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Abstract. In this research work, a generalized extension of morphisms
has been proposed to define generalized geometry between the two gen-
eralized chain complexes: Grassmannian configuration, and a variant of
Cathelineau infinitesimal. Initially, the new morphisms are introduced to
extend the geometry of Grassmannian and variant of Cathelineau infini-
tesimal chain complexes for weight= 6. Finally, generalizations of this
extension are proposed through generalized morphisms, and the commu-
tativity of associated diagrams is also shown.
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1. INTRODUCTION

Configuration chain complex is used as an important tool ffedintial manifold and
algebraic K-theory, and is naturally related to polylogarithmic groups and its chain com-
plexes. ConsideGy,1(n) to be a group formed by configuration & € 1) points ofn-
dimensional vector space over a fi€ldat a generic position, it is also a free abelian group.
These free abelian groups are connected through two typeSexiditial morphismsj and
p, to form Grassmannian chain and co-chain complexes, introduced by Suslin [19]. Khalid
et al. [14] have introduced higher order mixed partidietiential morphisms to define new
form of Grassmannian complex calle#2and 3¢ order Grassmannian complex. The same
author [15] also generalizedfBirential maps between free abelian groups to défifie
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order Grassmannian chain complex. Leibniz introduced p-logarithms series as

Lip@) =) % lz|<1
n=1

which is an absolutely convergent series over a unit disc. Dilogarithm functions [2, 3] for
p = 2 were studied by many authors but the most important were the functional equations
called Abel’s [1] five term relation. Trilogarithm fgp = 3 and its group was defined by
Goncharov [8], in which the most significant was the generalized triple cross ratio prop-
erty of six points. Goncharov generalized classical polylog groups complex and called
it Goncharov Complex. Goncharov also defined geometry between configuration and his
own chain complexes through morphisms only for weilyht 2 and 3 and showed com-
mutativity of all diagrams. Khalid et al. [17] generalized geometry between Goncharov
and Grassmannian configuration chain complexes for wéigl@athelineau [4-6] defined
variant of Goncharov complex by using derivation maps in two ways; one was infinites-
imal while other was tangential setting. The same author also generalized infinitesimal
chain complex called Cathelineau complex.
Hussain [11] used &hler diferential to introduce a variant of Cathelineau complex and
connect Grassmannain complex with variant of Cathelineau complex (both infinitesimal
and tangential) for weigh = two and three and proved the commutativity of all the
diagrams. Khalid et al. [12] introduced new geometry between variant of Cathelineau in-
finitesimal polylog group complex with Grassmannain configuration chain complex up to
weight 4 and also generalized two morphism in generalized geometry of configuration with
infinitesimal complexes for generalized weighftL 3]. Further, the same author [16], also
introduced the extension of morphisms to extend the geometry of configuration and infin-
itesimal chain complexes both for weight= 4 and 5 and proved the commutativity of
corresponding diagrams.
In this article, the work of [16] is extended to include and introduce generalized mor-
phisms for generalized geometry of configuration and a variant of Cathelineau infinitesimal
polylogarithmic groups chain complexes. Initially, four new morphisms are introduced in
weight 6 and then generalized ¢ 2) homomorphisms are defined in generalized geometry
between these chain complexes. At the end, a generalized diagram will be constructed and
shown to be commutative.

2. LITERATURE REVIEW

This section includes the introduction and explanation of configuration chain complexes,
cross ratio, classical polylog groups chains, Cathelineau and its analogy infinitesimal poly-
logarithmic groups chain complexes.

2.1. Grassmannian Configuration Chain Complex. Let G¢(V,) be a group generated
by elements\(, ..., ) of some vector spac¥,, defined over field=. There exist two
simplicial complexes with dierential mapsG@n(Vn), d) and Gm(Vn), p)
d 1 Gi(Vn) = Gi-1(Vn),
n
defined agl(qo, ..., On) = Z(—l)‘(qo, ...Gi, .-, On), Wheredi means leaving out.
0
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P : Gk(Vh) = Gy-1(Vn-1)
n

defined ap(qp, ..., gn) = z:(—l)i (gildos, ---Gi» ---» On), Whereg; is both leaving and projection
0
point. Using these two éierential morphisms, the Grassmannian configuration is formed,
given by
Giss(k + 2) — > Grra(k + 2) — = Gia(k + 2) (A)
I I I
Giea(k + 1) —> Gia(k + 1) — = Gira(k + 1)
i I I
Gira(k) — > Grea(k) ——> Gisa(K)
Diagram (A) is bi-complex and commutative [8,10].
2.2. Cross Ratio Property. In the field of algebraic and fierential geometry, cross ratio
property of four collinear points plays a vital rule. Siegel [18] was the first to introduce this
important cross ratio property of four points given as
1 =r(dp. A1, G2, G) + r(Go, G2, G1, Gs),
wherer(go, 01, 92, G3) is cross ration of four points defined as
A(%o, G3)A (. G2)

