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1. INTRODUCTION

We recall that an interval I C R is convex if for all u, v € I, we have scu+(1 — s) v € I
where > € [0, 1] and a function  : I — R is convex if for all u, v € I, the inequality

K(eu+ (1 —s0)v) < sk (u) + (1 — )k (v) (1. 1)

holds. A function s : I — R is concave if the inequality ( 1. 1) holds in opposite direction.

Due to characteristics and definition convexity, it is significant for understanding and
solving problems involving fractional integral inequalities. As demonstrated in [7, 10, 13,
14, 22, 33, 34], convex functions have resulted in the discovery of various novel integral in-
equalities. Hermite-Hadamard’s integral inequalities are usually mentioned when looking
for comprehensive inequalities:

n<0+€>g 1 /:li(u)dugw (1.2)

2 eE—o 2 ’

where the function % : I — R is convex on I and x € L ([0, ¢]).
Convexity and convex functions have various generalizations. One of these generaliza-
tions is harmonic convexity, which is defined as follows.
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Definition 1.1. [19] Define I C R\ {0} as an interval of real numbers. A function k from
[ to the real numbers is considered to be harmonically convex, if

”(M) < o2 (v) + (1 = ) 5 (u) (1.3)

Sorall u,v € J and > € [0,1]. Harmonically concave & is defined as the inequality in ( 1.
3 ) reversed.

Using harmonic-convexity, the Hermite—Hadamard type yields the following result.

Theorem 1.2. [19]Let k : T C R\ {0} — R be a harmonically convex function and o,¢ € 1
witho < e. If k € L' ([0, €]) then the following inequalities hold:

H(206>< oe /:“'Q“)Czug”(”);”(g)- (1. 4)

o+e/)  e—o0 U

The left-sided and right-sided Riemann—Liouville fractional integrals J (’>+ K and J ;\, K of
order A > Oin ( 1. 5), are defined respectively as (see [4, 23]):

A _ 1 /u a1

J24k (u) =t ). (u—3)"" " K()d»x,0<o<u<e
and

A _ 1 /E )Mt <

J2_ kK (u) =t /). (se—u)" T K()dn,0< o <u<e,

where I () is the Gamma function defined by
L'\ = / e 73 M and J9, k (u) = 10k (u) = K (u).
0

The following fractional integral forms can be used to express Hermite—Hadamard type
inequalities ( 1. 4 ) for harmonically convex functions:

Iscan [18], established the following trapezoidal type inequalities of Hermite—Hadamard
type using fractional calculus and harmonic convex functions.

Theorem 1.3. [18] Let k : 1 C (0,00) — R be a function such that k € L' (o, €]), where
o, € Lwith o < e. If k is a harmonically convex function on [0, €], then the following
inequalities for fractional integrals hold:

K (fi) < F(A; 1) (giﬁg)A {JE_ (k 0 9) (i)

+1, (ko) (i)] < M (1.5)

with A > 0and ¥ (u) = L, u e [L,1].

s

Kunt [21], obtained the following midpoint type inequalities of Hermite—Hadamard type
using fractional calculus and the harmonic convexity.
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Theorem 1.4. [21] Let k : T C (0,00) — R be a function such that k € L* ([0, €]), where
o, € Lwith o < e. If k is a harmonically convex function on [0, €], then the following
inequalities for fractional integrals holds:

20¢ T(A+1) [ oe A N 1
H(J-l-z?)S 212 (5—0) {J?f"'(ﬁom o

+lose (r00) (1)] < M (1.6

€

with A > 0and ¥ (u) = L, u e [L,1].

e
Iscan [18], obtained the estimate between the middle term and the rightmost term in ( 1.
5).
Theorem 1.5. [18] Ler  : 1 C (0,00) — R be a differentiable function on 1° (the interior
’ /19
) such that k € L' ([o,¢€]), where o, € 1° with o < &. [f‘,‘i ‘ is harmonically convex

on [0, €] for some fixed ¢ > 1, then the following inequality for fractional integrals holds:

ko) +r(e) TO+D (=) [JA (k0 0) (1)
g

2 2 =

g

+I1, (ko) (1>” < @ (€ (M\o,e)) 77

Q=

><[Cg()\;a,e)‘H/(a)‘q+C’2()\;J,5)’/ﬁl(s)‘q} A7)

where
Oy (hoe) = = [F(21A+21 ”)+ F(2>\+1>\+21 U)}
e = . 1O . 4
1 3 Uy 1+>\ 241 5 Ly 3 c 241 5 5 3 - 5
e 2 1 o
g, :77F<2,2; ;1—7)
C2(Aioe) 2+>\[1+>\2 ! Atdl-2
+2F1<2,)\+2;)\+3;1—g)],
and

-2

€ 1 o
C2 (No,e) = T [1+)\ oI (2,1;)\+3;1—g)

1 o
. _L,F (2,/\ La+31-2)|.
+1+>\2 1 + + 6)}

Kunt [21], proved the estimate between the middle term and the leftmost term in ( 1. 5

).



