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Abstract. In this paper, we extend the concept of a magnetic curve, which
is viewed as a one-dimensional manifold representing the trajectory of a
charged particle moving under the action of a magnetic field, to a magnetic
surface considered as a two-dimensional manifold. For this purpose, we
investigate the contact geometry of Heisenberg three-group denoted by
H3. Subsequently, we determine the parametric equations of geodesic
surfaces, which can be interpreted as magnetic surfaces in the absence
of a magnetic field, and of magnetic surfaces. Lastly, we conclude with

illustrative examples of such surfaces in H3 with graphical presentation in
R3.
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1. INTRODUCTION

The study of magnetic structures represents a significant research fields where geometry
and physics, particularly magnetism, intersect. In geometry, a magnetic curve, seen as a
one-dimensional manifold, is a curve on a Riemannian manifold that follows the trajectory
of a charged particle moving under the influence of a magnetic field. It generalizes the
concept of a geodesic, which is the trajectory of a particle moving in the absence of a
magnetic field “free fall”. Several research works on magnetic curves have appeared in
Riemannian, Lorentzian and generally in pseudo-Riemannian contexts. (See [6H8,|11}/18])

Thereafter, a magnetic surface, that defines a flux surface [9], is two-dimensional mag-
netic structure in which the magnetic field lines lie. This signifies that the magnetic vector

369



370 Khadidja DERKAOUI and Fouzi HATHOUT

fields at any point on a magnetic surface are tangent to the surface itself. In the absence
of magnetism, this surface is called a geodesic surface. The study of such surfaces in
Euclidean space is given in [|16].

The importance of such surfaces has long been recognized in magnetic fusion research
that we can cite [2-4,|15}/16]. We present two concrete examples of magnetic surface that
we dissect in the following:

Plasma can serve as an excellent example to elucidate the concept of magnetic surfaces.
Considered as fourth state of matter, it is a hot ionized gas made up of approximately
equal numbers of positively charged ions and negatively charged electrons that it makes
it a good electrical conductor. The electrical conductivity creates currents flowing in a
plasma that interact with magnetic fields to produce the forces necessary for containment.
Ordinary matter ionizes and forms a plasma at temperatures above about 5000 K, and
most of the visible matter in the universe is in the plasma state. Plasma particles can
be confined and shaped by magnetic field lines that combine to act like an invisible bottle.
By fixing magnetic field lines toroidally around the interior of the tokamak, the ions and
electrons in the plasma are forced to move slightly around these field lines, preventing
them from escaping from the container. The creation of the first limited laboratory positron-
electron plasma presented an important applications of the magnetic surfaces. (See [3]], [14]
and [15])

Earth’s magnetic field, characterized by its magnetic lines and magnetic surfaces, serves
as another example of magnetic surfaces as depicted in Figure|[T}

FIGURE 1. Earth’s magnetic field

Consequently, in this paper, we focus our geometric study of a magnetic surfaces in
three-dimensional Heisenberg group, denoted by Hs, by defining and determining the para-
metric equations of geodesic and magnetic surfaces.

The paper is organized as follow;

After an introduction in Section[T] we give in Section[2]an overview of contact geometry
of three-dimensional Heisenberg group Hi3 as a set definition, metric, orthonormal basis,
connection and contact structure. The Section |3|is devoted to the definitions of magnetic
and geodesic curves, and we define the magnetic and geodesic surfaces of a given manifold.
In the fourth Section, we determine the parametric equations that define the geodesic sur-
faces in Hj. Subsequently, in the final Section[5] we determine the parametric equations of
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magnetic surfaces in Hg. The Sections (] and[5)) are concluded by an illustrative examples
with graphical representations in R>.

Note that we have used the computer software, Wolfram Mathematica and Scientific
WorkPlace to solve PDEs and ODEs (in Eq] 5. 21} Eq[ 4. 15, as well as graphical
presentation.

