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Abstract. In this research work, a generalized extension of morphisms
has been proposed to define generalized geometry between the two gen-
eralized chain complexes: Grassmannian configuration, and a variant of
Cathelineau infinitesimal. Initially, the new morphisms are introduced to
extend the geometry of Grassmannian and variant of Cathelineau infini-
tesimal chain complexes for weightn = 6. Finally, generalizations of this
extension are proposed through generalized morphisms, and the commu-
tativity of associated diagrams is also shown.
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1. I

Configuration chain complex is used as an important tool in differential manifold and
algebraic K-theory, and is naturally related to polylogarithmic groups and its chain com-
plexes. ConsiderGk+1(n) to be a group formed by configuration of (k + 1) points ofn-
dimensional vector space over a fieldF at a generic position, it is also a free abelian group.
These free abelian groups are connected through two types of differential morphisms,d and
p, to form Grassmannian chain and co-chain complexes, introduced by Suslin [19]. Khalid
et al. [14] have introduced higher order mixed partial differential morphisms to define new
form of Grassmannian complex called 2nd and 3rd order Grassmannian complex. The same
author [15] also generalized differential maps between free abelian groups to defineNth
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order Grassmannian chain complex. Leibniz introduced p-logarithms series as

Lip(z) =

∞∑

n=1

zn

np
, | z |< 1

which is an absolutely convergent series over a unit disc. Dilogarithm functions [2, 3] for
p = 2 were studied by many authors but the most important were the functional equations
called Abel’s [1] five term relation. Trilogarithm forp = 3 and its group was defined by
Goncharov [8], in which the most significant was the generalized triple cross ratio prop-
erty of six points. Goncharov generalized classical polylog groups complex and called
it Goncharov Complex. Goncharov also defined geometry between configuration and his
own chain complexes through morphisms only for weightN = 2 and 3 and showed com-
mutativity of all diagrams. Khalid et al. [17] generalized geometry between Goncharov
and Grassmannian configuration chain complexes for weightN. Cathelineau [4–6] defined
variant of Goncharov complex by using derivation maps in two ways; one was infinites-
imal while other was tangential setting. The same author also generalized infinitesimal
chain complex called Cathelineau complex.
Hussain [11] used K̈ahler differential to introduce a variant of Cathelineau complex and
connect Grassmannain complex with variant of Cathelineau complex (both infinitesimal
and tangential) for weightN = two and three and proved the commutativity of all the
diagrams. Khalid et al. [12] introduced new geometry between variant of Cathelineau in-
finitesimal polylog group complex with Grassmannain configuration chain complex up to
weight 4 and also generalized two morphism in generalized geometry of configuration with
infinitesimal complexes for generalized weightn [13]. Further, the same author [16], also
introduced the extension of morphisms to extend the geometry of configuration and infin-
itesimal chain complexes both for weightn = 4 and 5 and proved the commutativity of
corresponding diagrams.
In this article, the work of [16] is extended to include and introduce generalized mor-
phisms for generalized geometry of configuration and a variant of Cathelineau infinitesimal
polylogarithmic groups chain complexes. Initially, four new morphisms are introduced in
weight 6 and then generalized (N−2) homomorphisms are defined in generalized geometry
between these chain complexes. At the end, a generalized diagram will be constructed and
shown to be commutative.

2. L R

This section includes the introduction and explanation of configuration chain complexes,
cross ratio, classical polylog groups chains, Cathelineau and its analogy infinitesimal poly-
logarithmic groups chain complexes.

2.1. Grassmannian Configuration Chain Complex. Let Gk(Vn) be a group generated
by elements (v1, ..., vk) of some vector spaceVn, defined over fieldF. There exist two
simplicial complexes with differential maps (Gm(Vn),d) and (Gm(Vn), p)

d : Gk(Vn)→ Gk−1(Vn),

defined asd(q0, ...,qn) =

n∑

0

(−1)i(q0, ...q̂i , ..., qn), whereq̂i means leaving out.
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p : Gk(Vn)→ Gk−1(Vn−1)

defined asp(q0, ..., qn) =

n∑

0

(−1)i(qi |q0, ...q̂i , ...,qn), whereqi is both leaving and projection

point. Using these two differential morphisms, the Grassmannian configuration is formed,
given by

Gk+5(k + 2)
d //

p

²²

Gk+4(k + 2)
d //

p

²²

Gk+3(k + 2)

p

²²
Gk+4(k + 1)

d //

p

²²

Gk+3(k + 1)
d //

p

²²

Gk+2(k + 1)

p

²²
Gk+3(k)

d // Gk+2(k)
d // Gk+1(k)

(A)

Diagram (A) is bi-complex and commutative [8,10].

2.2. Cross Ratio Property. In the field of algebraic and differential geometry, cross ratio
property of four collinear points plays a vital rule. Siegel [18] was the first to introduce this
important cross ratio property of four points given as

1 = r(q0,q1,q2,q3) + r(q0,q2,q1,q3),

wherer(q0,q1,q2,q3) is cross ration of four points defined as

r(q0,q1,q2,q3) =
4(q0,q3)4(q1,q2)
4(q0,q2)4(q1,q3)

This property will be used in calculation and simplification of all results.

