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Abstract. Let C = (M, N) be a finite, undirected and simple
graph with |M(C)| = t and |N(C)| = s. The labeling of a
particular graph is a function which maps vertices and edges of
graph or both into numbers (generally+ve integers).

If the domain of the given graph is the vertex-set then the
labeling is described as avertex labeling and if the domain of
the given graph is the edge-set then the labeling is defined as an
edgelabeling. If the domain of the graph is the set of vertices
and edges then the labeling defined as atotal labeling.

A graph will be termed asmagic, if there is an edge labeling,
using the positive numbers, in such a way that the sums of the
edge labels in the order of a vertex equals a constant (generally
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called anindexof labeling), without considering the choice of
the vertex.

An edge magic total labelingof a given graph comprisingt
vertices ands edges is a(1 − 1) function that maps the vertices
and edges onto the integers1, 2, . . . , t+s, with the intention that
the sums of the labels on the edges and the labels of their end
vertices are always an identical number, consequently they are
independent of any specific edge. To a greater extent, we can
define a labeling assuperif the t least possible labels happen at
the vertices.

The Super edge-magic deficiency of a graphC, signified as
µs(C), is the least non negative integerm′ so thatC ∪m′K1 has
a Super edge-magic total labeling or+∞ if such m′ does not
exist.

In this paper, we will take a look at the Super edge-magic
deficiencies of acyclic graphs for instance disjoint union of shrub
graph with star, disjoint union of the shrub graph with two stars
and disjoint union of the shrub graph with path.

MR (2000) Subject Classification : 05C78
Key Words: Super edge-magic total labeling is written as SEM total labeling,

deficiency, disjoint union of acyclic graphs, shrub graph.

1. INTRODUCTION AND MAIN RESULTS

In this discussed paper, we have presumed finite, undirected and simple graphs
C = (M, N), for which we have supposed that|M(C)| = m and |N(C)| =
n. An edge magic labeling of a graphC is a bijectiond′ : M(C) ∪ N(C) →
{1, 2, ...,m + n}, where there exist a constantw s.td′(k) + d′(kl) + d′(l) = w,
for each edgekl ∈ N(C). An edge magic total labelingd′ is termed as SEM total
if d′(M(C)) = {1, 2, ..., m}.[4]
In [11], it is originated that for some graph”C” there happens to exist an edge
magic graphH ′ so thatH ′ ∼= C ∪mK1 for some non negative integerm. This
piece of information leads to the idea of edge magic deficiency of a graphC,
which is the bare minimum non negative integerm such thatC ∪ mK1 is edge
magic and it is indicated asµ(C). In particular,

µ(C) = min{m ≥ 0 : C ∪mK1 is edge magic}
In the same paper, they gave an upper bound of the edge magic deficiency of a
graphC usingm′ vertices,µ(C) ≤ Fm′+2 − 2 − m′ − 1

2m′(m′ − 1), where
F ′m is them′th ”Fibonacci number”. Motivated by Kotzig and Rosa’s initiative of
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edge magic deficiency, In [6]and [9], they defined a similar concept for SEM total
labelings. The super edge magic deficiency of a given graphC, which is signified
by µs(C), is the bare minimum non negative integerm s.tC ∪mK1 has a SEM
total labeling or+∞ if there does not exist suchm.

Let M(C) = {m ≥ 0 : C ∪mK1 is a SEM graph}, then

µs(C) =
{

min M(C), if M(C) 6= φ;
+∞, if M(C) = φ.

As a consequence of the beyond definitions on deficiencies, we have ended that
for each graphC, µ(C) ≤ µs(C).
In [8, 6], they originate the precise values of SEM deficiencies of numerous
classes of graphs, such as cycles, complete graphs, 2-regular graphs, and com-
plete bipartite graphsK2,m. They moreover demonstrated that every single one
of the forests have finite deficiencies. In particular, they proved that

µs(dK2) =
{

0, whend is odd;
1, whend is even.