2. GEOMETRY OF THREE-DIMENSIONAL HEISENBERG GROUP

The three-dimensional Heisenberg group, Hs, is a group endowed with a multiplication
given as

(1,22, 23) (Y1, Y2,y3) = (€1 + Y1, T2 + Yo, 3 + y3 — 5 (T1y2 + T211)).
and seen as the Riemannian real space R? in which the invariant Riemannian metric is
1
gr = Fdﬁ + das 4 (v1dwg + drs)? 2.1

where ) is a strictly positive real number. This gives Hjs the structure of a Riemannian
manifold. Note that all left-invariant Riemannian metrics on the Hj3 are isometric to the

metric gy.
Next, we define an orthonormal basis in (Hs, g») and its associated dual basis as
e1 = Oxg — 11013, €9 = A0x1, ez = Oxs, 2.2)
and

2

el = dxg, e = %dwl, e = z1dxs + das.

Let V be the Levi-Civita connection of g, then the non vanishing components of V with
respect to the left-invariant orthonormal basis are

_ A —__2 _ 2
Ve, €2 = 3€3, Ve,€1 = —3€3, Vese1 = —5€2

A by A (2.3)
Ve, 63 = —5€2, Ve,e3 =561, Vegea = 56

Moreover, Heisenberg group (Hs, ¢, £, 7, g) is an almost contact manifold where the con-
tact form is

n = x1dxre + dxg = 63, 2.4
¢ = ez and the (1, 1)-tensor ¢ is
¢ (e1) = e2; ¢ (e2) = —e1, ¢ (e3) =0, (2.5)
which satisfy
nies) = 1;¢°(X)=—-X+n(X)esand

for any vector fields X, Y on (Hs, g»). In addition, if
dn(X,Y) = gA(X, ¢ (Y)) (2.6)

(Hs, ¢,&,7,gx) become a contact manifold and the fundamental 2-form dn is closed and
it defines a magnetic field. (See [SL/12L{13]])
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3. MAGNETIC CURVES AND SURFACES

In this section, we give an overview of the magnetic curves and we define the mag-
netic surface in the Riemannian manifold. A magnetic field F' is a closed 2-form on n-
dimensional Riemannian manifold (M, g) and the LORENTZ force of F on (M, g) is a
(1, 1)-tensor field given by

F(X)Y) =g(®(X),Y).
The magnetic trajectories, of F are curves on ()M, g) which satisfies the LORENTZ equa-
tion
Vit = (t),
where t is speed vector of magnetic curve (or trajectory) and V is the Levi-Civita con-
nection associated to g. Hence, the LORENTZ equation generalizes the geodesic equation,
namely
Vit =0.

Subsequently, we introduce a new definition of *magnetic surfaces,” extending the con-
cept of magnetic curves (one-dimensional magnetic manifolds) to two-dimensional mag-
netic manifolds. This generalizes geodesic surfaces in the absence of a magnetic field, as
detailed in the following definitions.

Definition 3.1. Let M be a regular surface and F be a magnetic tensor fields in (M, g). M
is a magnetic surface if the integral curves of the tangent vectors X,, and X, are magnetic
curves i.e.
{ Vx, Xy = (Xy)
Vx, Xy = (X,)

We can find also another equivalent definition of magnetic surfaces in [|16}].

Definition 3.2. Let M be a regular surface in n-dimensional Riemannian manifold (M, g)

parameterized with X (u,v) = (z(u, v);),—1;- M is a geodesic surface if
Vx,Xu=Vx,X, =0,

where X, = %—)5 and X, = %—f.

Remark 3.3. Note that the definition of magnetic surfaces, in the absence of magnetism

F (i.e. F = 0), generalizes the definition of geodesic surfaces seen as a surface in which

each point has a geodesic as a curve which locally minimizes the distance.

Therefore, the determination of the parametric equation of such surfaces requires the
resolution of a second-order partial differential system, with two equations.