2.3. Classical Polylogarithmic Groups and its Chain Complexes.For weight 1, let
Z[P1

F/{0,1,∞}] be a free module generated by an element [q] ∈ P1
F [7, 8],where sym-

bol [q] shows classical log(q). letF be a field which will be used in this research whileF ..

is a set without 0 and 1. The groupB1(F) = Z[F ..]/
〈
[q] − [r] + [

r
q

] − [
1− r
1− q

] + [
1− r−1

1− q−1
]
〉
,

where x , r,q, r , 0,1 andF .. = F − (0,1) [9]. This group is isomorphic to multi-
plicative groupF×. For dilogarithm weight 2 Goncharov [8] defined a factor subgroup

B2(F) = Z[F ..]/
〈 4∑

i=0

(−1)i [r(q0, ..., q̂i , ...,q4)],qi ∈ P1
F

〉
. Using similar way for weightn

Goncharov [8] generalized groupBn(F) = Z[F ..]/Rn(F)., whereRn(F) is kernel of map
δn : Z[P1

F ] → Bn−1(F) ⊗ F×. Goncharov [8] introduced generalized chain complex given
as

Bn(F)
dn−−→ Bn−1(F) ⊗ F×

dn−1−−−→ . . .
d2−−→ B2(F) ⊗ ∧n−2F× d1−−→ ∧nF×

2.4. Cathelineau Chain. Cathelineau [4, 5] introducedF-vector space and also define
variant of Goncharov generalized groupBn(F), For weight 1 letβ1(F) = F, For weight

2 let β2(F) = F[F ..]/
〈
[q] − [r] + q[

r
q

] + (1 − q)[
1− r
1− q

]
〉
,q, r ∈ F ..,q , r [5] and for

weight N Cathelineau generalized a group asβn(F) = Z[F ..]/Rn(F) [5]. The generalized
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infinitesimal chain complex introduced by Cathelineau in [5] for these generalized groups
and higher Bloch groupsBn(F) is given as

βn(F)
∂n−−−−→ βn−1(F)⊗F×

⊕
F⊗Bn−1(F)

∂n−1−−−−−→ · · · ∂1−−−−→ β2(F)⊗∧n−2F×
⊕

F⊗B2(F)⊗∧n−3F×

∂0−−−−→ F ⊗ ∧n−1F×

2.4.1. Analogy of Cathelineau Infinitesimal Polylog Chain Complex.Let

R2 =

4∑

i=0

~r(q0., , , q3)�D
2

is five term relation and sub group ofF[F ..]. Define a groupβD
2 (F) = F[F ..]/

〈
R2

〉
[11]. For

weight 3, define a factor groupβD
3 (F) = F[F ..]/

〈 6∑

i=0

(−1)i~r3(q0, ..., q̂i , ..., q6)�D
3

〉
Using the

same steps,βD
n (F) = F[F ..]/

〈
Rn

〉
. Finally for weightN, a chain complex for these groups

was generalizedβD
n (F) andBn(F) called variant of infinitesimal Cathelineau polylogarith-

mic chain complex given by

βD
n (F)

∂D
n−−→ βD

n−1(F)⊗F×
⊕

nF⊗Bn−1(F)

∂D
n−1−−−→ · · · ∂

D
1−−→ βD

2 (F)⊗∧n−2F×
⊕

(F)⊗B2(F)⊗∧n−3F×

∂D
0−−→ F ⊗ ∧n−1F×

3. G  V  C  G C

For geometry of Grassmannian configuration and a variant of Cathelineau infinitesimal
complexes, Khalid et al. [12, 13] first introduced morphisms to connect these two chain
complexes, then generalized only two morphism up to weightn for projective spaces.
Khalid et al. [16] also extend this geometry, using extension of morphisms, first for special
case weightN = 4 and then forN = 5, while proving all polygons to be commutative.
Therefore this section is following the work of Khalid et al. [16] to introduce generalized
commutative polygons through generalized extension of morphism.

3.1. Geometry for Weight 6. For this geometry, Khalid et al. [13] connect the sub com-
plexes of variant of Cathelineau infinitesimal and configuration chain complexes given by

G10(3) d //

p

²²

G9(3)

p

²²
G9(2) d //

p

²²

G8(2)
h6

1 //

p

²²

βD
2 (F) ⊗ ∧4F× ⊕ F ⊗ B2(F) ⊗ ∧3F×

∂D

²²
G8(1) d // G7(1)

h6
0 // F ⊗ ∧5F×

(B)

where

h6
0 : (q0, ..., q6) =

6∑

i=0

(−1)iD log(qi) ⊗ (qi+1)
(qi+2)

∧ ... ∧ (qi+5)
(qi+6)

(mod7)
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whereqi = 4(qi) is determinant of an element in single dimensional vector space.

h6
1(q0, ..., q7) =

1
15

[ 7∑

i, j,k,l

(−1)i(~r(q0, ..., q̂i , q̂ j , q̂k, q̂l , ..., q7)�D
2 ⊗

7∏

l,r

(ql ,qr ) ∧
7∏

k,r

(qk,qr )

∧
7∏

j,r

(q j ,qr ) ∧
7∏

i,r

(qi ,qr ) − D log(
7∏

i,r

(qi ,qr )) ⊗ [r(q0, ..., q̂i , q̂ j , q̂k, q̂l , ..., q7)]2

⊗
7∏

j,r

(q j ,qr ) ∧
7∏

k,r

(qk,qr ) ∧
7∏

l,r

(ql ,qr ) + D log(
7∏

j,r

(q j ,qr ))⊗

[r(q0, ..., q̂i , q̂ j , q̂k, q̂l , ...,q7)]2 ⊗
7∏

k,r

(qk,qr ) ∧
7∏

l,r

(ql ,qr ) ∧
7∏

i,r

(qi ,qr )

− D log(
7∏

k,r

(qk,qr )) ⊗ [q0, ..., q̂i , q̂ j , q̂k, q̂l , ..., q7]2 ⊗
7∏

i,r

(qi ,qr )∧

7∏

j,r

(q j ,qr )
]
∧

7∏

l,r

(ql ,qr ) + D log(
7∏

l,r

(ql ,qr )) ⊗ [r(q0, ..., q̂i , q̂ j , q̂k, q̂l , ..., q7)]2

⊗
7∏

i,r

(qi ,qr ) ∧
7∏

j,r

(q j ,qr ) ∧
7∏

k,r

(qk,qr )
]

(mod8)

where (qk,qr ) = 4(qk,qr ) shows determinant of two different points in 2-dimensional vec-
tor space.