In [13], they proved some upper bound for the SEM deficiency of fans, double
fans, and wheels. In [7], they provedµs(Pm ∪K1,n) is 1 if m = 2 andn is odd
or m = 3 andn 6≡ 0(mod 3), and0 otherwise. In the same paper, they proved
thatµs(K1,n ∪K1,m) is 0 if eitherm is a multiple ofn + 1 or n is s multiple of
m + 1 and otherwise1. Furthermore, they conjectured that every forest with two
components has deficiency≤ 1.

In [1], they found SEM deficiency of of unicyclic graphs. In [2, 3, 10, 12] they
provide some upper bound and exact value for the SEM deficiency of the forests
created by paths, stars, comb, banana trees, and subdivisions ofK1,3.
In this paper, we will provide the deficiencies of acyclic graphs such as disjoint
union of a shrub graph with a star, disjoint union of a shrub graph with two stars
and disjoint union of a shrub graph with a path.
In proving the results in this paper, we frequently use the lemma below.

LEMMA 1.1. [5] A graphG containingt vertices ands edges is SEM total iff
there subsists a bijective functionλ : V (G) → {1, 2, · · · , t} such that the set
S = {λ(u) + λ(v)|uv ∈ E(G)} consists ofs successive integers. In such a
circumstance,λ directs to a super edge magic total labeling ofG.

DEFINITION 1. A shrubŠh(ci,1, ci,2, . . . , ci,m) for 1 ≤ i ≤ n is a graph ob-
tained from a starSt(n) by connecting each leafci to ci,j new vertices for
1 ≤ j ≤ m and is denoted by̌Shn.

In the theorem 1 we establish an upper bound for the SEM deficiency of disjoint
union of a shrub graph with a star.
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FIGURE 1. Shrub grapȟShn

THEOREM 1.1. Letm, r ≥ 3, thenµs(Šh(r) ∪ St(m)) ≤ ⌊
r−2
2

⌋
.

Proof. Foremost we delineate the vertex and edge sets of a shrub graph and the
star in the subsequent way.

V (Šhr) = {c, ci, ci,j ; 1 ≤ i ≤ r, 1 ≤ j ≤ m}, |V (Šhr)| = 1 + r + mr

V (St(m)) = {x, yj ; 1 ≤ j ≤ m}, |V (St(m))| = 1 + m

E(Šhr) = {cci, cici,j ; 1 ≤ i ≤ r, 1 ≤ j ≤ m}, |E(Šhr)| = r + mr

E(St(m)) = {xyj ; 1 ≤ j ≤ m}, |E(St(m))| = m

Let G ∼= Šhr ∪ St(m) ∪ b r−2
2 cK1, then

V (G) = V (Šhr) ∪ V (St(m)) ∪ {zr : 1 ≤ t ≤ ⌊
r−2
2

⌋} with

|V (G)| = m(r + 1) + r + 2 +
⌊r − 2

2

⌋

E(G) = E(Šhr) ∪ E(St(m)) with |E(G)| = m(r + 1) + r.
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At this instant to attest the above statement we define a labellingψ : V (G) →{
1, 2, . . . ,m(r + 1) + r + 2 +

⌊
r−2
2

⌋}, for 1 ≤ j ≤ m in the ensuing way.

ψ(x) = 1, ψ(ci) = i + 1, for 1 ≤ i ≤ r

• while r ≡ 1(mod2)

ψ(c) = r(2m+3)+1
2 , ψ(yj) = r(2j+1)+3

2 ,

ψ(zt) = r(m + 1) + 1 + r for 1 ≤ t ≤ ⌊
r−2
2

⌋

ψ(ci,j) =





r(2j+1)+3
2 + i, if 1 ≤ i ≤ r−1

2

r(2j−1)+3
2 + i, if r+1

2 ≤ i ≤ r − 1
r(2m+3)+1

2 + j, if i = r
• whenr ≡ 0(mod2)

ψ(c) = r(2m+3)+2m+2
2 , ψ(yj) = r(2j+1)+2(j+1)