4. GEODESIC SURFACES IN Hj

We consider in this section, the determination of geodesic surfaces in (Hs, g ) according
to the Definition 3.2
Let M be a regular surface in Hg parameterized by

X : IxJCR?*=(Hs,g)
(u,v) — X(u,v) = (z(u,v),y(u,v), z(u,v)).
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(Here, the functions (z1, z2, x3) are replaced by (z, y, z)). Its tangent vectors are

{ X, = 2,0z 4+ y, 0y + 2,0z

Xy = x,0x + y, 0y + 2,0z @7

From the Eq. ti the vectors X, and X, are expressed, in the basis (e;),_15, as

{ Xu = yuer + Frea + (vyu + 24) €3 @.8)

Xy = yver + Frea + (xyy + 20) €3

where the partial derivative is denoted by % = Ox.
Using the connection formulas given in the Eq.(2.3), the covariant derivative of the
basis (e;),_15 with respect to the tangent vectors are

Vx,e1=—%e3 — 5 (zyu + 24) €2

Vx,e2= %yueg + Hreg + % (zyy + 24) €1 and 4.9
Vx,e3 = —5yucs + Ste

Vx,e1=—%e3 — 5 (zy, + 20) €2

Vx,e2 = %yveg + freg + % (zyy + 2v) €1 -

Vx,e3 = —3yve2 + 51

Next, the covariant derivative of the tangent vectors in the direction of X, and X, are

Vx, Xo = (Yoo + Ty (20 + 2y0)) €1 + (B — Ay (20 + 3Y0)) €2 + (20 + Y1), €3
4. 10)

{ vXuXu = (yuu + Xy (Zu + Iyu,)) e + (% - )\yu (Zu + Iyu)) e + (Zu + myu)u €3

Now, using the Definition[3.2] we have the system (.5)

o, Vx.Xu=0
1 Vx, X, =0

by the Eq. (4. 10) and taking into account that (€i);_1 is an orthonormal basis, we get
two systems

Tuw — NYu (20 +294) =0 o Tow — N2y (20 +2Y,) =0
SG:Q Yuut Ty (2u F2yy) =0 and SG: ¢ Ypo + Ty (20 +2y,) =0
(2w + 2Yu), =0 (2o + 2Yp), =0
which, after an integration of equations (SG5 and SGsy), turns to
LTyu — /\2yu30 (U) =0 7 Tyy — )\2:‘/11@ (u) =0
SG: Q¢ Yuutxup(v) =0 and SG : { Yoo + 2@ (u) =0 | 4.11)
Zy + Yy :90(7}) Zy + TYy :ﬁ(u)

then we have the following theorem.

Theorem 4.1. Let M be a regular surface in Hsz parameterized with X (u,v) = (z(u,v), y(u,v), z(u, v)),

then Ml is geodesic surface if and only if the systems (SG) and (@) holds.

In order to determine the parametric equations of geodesic surfaces, it is necessary to
solve the systems (SG) and (S G) . Due to the complexity of the general case, we assume
that the functions  and P are zero or constants.
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Case 1. If ¢ = % = 0, the equations (SG1 2) becomes
Tuw = 0 and Yoy = 0. 4. 12)
From Eqgs.(4. 11} and|4. 12}, the general solution of (SG) is

z(u,v) = r1u + ¥

y(u,v) = p3u+ @4 ) 4. 13)

2(u,v) = —EE2u2 — popzu + @5
where 15 are arbitrary smooth functions in v. Substituting the Eq.@ in equation
(SGi.2) , we get

Tyy = Provlh + Y200 =0
{ Yoo = P3v0U + Papy =07

by comparing with respect to u, the functions (¢;),_77 are linear in v (i.e. v; = a;v +b; |
a;,b; €R, i =1,4).
Using the Egs.( 4. 13 and|4. 11 ), we have

_@“2 —(p2p3), ut+@se = —(p1u+ p2) (P30U + Pav)

= —p1p3u’ — (P1P10 + P2030) U — P2P4,

comparing again with respect to v and after with respect to v, we obtain

P1oP3 = P1¥P30 a104 = G203
P20P3 = P1P4, and a1bs = bias ,
P50 = —P2P4v @5 = —2310% — byagv + as

where a5 is a real constant. Then, the solution of the systems (S G and @) are

z(u,v) = avu + byu + asv + be

y(u,v) = azvu + byu + aqv + by . 14)

z(u,v) = —%u2v2a1a3 + wvlasas — arbsuv — %’U/lebg — %112a2a4 ’
+uv (a2b3 + a3b2) + ubobs — vaygbs + as

with a conditions aya4 = asas and a1b3 = biagz.
Case 2. If ¢ = 0 and @ is a non-zero constant, the general solution of (SG) is given in the
Eq.(4. 13)), by substituting it in the Eqs.(SG 2) , we obtain