Lemma 3.2. h6
0 ◦ d = 0 andh6

1 ◦ d = 0.
it show that diagram(B) is bi-complex. For proof, see [13].

Lemma 3.3. h6
0 ◦ p = ∂D ◦ h6

1.
This lemma show that diagram(B) is commutative for weight6. For proof, see [13].
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3.3.1. Extension of Morphisms for Weight 6.Here, four new morphismsh6
2, h6

3, h6
4 andh6

5
will be introduced to extend the geometry of above complexes given by

G13(6)
d //

p

²²

G12(6)
h6

5 //

p

²²

βD
6 (F)

∂D

²²
G12(5)

d //

p

²²

G11(5)
h6

4 //

p

²²

βD
5 (F) ⊗ F× ⊕ F ⊗ B5(F)

∂D

²²
G11(4) d //

p

²²

G10(4)

p

²²

h6
3 // βD

4 (F) ⊗ ∧2F× ⊕ F ⊗ B4(F) ⊗ F×

∂D

²²
G10(3) d //

p

²²

G9(3)
h6

2 //

p

²²

βD
3 (F) ⊗ ∧3F× ⊕ F ⊗ B3(F) ⊗ ∧2F×

∂D

²²
G9(2) d //

p

²²

G8(2)
h6

1 //

p

²²

βD
2 (F) ⊗ ∧4F× ⊕ F ⊗ B2(F) ⊗ ∧3F×

∂D

²²
G8(1) d // G7(1)

h6
0 // F ⊗ ∧5F×

(C)

where

h6
2(q0, ..., q8) = − 1

66

8∑

i, j,k

(−1)iAlt6
[
~r(q0, ..., q̂i , q̂ j , q̂k, ..., q8)�D

3 ⊗
8∏

k,r

(qk,qr ) ∧
8∏

j,r

(q j ,qr )

∧
8∏

i,r

(qi ,qr )−

D log(
8∏

i,r

(qi ,qr )) ⊗ [r(q0, ..., q̂i , q̂ j , q̂k, ..., q8)]3 ⊗
8∏

j,r

(q j ,qr )

∧
8∏

k,r

(qk,qr )+

D log(
8∏

j,r

(q j ,qr ) ⊗ [r(q0, ..., q̂i , q̂ j , q̂k, ...,q8)]3 ⊗
8∏

k,r

(qk,qr )

∧
8∏

i,r

(qi ,qr )−

D log(
8∏

k,r

(qk,qr ) ⊗ [r(q0, ..., q̂i , q̂ j , q̂k, ...,q8)]3 ⊗
8∏

i,r

(qi ,qr )
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∧
8∏

j,r

(q j ,qr )
]

(mod9)

In Altn there aren! relation. For exampleAlt6 show alternating group of six elements and
there are 6!= 720 relation in this group but due to symmetries it reduced to 120 relation.

h6
3(q0, ..., q9) =

1
153

9∑

i, j

(−1)iAlt8
[
~r(q0, ..., q̂i , q̂ j , ..., q9)�D

4 ⊗
9∏

i,r

(qi ,qr ) ∧
9∏

j,r

(q j ,qr )

− D log(
9∏

i,r

(qi ,qr )) ⊗ [r(q0, ..., q̂i , q̂ j , ..., q9)]4 ⊗
9∏

j,r

(q j ,qr )

+ D log(
9∏

j,r

(q j ,qr )) ⊗ [r(q0, ..., q̂i , q̂ j , ..., q9)]4 ⊗
9∏

i,r

(qi ,qr )
]

(mod10)

h6
4(q0, ..., q10) = − 1

276

10∑

i=0

(−1)iAlt10

[
~r(q0, ..., q̂i , ..., q10)�D

5 ⊗
10∏

i,r

(qi ,qr )

− D log(
10∏

i,r

(qi ,qr )) ⊗ [r(q0, ..., q̂i , ..., q10)]5

]
(mod11)

h6
5(q0, ..., q11) =

1
435

Alt12~r(q0, ...,q11)�D
6 (mod12)

Now, proving that each square of extended diagram (C) is commutative.