54 Muhammad Amer Latif

Theorem 1.6. [21] Under the assumptions of Theorem 1.5, the following inequality holds:

) (02155) TR +211)<;”2)A [J%: ) (i) L (kod) (1)]

oe g
1
Q:| q

+C7 (A\;0,¢) [Cg (A o,¢) ’/4;/ (U)‘q + Cy (A, 0,¢) ‘Iﬁ/ (a)ﬂ} , (1.8)

< ZE2 ey [esvma) 8 ) + Catna) | @

Q=

where
(0 +¢e)? eE—o
; = - F (21 2;
04(>‘30'7€) 21_/\(1+)\) 241 ) 1>\+ 7E+E ’
C. (A~ae)—i (210437
5 3 Uy _2A(2+>\)21 s Ly 75_'_5 )
Ce (Njo,8) = Cy (N 0,¢6) — Cs (A 0,¢€)
Cr(Noe) = —,F 2)\+1->\+2-1<17E)
7 a07€*21_)\(1+)\)2 1 ) ) 72 c ’
Co(Moe) = ot 22+ 1A+ 2 (1-9)
8 70,6—2)\+1(1+/\)21 ) ; 5 -
1 1 o
- gy o (2,)\+2,)\+3,2(1—€)>
and

C(9 (>\7 a, 6) = C7 ()\a a, 5) - 08 (>\7 a, E)

with A > 1, 9 (u) = %, u € [%, é]
We establish several new inequalities in this study that refine Hermite—Hadamard type
inequalities ( 1. 4 ) and Hermite-Hadamard type inequality ( 1. 5 ), as well as some

comparable extensions of Theorems 1.5, 1.6. There are a few examples of how the Beta
function can be used.
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2. MAIN RESULTS

Theorem 2.1. Let & : [0,e] — R be a harmonically convex function with o < €. Then we

have the inequality
20¢ 3}—1 20¢
K < K

o+¢ 4> o+e

+ A -3 41 4o¢e +k 4oe

K
2 x 42 30 +¢ o+ 3¢
I'(A+1 A 1 1
<P (oo (1) oo ()

<3/\—1 - doe ek doe
— 2 x 4> 30 +¢ o+ 3¢

L _43:+1 [K(U)Jﬂs(s)] . K(U);”(E) 2. 9)

\}

for A > 0.

Proof. We can derive the following identities from simple computation:
AT (N [ oe \ [y 1 \ 1
2 (75) {o e (2) + oo (G
() LG (-0 0)
=— ——u +lu—-— k| —)du
2\e—o 1 o € U
() LG
= - ——u +lu—-—
2\e—o 1 o €
() (e -] (25)
X|k|l—-)+K|—-—F+-———])|du+ =
U o £ u 2\e—o
ote A-1 A1
></2 Klu) +<u1> 1[&(1>+/€<1+11>}du. 2. 10)
3o+te g S u g & u

doe

It is easy to observe that
A oe \) /+ 1 At . L D e A
= ——u u— — = ——————
2\e—0) | o e G B

ote

é oe X/QUE l )\—1+ 1 A—1 p _3)\_1
2\e—0 Bote s Y € YT

4oe

and

Since

do+e ou — 4oe + 3cu l 3ou — 4oe + cu l+1_l 2.11)
4doe dou — 8oe +4eu ) u 4ou — Soe + 4deu c € u ’
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and

4 1 —4 1 1 1
o+ 3¢ (3au O’<€—|—6u> <0u O’6—|—3€U><+—)7 (2.12)
w u

doe 4ou — 8oe + 4eu 4dou — 8oe + deu o €
where
16 17(7—1—5 and 0 < au—405+35u’30u—405—|—5u <
u e’ 20¢ dou — 8oe + 4eu’ dou — 8oe + deu

We can also write the following identities:

+e 11 1 1 1
Tt e+ (=422, (2. 13)
20¢ 2 lu o £ u

1 3o+e o+e
where u € [ doe 20’5]'

Moreover, we also get that

1<O”LLCT€>1+(O'€€U>1 2. 14)

U ou—ceu/) o ou—ceu/ e

and
1 1 1 e—ecu\ 1 u—oe\ 1
+_<U>+<00>, 2. 15)
c € u ocu—ceu/ o ou—ceu) e

where L € [1,37£<],

Lastly, we get the following identities:

1 (doe—ou—3eu) 30+e¢ 3ou —4oe +eu\ o+ 3¢ 2. 16)
u 200 — 2eu doe 200 — 2eu doe ’
and
1 1 1 3ou —4oe +cu\ 30+ ¢ 4doe —ou — 3eu \ o+ 3¢
4= , .17
o € u 20u — 2eu doe 20u — 2eu 4oe
where 1 € [4722, 222 with 0 < dostophon tomonton <,

Using the harmonic convexity of & : [0,e] — R, we get

A —32 41 doe doe A —32 41 20¢
> 2.18
2 % 4 [K(3J+5)+K(J+3s>}_ » ”<a+s> @ 18)

and

3 -1 doe doe 31
SBWE |:I€<30_+€> +/€<U+3€>} < 5% 1N k(o) +k(e)]. (2. 19)
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Using the aforementioned identities ( 2. 11 )-( 2. 13 ) and the harmonic convexity of
Kk : [o,e] — R, we obtain the following inequalities:

43741 doe doe X[ oe \
K = —
2x 4 |"\301¢ o+ 3¢ 2\c—o
/35’55 1 A=l N\ doe doe
X ——u +(u—— K + K du
1 o € 3o +¢ o+ 3¢
1E N A CE R G
<3z ——u +lu—~—
2\e—o0o 1 o €
o ou — 4oe + 3eu l n 3ou — 4oe + cu l_|_1 l
4ou — 8oe + 4deu " u 4ou — 8oe + 4eu & o € u
n 3ou — 4oe + cu . 1 ou — 4oe + 3eu . l_‘_l_l du
dou — 8oe + 4eu u 4ou — 8oe + 4eu o £ u
) TG
= — — — U + u— —
2\e—o0 1 o €
1 1 1 1
x{n<)+n(+>}du (2. 20)
U o £ u

and

doe

Gt A= A=l
X/ [(1_u> +<u_1> 1[,{(1>+;~;<1+1—1)}du. 2. 21)
30+4e ag & u g 13 u

Adding ( 2. 20 ) and ( 2. 21 ), we obtain

3} -1 20¢ N 4N -3 41 doe N doe
K K K
42 oc+e¢ 2 x 4A 30 +¢ o+ 3¢

<SP (e () nen () en
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)

Applying (2. 14 ) and ( 2. 15 ) and using the convexity of « : E %] — R give

e A CE NI
(@)D mess (25)
NG ) (G e (o) e
+ (Zi:j;) k(o) + (Zz:z) /@(5)} du < g (E‘:y Ik (o) + 5 ()]

doe
X
1
e

Applying (2. 16 ) and ( 2. 17 ) together with the convexity of x : [1, 1] — R yield
A\ oe \ Sote 1 A—1 1\ M1
(=) [T G -]
2\e—o0 1 o €
1 1 1 1 AR
X|kl=-)+6|l—F-———)|du< <
U o £ u 2\e—o0o
/35;5 1 A-l M 3ou —4oe + cu 4oe
X - —u +lu—— + | —— |k
1 o € 20u — 2eu o+ 3¢
4oe — ou — 3eu 4oe 3ou — 4oe + cu 4oe
X K + K
20u — 2eu 30 +¢ 20u — 2eu 30 +¢
n 4oe — ou — 3eu . 4doe du — é oe \*
20u — 2eu o+ 3¢ T 2\e—0
/34”;: 1 A-l N\t 4oe 4oe
X ——u +lu—— K + K du
1 o e 30 +¢ o+ 3¢

31 doe doe
< . .24
= o x4 {H(30+5)+K(0+36>} (2-24)

Adding ( 2. 23 ) and ( 2. 24 ), we obtain

)\FZ()\) (6050)A {JE— (ko) C) +I1, (ko9) (i)}

3 -1 4oe 4oe P -3 41
< . .
S ox 4 {“<3g+g>+”<a+3g)]+ s w) FR(E]. (225

Combining ( 2. 22 ) and ( 2. 25 ), we get what is desired. ]

Remark 2.2. In Theorem 2.1, the inequality ( 2. 9 ) refines Hermite—Hadamard-type in-
equality (1. 4 ).
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Corollary 2.3. In Theorem 2.1, Let A\ = 1. Then we have the inequality

20¢ 1 20¢ 1 doe 4oe
K < —kK + - |k + kK
o+e 2 o+e 4 30 +¢ o+ 3¢

<[ s i e (55) ()
;{K(O—)m(g)} LEOERE) e

2 - 2

The inequality provides a refinement of the inequality ( 1. 4 ).