{ (Qplvv - Az@@?ﬂ)) u—+ (9021;11 - )\2¢§04v) =0

)

(@31}1} + @@11}) u+ (@41}1} + @@21}) =0
which gives the ODEs

Prov = NPP3u; Y300 + Pp1, = 0and

Poov = A2¢§04U; Pavv + @41021) = 07

with solutions

4. 15)

ai,2

w34 (V) = 25 COS Apv + b3 4’

{ 1,2 (v) = a)\l’; sin \gv + by 2
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where a; 5 and by are real constants. Using the Eq.@) and Eq.@), and

comparing with respect to u, we have
P1P40 = P20P3; ProP3 = P1@30 ad Y5y = P — P2Pay-
Again, using the Eqs.(4. 15 ) and comparing with respect to v, we find

ay = 0' a2b3 = a2b1 = O'

asbs a3 a?
P50 = )\27 COS VAP — 4/\3 ———5 sin2vAp + <g0 + 2)\2 > v+ bs.

Hence, the solution of systems (S G and S G) is
r(u,v) = biu+ 2 51n)\<pv—|—b2
y(u,v) = bau + /\27 COS Apv —|— by
z(u,v) = 7‘322% COS VAP — 4)\3 =7 Sin 20\p — b1b3 u? + bobzu + (cp + 2/\27) v+ by
4. 16)

)

with condition asbs = ashb; =0
Remark 4.2. The only surface M with the parametrization given in Eq.(4_16)), in the
case ay = 0, is

X (u,v) = (b1u+b2,bgu+b4,—[)1;:)’u —|—b2b3u+apv—|—b5)

where by are real constants.
Case 3. If ¢ and @ are non-zero constants, the general solution of (SG) is
x(u,v) = “01 sin Adpu + po,
y(u,v) = /\2 cos )\<pu + 3 . 417
z(u,v) = pu — W (1 sin 2 pu + 4Apps cos Apu — 2 pp1u) + @4
Substituting the last equation in (SG 2) , we have

S5t sinApu + vy — 1011) cos Apu — A2Pipg, = 0
[1;1212:; COs )\qu + P3vv + 9011) sin /\Sﬁu + PPy = 0

comparing with respect to u, give the ODEs

Plow = P00 = P3vv = Pl = P30 = P20 = 0,
its solutions are
13 = aggreals.
From the Eq.) and equation (SG3) , we have
P4 =PV + by,
which give the solution of the systems (SG and SG)
z(u,v) = ;—; sin Apu + aq,
y(u,v) = 575 cos Apu + as . (4. 18)
z(u,v) = _W sin 2\ pu — “)\12“2 cos Apu + (<p + o3 ) U+ Qv + by
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Now, we can present the following proposition.

Proposition 4.3. The parametric surfaces M, o 3 parameterized by
1.

x(u,v) = avu + biu + azv + by

X | y(u,v) = agvu+ bsu + agv + by
(u,v) = z(u,v) = —Luv?a1a3 — arbsuv — Lubiby — Lo? ’
yV) = —3 143 — a103U™V — 5U70103 — 5V7a204

“+uv (CL2b3 + a3b2) + ub263 — Ua4b2 + as

with conditions a1a4 = asas and a1bs = bias,
2.

bib
X (u,0) = (blu + by, byu + by, —%zﬂ + bobsu + Pv + b5> ,

I(uv U) = ;\%; sin Adpu + ag,
X (u,0) = | ¥(u,v) = 555 cos Apu + as
aiaz af

2
2(u,v) = —4;371@2 sin 2\pu — 52 cos Apu + (<p+ 2)\%) U+ Pv + by

respectively, are geodesic surfaces in Hsz, where a1, byz, ¢ and @ are real constants.
Proof. Tts direct consequence from the Theorem [4.1] Definition [3.2] Remark 4.2 and the
Eqs(4. 14]and[4. 18).
Corollary 4.4. The curves o1 o : I C R — H3 parameterized by

u = X (u,v)| v is fixed real number and

v = X (u,v) | uis fixed real number

respectively, are geodesic curves in Hs where X (u,v) is the parametrization given in