Lemma 3.4. h6
1 ◦ p = ∂D ◦ h6

2

Proof. : Let (q0, ..., q8) ∈ G9(4), and apply morphismp

p(q0, ....., q8) =

8∑

i=0

(−1)i(qi |q0, ..., q̂i , ..., q8)

after applying morphismh6
1, then

h6
1 ◦ p(q0, ...,q8) =

1
15

[ 8∑

i, j,k,l

(−1)i(~r(q0, ..., q̂i , q̂ j , q̂k, q̂l , ..., q8)�D
2 ⊗

8∏

l,r

(ql ,qr ) ∧
8∏

k,r

(qk,qr )

∧
8∏

j,r

(q j ,qr ) ∧
8∏

i,r

(qi ,qr ) − D log(
8∏

i,r

(qi ,qr )) ⊗ [r(q0, ..., q̂i , q̂ j , q̂k, q̂l , ...,q8)]2

⊗
8∏

j,r

(q j ,qr ) ∧
8∏

k,r

(qk,qr ) ∧
8∏

l,r

(ql ,qr ) + D log(
8∏

j,r

(q j ,qr ))⊗

[r(q0, ..., q̂i , q̂ j , q̂k, q̂l , ..., q8)]2 ⊗
8∏

k,r

(qk,qr ) ∧
8∏

l,r

(ql ,qr ) ∧
8∏

i,r

(qi ,qr )
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− D log(
8∏

k,r

(qk,qr )) ⊗ [r(q0, ..., q̂i , q̂ j , q̂k, q̂l , ..., q8)]2 ⊗
8∏

i,r

(qi ,qr )∧

8∏

j,r

(q j ,qr )
]
∧

8∏

l,r

(ql ,qr ) + D log(
8∏

l,r

(ql ,qr )) ⊗ [r(q0, ..., q̂i , q̂ j , q̂k, q̂l , ...,q8)]2

⊗
8∏

i,r

(qi ,qr ) ∧
8∏

j,r

(q j ,qr ) ∧
8∏

k,r

(qk,qr )
]

(3. 1)

let’s take (q0, ...,q8) ∈ G9(4), and apply morphismh6
2

h6
2(q0, ..., q8) = − 1

66

8∑

i=0

(−1)iAlt6
[
~r(q0, ..., q̂i , q̂ j , q̂k, ..., q8)�D

3 ⊗
8∏

k,r

(qk,qr ) ∧
8∏

j,r

(q j ,qr )

∧
8∏

i,r

(qi ,qr )−

D log(
8∏

i,r

(qi ,qr )) ⊗ [r(q0, ..., q̂i , q̂ j , q̂k, ..., q8)]3 ⊗
8∏

j,r

(q j ,qr )

∧
8∏

k,r

(qk,qr )+

D log(
8∏

j,r

(q j ,qr ) ⊗ [r(q0, ..., q̂i , q̂ j , q̂k, ..., q8)]3 ⊗
8∏

i,r

(qi ,qr )

∧
8∏

k,r

(qk,qr )−

D log(
8∏

k,r

(qk,qr ) ⊗ [r(q0, ..., q̂i , q̂ j , q̂k, ..., q8)]3 ⊗
8∏

i,r

(qi ,qr )

∧
8∏

j,r

(q j ,qr )
]

after applying morphism∂D and all properties (tensor, wedge and Siegel cross ratio) the
equation becomes

∂D ◦ h6
2(q0, ...,q8) =

1
15

[ 8∑

i, j,k,l

(−1)i(~r(q0, ..., q̂i , q̂ j , q̂k, q̂l , ..., q8)�D
2 ⊗

8∏

l,r

(ql ,qr ) ∧
8∏

k,r

(qk,qr )

∧
8∏

j,r

(q j ,qr ) ∧
8∏

i,r

(qi ,qr ) − D log(
8∏

i,r

(qi ,qr )) ⊗ [r(q0, ..., q̂i , q̂ j , q̂k, q̂l , ..., q8)]2

⊗
8∏

j,r

(q j ,qr ) ∧
8∏

k,r

(qk,qr ) ∧
8∏

l,r

(ql ,qr ) + D log(
8∏

j,r

(q j ,qr ))⊗
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[r(q0, ..., q̂i , q̂ j , q̂k, q̂l , ..., q8)]2 ⊗
8∏

k,r

(qk,qr ) ∧
8∏

l,r

(ql ,qr ) ∧
8∏

i,r

(qi ,qr )

− D log(
8∏

k,r

(qk,qr )) ⊗ [r(q0, ..., q̂i , q̂ j , q̂k, q̂l , ..., q8)]2 ⊗
8∏

i,r

(qi ,qr )∧

8∏

j,r

(q j ,qr )
]
∧

8∏

l,r

(ql ,qr ) + D log(
8∏

l,r

(ql ,qr )) ⊗ [r(q0, ..., q̂i , q̂ j , q̂k, q̂l , ..., q8)]2

⊗
8∏

i,r

(qi ,qr ) ∧
8∏

j,r

(q j ,qr ) ∧
8∏

k,r

(qk,qr )
]

(3. 2)

by using Eq. ( 3. 1 ) and ( 3. 2 ), it is observed thath6
1 ◦ p = ∂D ◦ h6

2

Lemma 3.5. h6
2 ◦ p = ∂D ◦ h6

3

Proof. : Let (q0, ..., q9) ∈ G10(5), applying differential morphismp

p(q0, ....., q9) =

9∑

i=0

(−1)i(qi |q0, ..., q̂i , ..., q9)

by applying maph6
2, it becomes

h6
2 ◦ p(q0, ..., q9) = − 1

66

9∑

i, j,k,l

(−1)iAlt6
[
~r(qi |q0, ..., q̂i , q̂ j , q̂k, q̂l , ...,q9)�D

3 ⊗
9∏

l,r

(qi |ql ,qr )∧

9∏

k,r

(qi |qk,qr ) ∧
9∏

j,r

(qi |q j ,qr )−

D log(
9∏

j,r

(qi |q j ,qr )) ⊗ [r(qi |q0, ..., q̂i , q̂ j , q̂k, q̂l , ..., q9)]3 ⊗
9∏

k,r

(qi |qk,qr )

