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Abstract. In this study, the W-Bertrand curves lying on the Q3 are ex-
amined and the notion of y—Bertrand curves( and a—Bertrand curves,
S—Bertrand curves, y—Bertrand curves, respectively). Also, the Bertrand
pair {~, '} in terms of their curvature functions are obtained, and the nec-
essary and sufficient conditions for the W-Bertrand curves are expressed
using the asymptotic orthonormal frame in Q3. Furthermore, the helix
curve is characterized in terms of curvature according to the condition of
being W-Bertrand curve pair.
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1. INTRODUCTION

As it is well-know in differential geometry, space curves, associated curves, curves at
one of its corresponding points where one of the Frenet vectors of one curve overlaps one of
the other curve’s Frenet vectors are known as Bertrand curves. That is to say that the curves
will have the common principal normal, the Bertrand curve is a curve that shares the normal
line with another curve. The curves play an important role in the theory of curves. On this
occasion, to this day, a lot of mathematicians have worked on Bertrand curves, [3, 7, 8, 11,
15, 17, 19, 20]. In [16, 18], the authors studied the cylindrical spirals and Bertrand curves
as curves on ruled surfaces. In [1, 10], the authors studied on different non-null curves
in the null cone. In [2], the notion of the involute-evolute curves for the curves lying the
surfaces in Minkowski 3-space E was examined by the authors. In [6], Gluck investigated
the Bertrand curves in E™. In [5, 9, 14], the authors gave mathematical characterizations
on some special curves, Smarandache curves, null slant helix, Legendre curves. In [12, 13],
the cone curves and cone curvature function etc were studied by the authors. Also, they
gave their representations and some examples of cone curves in Minkowski space. In
[4, 21] many researchers examined Bertrand curves and their topological and geometrical
properties and characterizations in Minkowski spacetime.
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In this paper, by using asymptotic orthonormal frame {~, «, 3,y} of the curve v ex-
pressing the notation of a W-Bertrand curve which the spacelike vector field W is given
by

W (s) = c1(s)v(s) + ca(s)a(s) + c3(s)B(s) + ca(s)y(s), (1.1
where c;(s), c2(s), c3(s), c4(s) are differentiable functions that satisfy the equality c2(s)%+
2¢1(8)ca(s) + c3(s)? = 1 and one finds the necessary and sufficient conditions of these
curves in lightlike cone 3-space to be W-Bertrand curves. Furthermore, giving some char-
acterizations of y—Bertrand curves, a—Bertrand curves, S—Bertrand curves, y—Bertrand
curves, respectively.

2. NOTATIONS AND PRELIMINARIES

The k-dimensional pseudo-Euclidean space E(’; is given with the metric

k—q m
d(A, B) = Zaibi - Z ajbj,
=1 j=m—q+1

where A = (a1, az,...,ax), B = (b1,bs,....,bx) € EF, EF is a flat pseudo-Riemannian
manifold of signature (k — ¢, q), [13, 15].

Let M be a submanifold of Ef;. If a pseudo-Riemannian metric m on M is induced the
pseudo-Riemannian metric m of Eé“ then M is said to be timelike(respectively, spacelike,
degenerate) submanifold of E(’;.

The pseudo-Riemannian null cone is given by

Q7 (v0,d) = {v € B} m(y — v0,7 — 70) = 0},

where a fixed point in E§ is vo and d > 0 is a constant, [13, 15]. (@Z (70) is a degenerate
hyper-surface in E;”rl. Q7 (70) is said to be as pseudo-Riemannian space form. The point
7o is called the center of Q7 (70, d). If 70 = 0 and ¢ = 1, one expresses Q7 (0) by Q" and
it is said to be the lightlike cone, [13, 15].

Let E7"2 be the (n + 2)-Minkowski space and Q"' be the null cone in E7™2. A
vector w # 0 in EJ"™2 is called spacelike, timelike or null, if (w,w) > 0, (w,w) < 0
or (w,w) = 0, respectively. A frame field {e1, €2, ...,€n41,€n42} ON E{”Q is called as
asymptotic orthonormal frame field, if

<en+17 €n+1> = <en+27 €n+2> = 07 <en+17 en+2> = 17
<en+1»€i> = <en+2>ei> :07 <eivej> :5ij7 ZvJ: 1,2,...7’[1
[15]. Let the curve v : T — Q"' € E™, v — ~(v) € Q™! be a regular curve in

Q™! and v/ (v) = T for Vv € I C R, [13, 15].