Proposition

g
Example 4.5. 1. Using the assertion 1,2,3 of the Proposition[d.3|with conditions
b
a2775 = b4:0;a1:a4:51:b2:2l)3:1;(u,v)6[—2,2]2,
by = 2by3=29=2; bys=0; (u,0)€[-53]"
A T
a172 = @Z@:Eil, a3:b4:0; (’LL,”U)€|:*§,5:|X[74,4}
then the surfaces M 2 3 (See Figures and presented in R?) parameterized by
1 1 1 1
X1 (u,v) = (vu—l— u—+1, U —§u2v - §u2 + ugy = v) ,
XQ(’U’v’U) = (2U+ lau7 _u2 +U+U) )
1 1 9 1 1
Xs(u,v) = (2 sin 2u + 1, 1 cos 2u, gu +v— 32 sin4u — 1 cos 2u> ,

respectively, are geodesic surfaces in Hs. Moreover, we plot a geodesic curves o 3, in
blue color, when u = 3 and v = 3 on geodesic surface M. (See Figure[3)
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FIGURE 3. Geodesic

FIGURE 2. Geodesic
curves a2 in M.

surface My

F 4 Geodesi FIGURE 5. Geodesic
IGURE 4. Geodesic surface M
surface My

5. MAGNETIC SURFACES IN H

In order to determine magnetic surfaces, we introduce a magnetic field F, on contact
manifold (Hs, ¢, &, n, g ), defined as
FQ<X)Y) = g(@ (X) ’Y)’
where X and Y are vector fields on H3 and ¢ is a real constant (the value of the magnetic

charge). Taking into account the Eq.(2. 6], F, is called the contact magnetic field with
strength ¢. The (1, 1)-tensor field ® that present the LORENTZ force associated to the

magnetic fields Fy, is given as
D = qo.

Then the Definition [3.1] turns to;

Definition 5.1. Let M be a regular surface and F, be a magnetic tensor fields in Hz. M is
a magnetic surface if the integral curves of the vectors X, and X, are magnetic curves i.e.

VXu-Xu = q(b (Xu)
{ Ty Xo = g6 (X0) - - 19)

From the Definition [5.1]and using the Eqs(2. 2] [2.5), we have
Ty Ty
¢ (Xu) = —5rer tyuez and ¢ (X,) = —=Fer +yoez,
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then, we obtain the system
(yuu + Xy, (Zu + Iyu)) er + (% = AYu (Zu + xyu)) ez + (Zu + zyu)u €3 = _Q%el + qyue2
(yvv + xy (Zv + -ryv)) er+ (% - )‘yv (Zv + xyv)) e + (Zv + myv)v €3 = _quvel + qYv€2

After an integration of the component of e3 and taking into account that (e;); 7 is an
orthonormal basis, we get two systems

Tuw — A (Ap (V) + @) yu =0 [ e = AN (W) + @)y =0
S yuu“"%(/\(p(v)‘FQ)xu:O and S : yvv+%(/\¢(u)+Q)mv_O )
Zu+xyu:¢(v) Zy + XYy =@ U)
(5.20)

where ¢ and @ are arbitrary smooth functions.

Theorem 5.2. Let M be a regular surface in Hs parameterized by X (u,v) = (z(u,v),y(u,v), z(u, v)),
then M is magnetic surface if and only if the systems (S) and (g) holds.

Similarly as the above section, we will solve the systems (S and 5) in order to deter-
mine the magnetic surfaces in the case when the functions ¢ and p are zero or non-zero
constants.

Case 1. If ¢ = @ = 0, the equations (S 2) becomes

Tyu = qAYu;  Yuu = *%xu~ (5.21)
Using the Egs.( 5. 20 ), the solution of the system (S) is
z (u,v) = £ sinqu + ¢2
y(u,v) = % CoS qU + P4 , (5.22)

2(u,v) = —4(1%/\903 (i1 8in 2qu — 2qp1u + 4qps cos qu) + s

where @17 are arbitrary smooth functions in v.
Now, let calculate the unknown functions p1=.