∧
9∏

l,r

(qi |ql ,qr )+

D log(
9∏

k,r

(qi |qk,qr ) ⊗ [r(qi |q0, ..., q̂i , q̂ j , q̂k, q̂l , ...,q9)]3 ⊗
9∏

l,r

(qi |ql ,qr )

∧
9∏

j,r

(qi |q j ,qr )−

D log(
9∏

l,r

(qi |ql ,qr ) ⊗ [r(qi |q0, ..., q̂i , q̂ j , q̂k, q̂l , ..., q9)]3 ⊗
9∏

j,r

(qi |q j ,qr )

∧
9∏

k,r

(qi |qk,qr )
]

(3. 3)
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let take (q0, ..., q9) ∈ G10(5) again and applying morphismh6
3

h6
3(q0, ..., q9) =

1
153

9∑

i, j

(−1)iAlt8
[
~r(q0, ..., q̂i , q̂ j , ..., q9)�D

4 ⊗
9∏

i,r

(qi ,qr ) ∧
9∏

j,r

(q j ,qr )

− D log(
9∏

i,r

(qi ,qr )) ⊗ [r(q0, ..., q̂i , q̂ j , ..., q9)]4 ⊗
9∏

j,r

(q j ,qr )

+ D log(
9∏

j,r

(q j ,qr )) ⊗ [r(q0, ..., q̂i , q̂ j , ...,q9)]4 ⊗
9∏

i,r

(qi ,qr )
]

now by applying morphism∂D and all properties: tensor, wedge and Siegel cross ratio,

∂D ◦ h6
3(q0, ...,q9) = − 1

66

9∑

i, j,k,l

(−1)iAlt6
[
~r(qi |q0, ..., q̂i , q̂ j , q̂k, q̂l , ..., q9)�D

3 ⊗
9∏

l,r

(qi |ql ,qr )∧

9∏

k,r

(qi |qk,qr ) ∧
9∏

j,r

(qi |q j ,qr )−

D log(
9∏

j,r

(qi |q j ,qr )) ⊗ [r(qi |q0, ..., q̂i , q̂ j , q̂k, q̂l , ..., q9)]3 ⊗
9∏

k,r

(qi |qk,qr )

∧
9∏

l,r

(qi |ql ,qr )+

D log(
9∏

k,r

(qi |qk,qr ) ⊗ [r(qi |q0, ..., q̂i , q̂ j , q̂k, q̂l , ..., q9)]3 ⊗
9∏

l,r

(qi |ql ,qr )

∧
9∏

j,r

(qi |q j ,qr )−

D log(
9∏

l,r

(qi |ql ,qr )) ⊗ [r(qi |q0, ..., q̂i , q̂ j , q̂k, q̂l , ..., q9)]3 ⊗
9∏

j,r

(qi |q j ,qr )

∧
9∏

k,r

(qi |qk,qr )
]

(3. 4)

From Eq. ( 3. 3 ) and ( 3. 4 ), it is observedh6
2 ◦ p = ∂D ◦ h6

3

Lemma 3.6. h6
3 ◦ p = ∂D ◦ h6

4

Proof. : Take (q0, ..., q10) ∈ G11(5) and apply differential morphismp

p(q0, .....,q10) =

10∑

i=0

(−1)i(qi |q0, ..., q̂i , ..., q10)
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by applying differential maph6
3, to get

h6
3 ◦ p(q0, ...,q10) =

1
153

10∑

i, j,k

(−1)iAlt8
[
~r(qi |q0, ..., q̂i , q̂ j , q̂k, ..., q10)�D

4 ⊗
10∏

j,r

(qi |q j ,qr )∧

10∏

k,r

(qi |qk,qr )−

D log(
10∏

j,r

(qi |q j ,qr )) ⊗ r(qi |q0, ..., q̂i , q̂ j , q̂k, ...,q10)]4 ⊗
10∏

k,r

(qi |qk,qr )+

D log(
10∏

k,r

(q j ,qr )) ⊗ [r(qi |q0, ..., q̂i , q̂ j , q̂k, ..., q10)]4 ⊗
10∏

j,r

(qi |q j ,qr )
]

(3. 5)

take again (q0, ...,q10) ∈ G11(5) again and apply morphismh6
4

h6
4(q0, ..., q10) = − 1

276

10∑

i=0

(−1)iAlt10

[
~r(q0, ..., q̂i , ..., q10)�D

5 ⊗
10∏

i,r

(qi ,qr )

− D log(
10∏

i,r

(qi ,qr )) ⊗ [r(q0, ..., q̂i , ...,q10)]5

]

by applying morphism∂D and all tensor, wedge and Siegel cross ratio properties, to get

∂D ◦ h6
4(q0, ...,q10) =

1
153

10∑

i, j,k

(−1)iAlt8
[
~r(qi |q0, ..., q̂i , q̂ j , q̂k, ..., q10)�D

4 ⊗
10∏

j,r

(qi |q j ,qr )∧

10∏

k,r

(qi |qk,qr )−

D log(
10∏

j,r

(qi |q j ,qr )) ⊗ r(qi |q0, ..., q̂i , q̂ j , q̂k, ..., q10)]4 ⊗
10∏

k,r

(qi |qk,qr )+

D log(
10∏

k,r

(q j ,qr )) ⊗ [r(qi |q0, ..., q̂i , q̂ j , q̂k, ..., q10)]4 ⊗
10∏

j,r

(qi |q j ,qr )
]