3. EXTENDED INEQUALITIES FOR FRACTIONAL INTEGRALS USING HARMONIC
CONVEXITY

In this section, we establish some results which are offers extensions of some existing

results.

Theorem 3.1. Let k : I C (0,00) — R be an L' ([0, €]) function with &' € L* (|0, ¢])
for o, € € J° (the interior ). If k : I — R is differentiable on 1° and ’n/

is harmonically

convex on [0, €], then the following inequality holds for A > 0:

F(A2+ 1) (fU)A {JE— (ko D) (i) +I2, (ko D) (D} ) BAX_;
<[ () = ()| + o k@ +te] | < 5 (57)

) l4x (4A+z21+(&+1)1) (13A)] ¥ @] +|s @] @22

Proof. Leth: [L, 1] — R be defined as

A A _ o\ A
(G-w' (-1 =55 (52)", welligE),
hu) = (2-u) = (-1, we [%5E )

(l_u)h_(u_%)k+31;1 (sfg)/\, e [U+35 l].

4doe 7 o
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We obtain the following identities using the integration by parts:
AL
1 4 ’ 1
( oe ) / h(u) k ()du
2\e—-o U
il ARG
— —Uu + u— —
E—o 1 o €
. 4doe e doe +4A_3>\+1[/<;()+/£()]
2><4A 30 +¢ o+ 3 2 x4x TR
INONRAY 1 1
() o () o0 (1)

- [gl—‘li [ (30+6) <04j26)} + 4A2_fjp+1 [k (o) +fi(€)]} . (3.28)

‘We observe that
/340;: 1 A N\ 3 —1/e—o\| [0oe—cu
) —(u—z) =
1 o € 4 oe ou — €u
1 A 1 A P—1(e—0 A o€ — €U /
+ u—-) —(=-—-u) ——5— )Ii (E)‘du
o43e € o 42 oe ou — eu

doe

=

N = o

Al

/3525 1 A NN 31 /e—o\?
1 o € 42 o€

g€ — EU agu —ou
au — EU agu — €U

: e—o\M[4(4r =3 + (1-3) A
ol (52) " USR] o,

/;X;E [(i _U>A_ <u_ i)k— 3A4:1 (a(f—gg)*] <ZZ::Z> ’,{ (a)‘du
e G R ) ()
:/;’;f [(i—u)\— (u— i)’\_ 3A4:1 (e;sa)’\]

ou—oe ogE—¢eul|
X k (o) du
ou—Eeu  ou—Eu

_ ’ﬁ, (0)‘ <e;:)“1 l4 (4 43:1)(1511) 3Y) /\] 630

K (5)‘ du

al=
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o+te

ol (=

4oe

®

Lo (=8 - G ] (=)
+ u— — e
sote € o ou— €u
/265 [(1 )A ( 1)’\] |:0'<€—€’U, Uu—ou]
= ——u| —|(u—- +
3o4e o € ou—€Eu  ou—Eu
ate by A
’ 20¢e ]_ ]_
K (5)‘/ [(—u) —(u—) ]du
3ote o €

A+l roa+1 A+2
’ E—0 3 -2 +1
= |k (5)’ — T | (3. 31)
o€ LA+ 1)
and
o+te A by
/2 [(1u> — <u1> ] <Ju_0€> K (0)| du
3:;5 o g ou — eu
o+3e by by
doe 1 1 - ’
+/ l(u—) — (—u) ] (Uu UE) K (U)‘du
3::;5 g g ou — Eu
s 1 A N\ ou— 0 OE —EU /
:/ [(—u) —(u—)]{ + ]/{(J)‘du
Bote o € ou —EUu  oU— U
A+l a4l A+2
’ E—0 3 -2 +1
= . . 2
" (0)’< oe ) [ PN+ 1) } (- 32)