Definition 2.1. A curve y(v) in EI""? is said to be a Frenet curve, for Vv € I, the vec-
tor fields (v), ' (v), 7" (v), ..., 7™ (v), ¥+ (v) are linearly independent and the vector
fields v(v),7'(v), 7" (v), ..., Y™ (v), ¥+ (v), ¥*+2) (v) are linearly dependent, and the
vector fields. Since (7y,~v) = 0 and (~,d~y) = 0, dy(v) is spacelike. Then, according to arc
length s of the curve y(v) can be written by

ds® = (dy(v), dy(v)), [15].
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If the arc length s of the curve y(t) = v(v(s)) is used, then v'(s) = % is a spacelike
unit tangent vector field of the curve ~(s). Hence, we select the vector y(s), the spacelike
normal space of the curve ~(s) is denoted as V" ~1. Then,

(v(s),y(s)) = 1,{(v(s):7(s)) = (y(s),y(s)) = (+/(5), y(s)) =0,
Vet = {span{y,y, 7'}, spang{v,y,7, V) = BT
are satisfied, [13, 15].

Remark 2.2. For any asymptotic orthonormal frame {~, o, B,y} of the curve v : I —
Q? C Ef with

) =y =) =,0) =(y,a) =(y,8) = (a, 8) =0; (2.1a)
(1Y) = (a,0) = (B,8) =1 (2.1b)

ﬁ c Vl = {Span{% Y, O‘}}J—a SpanR{Wv Y, a, Vl} = E?

and hence, the Frenet equations are given by
V' (s) = a(s)
o (s) = r(s)v(s) — y(s)
B'(s) = 7(s)7(s) 2.2
y'(s) = —r(s)a(s) — 7(s)B(s),

where rs, T are cone curvatures of the curve (s) in Q3 C E{, [13].

3. THE SPACELIKE W —BERTRAND PAIR CURVES IN THE LIGHTLIKE CONE Q3

Let v(s) and I'(s*) lying fully on Q? be the arc length parameter curves. The asymp-
totic orthonormal frames of +(s) and I'(s*) are given by {7, «, 8, y} and {T', o*, 8*,y*}
with curvatures x, 7 and k*, 7%, respectively. If there exists a corresponding relationship
between the curves v and I' such that, at the corresponding points of the curves, the as-
ymptotic orthonormal frame element 3 coincides with the asymptotic orthonormal frame
element §* of I, then +y is said to be as Bertrand curve, and I" is a Bertrand partner curve
of ~y. Then, the pair {~,I'} is said to be a Bertrand pair.

In this section, for the a unit speed curve (s fo t)dt which is called the integral
curve of W (s), by thinking the asymptotic orthonormal frame {7,a, B,y} and using the
equation given by (1.1), defining the spacelike I/-Bertrand curves and some characteriza-
tions of these curves in Q3 are given according to the vector fields v, c, 3, y respectively.

Theorem 3.1. Let the spacelike vector field be W (s) = c1(s)y(s)+ca(s)a(s)+cs(s)B(s)+
ca(s)y(s); let y(s) = [ W (t)dt be the integral curve of W (s) and T : I — Q3 C Ef
be spacellke Bertmnd curves wrth arc length parameter s and cone curvatures r,T and
K*,7*, respectively. If {,T'} is a Bertrand pair and the curve vy is a W-Bertrand curve
the following conditions are satisfied

1) For c5 (s) = 0 the distance function d is constant.

2) For c3 (s) # 0 the distance function is given as

~ @I = [l
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3) The cone curvatures of the curve I are given as

2 (K02 + 03) (65 — J2) + (04 + 05 — K03)° + 7252

P (5*) —2cy (S) (01 (s) + )\(S)T(S)) T C% (8)
2 (0} + koo + T03) (0 — 09)
* (S*) _ + (0'1 + Ué — K}0'4)2 + (Ué _ 0_47_)2 . 4¢2,§;*2

V24 () (e (5) + A(s)7(s)) + 3 (s)

where c1(s), ca(8), c3(s), ca(s) are differential functions and

o = \/204 (8) (c1 (8) + A(8)T(8)) + 2 (s);¢; € C°°;

B 2cp(ci1+AT) o e o ca o 01

Bo= ST = Db = Jidi= g
o _H(SQ—F(SZL.O_ _544—55—%53.0_ _—T53.0_ _(5&—52
1 ¢ ;02 ¢ » U3 d) ;04 ¢ .