(3. 6)

From Eq. ( 3. 5 ) and ( 3. 6 ),h6
3 ◦ p = ∂D ◦ h6

4

Lemma 3.7. h6
4 ◦ p = ∂D ◦ h6

5

Proof. Take (q0, ..., q11) ∈ G12(6), and apply differential morphismp

p(q0, ...,q11) =

11∑

i=0

(−1)i(qi |q0, ..., q̂i , ..., q11)
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by applying maph6
4, to get

h6
4 ◦ p(q0, ..., q11) = − 1

276

11∑

i, j

(−1)iAlt10

[
~r(qi |q0, ..., q̂i , q̂ j , ..., q11)�D

5 ⊗
11∏

j,r

(q j ,qr )

− D log(
11∏

j,r

(q j ,qr )) ⊗ [r(qi |q0, ..., q̂i , q̂ j , ..., q10)]5

]
(3. 7)

Let’s take (q0, ..., q11) ∈ G12(6) again and apply morphismh5
4

h6
5(q0, ..., q11) =

1
435

Alt12~r(q0, ...,q11)�D
6

by applying morphism∂D and all tensor, wedge and Siegel cross ratio properties, to get

∂D ◦ h6
5(q0, ...,q11) = − 1

276

11∑

i, j

(−1)iAlt10

[
~r(qi |q0, ..., q̂i , q̂ j , ..., q11)�D

5 ⊗
11∏

j,r

(q j ,qr )

− D log(
11∏

j,r

(q j ,qr )) ⊗ [r(qi |q0, ..., q̂i , q̂ j , ...,q10)]5

]
(3. 8)

From Eq. ( 3. 7 ) and ( 3. 8 ), it is concluded thath6
4 ◦ p = ∂D ◦ h6

5.

From Lemma (3.4) to (3.7), it have been proved that each square of extended diagram
(C) is commutative.

4. W N

Weight N geometry of Grassmannian and variant of Cathelineau complex were con-
structed through two generalized morphismshN

0 andhN
1 [13], given by

GN+4(3) d //

p

²²

GN+3(3)

p

²²
GN+3(2) d //

p

²²

GN+2(2)
hN

1 //

p

²²

βD
2 (F) ⊗ ∧N−2F× ⊕ F ⊗ B2(F) ⊗ ∧N−3F×

∂D

²²
GN+2(1) d // GN+1(1)

hN
0 // F ⊗ ∧N−1F×

(D)

where

hN
0 (q0, ...,qN) =

N∑

i=0

(−1)iD log(qi) ⊗ (qi+1)
(qi+2)

∧ ... ∧ (qN)
(qN+1)

(mod(N + 1))

and

hN
1 (q0, ...,qN+1) =(−1)N

1
NC2

N+1∑

i=0

(−1)i
(
~r(q0, ..., q̂i , q̂i+1, q̂i+2, ..., q̂N, ...qN+1)�D

2⊗
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N+1∏

N+1,r

(qN+1,qr ) ∧ ... ∧
N+1∏

i,r

(qi ,qr )−

D log(
N+1∏

i,r

(qi ,qr )) ⊗ [q0, ..., q̂i , q̂i+1, q̂i+2, ..., qN+1]2 ⊗
N+1∏

j,r

(qi+1,qr )∧

... ∧
N+1∏

N+1,r

(qN+1,qr )+

D log(
N+1∏

i+1,r

(qi+1,qr )) ⊗ [q0, ..., q̂i , q̂i+1, q̂i+2, ..., qN+1]2 ⊗
N+1∏

i,r

(qi ,qr )∧

... ∧
N+1∏

N+1,r

(qN+1,qr )−

D log(
N+1∏

i+2,r

(qi+2,qr )) ⊗ [q0, ..., q̂i , q̂i+1, q̂i+2, ..., qN+1]2 ⊗
N+1∏

i,r

(qi + 2,qr )∧

... ∧
N+1∏

N+1,r

(qN+1,qr )+

.

.

.

(−1)N+1D log(
N+1∏

N+1,r

(qN+1,qr )) ⊗ [q0, ..., , q̂i , q̂i+1, q̂i+2, ..., q̂N, ..., qN+1]2⊗

N+1∏

i,r

(qi ,qr ) ∧ ... ∧
N+1∏

N,r

(qN,qr )
)

(mod N+ 2)

Theorem 4.1. hN
0 ◦ p = ∂D ◦ hN

1 .

Above theorem showed that generalized diagram (D) with two generalized morphisms
is commutative. For proof, see [13].

4.2. Generalized Extension of Morphisms for Weight N. For generalized extension, ini-
tially, (N − 2) new morphismshN

2 ,h
N
3 , ...,h

N
N−2,h

N
N−1, (N ≥ 3) are introduced to produce

generalized geometry between configuration and variant of infinitesimal Cathelineau chain
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complexes, then generalized diagrams of Grassmannian and variant of Cathelineau Infini-
tesimal chain complexes are constructed as follows

G2N+1(N) d //

p

²²

G2N(N)
hN

N−1 //

p

²²

βD
n (F)

∂D

²²
G2N(N − 1) d //

p

²²

G2N−1(N − 1)
hN

N−2 //

p

²²

βD
n−1(F) ⊗ F× ⊕ F × Bn−1(F)

∂D

²²
...

p

²²

...

p

²²

...