A(0o, G2) 2 (01, G3)
This property will be used in calculation and simplification of all results.

r(Co, Oz, 02, 03) =

2.3. Classical Polylogarithmic Groups and its Chain ComplexesFor weight 1, let
Z[Pé/{o, 1, 0}] be a free module generated by an elemejt § Pﬁ [7, 8],where sym-
bol [g] shows classical log(q). lét be a field which will be used in this research wiie

: . 1- 1-r71

is a set without 0 and 1. The gro#a(F) = Z[F--]/<[q] —[r1+ [é] - [ﬁ;] + [1_—(;4]>,
wherex # r,q,r # 0,1 andF- = F - (0,1) [9]. This group is isomorphic to multi-

plicative groupF*. For dilogarithm weight 2 Goncharov [8] defined a factor subgroup
4

By(F) = Z[F-1/( Z(—l)‘[r(qo,...,qi,...,q4)],qi € PE). Using similar way for weight

i=0
Goncharov [8] generalized grow,(F) = Z[F-]/R.(F)., whereR,(F) is kernel of map
6n : Z[PE] - Bn_1(F) ® F*. Goncharov [8] introduced generalized chain complex given
as
dn X dn1 [o73 n-2r-x dy neXx
Bn(F) = Bna(F) @ F* =5 ... 25 By(F) @ AT2F* 25 A"F
2.4. Cathelineau Chain. Cathelineau [4, 5] introduceB-vector space and also define
variant of Goncharov generalized gro#a(F), For weight 1 let3;(F) = F, For weight

1-
2let Bo(F) = FIF-1/([dl - [r] + q[é] +(1- q)[r;]>,q,r e F.q # r [5] and for
weightN Cathelineau generalized a group@&$F) = Z[F-]/R.(F) [5]. The generalized
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infinitesimal chain complex introduced by Cathelineau in [5] for these generalized groups
and higher Bloch groupB,(F) is given as

On ~1(F)®F* 0, Fi} F)RAN2FX 4,
ﬂn(F) Bn 1(69) 1 o a B(F) @ o Fo ALEX
F®Bq-1(F) F®82(F)®/\n73FX

2.4.1. Analogy of Cathelineau Infinitesimal Polylog Chain Complegt
4
Re = > Ir(Go.s., G113
i=0

is five term relation and sub group BfF]. Define a groupBE(F) = F[F--]/<R2> [11]. For

6
weight 3, define a factor grog&g(F) = F[F"]/< Z(—l)‘l[rg(qo, cees Qi o5 q6)]]5> Using the
i=0

same stepgP(F) = F[F--]/(Rn> . Finally for weightN, a chain complex for these groups
was generalizedP (F) and8,(F) called variant of infinitesimal Cathelineau polylogarith-
mic chain complex given by

an By 1(FoF” . ® - pRFEATPF 5

.Bn( ) — — Fe ATIFx

53]
nF®Bn 1(F) (F)®B,(F)®AN3F*

3. GEOMETRY OF VARIANT OF CATHELINEAU AND GRASSMANNIAN COMPLEXES

For geometry of Grassmannian configuration and a variant of Cathelineau infinitesimal
complexes, Khalid et al. [12, 13] first introduced morphisms to connect these two chain
complexes, then generalized only two morphism up to weigfdr projective spaces.
Khalid et al. [16] also extend this geometry, using extension of morphisms, first for special
case weighN = 4 and then folN = 5, while proving all polygons to be commutative.
Therefore this section is following the work of Khalid et al. [16] to introduce generalized
commutative polygons through generalized extension of morphism.