K ()|

Using the fact that ‘n/’ is harmonic convex on [c, ], thus the mapping ¢ (u) =

convex on [%, ﬂ , and the identities ( 3. 29 )-( 3. 32 ), we get
1
h(u) K 1 du
U
<1( o€ ))\/U|h(u)| K/(<Ju—as>l+(aa—5u> 1)
2\e—-o 1 ou—ceu/) o ou—€eu) €
P
1 oe v ou — o€ ’ o€ — €U /
< Z
-2 5—0) /; |h(u)|[(au—5u) H(G)’Jr(ou—su) H(g)” du
1 fe—o\ [3M 41 -2M2 {
2\ o¢ (A + 1)4r+1

L1 (E—U) [4(3“(‘“) +(3* - 1)A] ¥ @]+ @[ 633

N =
/N
™
|9
)
Q
~——
>
—
al

K (o—)]+

2\ oe A+ 1)4r

The inequality ( 3. 33 ) together with ( 3. 28 ) gives the desired result. ]
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Theorem 3.2. Let s : 1 C (0,00) — R be an L* ([0, ¢]) function with k' € L (|o,€])
for o, € € I° (the interior 1). If k : T — R is differentiable on 1° and ‘H/‘ is harmonically
convex on [0, €], then the following inequality holds for X > 0:

F()\—Fl) o€ A \ 1 A 1 AN 3241
B (8—0) {J;_(Koﬁ) z +Jé+(moﬂ) el R v
y doe 1\ doe \1 3—1 ( 20¢ _1l(e=0o
"\3o+e "\o+3e 2 "\ore 2\ o¢

[ el el e

Proof. Let H : [1, 1] — R be defined as

(-0 === () e L),

I N (e A C R L
(== =+ 5 (52)° we [ %)

(-0 == - (52 welmEdl

We obtain the following identities using the integration by parts:

1( oe ) %H(u)n/ LAY
2\e—o0o 1 U
(=) LG (=D 6)
== ——u) +lu—- k| —|du
2\e—o0 1 o € U
[ -3+ - 4oe . 4oe +3A—1K o+e
2 x 47 30 +¢ o+ 3¢ 47

(
:)\1“2()\)< oe >/\{J,},(noz9) (i) +Jg+(mz9)<

E—0

4 — 32 +1 4oe N 4oe +3)‘—1 €
ax 2 |"\30+2) " \ot3e o~ "\
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‘We observe that

T G () G
[ S R N
- )] (=2 o)
ST G () ] (=)

_ A+l A1
col() [ e

o

K (5)’du

4)\+1()\ + 1)

[l -2 (2 | s
|G - (- ()] (=)

LT G () )
+/+ [(u_iy_ (i_u>k+ (E;(;)A] (Zi_izi) . (U)‘du

, e—o\ M [P x (A—3)+3 M1 41
el () [F e e

+e by A A
P 1 1 E—0 OE — €U
G ()Gl
3o+e 1> o o€ ogu — Eu
+/U4tzz 1 ’\_ 1 ’\+3’\—1 e—o € —cu /()‘d
so+e s v 4> o€ ou — €U e
ate A A A A
20e 1 1 3*"—1/(e—0 o — cu /
_/3::: l(u_E) a (O'_u> + 4 ( oe ) ] <au—5u) (5)'du
+/Zi§ _1 ’\_ l_ ’\+3>‘—1 e—o0 A ou — o€ /()‘d
S0+ Y € o v 4 oe ou — €u A
A1 A A Ay
, e—0 4x22 4+ (3 —1)A—-2x (3" +1)
= ’“ (@‘( P ) [ PN+ 1) , (3.38)
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and

5 1>‘ 1 A 3} —1 5fa>‘ aufas /
u——] —(=—u) + (a)‘du

sote € o 4> au—au

[ |G ()2 1( ”ﬂ(“““)

+ ——u| —(u—=] +
gote o € oe ou — gu
/‘;jj l > —1/e—-0 A] <0”LL—CT€>

= u — — Ii
30+e o€ ou — eu

-)
g (U)‘ (EU_;)AH

Using the fact that ‘H/ is harmonic convex on [o, £], thus the mapping ¢ (u) =

convex on [1, 1] and the identities ( 3. 36 )-( 3. 39), we get

()
A+ 1(5 a)A

ge

(os—su)

Ii

agu — EU

4x22+ (3 —1)A-2x (3" +1)
)