∂D

²²
GN+3(2) d //

p

²²

GN+2(2)
hN

1 //

p

²²

βD
2 (F) ⊗ ∧N−2F× ⊕ F ⊗ B2(F) ⊗ ∧N−3F×

∂D

²²
GN+2(1) d // GN+1(1)

hN
0 // F ⊗ ∧N−1F×

(E)

where

hN
N−2(q0,...,q2N−2) = (−1)N

1
(N−2)NC2

2N−2∑

i=0

(−1)iAlt2n−2

[
~r(q0, ..., q̂i , q̂i+1, q̂i+2, ..., q̂N, ...,

q2N−2)�D
N−1 ⊗

2N−2∏

2(N−1),r

(q2(N−1),qr ) ∧ ... ∧
2N−2∏

i,r

(qi ,qr ) − D log(
2N−2∏

i,r

(qi ,qr ))⊗

[r(q0, ..., q̂i , q̂i+1, q̂i+2, ..., q̂N, ...q2N−2)]N−1 ⊗
2N−2∏

j,r

(qi+1,qr ) ∧ ... ∧
2N−1∏

N+4,r

(q2N−2,qr )

+ D log(
2N−2∏

i+1,r

(qi+1,qr )) ⊗ [r(q0, ..., q̂i , q̂i+1, q̂i+2, ..., q̂N, ...q2N−2)]N−1 ⊗
2N−2∏

i,r

(qi ,qr )

∧ ... ∧
2N−2∏

N+1,r

(qN+1,qr ) − D log(
2N−2∏

i+2,r

(qi+2,qr )) ⊗ [r(q0, ..., q̂i , q̂i+1, q̂i+2, ..., q̂N, ...,

q2N−2)]N−1 ⊗
2N−2∏

i,r

(qi + 2,qr ) ∧ ... ∧
2N−2∏

N+1,r

(q2(N−1)−1,qr )

+

.

.

.

(−1)2N−2D log(
2N−2∏

2N−2,r

(q2(N−1),qr )) ⊗ [r(q0, ..., q̂i , q̂i+1, q̂i+2, ..., q̂N, ...q2N−2)]N−1⊗



Generalized Extension of Morphisms in Geometry of Configuration and Infinitesimal Polylogarithmic Groups Complexes 125

2N−1∏

i,r

(qi ,qr ) ∧ ... ∧
2N+1∏

N,r

(qN,qr )
]

(mod2N − 1)

hN
N−1(q0, ..., q2N−1) = (−1)N

1
N−1(N)C2

2N−1∑

i=0

(−1)iAlt2N~r(q0, ..., q̂i , q̂i+1, q̂i+2, ...

, q̂N, ...q2N−1�D
N (mod2N)

Now, proving that each square of extended generalized diagram (E) is commutative.

Theorem 4.3. hN
N−2 ◦ p = ∂D ◦ hN

N−1

Proof. Let (q0, ...,q2N−1) ∈ G2N(N) and apply morphismp

p(q0, ..., q2N−1) =

2N−1∑

i=0

(q0, ..., q̂i , ..., q2N−1)

hN
N−2 ◦ p(q0,...,q2N−1) = (−1)N

1
(N−2)NC2

2N−1∑

i=0

(−1)iAlt2N−2

[
~r(q0, ..., q̂i , q̂i+1, q̂i+2, ..., q̂N, ...,

q2N−1)�D
N−1 ⊗

2N−1∏

2N−1,r

(q2N−1,qr ) ∧ ... ∧
2N−1∏

i,r

(qi ,qr ) − D log(
2N−1∏

i,r

(qi ,qr ))⊗

[r(q0, ..., q̂i , q̂i+1, q̂i+2, ..., q̂N, ...q2N−1)]N−1 ⊗
2N−1∏

j,r

(qi+1,qr ) ∧ ... ∧
2N−1∏

N+4,r

(q2N−1,qr )

+ D log(
2N−1∏

i+1,r

(qi+1,qr )) ⊗ [r(q0, ..., q̂i , q̂i+1, q̂i+2, ..., q̂N, ...q2N−1)]N−1⊗

2N−1∏

i,r

(qi ,qr ) ∧ ... ∧
2N−1∏

N+1,r

(qN+1,qr ) − D log(
2N−1∏

i+2,r

(qi+2,qr )) ⊗ [r(q0, ..., q̂i , q̂i+1, q̂i+2,

..., q̂N, ..., q2N−1)]N−1 ⊗
2N−1∏

i,r

(qi+2,qr ) ∧ ... ∧
2N−1∏

N+1,r

(q2N−1,qr )

+

.

.

.

(−1)2N−1D log(
2N−1∏

2N−1,r

(q2N−1,qr )) ⊗ [r(q0, ..., q̂i , q̂i+1, q̂i+2, ..., q̂N, ...q2N−1)]N−1⊗

2N−1∏

i,r

(qi ,qr ) ∧ ... ∧
2N−1∏

2N−2,r

(q2N−2,qr )
]