Proof. Let the spacelike curves v,T' : I — Q3 C E{ be Bertrand pair. Then, they can
associate pseudo orthonormal frames {v, a, 8, y} and {T', a*, 3*, y* }, respectively. From
definition, for a spacelike Bertrand pair {~, '} in Q3, the position vector can be written as

I(s™(s)) = 7(s) + A(s)B(s), (3.1a)

I'(s*(s)) = /0 (c1y + coa + 38 + cay) dt + A(s)B(s), (3.1b)

where y(s) = [J W (t)dt and X;¢; € C°°. Also, from (3.1a) the distance between the
curves v and I is obtained as

d(v,T) = [IA(s)B(s)[| = [A(s)] -

By taking derivative of (3.1) with respect to s and applying frenet formulae (2.2), one
obtains
ds*
- = (L +A8)7())(5) + coals) + (e5 + X (5))B(s) + cay(s)- (3.2

Bertrand curves are a pair of curves that have a common principal normal vector at any
point, since {~,T'} is a Bertrand pair and by taking the inner product /3 to the both side of
(3.2) and by using (2.2), one gets

c3(8)+N(8)=0=A(s) = —/C3 (s)ds, (3.3)

*

then if ¢35 (s) = 0 one has A =constant. Here, by substituting the equation (3.3) in the
equation (3.2), one gets

a*(s*) i (c1 + A(s)7(8))7(8) + cacx(s) + cay(s). (3.4)
Also, if one takes the inner product of previous equation with itself, one obtains

d
b=

B = Vaea(5) e (5) + A7) + B (s). (35)
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Then, one assumes that

_ V/2¢q (c1 + )\(5)7(5))_52 _ 9;53 — %;54 _ 0 (3.6)

¢ ’ o ¢’ 26,

o1

and one can write
a*(s*) = da7y(s) + dacr(s) + I3y(s). 3.7
By differentiating the equation (3.7) with respect to s and from (2.2) one gets

*

ds
*F ok
(K y*) 7

If one takes the inner product of (3.8) with itself, one can write the following equation

= (k02 + 03) ¥ + (61 + 65 — kd3) a + (—7d5) B+ (05 — 02) y.  (3.8)

N\ 2
—2K* (‘;SS) =2 (kb + 84) (64 — 62) + (84 + 0 — Kbs)” + 7262 (3.9)

and by substituting (3.5) in the equation (3.9) one writes the curvature as

o 2(K0s + 84 (05 — 82) + (Ja + 0 — r03)° + 7263
= 5 : (3.10)
—2(2¢4 (1 + A7)+ ¢3)

From (3.8) if one denotes

/4352"'(54/1 754"‘(55—/{53. —’7'63- :5{3—(52

o] = ;O ;03 = ;0 (3.11)
' ¢ % e Y g
one has
KT —y* =017+ osa+ 038 + 04y. (3.12)
Also, by differentiating (3.12) with respect to s and using (2.2) one gets
ds*
(2k*a* + K*T + T*ﬁ*)g = (0] + koo +T03)y + (01 + 0% — Kkog)
+ (0 —o4m) B+ (=02 + 7)) y. (3.13)
If one denotes
! G / —
51:01+f$02+703;§2201+02 /$04; (3.14a)
¢ ¢
oh — o4t —0y+ 0}
g =2 ;€4 = : (3.14b)
¢ ¢
one can write
26" + KT + 778" = &y + Sa + &6 + Ly (3.15)
Furthermore, if one takes the inner product of (3.15) with itself, one has
4%+ 72 =268 + &5 + 65,
then one gets
= 2606+ G+ € — dn. (3.16)
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Theorem 3.2. Let {v,T'} be a Bertrand pair and let v,T' : I — Q3 C E} be space-

like Bertrand curves with arc length parameter s and non-zero curvatures k, T and K*, 7*

respectively. Then, if the curve ~y is a W -Bertrand curve the following conditions holds:
1) If the curve ~y is a y—Bertrand curve, the following equations are satisfied

_als)
-

2) If the curve ~y is an a—Bertrand curve, \ =constant and the curvatures of the curve

T are given as
<Ai?) ‘éiﬂ(“*ﬂi(gﬁﬂ>;

A/2 IiAl —A1 A/ 2
ﬁ@ﬂ::i¢z(+< + R (— Ay + AY) )_%ﬁ

A(s) = constant; T (s) =

=
*
—~
»
*
~—
|

3\ + (A2 — kAy + A} + 72 A3

ds \ ca(s) c2 co
3) If the curve vy is a S—Bertrand curve, the following equations are satisfied

A(s) = —/03(5)ds;7(5) = 0;c3(s) € C™.

where Ay = <n+ A4 (T(S) >) é;Al = A1) gy = =L.gr = [ ea(s)ds.

