we get that

0
10(w) = UW)II” = 8(w) — Z(w + 0)d(~ Q)—B’1/Z(w—6)[3¢(€)—

-B~ l/Z (w—e)P(w 5,/ x(a,u,U(u))du,/ (e, u, U(u — 0))du)de
0 € €0

0

— Y Zw—w)Tr(Uwn)]?

0
= [0(w) - Z(w+ 0o Q)*Bfl/Z(wf€)[5¢5(€)*M¢(€)]d€

€ €

€0 €0

+
3
O\E O\E O\E

— Z Z(w—wk)Tk(U(wk))—i- Z Z(w—wk)Tk(G(wk))

0<k<m 0<k<m

_ Z Z(w — wi) T(O(wp)) |

Z(w— €)<I>(w,5,/ x(s,u,U(u))du,/ (e, u, Uu — 0))du)de
Z(w—e)®(w,e, /E x(g,u, O(u))du, /S z(e,u, ©(u — 0))du)de

Z(w—e)®(w,e, /E z(g,u, ©(u))du, /8 (e, u, O(u — 0))du)de

Mo (e)lde
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0

< (IIG( ) = Z(w+0)d(— Q)—5_1/Z(w—€)[5’¢3(6)—M¢(€)]d€

-0

-B7! Z(w—e)®(w,e, Ex(e,u,@(u))du, Ez(s,u,@(u—g))du)ds
T,

8
> Zw- wk)Tk(@(wk))H)

0<k<m
+<||810/Z(w —¢) (cb(w,s, / (e, u, @(u)>du,/€0 2(e,u,0(u — 0))du)
. B
—(I)(w75,[:x(a,u,U(u))du,/go z(e,u, U(u — @))du) dg||)

B
+( Y 2@ - w)TeOw) — 3 Z(w—wkmwm))n)

o<k<m 0<k<m

IN

(Zem(“’ “J")Mew—i—S/Me”(“ Dep(e )ds)
k=1

w

+(s [ M9 Lo () 06) - ) de)
0

B
+ Z (Mﬁ’fk 19(wk) — U(wk)H) where Lo 5, = Lo(Ly + L)

0<k<m

IN

k=1

(i eM@=wk) Merp + S / Me”(“_a)e@(s)d&:)B
0

€

(5 [ ML 0106) - U a:)

0

+ Y (Mﬁnﬂ@ (wr) [U(wk)n)ﬂ.

0<k<m
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Setting O(w) := e "0 (w), U(w) := e~"**U(w), we have

10(w) — TW)|? < (Zm:./\/le_m“’“ez/)—i—é’ / Me‘“%@(&)d&)ﬁ
k=1 0
+(5 / ML o2 ()]0() — @(s)”dg)ﬁ
0

NE

; (Mcm||e<wk>—w<wk>||)ﬁ,

>
Il

1
utilizing
¥
(p +q+ 7’) <31 (pV +q7 + r”),providedp, qr>0,v>1,

we get that

6(w) - U(w)|| < 31131(./\/lZe‘mwkew+SM/e_“se<p(s)ds>
0

By using Lemma 3.8, we obtain

16w) - Tw)| < 3% (MZ ’m‘“’ceq/)+SM/ e ds)ﬁyk
k=1

X exp (3%_18/\/!/£q>’p’,«(5)d€>7
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by resubmitting the values, we have

|0(w) U < 3+ “(MZ@’”“ “”“)EWSM/ gl ) ex,
k=1
X exp (3%_1SM/£<I>,p,T(€)d€)
0
k 1,
< 3ﬁ1McTe<Ze“(“‘wk’+3‘* SM(rawtta)y,
i=1
+€,{w+3%71$/\/1(n¢w+<¢)+/w enw+3éISM(K¢w+Cw)<p(€)d5)
0
< 35 "MLyee® 'SMC‘I’(MlJF’lw)(SD(W)JFd’)v

which implies,

[0(w) —UW)I° < Kosmpwsen, (07 () +0°),

where 5
K5, Mp00 7= 35 (SMLx)” <63é1$MC“ (M + mo)) '
Hence the system ( 2. 1 ) has 3—HURS on an unbounded interval w. 1. t (1%, ©%). O
EXAMPLE

Assume the nonsingular impulsive delay integro differential system of the form,

BF'(w) = MF(w) + NF(w — 0.2) + <I>(w,5,f:) z(w, e, F(e))de, f z(w,g,F(e — 0.2))de),