3.1. Geometry for Weight 6. For this geometry, Khalid et al. [13] connect the sub com-
plexes of variant of Cathelineau infinitesimal and configuration chain complexes given by

G10(3) —4> Go(3) (®)

Pk

Go(2) —L> Gg(2) — = BO(F) ® AF* @ F @ By(F) @ ASF*

AR ¢

Ge(1) — = G(1) : F ® ASFX

where

(QH-l) A (Qi+5)
@2 """ (@

hS : (o ... G) = Z( 1) D log(q) ® (mod7)
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whereq; = A(q;) is determinant of an element in single dimensional vector space.

1 7 ) o 7 7
hi(Co. ..., d7) = 1—5[ D D7, - Gis G G Gis - )15 © [ [ (a6 A (i o)

i#j#kl 1#r k#r

7 7 7
A (@ a) A | (@i o) - Dlog([ [(@» &) @ [r (o, -, G G G Gy s )2

j#r i#r i#r
7 7 7 7

o[ [@.a) A [ [@a) A | @ o)+ Dlog(] @ a)e
j2r k#r [ j#r

7 7 7
[ (do. - G, . G G- A2 ® | [0 a) A [ [ a0) A T (i)

k#r l#r i#r

7 7
- Dlog([ (ok-a) ® [0 .. G G G G Gl ® | [(@. A

k#r i#r

7 7 7
[ J@.a)]A] J@ o) +Dlog(] [(a)) @ [r(co, - Gi, G, G G .. A2

j#r I#r I£r
7 7 7

o[ J@ o)A [@ o)A ] [(@a)] (mods)
i#r j#r k#r

where @k, o) = A(0k. 9r) shows determinant of two fierent points in 2-dimensional vec-
tor space.

Lemma 3.2. hSod=0andhSod=0.
it show that diagran{B) is bi-complex. For proof, see [13].

Lemma 3.3. hSop=49°oho.
This lemma show that diagra(B) is commutative for weigt@. For proof, see [13].
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3.3.1. Extension of Morphisms for Weight 6lere, four new morphismisy, h$, h andh§
will be introduced to extend the geometry of above complexes given by

6

G12(6) — > G1,(6) i B2(F) ©)

p p P
hg
G12(5) — > G1a(5) — = B2(F) ® F* & F @ B5(F)
p p P

h6
G11(4) —> Gio(4) —— BR(F) ® A2F* & F @ B4(F) @ F*

p p a°
d e D 3 2
G10(3) Go(3) B3 (F)® A°F* @ F ® B3(F) ® A“F*
p p a°
d hy D 4 3
Go(2) Gg(2) B3 (F)® AN*F* @ F ® B5(F) ® A°F*
p p 3°
d hs
Ge(1) G1(1) F ® ASF*

where

1 8 ) o 8 8
h3(Clo. - Ge) = = 5 D, (~1) Alte[ 1 (Ao, ... G G G Ge)IS @ | [ (@) A [ (a1 )

i#j#k kr j#r

8
A @ a)-

i#r

8 8
Dlog([ (ai: o)) ® [1(do, - Gi, Gy G - A3 ® [ [ (ci )

i#r j#r

8
A T+

kr

8 8
Dlog([ [(@;, o) ®[r(@o, - G, G, G - I3 ® [ ] (o &)

j#r k#r
8
A @ a)-

i#r

8 8
D IOQ(H(QKa Qr) ® [r(qo’ oo qis qj’ qks oo QS)]S ® l_[(qi’ Qr)

k#r i#r
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8
Al J@ a)] (mod9)
j#r
In Alt, there aren! relation. For exampl&lts show alternating group of six elements and
there are 6k 720 relation in this group but due to symmetries it reduced to 120 relation.

1 9 ) o 9 9
153 0 (1) Alte[I7 (b .. 6.8 .. 00)1Z © [ [ (e a) A [ [Cai )

i#] i#r j#r

hg(QO, . Og) =

9 9
- Dlog([ (@, o)) @ [r(do, - 6.8}, - G)]a® | (- )
i#r j#r
9 J9
+Dlog(| |(@;.a)) @[r(do. .G Gy, . G)la® | [(@.a)] (mod10)

j#r i#r

1 10 ) . 10
(o, .. Ga0) = ~ 5= > (~1) Altag[ I (0. .. G ... )12 © | [ (@1 )
i=0

10
~Dlog([ [(a.a) @ [(@o. ... .. o)ls|  (Mod11)

1
h(qo, ..., O11) = 4—35A|t12[[r(QO, s GQ)]§  (mod12)
Now, proving that each square of extended diagram (C) is commutative.
Lemma3.4. hSop=9°ohf