4) If the curve vy is a y—Bertrand curve, the following equations are satisfied
A(s) = constant; 7(s) = 0,
where ¢1(8), ca(s), c3(s), ca(s) are differential functions.

Proof. Case 1: Assume that ¢; # 0 and co, ¢3, ¢4 = 0. Then, one can write a y—Bertrand
curve as
D () = [ e (07 (0de+ A(5)56), G.17)
0
where \; c; € C°. By taking derivative of (3.17) with respect to s and applying (2.2), one
obtains

*

o Cf;s = (c1 + A(s)T(8)v(s) + XN (s)B(s), (3.18)

since {, '} is a Bertrand pair and by taking the inner product 3 to the both side of (3.18)
and by using (2.2), one gets

N(s) =0, (3.19)

which A =constant. Here, by substituting the equation (3.19) in the equation (3.18), one
gets
a*(s*) i (c1 (s) + A(s)T(8))v(s). (3.20)
Also, if one takes the inner product of previous equation with itself, since (y(s),v(s)) =
0, one gets % = 0 and one can write

¢ (s)

c1(s) +A1(s) =0=7(s) = — 3

(3.21)
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Case 2: Assume that co # 0 and ¢, ¢3,¢4 = 0. Then, one can write an a—Bertrand
curve as

D(s*(s)) = /0 T ea (D) o () b+ A(5)(s), (322)

where \;co € C°°. By taking derivative of (3.22) with respect to s and applying Frenet
formulae (2.2), one obtains

Lds*

75 = 2 (8)als) + N ()B(s) + Als)7(s)v(s), (3.23)

since {, '} is a Bertrand pair and by taking the inner product 3 to the both side of (3.23)

and by applying (2.2), one gets X' (s) = 0 which A\ =constant. Here, by substituting A in
the equation (3.23), one gets

a*(s%) e caa(s) + A(s)T(s)y(s). (3.24)

Also, if one takes the inner product of previous equation with itself, since (o, ) =
L, {7,7) = 0, one gets

ds*
Friake (s) = s" = /CQ(S)dS

and then one can write

a*(s*) = afs) + i;-((j))*y(s). (3.25)

By differentiating the equation (3.25) with respect to s and from (2.2) one has
KT —y* = Ara + Asy + Agy, (3.26)
where Ay = (/1 S (;((SS)))) é; A = ATCéS) 1 Ag = ;—21 If one takes the inner product

of (3.26) with itself, one gets
2

c0- () ~gm (EGe) e

By differentiating the equation (3.26) with respect to s and from (2.2) one gets
KT + 26*a* 4+ 7 8% = C1y + Caar + C38 + Cyuy, (3.28)
where C| = @, Cy = %, C3 = _Z;‘B ,Cy = _AijAé and one takes the

inner product of (%.28) with itself, one gets

1< (AL + KAL) (—Ap + AL) )

G\ 4 (Ay — kA3 + A})? + 7243

45*2 + ,7_*2 —

or one has

.y 1 (A5 + kA1) (A1 + Aj) 2
T(s)—i\/cg(+(A2_KA3+A,1)2+T2A§ — 4K*2, (3.29)

Case 3: Assume that c3 # 0 and ¢1, ¢2, ¢4 = 0. Then, one can write a 5—Bertrand curve
as

D(s*(s)) = /O Ces () B (1) dt + A($)B(s), (3.30)
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where \; c3 € C*. By taking derivative of (3.30) with respect to s and by using (2.2), one

obtains
*

d
ot dss = (5 + N)B + A7, (3.31)

since {7, '} is a Bertrand pair and by taking the inner product § to the both side of (3.31)
and from (2.2), one gets c3(s) + X' = 0 which A\(s) = — [ ¢3(s)ds. Here, by substituting
A(s) in the equation (3.31), one gets

ds*
ds
Also, by taking the inner product the equation (3.32) with itself, since (7,~) = 0, one
gets % = 0, and since A # 0, one obtains 7(s) = 0.
Case 4: Assume that ¢4 # 0 and ¢y, ¢o, c3 = 0. Then, one can write a y—Bertrand curve
as

o (s%) = A(s) 7. (3.32)