2 ,

ψ(zt) = (r + 1)(m + 1) + t, for 1 ≤ t ≤ ⌊
r−2
2

⌋

ψ(ci,j) =

{ r(2j+1)+2(j+1)
2 + i, if 1 ≤ i ≤ r

2

r(2j−1)+2j
2 + i, if r+2

2 ≤ i ≤ r

It is unproblematic to make sure that every single one of the edge sums form the
set ofq successive integers
{

3r+5
2 , 3r+7

2 , . . . , r(2m+5)+2m+3
2

}
, for r ≡ 1(mod2)

{
3r+6

2 , 3r+8
2 , . . . , r(2m+5)+2m+4

2

}
, for r ≡ 0(mod2)

Therefore by Lemma 1.1,ψ can be inclusive to a SEM total labeling. Hence, the
graphG asserts a SEM total labeling. This illustrates so as to

µs(Šh(r) ∪ St(m)) ≤ ⌊r − 2
2

⌋
.

In the theorem 2 we originate an upper bound for the SEM deficiency of disjoint
union of a shrub graph with two stars.

THEOREM 1.2. Letm ≥ 3, n ≥ 5, then

µs(Šhn ∪ Stn ∪ Stdn
2 e) ≤

⌊n− 2
2

⌋
, for n ≡ 1(mod2)

µs(Šhn ∪ Stn ∪ Stn
2
) ≤ n

2
+

⌊n− 1
3

⌋
, for n ≡ 0(mod2)
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Proof. First we classify the vertex and edge sets of shrub graph and two stars in
the following way.

V (Šhn) = {c, ci, ci,j ; 1 ≤ i ≤ n, 1 ≤ j ≤ m}, |V (Šhn)| = 1 + n + mn

E(Šhn) = {cci, cici,j ; 1 ≤ i ≤ n, 1 ≤ j ≤ m}, |E(Šhn)| = n + mn

V (Stn) = {x, ys; 1 ≤ s ≤ n}, |V (St(m))| = 1 + n

E(Stn) = {xys; 1 ≤ s ≤ n}, |E(Stn)| = n

V (Stdn
2 e) = {u, vl; 1 ≤ l ≤ dn

2 e}, |V (St(m))| = 1 + dn
2 e

E(Stdn
2 e) = {uvl; 1 ≤ l ≤ dn

2 e}, |E(Stn)| = dn
2 e

• whenn ≡ 1(mod2)

Let G ∼= Šhn ∪ Stn ∪ Stdn
2 e ∪

⌊
n−2

2

⌋
K1, then

V (G) = V (Šhn) ∪ V (Stn) ∪ V (Stdn
2 e) ∪ {zr : 1 ≤ r ≤ ⌊

n−2
2

⌋} with

|V (G)| = n(m + 2) + 3 +
⌈n

2

⌉
+

⌊n− 2
2

⌋

E(G) = E(Šhn)∪E(Stn)∪E(Stdn
2 e) with |E(G)| = n(m+2)+

⌈
n
2

⌉
.

Currently to provide evidence of the beyond statement we characterize
a labelingψ : V (G) → {

1, 2, . . . , n(m + 2) + 3 +
⌈

n
2

⌉
+

⌊
n−2

2

⌋} for
1 ≤ j ≤ m in the following way.

ψ(x) = 1, ψ(c) = n + 2, ψ(u) = n + 3 +
⌊

n−2
2

⌋
,

ψ(ci) = i + 1, for 1 ≤ i ≤ n

ψ(zr) = n + 2 + r, for 1 ≤ r ≤ ⌊
n−2

2

⌋

ψ(vl) = n(m + 1) + 3 +
⌊

n−2
2

⌋
+ l, for 1 ≤ l ≤ ⌈

n
2

⌉

ψ(ys) = n(m + 1) + 3 +
⌈

n
2

⌉
+

⌊
n−2

2

⌋
+ s, for 1 ≤ s ≤ n

ψ(ci,j) =

{
jn + 6 +

⌊
n−2

2

⌋
+ i, if 1 ≤ i ≤ n− 3

(j − 1)n + 6 +
⌊

n−2
2

⌋
+ i, if n− 2 ≤ i ≤ n

• whenn ≡ 0(mod2)