Proof. : Let (o, ..., ds) € Go(4), and apply morphisrp

i=0

after applying morphisrh®, then

8 8 8
1 ‘ o
hS o p(go. .. O) = 7¢| D (I (0. G G G G C)IP @ [ (@1 00) A | [(Ghe )
i# ]2kl l#r kr

8 8 8
A @i o) A | J(aia) - Dlog(] [(ai, o)) @ [r (do, -, Gi, G, G Gis - )]

j#r i#r i#r

8 8 8 8
o[ [@.a) A [(@a) A [ J@ o)+ Dlog( [(a,a))e

j#r k#r 1#r j#r

8 8 8
[r(%. ..., Gi» Gj» Gk» Gi» -, A8)] 2 ® n(% Or) A H(Qh ar) A H(Qi, ar)

k#r I#r i#r
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8 8
-D log(l_[(qk’ Qr)) ® [r(QO’ ey (ji, q\]’ qu’ QI, ey QS)]Z ® l_[(qi’ Qr)/\

k#r i#r
8 8 8
[ J@.a)] A J@ a) + Dlog(| [(ar, o) @ [r(co, .. G- Gy, G G .. Ge)]o
j#r 11 l#r
J 8 8 8
[ J@ a) A | J@.a) A ] [ (3. 1)
i#r j#r k#r

let's take €, ..., ds) € Gg(4), and apply morphismg

8 8 8
1 . o
h3(o. ... ) = = 55 ) (~1) Alte[[r (@ ... G G G-, )13 @ | () A [ [ (i h)
i=0

kr j#r
8
A @ a)-

i#r

8 8
Dlog([ [(ai, &) @ [r(Go, . Gis Gj, s - )]s © [ [ (cijo )

i#r j#r
8
A (e a0+
k#r
8 8
Dlog([ | (&) @ [r(do. - G G s - G)]a @ [ [ (G )
j#r i
8
A -
kr
8 8
Dlog([ [(ck. &) @[r(do. .. G . G - Ge)ls ® | (i )
k£r i#r
8
A @ )
j#Er

after applying morphisnd® and all properties (tensor, wedge and Siegel cross ratio) the
equation becomes

1 8 . o 8 8
3° o h(o, . G8) = 7| . (~1)(Ir(Cbo, -G, G, G G - a)ID © | (@ a) A [ [(ho )

15 i# 2kl l#r k#r

8 8 8
A Tt a) A | (@i o) - Dlog([ [, ar)) @[r(d. .. G, G G Gis - )z

j#r i#r i#r

8 8 8 8
o[ [@a) A [ [@a) A [ J@ o)+ Dlog(] [(a,a))e

j#r k#r 1#r j#r
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8 8 8
[ (do. - G . G G - G2 ® | (ko a) A | J@ra) A T [ )

k#r 1#r i#r

8 8
- Dlog([ |(ak- &) @ [r(do, - G, Gy, G G, . A2 @ | (i, a)A

k£r i#r
8 8 8
[ J@i.a)] A [(@.a) +Dlog(] [(ar, &) ® [r(Qo, .., Gis G s Gis - Gl
j#r 1#r 1#r
J 8 8 8
o[ J@ a) A ] J@.a) A ] [ )] (3.2)
i#r j#r k#r

by using Eq. (3. 1) and ( 3. 2), itis observed thab p = 4° o h§
Lemma3.5. hSop=49°oh§

Proof. : Let (Qo, ..., Q) € G10(5), applying diferential morphisnp

by applying maghS, it becomes

1 9 ) o 9
hS o p(Qo. .. 0o) =~ o5 ), (-1 Alte[Ir(cilCh. .. . G ... )13 © | [(@ilan. @)
i#j#kel l#r

9 9
[ [l a) A [ JCarlay, a)-

kr j#r
9 9
Dlog(| (aila;, o)) ® [1(Gildo, - Gi, Gy, G, G - do)ls @ | (Gl )
j#r ketr
9
A (el )+
I#r

9 9
Dlog([ [(ailck. &) ® [r(ildo, - G, G G Gis - )]s @ [ [(ailan, o)

k#r 1#r

9
A [ J(aila. ar)-

j#r
9 9
Dlog([ [(aila, &) @ [r(ci[db, .. G, Gy, G, G, . o)l @ [ [ (cilay, o)
l#r j#r
9
A [ (g a)] 3. 3)

k#r
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let take €, ..., Qg) € G10(5) again and applying morphish§