P(s*(s)) = / e () y (£) di + A(s)B(s), (3.33)

where ), ¢, € C™. By taking derivative of (3.33) with respect to s and applying (2.2), one

obtains
*

d
a js =cay + NB+ Ay, (3.34)

since {7, '} is a Bertrand pair and by taking the inner product  to the both side of (3.34)
and from (2.2), one gets A’ = 0 which A =constant. Here, substituting A in the equation
(3.34), one gets

*

**S
a(s)dS

Also, if we take the inner product (3.15) with itself, since (y,y) = 1, one gets

(if;)z =2Xcq (5) 7 (s) = s* = /\/st, (3.36)

by differentiating (3.35) with respect to s and from (2.2), one has

=y + A17y. (3.35)

d *\ 2 d2 *
(T —y") < dss ) + Q*T; =My + (—7cs) B+ (M — keq) a+ cyy,  (3.37)

by taking the inner product of (3.37) with 3, since ¢4 (s) # 0 one can write 7(s) = 0. O

Theorem 3.3. Let {(s),T'(s*)} be a unit speed spacelike Bertrand pair in Q* and let 6
be angle between v and T for the cone curvatures k, T # 0 and k*, 7" # 0, respectively. If
T is a helix curve, then the following statements hold:

i) For the y—Bertrand curve the following equations are satisfied

0(s) = 2arctan(aie®®)orf(s) = —/K(S) ds;

k(s) = agc‘);(es()s) <d9dis)+1>.




A research on space-like Bertrand curve pair in 3D lightlike cone 365

ii) For the a—Bertrand curve the following equations are satisfied

azg (df(s)
0 (s) ( ds

ca(s) |

0(s) = 2arctan(a1e®®); k(s) = bo(s)’

—|—1) cos ) —

r(s) = i(ded(ss)—&—/@(s))sinﬁ,

where ai,g, b € Ry and ca(s) is differential function.
iii) For the 3—Bertrand curve there is no helix curve T.
iv) For the y—Bertrand curve there is no helix curve I'.

Proof. Suppose that the pair {7, '} is a spacelike W —Bertrand pair. Then, one says that
I € Sp{v, o, y}. Also, the position vector of I" satisfies

[(s*) = mm + na(jg + py(s);m,n,p € RY.

Suppose that let " be a helix curve with s* parameter. Hence, one can write the curve I'

T(s*) = heos Oy(s) + bsinfa(s) + boy(s), (3.38)
where 6 (s) is the angle between the vectors I' and -y. By taking derivative of previous
equation with respect to s and applying (2.2), one gets

a* ds” _ <5d (cosf) + brsin 0) 7+ <Zd (Zm f) +beosf — lm@) o
S

as

ds ds
do ~
— () B + <bds —Jsin 9) 7, (3.39)
from (3.2) and (3.39), one writes the following equations
gw + brsind = ¢y (s) + A(s)7(s); (3.40a)
Zd (32 %) +bcosh — kb = co(8); (3.40b)
—b10(5) = c3(s) + N (s); (3.40c)
o~ .
b£ —bsinf = c4(s). (3.40d)

By using (3.40), one obtains the following cases;
1) If the curve y is a y—Bertrand curve, one can write ¢ (s) # 0, ¢2, ¢3, ¢4 = 0 and from

theorem 2, by using the equations A(s) =constant, 7 (s) = — Cl—is) Then, from (3.40d) one
gets
o~ . aos
b£ = bsinf = 0(s) = 2arctan(a1e***);a; € R. 3.41)
From (3.40b), since co = 0 one has
as de (s)
= 0 1]). 342
K (s) 705 cos ( s + (3.42)

From (3.40c), since 7, 6(s) # 0 one get b = 0. Then, the helix curve I is written as
I = bcos 97 +bsinfd. (3.43)
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Also, from (3.40a) one obtain the following equation

0(s) = —/n(s) ds. (3.44)