F(0) =1, w,e €[0,4],
F(e) = ¢#(0.0199,0.2186) T, —0.2 < ¢ < 0,
AF (wp) = F(wg) — Flws), k € N,
(6. 10)
and the associated inequality
|IBF'(w) — MF(w) — NF(w — 0.2)
—@(w,e,f:) z(w, e, F(e))de, f z(w,e,F(e — 0.2))de)| < 1,w,e € [0,4],
F(e) = #(0.2,0.3)T,-0.2 < e <0,
AF(wk) = F(wk) — F(wk), ke N:{,
6. 11)

where o = 0.2. Let D} = f z(w,e,F(e))de, ®5 = f:; z(w,e,F(e — p))de. Taking

~3.3 06 1.5 1.2 15 0
M{ 0 —3.15]’N{0 1.8}’8{0 1.5}’

B(,e, 0% D3) = [ h[?w 0.2F1 (e — 0.2)cos(e)de + 0.2 [ sin(e Fl(s —0.2)de }

Jo 0.15F3(e — 0.2)cos(e)de + 0.15 [ sin(e) &£ Fa(e — 0.2)de
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¢y | 0.2F1(w—0.2)sinw
(I)(va':v@l?@?) - [ 0.15F2(w — 0.2) sinw

and ¢(w) = cos(w + 7/2), clearly cos(0) = 1.
Note that
0.9

—4.95 —2.88 —4.95 0.
MN = [ 0  —5.67 ] = NM,MB= [ 0 —4.725 } = BM,

[ —495 09 | . [06667 0
NB_{ 0 —4.725}_BN’B _[ 0 0.6667]’

_y_ [ 15527 1.0946 _y_ [ 15527 1.0946
MB _[ 0 1.8264} MB _[ 0 1.8264]

If F € C([0,4],9R) satisfies (6. 11), then there exists f € C([0,4],R) where f(w)
cos(m/2 + w) such that f(w) < 1. So, we have

BF (w) = ( )+ NF(w—0.2)
b(w, e z(w, e, F(e))de, f 2(w,e,F(e — 0.2))de) + f(w),

(

(w.e
(0) 1 w56[04]
(©)

(w

= 4

F(e ¢(0 0199, 0. 2186) —-0.2<e<0,
AF(wy) = F(wi) — F(wg) = Tr(F(wk)), k € N3,

and the solution of (6. 10)

Flw) = Z+0)é(—o)+ B / Z(w — o)[B(e) — Mo(e)]de

w

+B7" | Z(w—e)®(w,e, [ z(w,e,F(e))de, | z(w,e,F(e —0.2))de)ds
R o—

wo

0
+3 Z(w — w) Tr(F(wr),
k=1

where Z(w) = eMB w187 =0 N o~-MB o and MB = BM, MN = NM,

NB = BN are used.
From Remark 2.3 of [20], the above solution becomes,

k=1

0 2
Fw) = Z(w+)é(0)+ B / Z(w—0—2)d(e)de+ 3 Z(w — wn) Th(F(wy)).

Utilizing Matlab, we see,
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Figure 1: Graph of the function Fit).
I:II:IEB T T T T T T T

function Fit)

where
of s L 2 ' 1748192912675783 3643034411880049 ) ) |, |
— - X

cu ST PN 5629490534213120 ) P \ 5620199534213120 :

of s 1 2 . 4112583206853779 \ - (30800815504262090 %)) , |
= S — X .
e ST P\ 11258999068426240 ) <P \ 11258999068426240

Taking f(w) = cos(w + %), we have

F*(w) = Z(w+g)¢(0)+B/OZ(w—g—s)¢(e)d£+ {cos ("H';T) cos (w+g)]t.

Using Matlab,
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Figure 2. Graph of the perturbed function FFt).
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Figure 3: Hyer Ulam Stability of (5.2)
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where,

w1 (12 . 2 1748192912675783 3643934411889949 w
dy1 = sin g + 2sin (10) + (2 sin (1/10) )/(6151)(5629499534213120) exp < 5629499534213120 )>’

w1 (12 12 4112583296853779 3080981559426209 w
dgy = sin 3 + 2sin (10) + (2 s (10) )/(eXp (11258999068426240) €XP | 11258999068426240 )

we see that [e e}t = [0.1987 0.1987]t. Based on our theoretical result, Eq.(6. 10 ) has a
unique solution in C([0, 4], R) and is Hyers—Ulam stable on [0, 4].

e In Figure 1, we sketched the exact solution (represented by the red line) of the nonsin-
gular impulsive delay integro differential Eq. (6. 10 ) on time interval [0, 4] with impulsive
effect.

e In Figure 2, we sketched the perturbed solution (represented by the blue line) of the
nonsingular impulsive delay integro differential Eq. (6. 10) on time interval [0,4] with
impulsive effect.

o In Figure 3, we sketched the graph of the exact solution and the perturbed solution which
shows S—Hyers—Ulam—Rassias stability for the nonsingular impulsive delay integro differ-
ential equation on the time interval [0, 4].