Substituting the Eq.( 5. 22 ) in the equation (S 2) , we have

{ (qu”v sin qu + P2pp = P3p COSqU + q)\SD4v

P3vv _ Plv o q 9
A cosqu + Papy = —FHFSINQU — P2

by a comparing with respect to u, we deduce the ODEs
q
Plv = P30 = 05 Poov = +q/\§04v; Paov = _XQDQ'LM
its solutions are
az . a2
p13=a13 p2(v)= ; singu + b1; @4 (v) = q—)\ cos qu + bo,

where ag3 and by are arbitrary real constants. Using the Eq.( 5. 20 lg and[5. 22 |3) and
comparing with respect to u, we obtain

azpay = a1P4y = 0; Y5y = —P2p40.
Again, comparing with respect to v, we get the conditions

asaz = agay =0, (5.23)
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and

2 b 2
4322)\ sin 2qv — %cosqv—l—ﬂv—l—bg, (5.24)
where b3 is arbitrary real constant. B

Then the solution of systems (.S and S) is

(

¥5 = —

u, ) “sinqu+ 2 singu + b
u) = cos qu —|— cos qu + by
)

/\

X(u,v) = ( zAag cos qv sin qu — 2/\a1a3 €Oos qu sin qu — 21)\&20/3 €0s qu sin qu
—q—Aagbl COS qu — a2b1 cos qu + 5. )\v + ‘glq‘gfu + b3
(5.25)
with conditions
203 — A2a1 = 0. (5 26)

Now, we have the proposition.

Proposition 5.3. There are no magnetic surfaces, given by the Theorem[3.2} parameterized
by the Eq.(3_25])) when ¢ =% = 0.

Proof. The parametrization given in Eq.(5. 25]) is reduced only to curve for possible cases
as = 0 or azg = a; = 0 given in the condition Eq.(3. 26)). O

Case 2. If ¢ = 0 and P is a non-zero constant, then the equations (S72) give a same

solutions given in Eq.. Substituting the Eq. in the equations (31’2), we

have

)

(—1 - ﬁ@) P30 COS QU + 7100 SN GU — gQAPay + D200 — N PPay = 0
(¢ + AP) @10 8in qu + @30, COS qu + gABP2y + qAPave + ¢ P2 = 0
by a comparing with respect to u, we get the ODEs
P1ov = 300 = 05 (¢4 AP) w30 = (¢ + AP) 10 = 0 5.27)
_qA<p4v + Y200 — )‘2¢¢4v = /\¢<p2v + )‘904111) + g2, = 0’
We observe two cases for above ODEs,
i. if o = =2, then the functions 77 are linear in v, i.e.
wﬁ:aﬂv—i—bﬁ\aﬁ,bﬁeR (5. 28)
Using the Egs. l; and (?g)) and comparing with respect to v, we deduce

P1P4v = P1P30 = P3P0 = P3P1v = 0
%q — P2P4y = P5u

)

and

ajaqs = Qai1agz = ax0a3 — b1CL4 = b1a3 = bgag = b3a1 =0 (5 29)

w5 = —Tqv_a224 v? + agbyv + bs,
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where by is real constant.
ii. if p # 2, then, we have

$1=ai; @3 =as
g = —Aag cos Av + by | (5. 30)
P4 = Qs sin Av + by

where A = q + \@. B
Using the Egs.( 5. 22 s and (5),) and comparing with respect to v, we deduce

ajae = asaz =0, (5. 31)
Y5 = agbysin Av — i)\ag (sin24v + 2Av) + bs.
Hence, We can present the following proposition.
Proposition 5.4. The surfaces My o are magnetic surfaces in Hs parameterized by:

1.

) q
u) = £2 cos qu + P4
,4(1%/\¢3 (1 sin 2qu — 2qp1u + 4qps cos qu)

q aza 2
—3v — % + agbav + b

where the functions 13
b1a3 = b3a2 = b30,1 =0.

I
S
5
.
<
+

bﬂ are linear and a1ay = a1a3 = asaz = biay =

2.
z (u,v) = % sinqu — Aap cos Av + by
X(u,0) y(u):(‘;—f\cosqu+a2sinﬁv+b4
u,v) = —
’ z(u,v) = —Zlq%)\ (a1a3 sin 2qu — 2qayazu + 4qas (—)\ag cos Av + b2) cos qu)

+v + ag sin Av + by
where aT g bﬁ are real constants with the condition a1as = asasz = 0.