2) If the curve 7 is an a—Bertrand curve, one can write ¢3 (s) # 0,¢1,¢3,¢4 = 0,
A(s) =constant. Then, from (3.40d) one gets the equation (3.41). From (3.40b), since

c2 #0 h
i e _az (dO(s) 1 0 co(s) 345
“(5>_9(s)( ds )COS T bo(s)” (345)

From (3.40c), since 7,6(s) # 0 one get b = 0. Then, the helix curve I is obtained as
(3.43). Also, from (3.40a) one obtains the following equation

7(s) = ; (d‘z(j) + n(s)) sin 6. (3.46)

3) If the curve «y is a f—Bertrand curve, one can write c3 (s) # 0,¢1,c2,¢4,7(8) =
= — [ ¢3(s)ds. Then, for the helix curve I' one has 7(s) # 0. Therefore, there is

no hehx curve I’ w1th a f—Bertrand curve for the pair {,T'}.
4) If the curve ~y is an y—Bertrand curve, one can write ¢4 (s) # 0,¢1,c,c3,7(s) =
0, A(s) =constant. Then, for the helix curve I" one has 7(s) # 0. Hence, there is no helix
curve I' with a y—Bertrand curve. g

Theorem 3.4. Lety : I — Q3 C Ef} be a curve with arc length parameter s, for the
cone curvature function T, K in the lightlike cone, then the following differential equations
are satisfied

"

1) For the differential equation v" = kv — ", the following conditions hold:

Q) If Kk =0,7(s) = c1 + cas + cze™ .
b) If k # 0,

k3

’y(s)—cle 15 4 cqem 2 % cos <(f—|—

2

1 1.v3
\/> g)i S,

3 _ V27Tk2—4k _ 2—2TkK
where k3 ‘/>+9\F 35 Vel LN

2) For the equation " = 7,if T # 0, ¥(s) = (a1 + ags + ass?)e V7.
3) For the equatlon " = —k~" — 77", the following conditions are satisfied

D If & + 55 <0,

W=

t1 ({1’/7_ Tw)\/g
v =cy+ clet%s +cge” 78 (cos(;‘sr)s ,
_ V27TK24473 K
where w = 673 5-

b)If K =7 =0,7(s) =10 + M5+ n2s® + 133, where ¢;,n; € R
Proof. From (2.2), one can write the following equations
v = ky —4" (3.47)

N =Ty (3.48)
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"

¥ = —ky — 1" (3.49)
By solving the equation (3.47), one obtains following cases;
a) If Kk = 0, one obtains

v(s) =c1 + cas+cze i €R.
b) If k # 0, by solving differential equation, one can write following equations,
. 1 1 . | 3
k= Y+ —— k3 3 V3

_ T R Y e
o 3 fe TR TG,
V2Tk2—4k _ 2—-27k
6v3 54

where w = and from previous equations, one gets

=
”‘»—Am

v(s) = creMs 4 cge”

, 1 1.vV3
5 cos ((%—i— 79\3/(; - 3){) s; ¢; € Ry.
By solving equation (3.48), for 7 # 0 one gets

v(s) = (ay + azs + azs?)e v T(S)S,

and by solving equation (3.49), the following cases can written;
a) If g—z + g—j < 0, one obtains

to = 0;t] = Vw — 73\:/5;%,3 = (3/07

from previous equations, one has

T -1 /3
B :w) (5 =75

tl

3
vy =co —l—cletis +ese TS (cos((%— T £ > .

3062 )
V27k24+413 K

6v3 2’
b) If kK = 7 = 0, one writes

where w =

v(s) =m0 +nis+ 77282 + 77353; 1 € RT.

4. CONCLUSION

In this paper, the W —Bertrand curves for curves lying on the Q3 are examined and
some certain results of describing the W —Bertrand pair {~, '} due to differentiable func-
tions are presented in detail. As a first instance, it is given that the conditions of being
the W —Bertrand pair {~,I'} according to asymptotic orthonormal frame in 3D lightlike
cone. Also, an arbitrary helix curve in terms of their curvature functions are characterized
satisfying condition the W —Bertrand curve. This study will accompany the scientists who
will conduct new studies on similar subjects as a basic resource since it is one of the im-
portant studies on this subject. This study will be a resource for scientists who will work
on new topics on similar subjects, as the work done on this subject in lightlike cone space
is important and different. The fact that the work is in the four-dimension will allow us to
think and interpret some physical concepts within this space.
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