1 9 ) o 9 9
h3(Co. - Ge) =725 ) (1) Alte[lr (@0 .. 6. G5, . )1Z ® | (o) A | [(a. )

i#] i#r j#r

9 9
~ Dlog([ [(a, &) @ [1(qo, ., &, Gy, .. de)la® | [ (s, )

i£r j#r

9 9
+Dlog(| [(as,a)) @ [r(do, - 6,0, . do)la @ | [(ch )]

j#r i#r

now by applying morphismP and all properties: tensor, wedge and Siegel cross ratio,

9 9
d° o h§(cp, ..., Go) = - % Z (—1) Alte|[r (Gilco, --» Gi» G G G .-, o) TS ® l_[(Qi|QIsQr)/\
i#j#kel I
9 9
[ J(ila o) A | [(ailas an)-
kr j#r
9 9
D IOQ(H(QiMj’ o) ® [r(dlildo. --- Gi, Gj, G, Gis - Go)]3 ® H(Qil% a)
j#r ker
9
A l_[(01iIQ|,Qr)+

l#r

9 9
D |09(H(Qi|Qk, ar) @ [r (%[0, ---. Gi. Gy, Gic: G ---. Uo)]3 ® l_l(qilq, ar)

k#r |#r
9
A | Jilas, a)-
j#r
9 9
Dlog([ [(ailai. o)) ® [r(aildo, -, G G G, G -, )3 ® | ] (cilay, o)
I#r j#r
9
A [ (e o) (3.4

k#r

From Eq. (3. 3)and (3. 4), itis observhglo p = ° o h}
Lemma3.6. hSop=49°ohf

Proof. : Take @, ..., 010) € G11(5) and apply dierential morphisnp

10

i=0
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by applying diferential maghS, to get

1 10 ) o 10
hS o P(o. . Gao) = 757 D, (~1)Alte[ (G100 .. 6. 0. G . a0 IF © [ (il A
i#j#k j#r
10
[ @l a)-
ker
10 10
Dlog([ [(ailaj, &) @ r(ildo, - G, G, Gk - ho)la ® | [(ailck, ar)+
j#r k#r
10 10
D Iog([_](qj,qr)) ®[r(cildo. - Gi» Gj» Ok, ---» Gr0)]4 ® ]—[(qilqj,qr)]
k#r j#r

(3. 5)

take againdp, ..., 010) € G11(5) again and apply morphishj

1 10 _ . 10
(o, ... s0) = ~52 > (~1) Altag[ [ (@ .. G ... )12 © | [ (1. )
i=0

10
- Dlog(] ](a. o) ® [r(@. .. 6. . o)l

by applying morphisnd® and all tensor, wedge and Siegel cross ratio properties, to get

1 10 ) o 10
6 o hi(Qo...00) = 25 ), (1) Alte[ I (@I, ... 6. Gj. G . ) 1Z @ | [ (ahlay. o)

i#j#k j#r
10
[ @l a)-
ker
10 10
Dlog(| [(aildj, &) ® r(cildo, - Gis G Gk - Gao)la ® | ] (Gilci o)+
j#r k#r

10 10
Dlog(| [(@j &) @ [r(Gildo, - Gi, Gy, Gs - a4 @ | (il )] (3. 6)

k#r j#r

FromEq. (3.5)and (3.6 5o p=0°ohd
Lemma3.7. hjop=49°oht

Proof. Take @, ..., 011) € G12(6), and apply dierential morphisnp

11
p(do, ..., Q11) = Z(—l)I (ailgo, --- G, ..., O11)

i=0
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by applying magh®, to get

hS o P(Qo. .. 1) = — 2762( 1) Altyo|[r (G0, ... G- G .. Aa1) IS ® ﬂ(q, o)
i#] j#r
11

- Dlog([ [(aj, &) @ [r(cildo, - G Gjs s Cao)ls| (3.7)

j#r
Let's take (p, .... Gu1) € G12(6) again and apply morphish}
1
hé(do, ..., Qu1) = A|t12[[r(QO s Q1§
by applying morphisnd® and all tensor, Wedge and Siegel cross ratio properties, to get
1
3 o h&(do, .-, 1) = 2762( 1)'Alt10[[[r(q||qo,. RGN Y) H(QJ,Qr

i#] j#r
11

~ Dlog([ [(ay, @) @ [r(cildo, - &, Gy -, Cro)ls] (3. 8)

j#r
From Eq. (3. 7) and ( 3. 8), itis concluded ti§to p = ° o hg.