CONCLUSION

Many researchers expressed their passion and interests in the notion of impulsive dy-
namic problems in the last few decades. Particularly, to examine Ulam’s stability of dy-
namic problems, various kinds of assertions were utilized in the form of inequalities. We
examined S—HURS of semilinear nonautonomous impulsive and delayed integro dynamic
problems using fixed point method. Firstly, the investigations are carried out on compact
intervals and then the results are extended to unbounded intervals. We utilize Gronwall’s
type inequality as a main tool to achieve our desired objectives. At the end, we provide
an example along with graphical representation to verify the applicability of the reported
results.

CONFLICTS OF INTEREST:

The authors declare no conflict of interest.

ACKNOWLEDGMENTS

The authors extend their appreciation to the Deanship of Research and Graduate Studies
at King Khalid University for funding this work through Large Research Project under
grant number RGP2/215/45.

REFERENCES

[1] N. U. Ahmed, Existence of optimal controls for a general class of impulsive systems on Banach spaces,
SIAM J. Control Optim., 42, no. 2 (2003): 669-685.

[2] T. Aoki, On the stability of the linear transformation in Banach spaces, J. Math. Soc. Japan, 2(1950):
64-66.



274 Bakhtawar Pervaiz, Akbar Zada, Ioan-Lucian Popa and Afef Kallekh

[3] D. D. Bainov, P. S. Simenov. Systems with impulse effect stability theory and applications, Ellis Horwood
Limited: Chichester, UK, (1989).

[4] T. Berger and A. Ilchmann, On stability of time-varying linear differential-algebraic equations, Int. J.
Control, 86, no. 6(2013):1060-76.

[5] A. Boichuk, J. Diblik, D. Khusainov and M. Ruzi¢kova. Fredholms boundary—value problems for differen-
tial systems with a single delay, Nonlinear Anal Theory Methods Appl., 72, no. 5 (2010): 2251-2258.

[6] J. Diblik and D. Y. Khusainov. Representation of solutions of discrete delayed system z(k+1) = Az(k)+
Bx(k — m) + f(k) with commutative matrices , J. Math. Anal. Appl., 318(2006): 63-76.

[7]1 D. H. Hyers. On the stability of the linear functional equation, Proc. Nat. Acad. Sci. USA, 27(1941): 222—
224.

[8] D. Y. Khusainov and G. V. Shuklin. Linear autonomous time—delay system with permutation matrices solv-
ing, Stud. Univ. Zilina, 17(2003): 101-108.

[9] M. Medved, M. Pospisil. Sufficient conditions for the asymtotic stability of nonlinear multi-delay differential
equations with linear parts defined by pairwise permutable matrices, Nonlinear Anal. 75 (2012): 3348—
3363.

[10] B. Pervaiz, A. Zada. Existence results for the solution of abstract neutral impulsive differential problems
with state-dependent delay, Qual. Theory Dyn. Syst., 23, no. 1(2024): 21.

[11] B. Pervaiz, and A. Zada, 1. L. Popa, S. Ben Moussa. Exponential stability and relative controllability of
first-order delayed integro-differential systems with impulses, Math. Methods Appl. Sci., 47, no. 9: 7590-
7615.

[12] B. Pervaiz, A. Zada, I. L. Popa, S. Ben Moussa, H. H. El-Gawad. Analysis of fractional integro causal
evolution impulsive systems on time scales, Math. Methods Appl. Sci., 2023, no. 1(2023): 1-18.

[13] M. Pospisil. Representation and stability of solutions of systems of functional differential equations with
multiple delays, Electron. J. Qual. Theory Differ. Equ., 54(2012): 1-30.

[14] M. Pospisil. Representation of solutions of delayed difference equations with linear parts given by pairwise
permutable matrices via Z-transform, Appl. Math. Compt., 294(2017): 180-194.

[15] T. M. Rassias. On the stability of the linear mapping in Banach spaces, Proceedings of the American
Mathematical Society, 72, no. 2(1978): 297-300.

[16] A. M. Samoilenko, N. A. Perestyuk. Impulsive differential equations, vol. 14 of World Scientific Series on
Nonlinear Science. Series A: Monographs and Treatises, World Scientific, Singapore, (1995).

[17] H.L. Smith. An Introdution to Delay Differential Equations with Applications to the Life Sciences, Springer.,
New York, 2011.

[18] S. M. Ulam. A Collection of Mathematical Problems, Interscience Publishers, New York, Interscience Pub-
lishers, New York, (1960).

[19] J. Wang and M. Feckan. A general class of impulsive evolution equations, T. Met. Nonl. Anal.,64, no.
2(2015): 915-933.

[20] Z. You, J. R. Wang and D. O’Regan. Exponential stability and relative controllability of nonsinnngular
delay systems Bulletin of the Brazilian Mathematical Society, New Series, 50, no. 2(2019): 457-479.