(4. 9)
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Let us consider (q0, ..., q2N−1) ∈ G2N(N) again and apply morphismhN
N−1

hN
N−1(q0, ..., q2N−1) = (−1)N

1
(N−1)NC2

2N−1∑

i=0

(−1)iAlt2N~r(q0, ..., q̂i , q̂i+1, q̂i+2, ..., q̂N, ...q2N−1�D
N

applying map∂D and all properties

∂D ◦ hN
N−1(q0, ..., q2N−1) = (−1)N

1
(N−2)NC2

2N−1∑

i=0

(−1)iAlt2N−2

[
~r(q0, ..., q̂i , q̂i+1, q̂i+2, ..., q̂N,

...,q2N−1)�D
N−1 ⊗

2N−1∏

2N−1,r

(q2N−1,qr ) ∧ ... ∧
2N−1∏

i,r

(qi ,qr ) − D log(
2N−1∏

i,r

(qi ,qr ))⊗

[r(q0, ..., q̂i , q̂i+1, q̂i+2, ..., q̂N, ...q2N−1)]N−1 ⊗
2N−1∏

j,r

(qi+1,qr ) ∧ ...∧

2N−1∏

N+4,r

(q2N−1,qr ) + D log(
2N−1∏

i+1,r

(qi+1,qr )) ⊗ [r(q0, ..., q̂i , q̂i+1, q̂i+2, ..., q̂N, ...,

q2N−1)]N−1 ⊗
2N−1∏

i,r

(qi ,qr ) ∧ ... ∧
2N−1∏

N+1,r

(qN+1,qr ) − D log(
2N−1∏

i+2,r

(qi+2,qr ))⊗

[r(q0, ..., q̂i , q̂i+1, q̂i+2, ..., q̂N, ..., q2N−1)]N−1 ⊗
2N−1∏

i,r

(qi+2,qr ) ∧ ...∧

2N−1∏

N+1,r

(q2N−1,qr )+

.

.

.

(−1)2N−1D log(
2N−1∏

2N−1,r

(q2N−1,qr )) ⊗ [r(q0, ..., q̂i , q̂i+1, q̂i+2, ..., q̂N, ...q2N−1)]N−1⊗

2N−1∏

i,r

(qi ,qr ) ∧ ... ∧
2N−1∏

2N−2,r

(q2N−2,qr )
]

(4. 10)

by using Eq. ( 4. 9 ) and ( 4. 10 ), conclude thathN
N−2 ◦ p = ∂D ◦ hN

N−1. It is proved that
generalized diagram (E) for any weightN is commutative.

5. C

In this research work, two generalized chain complexes, Grassmannian and variant of
Cathelineau infinitesimal, are connected through generalized extension of homomorphism.
While other researchers have only generalized a few morphisms in the past, this research
generalizes all morphisms to produce a generalized diagram between these two chain com-
plexes, leading to the connection of configuration and Infinitesimal polylog groups chain



Generalized Extension of Morphisms in Geometry of Configuration and Infinitesimal Polylogarithmic Groups Complexes 127

complexes. This work will prove to be very useful for future researchers in the fields of al-
gebraic K-theory, manifold theory, algebraic geometry, differential geometry, homological
algebra, polylogarithmic group theory and chain complexes.
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[4] J.L. Cathelineau,Remarques sur les Différentielles des Polylogarithmes Uniformes, Ann. Inst. Fourier,

Grenoble,46 (1996) 1327-1347.
[5] J.L. Cathelineau,Infinitesimal Polylogarithms, multiplicative presentation of Kähler Differential and Gon-

charov Complexes, Talk at the workshop on polylogarthms, May 1-4, Essen, Germany, 1997.
[6] J.L. Cathelineau,The tangent complex to the Bloch-Suslin complex, Bull. Soc. Math. France,135 (2007)

565-597.
[7] P. Elbaz-Vincent and H. Gangl,On Poly(ana)logs I, Compositio Mathematica,30 (2002) 161-210.
[8] A.B. Goncharov,Geometry of configuration, polylogarithms and motivic cohomology, Advances in Mathe-

matics,114(2) (1995) 197-318, doi:10.1006/aima.1995.1045.
[9] A.B. Goncharov,Euclidean scissor congruence groups and mixed Tate motives over dual numbers, Mathe-

matical Research Letters,11 (2004) 771-784.
[10] A.B. Goncharov and J. Zhao,Grassmannian trilogarithm, Compositio Mathematica,127(2001) 83-108.
[11] S. Hussain and R. Siddiqui,Grassmannian complex and second order tangential complex, Punjab Univ. j.

math.,48(2) (2016) 91-111.
[12] M. Khalid, K. Javed and I. Azhar,New homomorphism between Grassmannian and infinitesimal complexes,

International Journal of Algebra,10(3) (2016) 97-112, doi:10.12988/ija.2016.6213.
[13] M. Khalid, K. Javed and I. Azhar,Generalization of Grassmannian and polylogarithmatic groups complex,

International Journal of Algebra,10(5) (2016) 221-237, doi:10.12988/ija.2016.6323.
[14] M. Khalid, K. Javed and I. Azhar,Higher order Grassmannian complexes, International Journal of Algebra,

10(9) (2016) 405-413, doi:10.12988/ija.2016.6640.
[15] M. Khalid, K. Javed and I. Azhar,Generalization of higher order homomorphism in configuration com-

plexes, Punjab Univ. j. math.,49(2) (2017) 37-49.
[16] M. Khalid, I. Azhar and K. Javed,Extension of morphisms in geometry of chain complexes, Punjab Univ. j.

math.,51(1) (2019) 29-49.
[17] M. Khalid, K. Javed and I. Azhar,Generalized geometry of Goncharov and configuration complexes, Turk.

J. Math.,42(3) (2018) 1509-1527, doi:10.3906/mat-1702-25
[18] C.L. Siegel,Approximation algebraischer zahlen, Mathem.Ze/tschr.10 (1921) 173-213.
[19] A.A. Suslin,Homology ofGLn, characteristic classes and Milnor’s K-theory, In Proceedings of the Steklov

Institute of Mathematics 1985, Lecture Notes in Mathematics (1046), Springer-Verlag, New York, USA,
1989, 207-226.