Proof. Tts direct consequence from the Theorem [5.2] the Definition[5.1]and the Egs.(3. 22]
1 [5:281[5.29][5. 30]and[5. 3T). |

Example 5.5. The surface M parameterized by

1 1
X(u,v) = (sinqu 1,§cosu+ l,fg (sin2u — 2u + 4 cosu) +v)

is magnetic surface in Hs. Using the Proposition|5.4|for the assertion 1 with the condition
agg=b; =0; bygz=¢q = %/\ = 1 and for the assertion 2 with the condition py = by =
a3 = %)\ =q=p=1; ay = by = 0.(See Figure@presented inR3)

Case 3. If p and @ are non-zero constants, then the solution of equations (57 2)

Tuw — AAp+q) Yy =0
Yuu + 3 Ao+ q) 3, =0
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FIGURE 6. Magnetic surface Ml in Hg

have two cases

i x (u,v) = pru + P O
Y (u,v) = p3u+ @4

x (u,v) = G sin Au + @9

Yy (u,v) = G cos Au + @3

(5.32)

ii. if o # 54,

where 17 are arbitrary function in v and A = g + Ap. Using the equation (S)5, we
obtain

{ L2 (u,0) = — 252502 — (4 + pap3) u+ 95 (5. 33)

ii. z (u,v) = —py (1 + %302) cos Au + pu + 5

where 5 is arbitrary smooth function in v. Substituting the last solutions in the equations
(S1,2) , we have

. (lev - /\ZQOBU) U+ Py — /\2@41) =0
i. i 4 ,
(‘vau + %@1'u) u + Paov + %@21} =0

‘pl_AUU cos Au —+ )\AA@M sin Au + %9021) + P3vv = 0

)

" { —”X“ sin Au — %@11} cos Au + payy — Mgz, =0

here A = \p + ¢. Comparing with respect to u, we get the ODEs

. Plov = /\Z@?)v; Povy = AZQ@@;
L A, . _ A
P3vv = =X Plo; Pdov = — 3 P2v
i { 1w =05 Apro =0 _
%@21} + P3pp = 07 ©opv = )\A(p3v
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according to the value and the sign of A (i.e. $ = or < or > to —4), its solutions are
i aapl—av—kbllfA—O
b. 12 (v) = L2 sin Av + by o; 34 (v) = 2

a.p1o=a120+b1a; g3 =—%v+bz if A=0

pa (v :b—|—aisin\/jv _
2 PUVATT T A0

5. 34)

ii. Y3
b. Y1 = ay,

Using the Eqs. and (gg) ), we obtain

L 1003 =0, P1040 = P20p3, P50 =P — Y2040
ii { A207 Y1 = a, 9019031):0
P21 = 05 Y50 =V — P23y

and comparing with respect to v, we deduce

. a.ajaz = a1bs = 0; a1a4 = asas; (5. 35)
b. albg = a10a3 = aga3 = a2b3 = Q104 = b1a4 =0 ’

" a.cplzahalagzoifZ:O
’ b. non-existent case

and

. { AP S B (5. 36)

b. o5 = az““ sin2Av + “4b2 cos Av + ( — Zi‘a;) v+ bs

b
ii a~@5_“§§2”2—(§—“”)v+b4
’ b. non-existent case

Finally, we can present the following proposition.

Proposition 5.6. The surfaces M 3 3 are magnetic surfaces in Hs3 parameterized by
1.
x (u,v) = a1vu + byu + agv + bo
X (u,0) = y (u,v) :agvu+b3u+a4v+b4
T 2 (u,v) = —§u 2b1bs — §v2a2a4 — wlasas — %u vasby — (a2bs + aszby) uv
7ub2b3 — ’Ua4b2 -3 (u + U) + b4

with conditions a1a3z = a1bs = 0; aja4 = asas,

2.
x (u,v) = ‘XusinZv +2 sin Av + byu + by
y (u,v) = ‘XusmAv 4 & u 51nAv—|—b3u—|—b4
X(u,0) =1 , (u,v) = ;Za‘f\ cos Avsin Av — i (“?’le u? + asbyu — agbs) cos Av

blbs 2+( _%) —(X-i-bgbg)u“rbs
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with conditions a1bs = ajaz = asaz = asbs = ajay = biag = 0 and p #+ _Tq(i.e.