PN +1 (-39

A 1
1 g€ o ’ 1
Z H -
5 (50) A (u) K (u) du
1 Arw 1 1
< ( o€ ) / h ()] K (<ou UE) 1. (O’E Eu) ) du
2\e—o 1 ou—eu) o ou—eu) €
1 oe A ou — o€ / o€ — €U /
< =
-2 (5—0) /i Ik (w) [(au—su) " (U)’ * <Uu—5u) " (6)” du
AL A+1
1l fe—-0o 4P x (A=3)+ 3" +1 / ,
T2 ( e ) [ PN 1 1) ] [“ (U)‘Jr " (E)H
A+1 A A A
e—ao 2x (BM4+1) —4x2X = (3* =) :
. L4
(52 [ |+ @ - @
The inequality ( 3. 40 ) when combined with ( 3. 35 ) yields the desired result. O

Remark 3.3. Theorem 3.1 and Theorem 3.2 are similar extensions of Theorems 1.5 and
1.6.

Remark 3.4. Let A\ = 1 in Theorem 3.1 and Theorem 3.2. The following inequalities are
obtained:

(20) [ e (552) (55 o)

<L () el sl o] s
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and

oe €k (u) 1 doe doe 20¢e
du—— |k +K + 2K
e—oc) ), wu? 4 3o +e¢ o+ 3¢ oc+e

< 1—16 (8;;)“1 Hn (a)‘ + ’n' (e)H . (3.42)

4. APPLICATIONS OF THE RESULTS

Perhaps it would be better to return to the Beta incomplete functions

1
B(r,s) = / w1 —w)* T du
0
and
B, (r,s) = / W (1 =) du
0

Consider the function x(u) = u™?, u € [1,2] for p > 1. It is obvious that this function
is a harmonically convex function. We observe that

U () e ()1 (30) ()

At 1 1
25/ (1—w) upduzi)\[B(p—&—l,)\)—B%

and

) [ Gt () ()
) e ]

We can now have the following estimates regarding the incomplete beta and beta functions.

Proposition 4.1. Let p > 2 and \ > 0 be in Theorem 2.1. Then the following inequality
holds:

3\ 3 =13\ 43 +1[/5\" [7\"
) <— 7)) +t———Il35) *1l3g
4 4> 4 2 x 4> 8 8
<2 [Bp+1.0) - By(p+1 A)}+L[B(— —AN) = By(=p=AN)]
< p+1, 1p+1, ST p—A 1(=p— A,
N1 [/5\" [T\ 4 -3 +1[2°4+1] _2°+41
<2702 ! < 4. 43
<rw () () v ST ew
Proof. The proof is obvious from Theorem 2.1 for the function x(u) = u™?, u € [1, 2] for
p > 1. The graph below also support the validity of the inequality ( 4. 43 ). ]
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FIGURE 1. The graph of inequality 4. 43 forp >2and A >0

Proposition 4.2. Let p > 2 and A\ > 0 be in Theorem 3.1. Then the following inequality
holds:

0< 2N [Bp+1,0) -

[21‘41 [()

pl27P” +1]

By(p+1,0)] + 23“ [B(=p=X2) = By(=p— A )]

+<;ﬂ %[1—#2_1’]]
4x (A +2Y)+ (A +1) (1-3%)

P F 1)

(A+1)(3*—=1) —4 x (42 +2%)
AT (A +1)

P [2P—1 +1]
= 2

(4. 44)

Proof. The proof follows directly from Theorem 3.1 by using the harmonic convex function
k(u) = u P, u € [1,2] for p > 2. The figure below confirms the validity of the above
inequality. ]
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FIGURE 2. The graph of inequality (4. 44 ) forp > 2and A > 0

Proposition 4.3. Let p > 2p > 2 and A > 0 be in Theorem 3.2. Then the following
inequality holds:

A
0< 221\ [B(p+1,A)—B (p+l,)\)} + o [B(—p—)\,A)—B

[ () ()] ()]

p[27P71 +1] [3* — A =3 x 4N 2PN 22 L3N 1]

1 1(=p— /\J\)}

4 AN +1)
—p—1 Ay A 22 A+2 Ay
Sp[2 +1] [3Y =X =3 x4} + 222N 4222 4 3AN — 1 . @45
2 AL (N +1)

Proof. The proof follows directly from Theorem 3.2 by using the harmonic convex function
k(u) = u~P, u € [1,2] for p > 2. The figure below confirms the validity of the inequality
4.45. O
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FIGURE 3. The graph of inequality 4. 45 forp >2and A >0
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