From Lemma (3.4) to (3.7), it have been proved that each square of extended diagram
(C) is commutative.

4. WEeignt N

Weight N geometry of Grassmannian and variant of Cathelineau complex were con-
structed through two generalized morphisinﬁsandh? [13], given by

Gn14(3) —2> Gn.3(3) (D)
p p

hN
Gn3(2) — = Grsa(2) — = B2(F) @ AN2F* & F @ By(F) @ AN-3F

U S ¢

Gns2(1) —> Gsa(1) ” F @ ANIFX
where
N i (@) | (9n)
3 (@ .. o) = .Z.;( 1/Dlog@) ® =5 A A ms - (mod(N+ 1)
and

N+1

1 ; ~ A ~ "
h¥(do, .., Ons+1) =(-1)N NG, Z(—l)'(llf(%, coor Gy G415 G2 oo N, - Ot 1) 15 ®
iz0
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N+1 N+1
[ @nvna)n ] [ a)-
N+1#r i#r
N+1 N+1
Dlog([ [( ) ® [do. - G- G, Givz. o nveal2 ® [ [ (Ghr G0N
i#r j#r
N+1
VAN 1_[ (qN+1, qr)+
N+1#r
N+1 N+1
Dlog(] [ (@1, a)) ® [o -, G, Giva, Giszy - Ol ® | [ (i )
i+1#r i#r
N+1
AT T @i an)-
N+21#r
N+1 N+1
D |09(1—[ (Gi+2,0r)) ® [do, -, Gi, Gi+1, Giv2, s ONw1]2 ® H(Qi +2,0r)A
i+2#r i#r
N+1
A ] e a)+
N+21#r
N+1
(-1)M'Dlog( 1_[ (AN+1Gr)) ® [0, -oes 5 Gy Gis 1, G2y -oos AN - AN 2] 2®
N+21zr
N+1 N+1
[ J@.a) A A J@v.a)) (mod N+2)
i#r N=#r
Theorem 4.1. hi o p=48° o hl}.

Above theorem showed that generalized diagram (D) with two generalized morphisms
is commutative. For proof, see [13].

4.2. Generalized Extension of Morphisms for Weight N. For generalized extension, ini-
tially, (N — 2) new morphism#y), h, ..., h§ ,.hY ;, (N > 3) are introduced to produce
generalized geometry between configuration and variant of infinitesimal Cathelineau chain
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complexes, then generalized diagrams of Grassmannian and variant of Cathelineau Infini-
tesimal chain complexes are constructed as follows

N
Gansa(N) ——> Gan(N) = BR(F) (E)
p p P
hN
Gon(N - 1) —3> Goy a(N-1) —2 P (F)®F*@F x Bn1(F)
p p P
p p P
d hy D N-2px N-3x
GN+3(2) _— GN+2(2) 4>182 (F) ® A F*oF® Bz(F) ® A F
p p P
hN
Gi2(1) — > Gua(1) ° F & ANTF
where
=

hN_2(Gos---» Gon-2) = (—1)NW Z (—1)iA|t2n—2[[[r(QO, eeos Qs G2 Gis2s oo AN oo
i—0

2N-2 2N-2 2N-2

an-2IRe® [ ] @m-&) A A [ ]@ a)-Dlog(] | (@ a)e
2(N-1)#r i#r i#r
2N-2 2N-1
[F(Go. - s G2, G2 o O G DIN-1 @ [ [ @ @) A oA [ ] (Gonc2 )
j#r N-+4=r
2N-2 2N-2
+Dlog([ | (61, 6)) @ [1(dos - G st G2y - G, - o)1 @ [ ] (G0 )
i+1#r i#r
2N-2 2N-2
A AT @ner o) = Dlog([ | (@2, &) @ [r(os oo Gis G, Givzs oo G o
N+1#r i+2#r
2N-2 2N-2
anlnv1® [ [@+2a) A [ ] (Gen-nyaa)
i#r N-+21#r
+
2N-2

(-1)""?Dlog( l_[ (G2n-1), O)) ® [r (o, -, G G 1, Giv2s - ONS - O2n—2) [ N-1®

2N-2+#r
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2N-1 2N+1
[T@a) a..a]@a)| (mod2n-1)
i#r N#r