Let H ∼= Šhn ∪ Stn ∪ Stn
2
∪ (

n
2 +

⌊
n−1

3

⌋)
K1, then

V (H) = V (Šhn) ∪ V (Stn) ∪ V (Stn
2
)

∪ {z1
r : 1 ≤ r ≤ ⌊

n−1
3

⌋} ∪ {z2
r : 1 ≤ r ≤ n−2

2 } ∪ {z?} with

|V (H)| = n(m + 3) + 3 +
⌊n− 1

3

⌋

E(H) = E(Šhn) ∪ E(Stn) ∪ E(Stn
2
) with |E(H)| = n(2m+5)

2 .
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Now to attest the above declaration we define a labelingψ : V (H) →{
1, 2, . . . , n(m + 3) + 3 +

⌊
n−1

3

⌋
} for 1 ≤ j ≤ m in the following way.

ψ(x) = 1, ψ(c) = n + 2, ψ(u) = n + 3 +
⌊

n−1
3

⌋
,

ψ(ci) = i + 1, for 1 ≤ i ≤ n

ψ(z?) = n(m + 1)−m + 4 +
⌊

n−1
3

⌋

ψ(z1
r ) = n + 2 + r, for 1 ≤ r ≤ ⌊

n−1
3

⌋

ψ(z2
r ) = 1

2 [n(2m + 5)− 2m] + 4 +
⌊

n−1
3

⌋
+ r, for 1 ≤ r ≤ n−2

2

ψ(vl) = n(m + 1) + 4−m +
⌊

n−1
3

⌋
+ l, for 1 ≤ l ≤ n

2

ψ(ys) = 1
2 [n(2m + 3)− 2m] + 4 +

⌊
n−1

3

⌋
+ s, for 1 ≤ s ≤ n

ψ(ci,j) =





n(m + 3)−m + 3 +
⌊

n−1
3

⌋
+ j, if i = 1

1
2 [n(2j + 1) + 6− 2j] +

⌊
n−1

3

⌋
+ i, , if 2 ≤ i ≤ n

2

1
2 [n(2j − 1) + 8− 2j] +

⌊
n−1

3

⌋
+ i, , if n+2

2 ≤ i ≤ n

It is straightforward to ensure that all edge sums form the set ofq consecutive
integers
{
n + 4, n + 5, . . . , n(m + 2) + 6 + 2

⌊
n−2

2

⌋
+

⌈
n
2

⌉}
, for n ≡ 1(mod2)

{
n + 4, n + 5, . . . , n(m + 3) + 5 +

⌊
n−1

3

⌋}
, for n ≡ 0(mod2)

Therefore by Lemma 1.1,ψ can be extended to a SEM total labeling. Hence, the
graphG andH reveals a SEM total labeling. This substantiates that

µs(Šhn ∪ Stn ∪ Stdn
2 e) ≤

⌊n− 2
2

⌋
for n ≡ 1(mod2)

µs(Šhn ∪ Stn ∪ Stn
2
) ≤ n

2
+

⌊n− 1
3

⌋
for n ≡ 0(mod2)

In the theorem 3 we bring into being an upper bound for SEM deficiency of dis-
joint union of shrub graph with path.