A=)Mp+q#0).
3.
r (u,v) = 4 sin Au + azv + by
X (u,v) = Yy (u,v) = 4 cos Au — v + b3 .
z(u,v) = — (a1 + 22) cos Au+ 202 — (£ — 22) v + pu + by

with conditions ayas = 0 and ¢ # _Tq (i.e. A= Ap+q#0)whereay 4, by 5 and @ are a
real constants.

Proof. The proof follows from the Theorem[5.2], the Definition [5.1]the Eqs.(5. 32]and[5]
[33])) and the conditions given in Eqs.(5. 35 ]and[3. 36)).

Corollary 5.7. The curves parameterized by

ay : I CR—Hs, u— X (u,v) | vis fixed real number and
ag : I CR—Hs, v— X (u,v) | uis fixed real number

are magnetic curves in Hsz, where X (u,v) is the parametrization given in Propositions

B354 and 5.6
O

Example 5.8. 1. The surface M (see Figure[/) parameterized by
1
X (u,v) = (u—|— 1, ou+2u+v, —u? — 2u20—uv—3u—2v>

is magnetic surface in Hs. Using the assertion 1 of the Proposition[5.6|with conditions
a3:2a4:b3:2b1:2b2:q:)\:2; a1:a2:b4:0
2. The surface M (see Figure[S) parameterized by

1 1 1
X(u,v) = <2u—|— 1,§usin2v+ isin%—l—u,—ﬁ (u2 +u) cos 20 — u? +U—2u>

is magnetic surface in Hs. Using the assertion 2 of the Proposition[5.6|with conditions
a; = a2:a4:b4:bg,:0;0.5b1:b2:b3:a3:a4:1
g = A=p=1, A=) Xp+q=2and (u,v) € [-1,1] x [-, 7]
In the magnetic surface My we plot a magnetic curves a2 when u = 1. and v = 1. (See

Figure[9)
3. The surfaces Ms.1 and Ms.o parameterized by

1
X(u,v) = (v—i— 1,—v,§v2 —i—u)

1 1 3
X(u,v) = (2 sin 2u + 1,2COS2U,—2(ZOS2’LL—U+U>
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respectively, are magnetic surfaces in Hs. Using the assertion 3 of the Proposition[3.6|with

conditions
bs=b4=0,a0=bs=A=p=q=1;, A=Xp+q=2and

ai

as =
respectively.(See Figures|10|and|l 1| presented in R?)

b3=by=0,a1=by=A=p=q=1 A= p+q=2

' 4 f
o %{;ﬁﬂ' I
/ F

2

!
E-

N

FIGURE 8. Magnetic FIGURE 9. Magnetic
surface M curves a3 (blue color)

FIGURE 11. Magnetic
surface M.

FIGURE 10. Magnetic
surface Mi3.q
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Corollary 5.9. There exist a magnetic geodesic surfaces in Hs.

Proof. Just compare the geodesic surface equation in the case 3 and the magnetic surface
equation in the case 2 for good selection of constants, we get a magnetic geodesic surfaces
in Hs. O

CONCLUSION

A magnetic curve, which is the trajectory of a charged particle moving under the influ-
ence of a magnetic field, can be viewed as a one-dimensional magnetic manifold. Moti-
vated by real world examples, we have extended this concept to two-dimensional manifold,
namely the magnetic surface, where the magnetic field vector at any point on the surface
is tangent to the surface itself. As an application, we have presented a method for deriving
parametric equations of magnetic surfaces within the Heisenberg three-group, considered
as a Riemannian manifold. Subsequently, a concrete examples of such surfaces proving
their existence are given. In Euclidean three-space this study was given in [|16]], We invite
readers to apply this study to other three-dimensional contact manifolds such as Sol3 and
Sl(2,R).
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