2N-1
hN_1 (0o, --.» On-1) = (—1)Nwt)cz ;‘ (—1) Alton[[r (G -, G, Gt Gz, -
L0, -On-1IR (Mod2N)
Now, proving that each square of extended generalized diagram (E) is commutative.
Theorem4.3.h{y ,op=08°ohy ,

Proof. Let (qo, ..., d2n-1) € Gan(N) and apply morphisnp

2N-1

p(o, ---, Gon-1) = Z (9o, ---» Gi, - O2n-1)
-0

aN-1
1 ; Y A A .
hN_2 © P(Go---.» Gan-1) = (1) ~ang, § (—1)'A|t2N—2[[[|’(QO, coos O i, Givs o ONG oo
i—0

2N-1 2N-1 2N-1

an-DIR1® || @nva.a)a- A [ ] (@ a)-Dlog(] | @ a)e
2N-1#r i#r i#r
2N-1 2N-1
[F(dos - G i1, G2, o O o)1 ® [ | (@, G) A A [ ] (Cones )
j#r N-+4+r
2N-1
+ Dlog( ]_[ (Gi+1,0r)) ® [r(dos, ---» Ci> Giv1, Giv2s s AN --O2N-1)IN-1®
i+1#r
2N-1 2N-1 2N-1
[J@a)rn [] @ a)-Dlog(] | @z ar)) @ 1@, ., G, G, Gisz,
i#r N+1#r i+2#r
2N-1 2N-1
s ONs oo O2N-1)N-1 ® H(in 0) A A l_[ (%2n-1, Or)
i#r N-+1#r
+
2N-1
(-1'Dlog( [ | (Gn-1,4)) @ [1(Go. - G, Gis1, Giszs o s - Con 1)1
2N-1#r
2N-1 2N-1
[T@a)nwn [] ©@naa) 4.9

i#r 2N-2#r
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Let us considerdp, ..., gon-1) € Gon(N) again and apply morphishtL1

2N-1
A )= (N s > (1) Alton I (Go. o G Gio Gz e °
N-1(00s -+ O2N-1) = W-INC, £, 2NLr (%o, -0 Gis Givds Giv2s s AN --O2N-1lIN

applying map® and all properties
1 2N-1 )
8° o hy_1(do, -... Gon-1) = (—1)NW iZ_O: (—1)'A|t2N—2[|[r(QO, coes G5 G2, Giv2s - QN

IN-1 IN-1 ON-1
s Gon-DIR ® [ | @n-na) A A [ ] @ a) - Dlog(] | (@i a)e
2N-1#r i#r i#r
2N-1
[r(do, --- Gis Gis1, Giv2s oo ONS ---OoN-1)]N-1 ® l_[ (Gi+1,Gr) A - A

j#r

2N-1 2N-1
1_[ (qZN—].’ Qr) + D |Og(l_[ (qi+l7 Qr)) ® [r(qO’ eeey CIi, Qi+1» Qi+2, eeey QN, ceey
N+4=r i+1#r
2N-1 2N-1 2N-1
n-Dln-1® [ [ @) A A [ ] @ues6) = Dlog(] | @iz )@
i#r N+21#r i+2#r

2N-1
[r(qo’ ceey Qh qurl’ qi+23 ceey qN9 cey qufl)]N*l ® 1_[ (Qi+2’ Qr) /\ /\
i#r
2N-1

1_[ (g2n-1, O )+

N+21zr
IN-1

(-1y"M"'Dlog( l_[ (Gon-1,0r)) @ [r(do, ..., i, G, G2y - ON, - CoN-1)IN-1®
2N-1#r

IN-1 IN-1

[T@a)n.n [] @n-aa) (4. 10)

i#r 2N-2%r

by using Eq. (4. 9) and (4. 10), conclude thahy , o p=48° o hY ,. Itis proved that
generalized diagram (E) for any weightis commutative.

5. CoNcLUsION

In this research work, two generalized chain complexes, Grassmannian and variant of
Cathelineau infinitesimal, are connected through generalized extension of homomorphism.
While other researchers have only generalized a few morphisms in the past, this research
generalizes all morphisms to produce a generalized diagram between these two chain com-
plexes, leading to the connection of configuration and Infinitesimal polylog groups chain
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complexes. This work will prove to be very useful for future researchers in the fields of al-
gebraic K-theory, manifold theory, algebraic geometrffedential geometry, homological
algebra, polylogarithmic group theory and chain complexes.
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