THEOREM 1.3. Letm ≥ 3, q ≥ 4, then

µs(Šhq ∪ Pq) ≤ 3q − 1
2

, for q ≡ 1(mod2)

µs(Šhq ∪ Pq) ≤ 3q − 2
2

, for q ≡ 0(mod2)

Proof. First we describe the vertex and edge sets of shrub graph and path in the
following approach.
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V (Šhq) = {c, ci, ci,j ; 1 ≤ i ≤ q, 1 ≤ j ≤ m}, |V (Šhq)| = 1 + q + mq

E(Šhq) = {cci, cici,j ; 1 ≤ i ≤ q, 1 ≤ j ≤ m}, |E(Šhq)| = q + mq

V (Pq) = {xi; 1 ≤ i ≤ q}, |V (Pq))| = q

E(Pq) = {xixi+1; 1 ≤ i ≤ q − 1}, |E(Pq)| = q − 1

• whenq ≡ 1(mod2)

Let G ∼= Šhq ∪ Pq ∪ ( 3q−1
2 )K1, then

V (G) = V (Šhq) ∪ V (Pq) ∪ {z1
r : 1 ≤ r ≤ q−1

2 } ∪ {z2
r : 1 ≤ r ≤ q}

with

|V (G)| = 7q + 2mq + 1
2

E(G) = E(Šhq) ∪ E(Pq) with |E(G)| = 2q + mq − 1.
Now to prove the above statement we define a labelingψ : V (G) →{

1, 2, . . . , 7q+2mq+1
2 } for 1 ≤ j ≤ m in the following way.

ψ(c) = 3q+3
2 , ψ(ci) = i + q+1

2 , for 1 ≤ i ≤ q

ψ(z1
r ) = 3q+3

2 + r, for 1 ≤ r ≤ q−1
2

ψ(z2
r ) = q(m + 2) + 1 + r, for 1 ≤ r ≤ q

ψ(xi) =

{
i+1
2 , if 1 ≤ i ≤ q, odd

n(m + 3) + 1 + i
2 , if 1 ≤ i ≤ q, even

ψ(ci,j) =

{
3q + 2(1− i) + q(j − 1), if 1 ≤ i ≤ q−1

2

2(2q + 1− i) + q(j − 1), if q+1
2 ≤ i ≤ q

• whenq ≡ 0(mod2)

Let H ∼= Šhq ∪ Pq ∪ ( 3q−2
2 )K1, then

V (H) = V (Šhq)∪V (Pq)∪{z1
r : 1 ≤ r ≤ q−2

2 }∪{z2
r , z3

r : 1 ≤ r ≤ q
2}

with

|V (H)| = 7q + 2mq − 2
2

E(H) = E(Šhq) ∪ E(Pq) with |E(H)| = 2q + mq − 1.
Now to validate the above statement we term a labelingψ : V (H) →{

1, 2, . . . , 7q+2mq−2
2 } for 1 ≤ j ≤ m in the following way.

ψ(c) = 3q+2
2 , ψ(ci) = i + q

2 , for 1 ≤ i ≤ q

ψ(z1
r ) = 3q+2

2 + r, for 1 ≤ r ≤ q−2
2

ψ(z2
r ) = 2q + m(q − 1) + r, for 1 ≤ r ≤ q

2
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ψ(z3
r ) = q(2m+5)

2 + r, for 1 ≤ r ≤ q
2

ψ(xi) =

{
i+1
2 , if 1 ≤ i ≤ q, odd

n(m + 3) + i
2 , if 1 ≤ i ≤ q, even

ψ(ci,j) =





5q
2 + m(q − 1) + j, if i = 1

2q + j(q − 1)− 2i + 3, if 2 ≤ i ≤ q
2

3q + j(q − 1)− 2i + 2, if q+2
2 ≤ i ≤ q

It is effortless to test out that all edge sums form the set ofw consecutive integers
{
2q + 3, 2q + 4, . . . , q(m + 4) + 1

}
, for q ≡ 1(mod2)

{
2q + 2, 2q + 3, . . . , q(m + 4)

}
, for q ≡ 0(mod2)

Therefore by Lemma 1.1,ψ can be extended to a SEM total labeling. Hence, the
graphG andH admits a SEM total labeling. This shows that

µs(Šhq ∪ Pq) ≤ 3q − 1
2

, for q ≡ 1(mod2)

µs(Šhq ∪ Pq) ≤ 3q − 2
2

, for q ≡ 0(mod2)
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